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Morek Cezory Zdun 

This paper aims at giving а survey of some results related to the fипс­
tional equation 

(1) q>(f(x») = g(x) q>(x) 

wherc, / and g are given functions and q> is unknown function. 

Let Ј Ье ап interval јп R. Let us put 

Var giJ=sup {Var g I (с, d)! (с, d)CJ}. 

Let us denote Ьу BV [Ј1 the class of real-valued functions of bounded 
variation оп the interval Ј, ј. е. 

BV [Ј1 = {g : Ј -+ R I Var g I Ј < оо}. 

We assume the following general hypothesis: 

(н) / is continuous and strictly increasing јп Ј = (о, Ь) (we admit о = - оо ) 
and inequality о<Лх)<х holds for хЕЈ moreover gEBV[J], Нт g(xj = 1 

х ...... а+ 
and јпц {g(x) I хЕЈ}) о. 

Let us consider the following sequence of functions 

n-l 

Gn(x) = П g(P(x») n~l, хЕЈ, 
;=0 

where Р denotes the i-th iterate of the function /. 

There are three posibilities regarding the behaviour of the sequence Gn • 

(А) there exists ап хоЕЈ such that there exists а finite limit Нт Gn(xJ#O. 

(В) there exists ап хоЕЈ su~h that Iim Gn(xJ=O. 
п ........ 

п ........ 

(С) neither of the cases (А) and (В) occurs. 
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Т h е о r е m 1. Let hypothesis (Н) Ье Julfi11ed and suppose that case (А) 
occurs. Тћеn equation (1) ћш at тost one-paraтeter Јатау о! solutions in the 
class BV(1). lЈ а function q>EBV[1] satisfies equation (1) then q> is given Ьу 
the Jorтula 

ао 

q>(x) = "fj/Пg(Ji(х» , хЕЈ. 
/=0 

ао 

Тће product П g(JI (х» converges unјЈогтlу оп аnу coтpact кс Ј. 
/=0 

In this case there need not exist solution q> Е BV [1] and q>:;i: О. 
In the case (В) we have the following theorems. 

ао 

Т h ~~H е m 2. Let hypothesis (Н) Ье Julfil1ed. lЈ 2: G п (п) < оо Јог аn 
n=1 

хЕЈ, then equation (1) has а solution in (ће class BV [Ј) depending оп аn 
arbitrary Junction. Моге exactly: Јог аnу уЕЈ and Јог аnу Junction q>oE BV [лу) , у)] 
(ћеге exists exactly оnе Junction q>EBV[1] satisJying equation (1) such that 
q> (х) = q>o (х) Јог xE(f(y), у). 

Т h е о r е m З. lЈ hypothesis (Н) is Julfi1led and case (В) occurs and 
ао 

2: Gn(x) = оо Јог аn хЕЈ, then equation (1) has at тost one-paraтeter Jaтily 
n=1 
о! solutions јn the class BV[J]. lЈ а Junction q>EBV[J] satisJies equation (1), 
then q> is given Ьу the Јогтulа 

(2) q>(x)="fj lim Gn(x)jGnCx), Јог аn хЕЈ. 
n-+ао 

Sequence (2) converges uniJorтly оп аnу coтpact КСЈ. 
Under the above assumption there need not exists а solution q>E BV [1] 

and q>:;i:O. Тће example is given in paper [1]. 
In the case (е) the only solution in the class BV[J] is а function q> = О. 
We give some .conditi(}ns of the existance of solutions in the class BV [1] 

поп identically e'tlual {о zero. 

Т h е о r е m 4. Let hypothesis (Н) Ье Julfil1ed and suppose that сше (А) 
ао 

ог (В) occurs and 2: Gn(x) Var g I (а, ЈП (х» < оо Јог аn хЕЈ. Then equation (1) 
n=1 

has а one-parameter Јаmиу о! solиtions јn the class BV [1]. 

Т h е о r е m 5. Let hypothesis (Н) Ье Julfi11ed. lЈ сше (А) ог (В) occurs 
and g is тonotonic "n а neighbourhood о! а, (ћеn equation (1) has а оnе-рага­
тeter Jami1y о! solutions јn the class BV [1]. 

Finally we shall consider the case where g(x)<O for xEJand lim g(x) = -1. 

We have the following. 

Т h е о r е m 6. Jf the Junctions Ј and - g satisJy hypothesis (Н), then 
ао 

equation (1) has а solution q>EBV[J] and q>:;i:O if and only јЈ 2: I Gn(x)l<oo 
n=1 

Јог аn хЕЈ. Тће. solution q>EBV [Ј] and q>:;i:O јЈ it exists then q> depends оп аn 
arbitrary Junction. 



Solutions of bounded variation of а linear homogeneous functional equation 83 

ТЬе proofs of the above theorems are presented in paper [1]. ТЬе solu­
tions of bounded variation of а general linear equation 

ср (f(х») = g(x) ср (х) + h (х) 

are considered јп papers [2], [3]. Јп particular, the case where lјm 1 g(x) 1=1= 1 
х--+а+ 

is investigated јп paper [3]. 
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