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1. IntroductioD 

Some results of Z. Dar6czy and L. Losonczi [2] оп the extensions of 
additive functions seem to ћауе important applications јп the theory of functi
опа! equations (ср. е. g. К. Lajk6 [3], L. Szekelyhidi [4]). 

In соппесЬоп with the above-mentioned results, јп this paper we shall 
deal with the extensions of the equation 

Ј(х+ у) = g (х) + h (у). 

2. Definitions and DotatioDs 

We shall use the following notations and definitions. 
Let D С R2 Ье ап arbitrary non-empty set (R is the set of real numbers) and 

Dx={xI3Y, (x,y)ED}, 

Dy = {у I 3 х, (х, у) Е D}, 

Dx+y={x+yl (х, у) Е D} 

Throughout the paper Е denotes ап Abelian group (written additively). 

Definition 1. Let D С R2 (D=I=0), [:Dx+y~E, g:Dx~E, h:Dy~E 
Ье functions such that 

[(x+y)=g(x)+h(y), (х, у) Е D. 

If there exists ап ordered triple of functions (Р, G, н) such that 

(ј) Р, G, H:R-+E, 

(јј) F (х+ у) = G (х) + Н (у) for аН (х, у) E.R2 
and 

F (х) = Ј (х) for all х Е D~+y' 

(Ш) G(x)=g(x) for аН х Е Dx' 

Н (х) = h (х) for аН х Е Dy, 

then (Р, G, н) is caIled ап extension of (j,g, ћ) from the set D. 
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Definition 2. Let DCR2(D=I=0),f:Dx+y-Е, g:Dx-Е, h:Dy_E 
ье functions such that 

f (х + у) = g (х) + h (У), (х, у) Е D. 

If there exists ап ordered triple of functions (F*, G*, Н*) апд а point (и, v) Е D 
such that 

10 F*,G*,H*:R-E, 

F* (х+ у)= G* (х)+Н* (у) for all (х, у) Е R2 
апд 

F* (х)- F* (и + v)= ј(х) - f(u +у) for аН х Е Dx+y' 

30 G*(x)-G*(u)=g(x)-g(u) for аН xEDx' 

Н* (х) - Н* (v)=h (х) -ћ (v) for аН х Е Dy' 

then (F*, G*, Н*) is саllед а qua.si-extension of (1, g, ћ) from the set D. 

3. Results 

Let D=Kr={(x,y)lx2+y2<r2
} (г>О is а constant) Ье ап ореп disk. 

Тћеп we have 

Theorem 1. (ср. [2], Satz 2.) Let f:(Kr)>.+y-Е, g:(Kr)x-Е and 
h:(Kr)y-Е Ье functions such that 

f (х+ у)= g (х) +ћ (у), (х, у) Е Kr. 

Тћеп (ј, g, ћ) has опе аnd опlу опе extension (F, G, Н) јгоm the set Kr. 

р r о о f. Clearly (Kr)x = (Kr)y = ( - г, г) апд (Kr)X+y = ( - r V2, r V2). Every 
х Е R сап Ье written in опе and опlу опе way in the form 

r 
x=n-+t, 

2 

where nEZ={0,±I,±2, ... } and tE[O, ;). Let us define Ље functions 

F:R_E, G:R-E, H:R-E as follows: 

F(X)=n f ( ;)+f(t)-n(a+b), 

G (х) = п g ( ; ) + g (t) - па, 

Н (х) = п h ( ; ) + h (t) - пЬ, 

where а= g (О) апд Ь= h (О). We show that (F, G, Н) is the uniqueextension 
of (ј, g, ћ) from Kr • 
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А) First we prove that (јј) holds. Jf (х, у) Е R2, then 

r 
х=n -+/1> 

2 

r 
y=m-+/2, 

2 

1) Jf 11 +/2 E[0' ; ), then we ћауе 

Р(Х+У)=Р(n+m); +/1+(2)= 

=(n+m)! (; )+!(11+12)-(n+m) (а+Ь)= 

=n(g (; )+Ь )+m (а+ћ( ;) )+g(11)+h(fJ -(m+n) (а+Ь)= 

=ng (-;) +g (11) -nа+mћ ( ; ) +ћ (/J-mb= G (х) + н (У). 
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2) Jf tl+f2E[;,r),thenwecanWritetl+f2=; +/withfE[O, ;) and 

Р(Х+У)=Р(n+m+о; +1)=(n+m+l)!(; )+!(t)-(n+m+I) (а+Ь)= 

-(n+m+l)(a+b)=ng (; )-nа+mћ (; )-mь+!(; + ()= 

= ~lg(; )-nа+mћ (; )-mЬ+!(11 +/Ј= 

= ng ( ;) +g (/1) -nа+ mћ ( ; )+ћ (12) -mЬ= G (х) +Н(У). 

Thus F (х+ у) = G (х) + Н (у) for аН (х, Y)ER2. 
В) Now we show that Цјј) also holds. 

1) Jf хЕ [о, ;), then х= О· ; + 1 (1 Е [о, ;) ) and 

Р(х) =О.Ј(; )+!(/)-О.(а+Ь)=f(/)=f(Х) and 
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similarly G (х) = g (Х), Н (х) = h (х). 

2) If х Е [ ; , '), then х = ; + t and thus 

F(X)=f(; )+f(t)-a-b=g( ;)+b+a+h(t)-a-b= 

=g(; )+h(t)=f(; + t)=f(X), 

G(x)=g (; )+g(t)-a=g( ;)+h(t)-(a+h(t»+g(t)= 

= f (; + t ) - f (/) + g (t) = ЛХ) - f(t) + g (t) = 

=g (х) + Ь- g (t)- Ь+ g (t)=g (х) and similarly Н (x)=h (х). 

З) If хЕ [r, r VZ), Љеn ~E[O, ') and so Ьу (јј), В.ј1. and В.ј2. we have 
2 

F (х) = F( ~ + ~) = G ( ~ ) + Н ( ~) = g ( ~) + h ( ~ ) = ј(х). 
4) It is easy to see thit 

f (- х) = - f(x)+ 2 (а+Ь), xEDx +y' 

g(-x)=-g(x)+2a,. xEDx ' 

h(-x)= -h(x)+2b, xEDy ' 

and similarly for functions F, G, Н for аН xER. Оп the basis' of the above 

F(x)=f(x) for аН xE(-гv'2, о), 

G (x)=g (х) } for аН хЕ( -r, О) 
H(x)=h(x) 

and thus (Ш) is proved. 
С) Finally we show that (F, G, Н) is the unique extension of (ј, g, h) 

from К,. 
Namely if (F1, G1, H1) is also аn extension of (ј, g, h) from К,, then 

Ьу (Ш) 

(1) 

F (О) = F1 (О) = f (О) = а + Ь, 
G (0)= G1 (О) =g(O) = а, 

Н (О) = H1 (О) = h (О) = Ь. 
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Let t Ье ап arbitrary real number. There exist ХЕ[О, ;) and nEZ such that 

(=nх, furthermore опе easily proves that for аН xER and for аН nEZ 

F(nx)=nF(x)-(n-l) (а+Ь), 

(2) G (nx)=nG (х) - (п -1) а, 

Н (nх) =nН(х) -(п -l)Ь, 

and similarly for functions Fl' Gl' Нј • 

Ву virtue of (1), (2) and (iii) we ћауе 

F(t)=F(nx)=nF(x)-(n-l) (a+b)=nj(x)-(n-l) (а+Ь)= 

=nFj (х) - (п - .1)(а+ Ь) = Fj (nх) =Fj (t) 

and G(t)=Gj(t), H(t)=Hj(t) for аН tER, q.e.d. 

Before formulating Theorem 2. we note the foHowing: 

Let DCR2 (D:f=. (;3), Ј: Dx+y-4E, g: Dx-4E, 

ћ: Dy-4E Ье functions such that 

f(x + У) = g (х) + h (У), (х, У) ED. 

Jf (F*, G*, Н*) is а quasi-extension of (Ј, g, ћ) from the set D and 

F j * (x):=F* (х) + ср Gj * (x)=G* (х) + с2 , Нј * (х)=Н* (х) + сз (xER), 

where Сl'с2,сзЕЕапd cj -с2 -сз =О, then (Fj*, G(*, Нј*) is also а quasi-exten
sion of (Ј, g, ћ) from D. 

Јп Ље sequel the quasi-extensions of the two' аЬоуе types of (Ј, g, ћ) 
will Ье regarded as equivalent. 

Define the set К, (и, V)CR2 as follows: 

К, (и, v) = {(х, у) I (х- и)2+ (У- v)2<r2 } (г>О is а constant and (и, v)ER2). 
ТЬеп we Ьауе 

ТЬе о re m 2. (ср. [2], Satz 3) Let ј: (К, (и, v»x+y-4E, g: (К, (и, v)}.-4E, 
ћ: (К, (и, V»y -;. Е Ье functions such that . 

лх+ у) =g (х) + h (У), (х, УЕК, (и, v). 

Тћеn (Ј, g, ћ) ћш а quasi-extension (F*, G*, Н*) јгот (ће set К, (и, v) which is 
unique ир (о equivalence. 

Proof. Put х=Х+и and У= Y+v, where (Х, У)ЕК,. ТЬеп (х, У)Е 
ЕК,(и, v) and 

(3) ј(Х+ Y+u+v)=g(X+u)+h (Y+v), (Х, У)ЕК,. 

Setting У = О and Х = О in (3) we obtain 

(4) ј(Х + и+ v) =g(X + и)+ћ (v), ХЕ(К,)х 
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and 

(5) 
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[(У + и +v) =g (и) +h (У + v), УЕ(К,)у 

respectively. 
Define functions [*, g*, h* Ьу 

[* (Х) = [(Х + и + v), Х Е (К,)х+).' 

g* (X)=f(X+u+v)-g(u), ХЕ(К,)х and 

h* (X)=f(X+u+v)-h(v), ХЕ(К,)у. 

Ву virtue of equations (З), (4) and (5) we Ьауе 

[* (Х + У) = g* (х) + h* (у) for аН (Х, У) Е К,. 

Ву virtue of Theorem 1. (Ј*, g*, h*) has one and only one extension (Р*, G*, В*) 
from the set К,. 

Obviously, 
Р* (х+ у) = G* (х) + В* (у) for аН (х, Y)ER2. 

Now we prove that ЗА also holds. First choose хЕ(К, (и, v»,x. Then 

G* (х) - G* (и) = G* (Х + и) - G* (и) = Р* (Х + и + v) - В* (v) - G* (и) = 

= G* (Х) + Н* (и + v) - В* (v) - G* (и) = G* (Х) - G* (О) = 

=g* (X)-g* (O)=[(X+u+v)-g(u)-f(u+v)+g(u)= 

= [(Х+ и + v) - g (и) - h (v) = g (Х + и) - g (и) = g (х) - g (и). 

In а similar manner we can prove that 

В* (х) - В* (v) = h (х) - h (v) for аН хЕ (К, (и, v»y. 

Finally if tE(K, (и. v»x+y. then we can write t= х+ у. where x~(K, (и, v»,x 
and УЕ(К,(и, v»y. Thus 

Р* (t) - Р* (и+ ~.) =Р* (х+ у) -Р* (и+ v)= 

= G* (х) - G* (и) + В* (у) - В* (v) = g (х) - g (и) + 

+ h (у) -h (v) = [(х+ у) - [(и+ v) = f(t) - [(и +v). 

Ву а simple calculation it can Ье shown that (Р*, G*, В) is the unique 
quasi-extension of (Ј, g, h) from К, (и, v), apart from equivalence, q. е. d. 

ТЬе following lemma has fиndamental importance for the proof of the 
main result of the present paper: 

Lemma. (ср. [2], Hilfssatz) Let DCR2 Ье а set, D=D1UD2, where 
Dl, D2 аге ореn sets and D1nD2#125. Purthermore let [:Dx+y~E, g:D,x~E, 
h : D у ~ Е Ье [unctions such that 

[(х+ y)=g (х) + h (у); (х, y)ED. 

Assume that (Ј, g, h) hш а quasi-extension (Р;. Gi , Вј) unique ир to equivalence 
[гот the set Di (ј= 1, 2). Then 

Р1 (Х)=Р2 (х) + ср G1 (x)==G2 (х) + с2 , В1 (Х)=В2 (х) + сз (xER) 
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and с1 -с2 -сз =0 (Сl'с2,сз ЕЕ) and with the notations F=Fp G=Gp Н=Н1 
(F, G, н) is а quasi-extension о! (Ј, g, ћ) Јгоm the set п, which is иnјqие ир 
to equivaZence. 

р r о о [. First we note that the point (и, V)ED јп Definition 2. сап Ье 
replaced Ьу ап arbitrary point (с, d)ED. 

lt is known (see е. g., [1]) that there exist additive functions <Рl :R~E 
and <Р2: R ~ Е such that 

(6) F j (х) = <рј (х) + ај + Ьј , Gj (х) = <рј (х) + а/, Нј (х) = <рј (х) + Ь/ (xER) 

(i = 1, 2), where ај = G/ (О), Ь/ = Нј (О). 

Let (с, d)ED1nD2 Ье ап arbitrary point. Since пl and п2 are ореп, 
п}nп/ contains ап ореп intervaI 1" and Ьу our conditions we obtain 

G1 (х) - G1 (с) =g (х) - g (с) and G2 (х) - G2 (c)=g (х) - g (с), хЕЈ". 

From this we Ьауе 

ј. е. 

ј. е. 

G1 (х) - G1 (с) = G2 (х) - G2 (е) for аН хЕЈ" and Ьу (6) 

<Рl (х) + а1 -<Рl (с) -а1 =<Р2 (х) + а2 -<Р2 (с) -а2 , хЕЈ", 

<Рl (Х-С)=<Р2 (х-с) for аН хЕЈх• 

Thus <Рl (х) ==<Р2 (х) (xER) and with the notation <р (х) = <Рl (х) we obtain 

G1 (x)=cp(x)+a1 and G2 (х)=ср (х)+а2 for аН xER, 

G1 (X)=G2 (x)+a1 -а2 for аН xER. 

. Similarly we сап ргоуе that 

Н1 (х) =Н2 (х) + Ь1 -Ь2 and 

With the notations С1 = а1 + Ь1 - а2 - Ь2 , С2 = а1 - а2 , сз = Ь1 - Ь2 опе indeed 
has С1 - С2 - сз = О. 

Ву а simple caIculation we obtain that (F = F p G = G l' Н = НЈ) is а 
quasi-extension of (Ј, g, ћ) from D unique ир to equivalence. 

Ву Ље lетта and Ьу theorem 2. опе сап prove the foHowing 

Theorem З. (ср. [2Ј, Satz 4.) Let DCR2 (D=I=.0) Ье оп агьигагу 
ореn connected set and J:п,,+y~E, g:Dx~E, ћ:пy~E Ье Junctions such that 

J(x+y)=g(x)+h(y), (х,У)Еп. 

Тћеn (Ј, g, ћ) ћш а quasi-extension (F, G, Н) Јгоm the set п, which is unique 
ир to equivalence. 

р г о о [. Since D is ореп and connected, there exist ореп disks Кl, К2, ... , Кп, ... 
со 

such that п= U ю and (IOuIOu .. . uKn)nKn+l=1=.0 (n= 1,2, ... ). 
j~l 
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Ву virtue of Theorem 2. (Ј, g, h) has а quasi-extension (Fn, Gn, Нn) from 
the set КП (п = 1, 2, ... ), which is unique ир to equivalence. From this with 
the aid of the Lemma, the statement of Theorem 3. already follows. 

The author would like to thank Professor Z. Dar6czy for the raising of 
the problem and for his valuable advice. 
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