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А CLASS OF BALANCED LAWS ON QUASIGROUPS (п) 

Branka Р. Aliтpjc 

lп this paper we enlarge the results, obtained јп [1] for а class of Ьаlапсед 
laws of the 1 kind оп ап ana1ogous class of Ьаlапсед laws of the 11 kind. lп 
both cases the operations, satisfying the laws, are quasigroups, defined оп а 

nonempty set S. 
Let w1 = w2 ье а balanced law of the II kind јп the forш 

(1) А(иl' ... , иm) = В (v1' ••• , У,.), т> 2, п> 2, 

where иј (ј = 1, ... , т) is either а variabIe or а term Ај (Х/р • •• , Х/ех), Х/Ј' ••• ,Х/сх 
being variabIes, analogously vj (ј = 1, ... ,п) is either а variable or а term 
Вј (Хј) , ... , Via), Хј), ... ,Хја being variables. А, В, А/. Вј are fиnctions letters. 

For (1) we suppose the fo1lowing conditions hold: 

(ј) For апу two terms Ui апд vj there is at most опе variable occuring 
јп еасЬ of them. 

(Н) lf јп еасЬ of two terms иј апд uk (vj ' Vh) occurs exactly опе variable, 
these variabIes occur јп different terms Ур Ућ (и,. Uk) respectively." 

(Ш) Тhe order of occurence of the variables јп апу term иј (Уј) is equal 
to the order of occurence of these variables јп the term w2 (w1). 

For example, such is the law 

А (А! (Х, у, Z, и), А2 (У, w), t) = В (Х, В2 (у, V), Вз (z, t), В4 (и, w». 
lп the set of terms Т = {иl' ...• иm, vp ••• ,vn } we introduce the relation 

of connectness деПпед јп [1], апд јп the set of аll quasigroups derived from А 
апд В we introduce the relations => and ~, defined јп [1], too. 

For the laws of the II kind, hold the lemmas, analogous to the lemmas 
1, 2, 3 from [1]. Тhe proofs of the lemmas 2 and 3 rest unchanged, for the 
lemma 1 we пеед а пеw proof. 

Lemma 1. IЈ аП terms иј' vJ оЈ the law (1) ше connected, Јог аnу two 
Ыnагу quasigroups L~~ and L~.. (Р, Q <= {А, В}), derived Јгоm А anа В, we 
ћаУе LP ~ LQ 

<Ха ,",у. 

,2. 
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Proof. First, if L~~L~, and ~>IX, there exists v=t!J. such that 

L~+-+L1!...(L1!...=I! , foT !J.<V, and L1!...=LB
, for 'Ј<!Ј.). 1ndeed, if L A ~LB 

џ.у \l.V џ.у \LV V\L '" \1.' 

then х occurs in the terms иа and v\I.' Тће term и~ eitheT contains а vari­
аЫе у occuring јп some term v., v =t!J., or contains опlу опе variable у 

. . h 1 h f' L A ху В • occur1Dg lП t е term v\I.' п t е lrst case we .get "'~ --.. L iLV, and lП the second 
case, јп view of (Н), there exists а уатјаЫе z occuring јп the term U(l and јп 

А zy В 
а term v., v =t!J., and we get L",~+---+LiLV. 

Since for еуету two LP and Lџ.Q holds LP ~ LQ, it fol1ows for every LP~ 
'" се џ. ао> 

and L~ (Р, Q Е {А, В}) there exists v so that L:~~L~. 

Further, for еуету IX, ~, !Ј., IX<~, ~=t!J. we get L;~~L~ (РЕ {А, В}). 
Let us consider а sequence 

L Р +-+ L Q +-+ LP +-+ ... +-+ LQ +-+ LP 
ct р а -r \1. 

defining LP +-+ LP. Тћете exists ап index v so that L~~ +-+ L'!... Jf a:l:~, then 
а \L .... Р' 

Lf!+-+L~, if a=f.I., then Lf!+-+LP =LP~. Оп this way, we get ЛпаНу L~+-+L~, 
ру U~ ~ ру ",а ce~ .... \1" 

Let L~~ and L~. Ье two arbitrary quasigroups. Тhere exists ап index л so 

that L~~ ~ L~л, and L ~л ~ L~v' Непсе we get L:~ ~ L~., and the lетта is 
proved. 

Let L~~ and L~v (Р, Q Е {А, В, Ai , Вј}) оо two derived quasigroups so 
Р ху Q 

that Lа.~+-,>Lџ.v. Since the law (1) is of the II kind, we ћауе either 

<р L~ (<рј х, <Р2 у) = ~ L~v (~j х, ~2 у), or 

<р L~ (<рј х, <Р2 у) = ~ L~. (~2 у, ~j х). 

Јп the second case we say the relation L~ +-+ L~ is ап inversion. 

Let 1':::$ Ье the following equivalence relation of the set 12 of аН quasi­
groups L~ (Р Е {А, В, А" Вј}). For L~~, L~. Е 12 we put L~~ 1:::::1 L~, iff L~~ ~ L~ 
and there exists at least опе sequence defining LP" ~ L Q with ап еуеп numOOr 

а." џ.. 

of inversions. 
The relation 1':::$ is containing јп the relation ~, more preciselly, еасћ 

class С\=> of the relation ~ is the ипјоп of at most two classes C~ and C~ 
of the relation 1:::::1. 

Let аН terms иј , vj of the law (1) Ье connected. Ву the lemmas 1 and 
З, for еуету two op~rations L~ and L~ (Р, Q Е {А, В, Ai , ВЈ}) we have L~~ ~ ~. 
We distinguish two cases: 

1. C\=>=CI":!, 

2. C~ =C~ U c~. 

1п the case 1. there ате two possibilities: 
1.' From the law (1) does not yield апу inversion, that is the law (1) is 

of the 1 kind. 
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1." From the law (1) yields at least one inversion, that is, {Ье law (1) 
is of the II kind. 

Јп the case 1" for every quasigroup L~(3 there exists at least one sequence 
defining L~[3 <::> L~ with an odd number оС inversions. Let, for example, the 
relation LP

8 +--tLQ ье ап inversion. Since LP~ ~ LP» and LQ ~ LP~, there exists 
у џ.у а..., у" џ.у а. .. 

а sequence L~(3 ~ L~1! +--t L ~., ~ L~a with ап odd number of inversions. 

Јп the case 2 еасЬ sequence defining L~a {:} L~a has ап еуеп number of 
inversions. Indeed, let, for ехатрlе, Ье L~ Е c~, and lе! exist а sequence 
defining LP~ ~ L:~ with ап odd number of inversions. Let LP Е С:.., and 

a~ I.A\OI tJ.~ I""OJ 

LQ, Е с" . ТЬеп there exists а sequence LP ~LP~ ~LP~ IRL~ with an еуеп 
р", ~ iJ.V a~ (I~ АР 

number оС inversions, that is, L~v ~ Lf", what is јп contradiction with the 
assumption about L~v and LE,. 

Let for the law (1) hold 2. We change аН operations L~a of one of the 

classes, say С;;", with the operations L;; (L~; (х, у) ~L:a (у, х». ТЬе obtained 
law w; = w; is of the Ј kind. Jndeed, from so obtained ]aw w; = w; it yields 
с';::!, = С""" and for every operation L~a еасЬ sequence defining L~a <=> L~ has ап 
еуеп number of inversions. 

Непсе, we сап consider on]y the laws of the 11 kind for which the rela­
tion IR and ~ оп the set 12 are the same. 

Т h е о r е m 1. Let аП quasigroups derived Јгоm quasigroups satisJying (ће 
law (1) Ье in the relation ~. Тћеn there exist а commutative group (S, о) so 
that the jol/owing equalities hold: 

А (х1 , •• '. , хт) = L1 Х1 о ... о L~ хт 
В (Х1 '···' хn) =Lf Х1 0 ••• o.L: хN 

L1 Ај (х!' . .. , xrJ.) = Lf Ч; Х1 о •.• oLt L~i Х(1. 

L! ВЈ (х!' .. . , ха) = L! Lfl Х1 о ••• oL! L:J ха 

р r о о С. Јп the set S we introduce the binary operation о defined Ьу 

L12 (х, у) = L1 xoL1 у. 

Let L~a and L~v (Р, Q Е {А,в}) Ье two quasigroups derived from the law 
(1) so that L~a +--t L~v holds. Jf this relation is ап inversion, and if L:a (х, у) = 
= LP xoL~ у, we Ьауе LQ (х, у) =LQ yoLQ Х. 

(1... џ.у V џ. 

Since аН quasigroups L;(3 are in the relation ~, and for еуесу L~ there 
exists а sequence with an odd number of inversions, defining L~ <=> L~[3, we get 

L~(3 (х, у) = L~ xoL~ у, and 

L;[3 (х, у) = L~ yoL: х. 

Непсе, we get for every х, у Е S . 

LP xoLPy = LPyoLP х 
ех а (ј 0:' 
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Since L~ and L~ асе bijections. we Ьауе 

хоу=уох. 

that is. the operation о is commutative. 
Тће proof of the rest of the theorem is analogous to the рсооС оС the 

theorem 1 in [1]. 
Now we suppose the relation of connectness оС the set Т = {иl' ... ,ит, 

уl' •••• уn} оС the law (1) has r (г>l) equivalence classes CI={иO<i, ... ,и~j' 
'ЈУ1 ' ••• 'У8)' i = 1, ...• г. Introducing quasigroups А and В conjugated with А 
and В respectively. from (1) we obtain а law in the form 

(2) А (ио<,' •. , и~ ••••• ио< ••••• и~ ) =В (уу ••••• Ув, ••. • Уу ••••• Уд ). 
1 1 , , I 1 , , 

Рос the law (2) hold аН results obtained in [1) for the analogous law оС 
the 1 kind. 

Finally. let us consider an arbitrary law in the form 

(3) А (A l (х1 , ••• , хо<), ... ,Ат (х(3, ... ,хр» = В (Bl СУ1' ••• , Уу), ••. , ВN (Ув, .. , ур», 

where the sequence ур ... ,ур is а permutation of хр ... ,хр, and А, В, Ај and В, 
are quasigroups оп а set S. Such а law can Ье transformed into а law (1) 
satisfying conditions О), (Н) and (Ш) Ьу substitution оС some quasigroups Ьу 
GD-groupoids. 

We give an example. 
Let 

А (А1 (х, у), z, Аз (и, У), А4 (w, t» = В (х, Bz (у, z), Вз (и, w), В4 (У, (» 
Ье the functional equality Ьу unknown quasigroups А, В, A1, ••• 'В4 оС а set 
S. А general solution of this equality is given Ьу 

А (х, у, Z, u)=1t (а xo~y, !Lz+vu), 

В (х, у, z, и) =1t (у хоеу, а z+ 't' и), 

аА1 (х,у)=ухо8у, 

е Bz (х, у) = 8 xo~y, 

!L Аз (х, у) = л х + р у, 
v А4 (х. У) = CI) х+ 1t У. 

а Вз (х. У) = !L х + CI) У, 

't' В4 (х. у)= р x+1t У. 

where 1t is an arbitrary loop. о is an arbitrary group, + is an arbitrary 
commutative group, and а, ~, ... , 1t are arbitrary bijections оС the set S. 
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ON EXTEND1NG ОР SOLUТIONS ОР FUNCT10NAL EQUAТIONS 1N 
А SINGLE VARIAВLE 

Каго! Вагоn 

1n this talk 1 want to present two results regarding the problem of the 
unique extension of solutions of the functional equation 

(1) rp(x) =ћ (х, 6,. rpofs(x» 
sES 

in which 
ћ:Хх ys-+y and fs:X-+Х, sES, 

where Х, У and S are arbitrary sets, are given functions. Here and in the sequel 
ys denotes the set of аН functions from S into У with the Tychonoff topology 
in Ље case where У is а topological space whereas 6,. gs denotes Ље diagonaI 

sES 
of а farnily of transforrnations {g.: s Е S} (ј.е. if g. тар Х into у, s Е S, then 
6,. gs is атар from Х into ys such that for the projection тар Р. 

sES 

sES). 

т h е о r е т 1. Let И еХ Ье аn arbltrary set such that 

(2) fs (И) С и, sES. 

lf 
О) јог every х Е Х there exists а positive integer k sисћ that јог every 

sl".' .skES 
/.1 о· .. О!sk(х)ЕИ, 

'ћеn јог every solution rpo: И -> У ој 'ће equation (1) 'ћеге exists exactly оnе 
solution rp: Х -+ У ој it such that rp I и = rpo. 

Moreover, if Х and У аге topological spaces, И is ореn, ћ, fs, s Е S, and 
rpo аге continuous junctions and 

(јј) јог every ореn set V such that ИС УС Х we have n {fs-l (V):s Е S} 
ореn, 

then rp is also continuous. 
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Тhe hypothesis (i) in this theorem cannot ье replaced (an ехатрlе тау 
ье given) Ьу 

(Ш) for every х Е х there exists а positive integrer k such that for every 
s Е S, Ј: (х) Е и. 

Оп the other hand the hypothesis 

(iv) Х is а closed subset of а finite dimensionai Banach space and 
и: : s Е S} is а localIy equicontinuous family such that for а certain ~ Е Х 

(3) sup{II!,(x)-~1I :sES}<llx-~II, ХЕХ"-{;}, 

imp1ies (i) whenever U is open (in Х) and ~ Е и. 

т h е о r е m 2. Let Х Ье а closed and convex subset о! а Лnие dimensional 
Вanасћ space, U С Х an ореn set (јn Х) such that condition (2) is satis.fled. 
1/ {fs: s Е S} is а locally equicontinuous Јamау such that (3) holds Јо, а certain 
~ Е и, then Jor every solution СРО: U - у о! (1) there exi~ts t;xactly оnе solution 
СР : Х_У о! it such that СР I и = СРО· 

Moreover, if у is а topological space, h and СРО аге continuous Junctions, 
then СР is also а continuous Junction. 

In view of the аЬоуе mentioned connexion between hypotheses (iv) and 
(i) the first part of Theorem 2 follows from Theorem 1. However, in the 
other part of Theorem 2 the restrictive hypothesis (ii) does not occur. 

Оп the other hand the proof of Theorem 1 is effective contrary to the 
proof of Theorem 2 where the Kuratowski-Zom Lemma is used. 
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