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Abstract. The main focus of this study is on the survey of par-
allelization strategies for the Variable Neighborhood Search (VNS)
metaheuristic, covering 58 publications spanning the period 2001—
2025. Parallelization is a widely-used tool to enhance the efficiency
of various algorithms. When stochastic algorithms such as meta-
heuristics are considered, the expectation is that engaging multiple
processing units improves solution quality within the same or even
reduced running time. However, achieving this objective is typi-
cally a demanding task. Various aspects of parallel computing must
be carefully examined, including the identification of parallelizable
parts, distribution granularity, load balancing, synchronization, and
communication overhead. Moreover, it is important to consider the
compatibility between the available hardware resources and the com-
putational requirements. A parallel metaheuristic represents an en-
tirely new algorithm that may significantly differ from the original
sequential variant, which additionally motivates the need for a struc-
tured classification framework. We propose such a framework for
the existing parallel VNS literature, organizing proposed implemen-
tations according to two complementary and non-overlapping layers.
The first layer adopts the existing high-level algorithmic taxonomy
(HTPM), which captures the decomposition strategy, search control,
communication pattern, and solution diversity. The second layer in-
troduces a novel implementation-level taxonomy (ITPM), proposed
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here for the first time, characterizing hardware architecture, commu-
nication topology, granularity, load balancing, and parallel program-
ming model. Neither layer alone is sufficient to interpret reported
performance differences across implementations: two algorithms shar-
ing an identical HTPM classification may perform very differently in
practice, and without systematically documenting both layers such
differences cannot be reliably attributed to algorithmic design choices
rather than implementation-specific factors. The dual classification
framework is applied consistently to all reviewed publications, ac-
companied by a bibliometric analysis of the field’s evolution and a
structured identification of open challenges specific to parallel VNS.
The resulting classification provides researchers with a solid founda-
tion to design and compare new parallel VNS implementations and
to advance the parallelization of metaheuristics in general, while also
laying the groundwork for a predictive understanding of parallel meta-
heuristic performance.
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1. Introduction

Combinatorial optimization problems can be found in many situations of every-
day life. Determining their optimal solutions, i.e., the best among finitely many
feasible solutions, often presents a very challenging task. This issue mainly results
from the fact that the number of feasible solutions grows exponentially with the
size of a particular problem instance, making exact methods practically unusable.
Metaheuristics have become widely-used practical tools for addressing these prob-
lems in real-life cases, providing high-quality suboptimal solutions. However, even
these methods may require an unreasonable amount of time, due to the large size
of practical instances or the complexity of the underlying problem.

As shown in the relevant literature [6-8, 34,42, 170], parallelization of search
procedures is a promising approach to increase the efficiency of heuristic and meta-
heuristic methods. A significant amount of work has been conducted in designing,
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implementing, and analyzing parallelization strategies for metaheuristics, rang-
ing from the low level parallelization achieved by distributing elementary com-
putations among processors [51, 70, 162], to the cooperative multi-thread parallel
search [40,42,44,53,111,176,179]. Numerous survey papers have summarized de-
velopments in parallel metaheuristics [7,8,36,65,70,128,162,181], yet none of them
focuses specifically on VNS or provides a systematic classification of parallel VNS
implementations across the full body of available literature. However, our focus
is on a particular trajectory-based metaheuristic - Variable Neighborhood Search
(VNS) [22,82,83,89,92,131], and in the main part of this review, we present a survey
of studies proposing parallelization of VNS. To the best of our knowledge, this sur-
vey is the only study to comprehensively address the topic of parallel VNS, covering
58 publications that appeared during the period 2001-2025, including the seminal
review [133], which covered the field’s founding period and predates the vast ma-
jority of the literature surveyed here. The survey [133] is included in the collection
for bibliometric completeness but excluded from the classification analysis.
Parallel Simulated Annealing (SA), proposed in [112], is one of the first reports on
parallelization of metaheuristic methods. This pioneering study introduced many
aspects that are relevant for developing parallel metaheuristics. In addition to
describing implementations of three parallel strategies for cell placement in the
VLSI design layouts to be evaluated on experimental shared-memory multiprocessor
system, the authors also proposed a basic taxonomy of parallelization strategies.
The proposed taxonomy is based on the classification of decomposition schemes
into two main classes: fine-grained and coarse-grained parallelization. Fine-grained
decomposition is based on the division of individual steps into subtasks and the
distribution of these subtasks on the available processing units. Coarse-grained
decomposition assumes that the complete searches are performed in parallel.
Another classification of parallelization strategies is proposed in [179]. This
classification identified two main groups of parallelization strategies with respect
to the control of the search process: single walk and multiple walk parallelism.
In the relevant literature, the authors also used the taxonomies proposed in [6]
(which introduced parallelization at the algorithmic level, the iteration level, and
the solution level) and [170] (distinguishing taxonomies for trajectory-based and
population-based metaheuristics). To refine the existing classification schemes of
parallelization strategies, one should consider communication aspects (synchronous
or asynchronous) and search parameters (the same or different initial point and/or
the same or different search strategies). One of the resulting classifications is de-
scribed in [40]. This taxonomy is additionally extended in [35] considering also the
level of parallelization (single or multiple/recursive) and decomposition aspects,
i.e., decomposition type (static or dynamic) and decomposition strategies. We
briefly recall this extended taxonomy later in the text and propose a complementary
taxonomy that covers the implementation characteristics of parallel metaheuristic
algorithms. While existing taxonomies and surveys address implementation as-
pects such as hardware platforms and programming environments [6,7,170], none
provides a standardized and self-contained framework that systematically captures
implementation-level characteristics alongside the algorithmic ones. As a result,
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implementation characteristics are inconsistently reported across studies, making
systematic cross-study comparison difficult.

VNS is a straightforward and effective metaheuristic method [84,86, 88,92, 131]
that has been widely utilized to tackle combinatorial and global optimization prob-
lems [22,87,90]. The basic idea of VNS is the systematic change of neighborhoods
both within a local optimization (descent/ascent) phase and in a diversification
phase necessary to get out of the local optima traps.

There are numerous publications proposing parallel versions of VNS such as
[10,28,39,75,106,110,116,145,163,175,184]. In this chapter, we identify and review
58 relevant publications addressing the parallelization of VNS. They consider vari-
ous aspects, ranging from the exploitation of the available hardware architectures,
over identification and granulation of parallelizable parts, toward synchronization
and communication aspects. Our objective is to provide a comprehensive and tech-
nically grounded survey of the existing literature on parallel VNS by systematically
organizing existing approaches with respect to their structural and implementation-
level characteristics. Given the diversity of problem domains and experimental set-
tings in the surveyed studies, the chapter focuses on classification rather than on
inferring algorithmic design rationales or comparing performance trade-offs. We
strongly believe that this chapter provides solid basis for future research related
to parallelization of not only VNS, but metaheuristics in general. In addition to
the systematic classification, we provide a bibliometric analysis of the field’s evolu-
tion examining publication trends, venue distribution, and the relationship between
hardware advances and research activity.

The main contributions of this chapter are: (1) the systematic application of the
existing high-level (algorithmic) taxonomy (HTPM) of [35] to 57 reviewed parallel
VNS publications — the first comprehensive application of HTPM to the parallel
VNS literature as a whole; (2) the introduction of ITPM, an implementation-level
taxonomy for parallel metaheuristics that is, to the best of our knowledge, the
first standardized framework complementing HTPM at the implementation level,
(3) a structured review of 57 parallel VNS implementations organized by problem
domain and hardware platform, providing a unified reference for researchers and
practitioners; and (4) identification of open challenges specific to parallelization
of VNS (that go beyond those inherited from sequential metaheuristic research),
including reproducibility, hardware-aware design, and the conditions under which
parallelization yields measurable benefit. The introduction of ITPM is motivated
by the observation that algorithms sharing an identical HTPM classification may
exhibit substantially different performance profiles due to differences in their im-
plementation. Without documenting both layers, performance variations across
studies cannot be reliably attributed to algorithmic design choices rather than
implementation-specific factors. Both taxonomies are formally introduced and dis-
cussed in Section 4.

This chapter is organized as follows. Section 2 provides a brief overview of
metaheuristic methods, with particular emphasis on their stochastic nature, and
on VNS as the method of focus. Section 3 presents the main characteristics and
benefits of parallel computing, including models of parallel architectures, control
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over module execution patterns, data-exchange mechanisms, and discusses issues
specific to the parallelization of MHs. A review of the recent literature that ad-
dresses parallelization strategies for various metaheuristic methods is presented in
Section 4, while the parallelization of VNS is considered in Section 5, where the ex-
isting approaches are systematically classified with respect to their structural and
implementation-level characteristics. Section 6 provides concluding remarks and
directions for future research.

2. Metaheuristics

Combinatorial optimization problems involve the selection of the best solution
from a finite set of feasible solutions. Each problem is characterized by (i) a set of
objects with associated values (contributions, utilities), (ii) an objective function
that computes the value of a particular subset or ordering of these objects, and (iii)
the feasibility rules specifying how subsets/orderings may be built. A solution that
satisfies the feasibility constraints and attains the best (highest or lowest) objective
function value among all possible combinations is referred to as the optimal solu-
tion (optimum). The search space is defined as the set of all solutions that may be
considered when addressing a given optimization problem. During the search pro-
cess, algorithms generate and evaluate candidate solutions, i.e., solutions from the
search space that are considered as potential improvements, not necessarily being
optimal. For a more formal definition, let us assume that one desires to minimize
(linear or not) the objective function f(x) over decision variables x € S(C R"),
subject to x € X C S. Here, S denotes the set of all solutions, while X represents
the subset of feasible solutions defined by the problem constraints, i.e., the domain
of f. Decision variables are generally non-negative and (in the case of combinatorial
optimization) take discrete values. A (globally) optimal solution xzx € X is the one
that satisfies f(z*) < f(x) for all x € X.

The main difficulty in solving combinatorial optimization problems is that the
number of feasible solutions usually grows exponentially with the number of ob-
jects in the initial set. As a result, metaheuristics are often the only practical tools
for addressing these problems in real-life dimensions. Metaheuristics are compu-
tational techniques that optimize a problem by iteratively trying to generate or
improve an existing solution relative to a specified objective. Metaheuristics are
general methods, in the sense that they do not rely on prior knowledge of the prob-
lem to be optimized. They usually incorporate stochastic search strategies, making
difficult to estimate the performance with respect to the solution quality and re-
quired execution time in each particular execution. In the majority of the relevant
publications to compare various metaheuristics, the authors run them within the
predefined stopping criterion (maximum running time, maximum number of iter-
ations, maximum number of objective function evaluations, etc.) and report the
best solution xpes; obtained (with the corresponding value of the objective function
frest) and the CPU time tp.s; required to obtain this solution (the so-called best
time). Sometimes, the deviations (gaps) with respect to the optimal (if available)
or best-known solution are also reported.
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As metaheuristics are stochastic algorithms, evaluating their performance re-
quires statistical testing rather than point comparisons of the best found solutions.
Therefore, during the development process, it is necessary to analyze the stability
of the algorithm by performing controlled repetitions and statistical analysis of the
obtained results [16,96]. Non-parametric tests are commonly applied, including
the Wilcoxon signed-rank test for pairwise comparisons, as well as the Friedman or
Kruskal-Wallis tests for multiple algorithm comparisons. These tests assess whether
observed performance differences are statistically significant across multiple inde-
pendent runs. The reported performance evaluation measures typically refer to
the average solution quality and running time, standard deviations, number of
best-obtained solutions in all repetitions, etc. In addition, a major limitation of
metaheuristics is the difficulty in guaranteeing the quality of the final solution —
specifically, how far it is from the optimal one or if it is at all possible to reach
the optimal solution by the application of metaheuristic rules. However, to obtain
any feasible solution in the majority of real-life applications, metaheuristics are the
only viable option.

2.1. Metaheuristic overview. Metaheuristics represent general approximate al-
gorithms, applicable to a variety of optimization problems [170]. They are modern
techniques defined as a universal set of rules (not involving problem characteristics)
that are easily adaptable (tailored) to any problem at hand. They deal with in-
stances of problems that are believed to be hard in general by efficiently exploring
suitably limited sub-spaces of their large solution search space. Metaheuristics serve
three main purposes: finding solution faster, finding solutions for large problems,
and obtaining robust algorithms. Moreover, they are very flexible and usually easy
to design and implement.

Numerous metaheuristics have been developed for more than 40 years and used
to find solutions to complex optimization problems. Many of them are inspired by
natural metaphors (e.g., evolution of species [78,154], annealing process [109,136],
insect colony behavior [46,57,66], particle swarms [74,107], immune systems [80,
173], etc.). Others are based on mathematical concepts and include the definition
of some metric to measure the distance between solutions, the neighborhoods to
distinguish solutions that are close to each other, and local search principles which
enable efficient searches of the solution space. Examples of these methods are Tabu
Search (TS) [76,77], Greedy Randomized Adaptive Search Procedure (GRASP) [72,
155], Adaptive Large Neighborhood Search (ALNS) [123], and VNS [87,88,92,131].

Another classification of metaheuristics is based on the number of solutions used
to move from one iteration (or point in search) to the next. This distinction is
particularly relevant here, as it directly affects how neighborhood-based search pro-
cedures are defined and executed. Trajectory-based (single-solution) metaheuristics
maintain a single incumbent solution at each iteration and generate the next so-
lution exclusively from the current one. The search therefore produces a sequence
2@ (M) 2@ where the solution z(**1) is obtained by applying a transfor-
mation to z(*). The sequence of solutions visited in this way forms a trajectory
through the solution space. Central to this class of methods is the notion of a
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neighborhood. Let x € X be an arbitrary feasible solution of the optimization
problem min,¢ x f(x). The neighborhood N(x) of z is the set of solutions obtained
from x by applying a predefined elementary transformation. Different neighbor-
hoods may be obtained by either changing the type of transformation or applying
the same transformation multiple times. Let N3, k=1, ..., knaz, denote a finite set
of preselected neighborhood structures; then N (z) represents the set of solutions

in the kth neighborhood of the solution x. At each iteration, a candidate solution
from the current neighborhood is selected and accepted according to a specified ac-
ceptance criterion. Depending on this criterion, the trajectory may be strictly im-
proving or may allow non-improving moves to escape local optima. Representative
trajectory-based metaheuristics include Simulated Annealing (SA) [109,136], Tabu
Search (TS) [76,77], and Variable Neighborhood Search (VNS) [87,88,92,131]. In
VNS, multiple neighborhood structures are systematically explored to balance in-
tensification and diversification. In contrast, population-based metaheuristics evolve
a set of solutions simultaneously. New solutions are generated through interactions
among population members, and the transition between iterations is determined
collectively rather than by a single incumbent solution. Examples include Genetic
Algorithms (GA) [78,154], Ant Colony Optimization (ACO) [66], Bee Colony Op-
timization (BCO) [58,118], and Particle Swarm Optimization (PSO) [74,107].

Metaheuristics are also classified as constructive (if they build new solutions from
the scratch during their execution), or based on improvement (in the case where
they transform a given solution to obtain its descendant). The main goal of a
construction/improvement is to obtain better solutions to the considered problem.
Constructive metaheuristics include GRASP [72, 155], Ant Colony Optimization
(ACO) [66], and Bee Colony Optimization (BCO) [58,118-120], while Genetic Al-
gorithms (GA) [78, 154], new variants of BCO, denoted as BCOi [55, 100, 172],
Simulated Annealing (SA) [1,109,136], TS, and VNS represent examples of meth-
ods based on the improvement of given initial solutions. Many relevant details on
the design and implementation of metaheuristic methods can be found in [170,183].

Nowadays, metaheuristics are widely used to deal with various classes of op-
timization and decision making problems, even in very exotic domains such as
BlockChain [122,174]. However, although metaheuristics proved themselves very
efficient in various applications, there are some “hard” problems that require more
powerful tools. Even classical problems may be hard if the dimensions are too
large. Therefore, the promising research direction has become the parallelization
of metaheuristic methods.

2.2. Variable neighborhood search. VNS is a trajectory-based single-solution
metaheuristic method originally proposed in [131]. It employs one or more neigh-
borhood structures to explore the solution space related to a considered optimiza-
tion problem [22,84,86-88,90,92]. The neighborhoods are defined in the following
way. Let z € X be an arbitrary feasible solution to the optimization problem
min f(z), s € X. The neighborhood N (z) of the solution z is defined as a set of all
the solutions obtained from x by applying a predefined elementary transformation.
Different neighborhoods may be obtained by changing the type of transformation
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or applying the same transformation multiple times. Let Ny, & = 1,..., kmax,
denote a finite set of preselected neighborhood structures, then Ny (x) represents

the set of solutions in the kt" neighborhood of the solution xz. The key compo-
nents of VNS are the Local Search (LS) procedure used for detailed exploration of
neighboring solutions and the Shaking (SH) step, which helps to avoid local optima
traps. The LS phase focuses on intensifying the search around the high-quality
solutions, while SH introduces the diversification (perturbation) phase, which di-
rects the search away from the local optimum solutions. To achieve an efficient
search, the basic VNS scheme performs a systematic alteration of neighborhoods
during the LS phase, while in the SH phase the distance within a single neighbor-
hood is increased. Basic VNS (BVNS) consists of three main steps: SH, LS, and
Neighborhood Change (NC) as outlined in Alg. 1. During the SH step, a random
perturbation of the current best solution in the given neighborhood is performed,
thus providing a starting point (initial solution) for the subsequent LS phase. LS
tries to improve the solution obtained in the Shaking step by exploring its neigh-
bors within one or several neighborhoods. After LS is completed, VNS proceeds
with the NC step, where it evaluates the quality of the obtained local optimum.
If this local optimum is better than the current best solution, the search concen-
trates around it (the global best solution and the neighborhood index are updated
properly). Otherwise, only the neighborhood index for the subsequent SH step is
updated. These three main steps — SH, LS, and NC — repeat until a pre-specified
stopping criterion is satisfied [88,92].

Algorithm 1 Pseudo-code for BVNS method

procedure BVNS(Problem input data, kmaz, STOP)
x < InitSolution()
Thest < T
repeat
k+1
repeat
z' + RandomSolution(Tpest, Ni) > Shaking
z' + LS(z') > Local Search
if (f(z") < f(xpest)) then > Neighborhood Change
Tpest T’/
k<+1
else
k+—k+1
end if
STOP < StoppingCriterion()
until (k > kmax V STOP)
until (STOP)
return (Ibestv f(xbest))
end procedure

The VNS search starts from a given initial solution and terminates upon the
fulfillment of the pre-specified stopping criterion. Typically, the initial solution is
determined at random or is built using some constructive heuristic algorithm. It is
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also possible to improve it by applying LS before the actual beginning of the VNS
search. As the entire VNS procedure is centered on the current global best solution
Tpest, the NC step ensures that this solution is updated as soon as possible. There-
fore, VNS is known in the optimization community as the First Improvement (FI)
search strategy: as soon as an improvement is made, the search immediately re-
turns to the first neighborhood [91]. Practically, this means that the neighborhood
index k is reset to 1. The BVNS algorithm has a unique parameter k.., which
defines the maximum number of neighborhoods. If its value depends on the prob-
lem input data (for example, the instance size), BVNS becomes the parameterless
method. It is possible, though not mandatory, that successive neighborhoods are
nested. In such a case, it has to be ensured that the search avoids revisiting pre-
viously explored solutions. The possible stopping criterion used to terminate VNS
execution can be the maximum allowed CPU time, the maximum number of itera-
tions, the maximum number of iterations without improvement of the current best
solution, the maximum number of objective function evaluations, etc. Sometimes
the authors use a combination of multiple stopping criteria [9,105].

In addition to the main parameter of VNS, k..., additional parameters are
mentioned in the literature [22,84,86-88,90,92], e.g., kmin — which indicates that
SH does not begin from k = 1; kssep — the increment for k used to skip some of the
neighborhoods; 6 — which controls the quality of accepted non-improving solution
in a VNS variant known as Skewed VNS (SVNS), and so on.

Due to its simplicity and effectiveness [22], VNS is extensively used as an op-
timization tool. There are several variations and modifications of this basic VNS
scheme with numerous successful applications [84,88]. The simplest variant is Re-
duced VNS (RVNS), consisting only of SH and NC steps. RVNS is typically applied
to challenging problems with large neighborhoods that are difficult to search effi-
ciently or to generate a high-quality initial solution for other VNS variants. Another
simple VNS variant is a deterministic VNS, known as a Variable Neighborhood De-
scent (VND), which excludes the SH step. In VND, the LS step is performed over
a sequence of multiple pre-defined neighborhoods according to the FI rule. How-
ever, the search within each particular neighborhood can be conducted according
to either FI or Best Improvement (BI) principle, as selected by an input parame-
ter. The General VNS (GVNS) variant contains all three steps and employs VND
in the LS phase, while SVNS represents a variant of BVNS that, under certain
conditions, allows acceptance of non-improving solutions [92]. The variants listed
here are some of the most commonly employed. For additional details, readers are
referred to [22,85,87,88,92].

The applications of VNS and its variants are surveyed in [22,88-90]. It is worth
noting that the authors of this chapter have notable experience in developing VNS-
based algorithms, considering Multiprocessor Scheduling Problem with Commu-
nication Delays (MSPCD) [52,99], Vehicle Scheduling Problems (VSP) [9], Com-
munity Detection Problem [103], Vehicle Routing Problems (VRP) [125], Group
Steiner Tree (GST) [126], Maximum Diversity Problem with Capacity and Budget
Constraints [152], just to mention a few.
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The original sequential VNS follows a strictly defined order of its fundamental
steps, with each step depending on the results of the previous one. It is inherently
designed as an FI search procedure, which means that the search immediately fo-
cuses on a newly found incumbent solution and resets to the first neighborhood.
This sequential data dependency implies that a straightforward step-by-step paral-
lelization of VNS is not trivial. Consequently, parallel implementations are likely to
diverge from the sequential VNS basis. However, rather than being a limitation, this
difference may have positive implications by enabling the generation of qualitatively
new search algorithms that may significantly outperform their sequential counter-
parts. The resulting parallel algorithms are both problem- and hardware-specific,
and a comprehensive survey of their implementations is provided in Section 5.

3. Parallel Computing

Parallel, distributed, or concurrent computing [19, 21, 32, 79,97, 151, 153, 164]
refers to the execution of multiple processes simultaneously on different processors,
all working on the same problem instance with the goal of finding the best (or an
acceptable) solution. Parallelism is achieved by dividing the overall computational
workload into smaller tasks, which are then distributed to available processors for
simultaneous execution.

The development of a parallel algorithm, whether derived from an existing se-
quential method or designed natively for parallel execution, typically involves two
conceptually distinct phases. First, during the algorithm design phase, parallelism
is introduced at the algorithmic level by identifying independent or cooperative
components of the considered method. Second, the parallel programming phase
implements the resulting parallel algorithm using a parallel programming model,
which provides an abstraction of how such an algorithm is structured and executed
on parallel computing hardware. For stochastic algorithms, these design decisions
may influence not only computational efficiency but also the statistical properties
of the algorithm results.

Parallel programming encompasses the development and control of software
that runs multiple tasks in parallel, utilizing a variety of programming models,
languages, tools, and techniques designed to exploit the capabilities of modern
hardware and system architectures effectively. An important characteristic of par-
allel algorithm’s design and implementation is the granularity of parallelization
[14,45,161]. Granularity refers to the size of computational tasks that result from
the decomposition of either the computational workload or the underlying prob-
lem domain, i.e., the space of solutions associated with the considered problem
(search space). Granularity may also be understood as the amount of computation
performed between two communication steps [44]. Parallelization is considered fine-
grained when these tasks are relatively small in size, whereas it is termed coarse-
grained when tasks encompass substantially large computations or broad segments
of the problem domain. Thus, when the target machine’s architecture supports fast
communication (such as through a high-speed network or shared memory), fine-
grained parallelism is well-suited for parallelization. Conversely, if communication
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is slower or more costly, medium- or coarse-grained parallelism should be favored
to efficiently balance computation and communication loads [44].

The decomposition may be applied to the algorithm itself, the search space,
or the structure of the problem. Functional parallelism [140] refers to the first
approach, in which the computationally intensive segments of the algorithm are
partitioned into multiple tasks (processes). These tasks, operating either on the
same data or on specific parts of it, are assigned to different processors and run
in parallel, with the possibility of exchanging information during their execution.
The second type of decomposition refers to data parallelization [68], also known as
problem domain decomposition or search space decomposition. Here, the key idea is
to divide the search space into subspaces and run in parallel the complete algorithm
operating on these data subsets. The third way to implement parallelization is to
decompose the mathematical structure of the problem into subproblems in such
a way that these subproblems may be addressed by the corresponding algorithms
in parallel [61]. This means that each processor creates a partial solution, while
the complete solution of the considered problem is obtained by combining these
partial solutions.

To effectively explore a given multiprocessor architecture, one has to address the
following main issues: load balancing, synchronization, and communication over-
head (communication cost). Load balancing is the process of evenly distributing the
computational burden among all engaged processors, ensuring efficient utilization
of processing resources between processors or cores, and preventing performance
degradation due to uneven distribution of computational tasks [?,144]. The com-
munication overhead is the extra time induced by data exchanges and synchro-
nization between processors during parallel execution. Communication overhead is
a broader term that encompasses all the resources and expenses associated with
communication, e.g., time and energy [124]. Communication overhead represents
the machine cycles and processor resources that could otherwise be used for com-
putation but are instead used for communication activities [79]. Synchronization
is essential in shared-memory systems to coordinate access to shared resources and
prevent conflicts [63]. If all computations are performed on a single processor, data
transfer is not necessary and the communication cost equals zero. Parallel execu-
tions assume data transfer between processors, and this fact has as a consequence
increased the total execution time: the time required to transfer data between pro-
cessors is an integral part of the parallel execution time. While communication
cost may sometimes be negligible, such as in distributed memory multiprocessor
systems, in majority of the cases communication and synchronization overheads are
significant and have to be taken into consideration.

When working with parallel computer systems, numerous challenges must be
considered. These challenges are often discussed in the context of parallel comput-
ing models. These models serve as simplified, yet powerful abstractions that capture
the essential characteristics of the underlying hardware and software interactions.
Using parallel models as a theoretical tool allows researchers and practitioners to
better understand system behavior, help predict its performance, identify bottle-
necks, enable more efficient algorithm design, and better resource allocation. As
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a practical tool, these models enable programmers to write parallel software that
is portable, scalable, and efficient without dealing directly with low-level hardware
details [19, 32].

Parallel computing models such as the PRAM, Bulk Synchronous Parallel (BSP)
model, and LogP [108], provide structured abstractions that are important for
performance estimation and theoretical algorithm design. Although PRAM dis-
regards the cost of communication and synchronization, it is a relatively easy
model to use [104]. However, to increase the predictability of performance, one
needs to incorporate communication and synchronization costs. BSP and LogP
cover these properties, whereas LogP is completely asynchronous. At the high-
est level, multiprocessor architectures are classified as shared-memory (Figure 1)
and distributed-memory (Figure 2). Shared-memory architectures feature multiple
processors accessing a single global address space, allowing implicit communication
through shared variables and requiring hardware mechanisms like cache coherence
to maintain consistency. Distributed-memory architectures, by contrast, consist of
independent processors, each with private local memory, communicating explicitly
through exchanging messages.

Proc 1 Proc 2 Proc 3 Proc 4

’ Common Shared Memory Bus ‘

A

Shared Memory

FIGURE 1. Shared-memory system

Proc | Mem Proc | Mem Proc | Mem Proc | Mem

FIGURE 2. Distributed-memory system, nodes are connected via
network interconnection topology

Parallel computers with shared-memory multiprocessor architecture consist of
numerous processing units, known also as processing elements (PEs) or central
processing units (CPUs), all connected to the common memory. It should be noted
that, in the practical implementations, memory is organized into modules and each
CPU within the system must be capable of accessing data by reading from or writing
to any of these memory modules. If CPUs use the same mechanism to access data
across all memory modules resulting in the same access speed, we declare this
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FIGURE 4. NUMA: Non-Uniform Memory Access

as a uniform memory access (UMA) model illustrated in Figure 3. However, in
the majority of shared-memory topologies, is not always possible to ensure UMA.
Typically, a small group of CPUs (or cores) are integrated on a chip together with
their common memory module, they can access uniformly. Memory located on
other chips is also accessible to these CPUs, with a slower access time resulting in
a non-uniform memory access (NUMA) architecture, as illustrated in Figure 4.

In distributed-memory architectures, each CPU can access only its own local
memory. To obtain data stored in the memory modules of other CPUs, it must
communicate with those CPUs, typically by exchanging messages. CPU’s may be
either completely connected (each of them can directly connect to all others) or ar-
ranged in a network topology, where some CPUs are only indirectly connected thus
the communication between non-adjacent CPUs involves all intermediate processing
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units. Several examples of typical interconnection topologies are illustrated in Fig-
ure 5. Completely connected architectures ensure fast and reliable communication
between CPUs, however, it may be unpractical or even impossible for realization
between large number of CPUs. On the other hand, easier to implement, indirect
connections can result in the increasing of the time required for communication
between CPUs. In addition, intermediate CPU sometimes have to control the com-
munication processes, which slows down their communication bandwidth.

Proc 1 | Mem 1| — | Proc 2| Mem 2

Proc 3 [ Mem 3| — | Proc 4| Mem 4

FIGURE 5. Distributed-memory System in a 2x2 mesh (grid) network

Building on the shared-memory and distributed-memory multiprocessor archi-
tectures, recent advances in parallel hardware have moved toward integrating mul-
tiple processing units directly on a single chip. In relevant literature, multi-core
processors are described as integrating a small to moderate number of relatively
powerful general-purpose cores (typically ranging from a few to a few dozen) on a
single chip. They are optimized for both sequential and parallel execution, which
makes them well-suited for problems that contain a high degree of sequential de-
pendency and complex control flow [20]. In contrast, many-core systems integrate
hundreds to thousands of simpler processing units on a chip. These are designed for
high-throughput, fine-grained parallelism and are intended to perform a large num-
ber of elementary operations simultaneously over different data [12]. A prominent
and now widely used example of many-core architectures is Graphics Processing
Units (GPUs). GPUs have become a standard component of modern computing
platforms ranging from workstations to supercomputers [135]. Figure 6 illustrates
a simplified architecture diagram of a GPU. The GPU block is shown as a large
rectangular area that encompasses multiple multiprocessors. Each multiprocessor
contains several smaller units, denoted by P, Ps, ..., P,, representing processing
cores or processors within each multiprocessor. Device memory corresponds to the
dedicated memory of GPU used to store data and instructions accessed by the GPU
multiprocessors. The arrow shows communication between the GPU multiproces-
sors and device memory. One or more GPU blocks are usually connected to the
main CPU that acts as a user-interface and server for controlling the operation of
GPU processors.

According to [12], key challenges spanning hardware, system software, program-
ming models, and algorithm design (in no particular order) include: (1) power
consumption limitations, (2) scaling of parallel systems to many-core chips while
maintaining programmability and performance, (3) designing efficient processors,
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FiGURE 6. GPU-based multiprocessor system

caches, memory hierarchies, and interconnects that support high degrees of paral-
lelism, (4) managing communication latency and coordination among processors,
(5) developing programming models that are productive, portable, and scalable, (6)
redesigning operating systems and runtime systems to handle massive parallelism
efficiently, (7) improving energy efficiency, (8) maintaining developer productivity
via accurate performance counters, debugging, and profiling tools, and (9) identi-
fying and adapting natural parallelism in real-world application. Several of these
challenges are directly related to algorithm design, particularly those concerning
communication and coordination, energy-aware execution, and the identification
and exploitation of natural parallelism. Among these challenges, the identification
and exploitation of natural parallelism in real-world applications is primarily an
algorithm-design issue. In the context of metaheuristic methods, this corresponds
to identifying suitable sources of parallelism, such as independent or cooperative
search processes, problem or search space decomposition, and algorithm-level par-
allelization strategies. These aspects are discussed in detail in Section 4.1. Parallel
programming issues arise during the development of parallel algorithms, particu-
larly when transitioning from an existing sequential implementation [127]. They can
be grouped into four main categories: (1) the developer’s expertise and cognitive
abilities, (2) the availability and effectiveness of development tools and method-
ologies, (3) the particular characteristics of the software system being parallelized,
and (4) various environmental factors that may impact the development process.
From this overview it is evident that measuring the performance of the parallel
algorithms is not straightforward, even for classical (deterministic) computational
algorithms. This complexity additionally increases when evaluating metaheuristics,
whose performance assessment is challenging due to the inherent nondeterminism
in their execution process. This is because the corresponding sequential version is
stochastic and involves a random factor guiding the search from any given execution
point, causing the variability in outcomes even under identical starting conditions.
In the remainder of this section, we discuss the performance metrics commonly
employed to evaluate both deterministic and stochastic parallel algorithms.
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3.1. Standard performance evaluation measures of parallel algorithms. To
compare different methods of decomposition, some parameters are required to
measure the performance of codes that are executed on parallel machines. The
primary metric for assessing the performance of a parallel algorithm has been
speedup [15,21,151]. To account for the number of processors utilized, efficiency
has been introduced as an additional performance measure.

The parallel speedup achieved by a parallel algorithm running on p processors
is defined as the ratio of the execution time of the parallel algorithm on a single
processor and the execution time of the parallel algorithm on p processors. The
parallel speedup S(n,p) can be expressed as,

T(n,1)
T(n,p)

where n denotes the size of the considered problem, T'(n,1) and T'(n,p) denote
the execution times of the algorithms on one and p processors respectively.

The parallel efficiency is equal to the speed-up divided by the number of pro-
cessors p. The parallel efficiency E(n,p) can be expressed as

S(n,p) =

B, p) = S(n,p) _ T(n,1)
P pT'(n,p)

It is important to note that parallel execution includes communication (data
exchange) and synchronization parts that may consume a significant portion of
running time and deteriorate the performance of the parallel algorithm.

However, the parallel speedup and efficiency equations do not provide any in-
formation about the quality of the parallel algorithm. Rather, they measure how
well an algorithm has been parallelized. Therefore, we need some data that in-
dicates the numerical efficiency of the parallel algorithm. This should be defined
with respect to Tpest(n), the time required by a single processor within the parallel
computer to execute the fastest known sequential algorithm. Combination with the
definitions of parallel speedup (or efficiency) leads to the notion of total speedup
and total efficiency, defined by

_ _ S_'(n,p) . Tbest(n)
E(n,p) = p  pT(n,p)

The total speedup is also referred to as absolute speedup, while the parallel speedup
is known as relative speedup.

Although more realistic, the latter definitions have limited usefulness in practical
considerations. First of all, it is often very difficult to determine which algorithm
is the best sequential one; this may depend on the size of problem n, the particular
hardware used, the implementation issues, etc. Moreover, the notion of the ‘best’
algorithm may change over time, as better algorithms become available. In addi-
tion, a good implementation of that algorithm is not always available. In practice,
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one can define the total speedup by using the execution time of a good sequential
algorithm instead of Tyes:(n).

These measures were used for the evaluation of parallel algorithms performance
for a very long time. In the recent literature, some limitations of these measures
have been identified [15,18,61]. The first issue arises from the different types of
sequential and parallel computers. The second drawback is that these measures do
not account for the scalability of the problem or the specific characteristics of the
parallel processor architecture. Several alternative definitions of speedup, such as
fixed-size, fixed-time, and memory-bounded, are known from the literature [18].

We can identify three possible cases for the speedup value Sp:

* S, < p, defining sublinear speedup
* Sy ~ p, for linear speedup
* S, > p, in the case of superlinear speedup.

It is reasonable to expect that an algorithm running on a multiprocessor system
containing p processor can execute p times faster than on a single processor machine.
This property is referred to as linear speedup. However, there are some overheads
that can cause a significant deviation from the linear speedup, yielding S(n,p) < p
or S(n,p) > p. These overheads are enumerated as follows [61]:

(1) Communication Overhead - can significantly affect (decrease) the perfor-
mance of parallel algorithms. Communication costs may cause processor
idle times while waiting for the data necessary to perform computations.
However, sometimes co-processors are added for communication, which can
reduce the waiting time on the one hand and introduce additional control
operations on the other. It is evident that this overhead must be carefully
considered.

(2) Load imbalance - represents the difference between computational and com-
munication burden among processors. When all processors are equally
loaded and complete their execution almost at the same time, the multi-
processor system is ideally balanced. However, even in this case, commu-
nication overhead may take a large portion of the processor load, causing
idle time on some other processors.

(3) Synchronization overhead - accounts for the breaks in the algorithm’s exe-
cution due to data exchange or memory updates. To reduce this overhead,
load balancing is of crucial importance. On the other hand, in some cases,
asynchronous executions are not only allowed but also desirable. Although
they allow for non-controlled communications, which are hard to define
and follow during the execution, in some cases, it is possible to achieve
superlinear speedup with these asynchronous executions.

The deviations from the desired linear speedup can be affected also by Scalability
and Amdahl’s law. Scalability means that the speedup remains close to p even
in the cases where p — oco. Usually, it is hard to achieve scalability of parallel
algorithms, and therefore, the careful selection of the adequate number of processors
used is very important. Amdahl’s law refers to the inherently sequential parts
of the algorithm. In the majority of traditional sequential algorithms, there are
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usually some computations that cannot be performed simultaneously due to data
dependencies. Let T'(n,1) = 7. If we assume that f is a fraction of sequential code
in the algorithm, while the remainder of the code is ideally parallelizable, then

L apr
T(n,p) = fr+ P

Consequently,
1
S(n,p) = —————.
M I
In the case where p — oo, S(n,p) — 1/f, indicating that the increase in speedup
is limited by the constant depending on the f value. Obviously, Amdahl’s law is a
main limitation in achieving linear and superlinear speedup of parallel algorithms.

3.2. Performance measure for parallel metaheuristics. Having in mind all the
above mentioned characteristics of metaheuristic algorithms, it is not easy to define
the performance measure of their parallel counterparts. The main problems that
we need to address are the following:

Stochastic behavior of parallel execution

Asymptotic comparison when CPU time is increasing
Stopping criterion

Comparison criteria

As we already explained, the results of sequential and parallel metaheuristic
searches do not have to be the same for the same set of parameters. The solutions
may differ in the objective function value and/or structure (composition). There-
fore, the performance of parallel metaheuristics with respect to their sequential
counterparts should be evaluated in terms of both solution quality and computa-
tional efficiency. More precisely, an efficient well-performing parallel implementa-
tion of metaheuristic method should not require larger computation effort than the
sequential method to find solution of the same quality or should justify the effort
by providing solution of higher quality.

First, it is necessary to define Thg(n,1) and Thrg(n,p), which denote the ex-
ecution times required to fulfill the stopping criterion by sequential and parallel
(running on p processing units) metaheuristic algorithms, respectively. Next, the
speedup factor should be calculated with respect to these times, i.e.,

TMH (n, 1)
Trru(n,p)

In the majority of the relevant publications, the authors compare the perfor-
mance of the parallel algorithm with its sequential counterparts and report Zpqr(p),
the best solution obtained by the parallel algorithm running on p processing units
(CPUs, cores, GPUs, etc.) that is to be evaluated with respect to zseq, the best
solution generated by the sequential algorithm. The stopping criterion may be the
same (if we seek to improve the solution quality within the same amount of wall-
clock time) or reduced proportionally to p. The best running times (7%5¢(n, 1) and
T%¢5t(n,p)) can also be considered to analyze the influence of stochastic components

Sava(n,p) =



100 T. DAVIDOVIC, T. JAKSIC-KRUGER, AND T.G. CRAINIC

within both the algorithm and the nondeterministic nature of parallel execution.
Therefore, statistical analysis described in Section 2 may also apply.

An additional possibility to evaluate the performance of parallel metaheuristics is
to consider search robustness, indicating that the solution quality does not depend
heavily on the parameter settings [6,41]. Another possibility of determining the
performance measure of parallel execution is to introduce stochastic analysis as
suggested by [171].

Here, we introduce a different approach. We define a new measure called the
usefulness U, of parallel execution as the product of two components: (1) a speedup
factor, and (2) the ratio between the objective function value obtained by the
sequential execution (fseq) and the corresponding value resulting from the parallel
search using p processors (fpqr(p)) . More precisely,

fseq
fpar(p)

This criterion enables the speedup factor to be scaled based on adjustments in the
quality of the solution. Specifically, if the solution is improved, the speedup factor
is multiplied by a coefficient greater than one (which means that parallel execution
is more efficient, i.e., more useful). On the other hand, if the quality of the solution
is degraded, the usefulness of parallel execution decreases. If the same solution is
obtained by sequential and parallel execution, the usefulness is equivalent to the
speedup factor. This composite performance measure can be additionally modified
by including additional factors such as resource consumption (scaling or not the
stopping criterion), stability analysis (by examining the statistical characteristics
of repetitive runs), etc.

up - SMH(n7p)

4. Parallelization Strategies for Metaheuristics

As the relevant literature [6,41,42,128,176] shows, parallel metaheuristics rep-
resent a new class of optimization algorithms that aim to be more efficient (faster),
capable of addressing large size real-life instances, and more robust compared to
their sequential counterparts. Various parallelization strategies exist, however, only
a limited number provide efficient parallel algorithms. Three levels of paralleliza-
tion can be distinguished [128,170]: high or algorithmic-level, medium or iteration-
level, and low or solution-level. The highest level assumes execution of multiple
metaheuristic algorithms in parallel with the main goal to improve the effective-
ness of the exploration and robustness of the search. The medium level involves
the generation and evaluation of a number of solutions (the whole population or
neighborhood) in parallel. The parallelization of a single solution generation and
evaluation is considered low level.

Based on the relevant literature, it can be concluded that most parallelization
strategies significantly modify the original sequential algorithm. This observation
has inspired [6], however, the database of results has since become even more exten-
sive. In the remainder of this section, we present an overview of concepts related to
the parallelization of metaheuristics. This overview identifies the main sources
of parallelism, provides a detailed description and refinement of the taxonomy
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proposed in [35] to classify parallelization strategies, and offers a brief overview
of existing parallel metaheuristic implementations.

4.1. Sources of parallelism in metaheuristics. As metaheuristic methods con-
tain several main steps, there are various ways to parallelize their execution [35].
The most natural source of parallelism is to execute concurrently the deepest loop,
for example, to transform and evaluate neighbors in trajectory-based methods or
to modify different individuals and compute their fitness values in (sub)population
of solutions. This is known as an algorithm-based decomposition or functional par-
allelism and it requires minor changes to the original algorithm. It focuses on the
computationally intensive parts of the algorithm, with the primary goal of speed-
ing up their execution. The aim is to decompose the required computations into
a number of tasks that would be executed on different processing units. The task
represents the amount of algorithmic work or the size of the search space han-
dled by a single processing unit. As the same computational operations must be
performed in both sequential and parallel versions, the main algorithmic modifica-
tion involves reorganizing the order of execution to enable concurrent processing.
Parallelization of larger parts (modules, steps) of s metaheuristic algorithm (these
that include previously mentioned deepest loops) is not straightforward because it
must account for data dependencies that guide their execution. More precisely, the
execution of later steps heavily depends on the intermediate results produced by
previously completed steps. For that reason, parallel execution may involve ad-
ditional communication and/or synchronization tasks, which introduce significant
delays in the execution of the entire algorithm. Therefore, functional parallelism has
been explored extensively, either as a low-level parallelization strategy or as a main
component in hierarchical parallelization approaches. It is especially investigated
in systems based on GPUs, to achieve significant reductions in computing times.

The second potential low-level source of parallelism involves decomposing the
problem in such a way that the resulting parts could be addressed simultaneously.
Decomposition means that the solution of the considered problem is divided into
parts and each part needs to be processed on different processing units. In this
way, only a part of the solution is allowed to be modified or a part of a solution
(partial solution) is created by the corresponding processing unit. The involved
processing units may use same or different solution methodologies. This type of
parallelization may yield significant changes in the original sequential algorithm
and requires several problems to be resolved: how to perform decomposition, how
to compose a complete solution from the provided parts, how to control an overall
search process, how to efficiently utilize available resources, and so forth. Various
classes of parallel metaheuristic algorithms are obtained depending on the resolution
of these problems, and they are categorized according to the taxonomy described
in the next subsection.

Search space decomposition (SSD) represents another source of parallelism of
medium- to high-level type. It enables executing in parallel large parts of the
algorithm with the possibility to repeat some computations on several processing
units or even to execute some parts of the code that would never be executed
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by the sequential algorithm. However, this may not have negative consequences;
in contrast, it may enable a more detailed exploration of the search space and
finding a solution of better quality, which could not be generated otherwise. It
is important to note that this type of parallelism introduces large changes to the
original sequential algorithm if applied at the medium level. The order of generation
and evaluation of solutions may change, which can modify the algorithm flow. At
the high-level, we have multi-search (independent or cooperative) of a number of
(same or different) sequential algorithms, with differences being expressed by the
various sets of parameter selections. Even if the same set of parameters is selected
for all algorithms the final result may not be the same, due to the stochastic nature
of the metaheuristics and/or different initial solutions used for execution on different
processing units. Two classes of SSD strategies are identified. Independent multi-
search does not involve information exchange between metaheuristic algorithms,
except the comparison of final solutions at the end of execution to determine the
best among them. On the other hand, cooperative search involves communication
and information-exchange between metaheuristic algorithms executed in parallel on
different processing units. Various communication and cooperation strategies are
available in the relevant literature, ranging from the simple exchange of the current
best solutions to inclusion of learning mechanisms that, based on exchanged data,
guide the search processes on all processing units.

4.2. Taxonomy of parallel metaheuristics. To implement a parallel variant of
metaheuristics, it is necessary to decompose the total amount of computations re-
quired to find the high-quality solution to the considered optimization problem into
smaller (and potentially simpler) computing tasks. These tasks are to be distributed
among the available processing units and hopefully executed concurrently.

There are numerous possible ways to generate parallel tasks and organize (sched-
ule) their execution. To define, describe, analyze, and classify the existing paral-
lelization strategies for metaheuristics, several taxonomies are proposed [6,33, 35,
40,44,112,170,179]. In the remainder of this subsection, we describe the high-
level (algorithmic) taxonomy proposed in [35] and introduce a complementary
implementation-level taxonomy that provides its refinement related to implemen-
tation issues.

4.2.1. High-level Taxonomy of Parallel Metaheuristics. The extended tax-
onomy proposed in [35] is a comprehensive framework for classifying and analyz-
ing parallel metaheuristics based on their decomposition complexity, the source of
parallelism, and the design of control-communication-diversity. This classification
helps to analyze parallel metaheuristics systematically, comparing different designs,
understanding coordination overheads, and identifying the nature of cooperation
between parallel searches. It is broad enough to cover most metaheuristic classes
and specific enough to guide detailed analysis, which is why in this survey we call
it High-Level Tazonomy for Parallel Metaheuristics (HTPM). It should be noted
that HTPM is not a new taxonomy — it is adopted directly from [35] and applied
here to the parallel VNS literature. It organizes parallel metaheuristics along three
main dimensions: 1) Number of levels (L), 2) Decomposition strategy (Dec), 3)
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Search Strategy, which combines three components: Control (C), Communication
and Learning (C&L) and Diversity (Div) (see Table 1).

TABLE 1. High-level taxonomy for parallel metaheuristics [35].

Label Values Description
Number of Levels (L) 1L Single level decomposition;
nL Multiple (recursive) levels of decomposition
Decomposition (Dec) A Algorithm-level decomposition (functional
parallelism)
SE Explicit Search Space decomposition
SI Implicit Search Space decomposition
(Independent multi-search)
SC Implicit Search Space decomposition
(Cooperative multi-search)
MM Mathematical Programming decomposition
MA Mathematical Attributes decomposition
Control (C) 1C Centralized control (single process
controller /master)
pC Decentralized control (multiple cooperating
processes)
Communication & S Synchronous communication (Rigid

Learning (C&L)

synchronization, no learning)

A Asynchronous communication (Collegial, no
learning)

K Knowledge-based communication (includes
learning and information creation)

Diversity (Div) SPSS Same Point/Population, Same algorithm

SPDS Same Point/Population, Different
algorithms

MPSS Multiple Points/Populations, Same
algorithm

MPDS Multiple Points/Populations, Different

algorithms

The Number of Levels indicates whether the parallel decomposition is applied
at a single level (1L) or recursively across multiple levels (nL). For example, in
a 1L strategy, the problem is decomposed once into parallel tasks, while in an
nL strategy, tasks themselves may be hierarchically decomposed into subtasks.
The Decomposition reflects what is being partitioned, i.e., identifies the structural
source of parallelism, in order to create parallel tasks. In particular, what can
be partitioned is: (a) Algorithm - by parallelizing internal computations or algo-
rithm components (neighborhood evaluation, fitness computation, GPU kernels),
(b) Search Space - by partitioning the solution space, (¢) Mathematical Structure
- by exploiting mathematical properties of the problem for decomposition. In this
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case, algorithm-based decomposition always yields a single complete search trajec-
tory. On the other hand, explicit search-space decomposition yields only partial
trajectories, each restricted to a predefined subspace of the original search space. SI
consists of multiple independent, complete search trajectories, whereas SC consists
of multiple complete but dynamically coupled trajectories whose evolution depends
on the cooperation. The Search Strategy combines the three components:

(1) Control (addresses the question of number of processes involved in the
controlling of the search),

(2) Communication and Learning (specifies how information is exchanged be-
tween parallel tasks), and

(3) Diversity (defines how many different initial solutions or populations are
used and whether the same or different search strategies are employed).

Each component of the Search Strategy label takes various values. In order to
show all possible values, we use Table 1. In practice, the abbreviated 5-field notation
(L/Dec/C/C&L/Div) is utilized to describe a category of parallel metaheuristic al-
gorithms. Unlike sequential programs, parallel algorithms are highly dependent on
the target computer architecture [44]. Nevertheless, HTPM deliberately excludes
low-level details about hardware and software implementation and hence, does not
explicitly address practical implementation concerns such as the type of CPU or
hardware architecture being used (e.g., multi-core CPUs, many-core GPUs, clus-
ters, cloud platforms), memory model (shared memory, distributed memory), de-
tails of parallel programming models (performance predictability, portability, man-
agement of concurrency and communication [32]), etc.

4.2.2. Implementation Taxonomy of Parallel Metaheuristics. To comple-
ment HTPM, it is necessary to introduce additional taxonomies or conceptual
frameworks that categorize the above-mentioned concerns and help bridge the gap
between algorithm theory and real-world software deployed in parallel computing
environments. The taxonomies found in the literature that address this question
are generally not standardized [6,44,170]. Additionally, these taxonomies either
overlap or are not fully complementary to the HTPM. Moreover, two algorithms
sharing an identical HTPM classification may behave very differently in practice,
depending on how they are implemented. Without systematically documenting
both layers, it is difficult to determine whether observed performance differences
across studies arise from algorithmic design choices or from implementation-specific
factors. We therefore propose an implementation taxonomy for parallel metaheuris-
tics (ITPM) that is designed to be fully complementary and non-overlapping with
HTPM focusing exclusively on implementation-level characteristics that cannot be
derived from HTPM alone. We emphasize parameters which are commonly re-
ported in scientific studies and are valuable for researchers and practitioners in
the field. These are: hardware architecture selection (e.g., shared memory, dis-
tributed memory, GPU, or heterogeneous systems), communication topology (star,
fully-connected, neighbor-based, or hierarchical structures), task granularity (fine,
medium, or coarse-grained parallelization), load balancing strategy (static, dy-
namic, or adaptive work distribution), and parallel programming model (MPI,
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OpenMP, CUDA, etc). Table 2 distinguishes these 5 primary characteristics in
column “Label”, each taking various different values provided in the second col-
umn “Values and Description”. Inspired by the abbreviated notation of HTPM,
we also introduce abbreviations for labels’ values in ITPM.

Parallelism Granularity (G) refers to the size or amount of computational work
assigned to parallel tasks into which the algorithm, or the overall problem, is

TABLE 2. Implementation taxonomy for parallel metaheuristics
algorithms (ITPM).

Label Values and Description

Parallelism Fine-grained (Fg): task involves evaluation of individual
Granularity neighbor or a subset of neighbors.

(Q) Medium-grained (Mg): task involves individual step or a

subset of steps constituting a moderate-sized tasks.

Coarse-grained (Cg): task is defined as a sequential
component from High-level parallel execution.

Parallelization Shared-Memory (SMA): Systems with global address space
Architecture (PA)  Distributed-Memory (DMA): Multi-node message-passing
systems

Graphic Processing Unit (GPU): Massive many-core
processing units

Field-programmable gate array (FPGA): Data-flow type
architecture

Heterogeneous (HET): Mixed processor types

Communication Master-slaves (Star): One process communicates with all
Topologies (CT) others.

Fully connected (FulC): Each process directly communicates
with all others

Ring/Mesh/Grid (Neig): Each process communicates with
immediate neighbors.

Torus, Trees, Hypercube (Adv): advanced interconnects
denoting hierarchical or multidimensional topologies.

Load Balancing Static (Stat): Work distribution predetermined before

(LB) execution.
Dynamic (Dyn): Work distribution adjusted during execution
based on processor availability.
Adaptive (Adap): Work distribution based on runtime
performance metrics and learning mechanisms.

Parallel Pthreads, OpenMP, CUDA, MPI, Java Threads, OpenCilk,
Programming C++ Threads
Model (PPM)
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being decomposed. It characterizes how finely or coarsely the workload is divided
among processing units and directly affects the balance between the computation
workload and communication overhead, system scalability, and parallel efficiency.
Fine-grained (Fg) parallelism occurs at the level of individual move evaluations or
a small subset of neighbors within the current neighborhood - for instance, simul-
taneously evaluating task-swap moves during the local search phase of a scheduling
problem. The shortcoming of Fg may originate from overhead due to commu-
nication and synchronization. Medium-grained (Mg) parallelism corresponds to
moderately sized algorithmic components, such as the execution of a neighbor-
hood, an iteration, or a local improvement. In VNS it corresponds to one complete
iteration (SH+LS) before synchronization or communication. The disadvantages of
Mg include load imbalance (the size of Mg process may vary in runtime) and ineffi-
cient memory and cache management (larger processes may require more memory).
Coarse-grained parallelism (Cg) suggests that tasks are large in terms of algorith-
mic work (typically representing entire search trajectories) while communication
occurs only occasionally. In parallel VNS, each process executes several VNS it-
erations or even the whole sequential algorithm, while communication occurs only
occasionally, for example, when exchanging the best solution at the end of each or
a given number of iterations. In general, a parallel task is classified as Fg, My, or
Cg according to whether it corresponds to a move evaluation, an algorithmic step,
or a complete search trajectory, regardless of its absolute computational cost.
Parallelization Architecture (PA) refers to the underlying computational infras-
tructure and hardware platform used for parallel algorithm execution. It encom-
passes Shared-, Distributed-Memory and Graphic Processing Unit (GPU) Architec-
ture described in detail in Section 3, as well as the reconfigurable data-flow type of
devices, known as Field-Programmable Gate Arrays (FPGA) [177]. Unlike classical
CPU/GPU architectures that execute instructions sequentially, FPGAs allow par-
allel hardware implementations of multiple parts of a metaheuristic algorithm. The
heterogeneous architecture combines multiple types of processing units. This di-
mension fundamentally influences algorithm design, performance optimization, and
implementation strategies in parallel metaheuristic development. PA should not be
confused with another potential parameter, the Memory Model (MM). Memory
Model represents the programming abstraction that tells how different processes
may access and share data during an algorithm execution. More specifically, MM
dimension models inter-process communication, data consistency mechanisms, and
synchronization strategies at the software level, independent of the underlying hard-
ware architecture. Shared Memory provides a unified global address space where
all processes can directly access common data structures. Distributed Memory
employs separate address spaces for each process and requires message-passing
communication for data exchange and coordination. Hybrid Memory combines
both paradigms and necessitates hierarchical communication patterns. However,
all three types of memory models can be implemented in any of the above men-
tioned parallelization architectures using adequate parallel programming models.
Therefore, in the proposed taxonomy, MM is not treated as an independent ITPM
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parameter, as it emerges from the combination of the algorithmic structure cap-
tured by HTPM (e.g., control and communication structure) and PA.

The Communication Topologies (CT) label refers to the abstract communica-
tion pathways between parallel processes during the algorithm’s execution. CT
models how processes are connected and interact, independently of the underlying
physical hardware [115]. Star, Fully-connected, Ring, Mesh, and Grid are known
as basic communication topologies focusing on simple, local neighbor connectivity.
Star Topology (St) refers to a system with one central node, connected directly to
all other nodes that have no mutual connections. Communication occurs through
the central node, making this communication network simple and easy to manage.
The master-slaves control model is a typical example of the star communication
topology. The Fully-connected (Fc) topology suggests that each node is directly
connected to every other node. In contrast to the star topology, communication in a
fully connected topology is peer-to-peer, allowing processes to exchange information
directly without a central coordinator. Such a network provides maximum commu-
nication flexibility; however, with a large number of nodes, it becomes impractical
due to the huge number of direct links. Within Ring, Mesh, or Grid topologies,
each node typically connects to immediate neighbor(s). Although these structures
can be generically described as network-based topologies, they are distinguished
here because their neighborhood structures induce different communication scopes
and information propagation patterns, which can significantly influence the behav-
ior and performance of cooperative parallel metaheuristics. The nodes in a ring
are arranged in a circular manner, representing a simple topology. Unfortunately,
communication latency increases linearly with the number of nodes. Mesh/Grid
topology implies that nodes are arranged in a regular two- or three-dimensional
lattice, where communication is restricted to directly adjacent neighboring nodes.
Such topologies are suitable for spatially decomposed problems in scientific simu-
lations. Torus, Trees, and Hypercube topologies are considered advanced, as they
have more complex structures developed to better balance scalability and commu-
nication latency. The Tree topology provides a hierarchical structure with parent
and child nodes. It is suitable for efficient broadcast and reduction operations. The
Torus is similar to a mesh; however, with wrap-around edges, enabling the reduc-
tion in the maximum distance between any two nodes compared to a mesh. In
addition, the number of distinct paths between nodes is increased, thus improving
load balancing and fault tolerance. The Hypercube suggests that the nodes are con-
nected in the form of k-dimensional cube, where k = log, N (NN being the number of
nodes), where the dimension k also defines the diameter of the network. Due to the
logarithmic relationship, N doubles while the maximum communication distance
increases only by one. In practice, communication structures may also combine
multiple basic topologies, forming hierarchical or clustered network organizations,
often referred to as archipelago or cluster-of-clusters structures. Such configurations
can be described as compositions of the basic communication topologies considered
in this taxonomy.

Load balancing (LB) refers to the strategy that deals with the distribution of
computational tasks among available processors to minimize execution time [182].
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LB specifically refers to task allocation, which can be static, dynamic, or adaptive.
Static load balancing (Stat) assigns tasks to processors before execution starts,
with fixed workloads that do not change during runtime. For instance, in par-
allel VNS with static load balancing, if the sequential algorithm performs 1000
iterations and 4 processors are available, each processor might be assigned exactly
250 iterations to execute independently. Consequently, static load balancing is
common in independent parallel runs that do not require communication between
processes. Dynamic load balancing (Dyn) adjusts the task distribution according
to processor availability and workload progress to reduce idle times. In particular,
when a processor completes the assigned work, it requests a new task. For this
reason, Dyn is suitable for heterogeneous systems or tasks with variable computa-
tion requirements. Adaptive load balancing (Adpt) extends Dyn by incorporating
runtime performance metrics and learning mechanisms to guide allocation of tasks
to available processors. The information involved in decision making can be solu-
tion quality improvement, convergence speed, or performance characteristics. For
example, an adaptive parallel VNS might allocate more iterations to processors
exploring promising neighborhoods.

The Parallel Programming Model (PPM) defines how a programmer expresses
parallelism in a code and how parallel processes are managed. This model describes
the organization of memory, computation, communication, and synchronization.
The most common PPMs are practical programming frameworks and APIs used
for implementing parallel metaheuristics such as Pthreads, OpenMP, CUDA, MPI,
Java Threads, OpenCilk, and C++ Threads.

In summary, each ITPM parameter represents an implementation decision that
is independent of the high-level algorithmic strategy defined by HTPM. For ex-
ample, the same HTPM classification (e.g., single-level decomposition with inde-
pendent implicit search space exploration and decentralized control) can be im-
plemented across different architectures (shared memory with OpenMP or dis-
tributed memory with MPI), with different granularity (coarse-grained algorithm
runs or medium-grained individual iteration steps), with different load balancing
approaches (static predetermined distribution or dynamic runtime adjustment), etc.
By complementing rather than duplicating HTPM, ITPM provides genuinely new
information, avoiding redundancy while enabling comprehensive characterization of
parallel implementations. Therefore, the value of ITPM lies not only in providing
a descriptive vocabulary, but in making the field’s collective design choices visible
for the first time.

4.2.3. Final Remarks. The ITPM framework that we have presented depicts a
foundational, yet extensible approach to characterizing parallel metaheuristic im-
plementations. We should note that ITPM’s design philosophy prioritizes pragmatic
utility over exhaustive completeness. We have selected the five core parameters (G,
PA, CT, LB, PPM) because they are: (1) commonly reported in parallel meta-
heuristic literature, (2) essential for implementation reproducibility, (3) key factors
that impact both performance and scalability, and (4) relatively straightforward to
identify and document. However, the taxonomy remains open to the inclusion of
additional parameters that should satisfy the same standards. In particular, the
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new parameters should contribute meaningfully to understanding of the considered
algorithm. In addition, if there is a possibility that the existing taxonomy has not
captured important aspects of how an algorithm works, this leaves the capacity for
introduction of new parameters that would fill the gap. Another reason why the
possible values included in Tables 1 and 2 may not be exhaustive is that parallel
programming support, both hardware and software, evolves continuously. There-
fore, both HTPM and ITPM should remain open to refinements and extensions as
parallel computing technologies and metaheuristic strategies evolve.

Finally, we note that a complete parallel metaheuristic description requires both
HTPM and ITPM frameworks. HTPM specifies what parallelization strategy is
employed at the algorithmic level. ITPM specifies how that strategy is turned
into executable code. Together, these complementary frameworks help to compare
different parallel algorithms, contribute to implementations that are easier to repro-
duce, and support better design choices. For example, two algorithms classified as
1L/SC/1C/S/SPSS according to HTPM may exhibit significantly different perfor-
mance in practice. However, their ITPM classifications immediately reveal which
implementation-level differences are the likely explanation: hardware architecture,
memory model, or parallel programming model. Researchers should provide clas-
sifications according to both taxonomies to facilitate understanding, reproduction,
and fair comparison with existing approaches.

4.3. Parallel metaheuristic implementations. As we already mentioned in the
introduction, metaheuristics have been parallelized since at least 1987, when [112]
described three strategies for developing parallel simulated annealing (SA). The
variety of technologies for hardware and software support for the development of
parallel computations initiated extensive research in this field. One of the ear-
liest surveys including parallel metaheuristics is the book chapter [95] published
in 1997. The authors considered parallel variants of SA, TS, GA, and GRASP.
Starting from [6,129], numerous survey articles and book chapters have appeared
in the relevant literature [7,8, 36, 65,70, 128,162, 181]. A particularly interesting
recent survey [168] examines the application of parallel computing to metaheuristic
algorithms, describing various parallelization models, communication methods, and
implementation platforms. Its most distinctive contributions are the inclusion of a
specialized parallel architecture (FPGA) and several less conventional metaheuris-
tic methods, such as the Chaos Optimization Algorithm (PCOA) and Cat Swarm
Optimization (CSO).

Most parallel implementations in the literature concern population-based meth-
ods, because they exhibit inherent parallelization properties [4,121]. In [4], the au-
thors developed an MPI-based portfolio framework for the parallelization of meta-
heuristics and tested it on Artificial Bee Colony (ABC), Differential Evolution (DE),
Particle Swarm Optimization (PSO), and their combinations. Different paralleliza-
tion models for population-based metaheuristics, as well as their hybridization, have
been studied in [121]. In addition, a review of the literature considering parallel
GA and parallel PSO was provided. Numerous survey papers focus specifically on
the parallelization of population-based metaheuristics [17,24,93,113], to mention
only a few.
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We also review here the contributions to the parallelization BCO provided in
[53, 54, 56]. The three parallelization strategies are proposed for a distributed-
memory multiprocessor architecture under the MPI communication protocol. The
independent execution of several copies of the BCO algorithm with a reduced value
of the stopping criterion represents the simplest parallelization strategy. Each pro-
cessor independently executes a sequential BCO, initialized with a different seed
value, the obtained results are collected at the end, and the best is reported to
the user. Two additional variants are also considered: in the first, the popula-
tion is divided among processors, instead of stopping criterion reduction, while in
the second it is also allowed to change the BCO parameter values. The second
strategy assumes cooperative execution of several BCO variants. This synchronous
coarse-grained parallelization allows data exchange at certain predefined execution
points. The exchanged data (usually the current best solutions) are used to re-
direct the search. Cooperation is also implemented in an asynchronous way, to
minimize the idle time of processing units and to increase the diversification of the
search. Several variants are implemented, differing in parameter values, communi-
cation model, and stopping criterion. The proposed parallelization strategies have
been tested on the benchmark instances of static scheduling independent tasks on
identical machines problem. The presented experimental results show very good
performance of all parallel BCO variants. Significant speedup is obtained in the
case of independent execution, while preserving the solution quality. On the other
hand, the best performance of the cooperative strategy is obtained when executed
on a modest number of processors engaged in parallel BCO execution. Compared
to sequential execution, better quality solutions are found within the same amount
of wall-clock time. In addition, as the number of processors that execute parallel
BCO increases, asynchronous strategies outperform others with respect to both
solution quality and running time.

Strategies for parallelization of trajectory-based metaheuristics have also been
studied. They are systematically reviewed in [8] up to 2022. The authors considered
parallelization using various types of multi-core (shared-memory) and distributed
architectures. The most commonly parallelized metaheuristics are Iterated Local
Search (ILS), Large Neighborhood Search (LNS), SA, TS, and GRASP. Among
the 127 publications analyzed in [8], 18 are devoted to parallelization of VNS. We
extended this number to 58.

Parallel TS designed for the capacitated vehicle routing problem (CVRP) was
proposed in [101,102]. In [101] a cooperative parallel multi-neighborhood TS al-
gorithm (PMNTS) was presented. Three inter-route neighborhoods are explored:
reinsertion, exchange, and 2-opt. PMNTS explores a shared-memory model for
synchronous communication between four threads. A pool of solutions, stored in
shared memory locations, contains a sorted list of best solutions provided by all
threads. The newly-found best solution is explored first, if they exist. If there
is no such solution, the sorted list is scanned, and the first unexplored solution
is selected by each thread. The threads differ with respect to the parameter set-
tings and the subset of neighborhoods used. The proposed strategy is classified as
1L/SC/pC/K/SPDS according to HTPM and Mg/SMA/FulC/Stat/C++ Threads
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according to ITPM. The experimental evaluation of PMNTS is performed on two
benchmark sets containing 32 large scale instances. For each instance, PMNTS was
run 10 times with different seed value, the best and average results are reported.
The presented results show that PMNS is competitive with the existing methods,
that it provides 4 new best solutions, and that it has a small average deviation
with respect to the best-known solutions from the literature. The authors also
analyzed the contribution of neighborhoods to the solution quality, as well as some
connections between neighborhoods and instance characteristics.

An asynchronous cooperation of multiple parallel T'S processes, named coopera-
tive parallel metaheuristic (CPM), for the same problem is proposed in [102]. The
best-found solutions are exchanged through a common solution pool. In the pool,
the solutions are clustered according to the similarity defined as the relative num-
ber of common edges that each solution shares with the other solutions in the same
cluster. Within each cluster, the solutions are sorted with respect to their quality.
Three types of reduced inter-route neighborhoods are explored within CPM. The
reduction is performed to increase the efficiency of the search. The authors de-
signed a basic configuration of CPM that runs on eight processing units. The first
process is used to manage the solution pool, the next four TS processes perform
diversification steps, and the remaining three are devoted to the intensification of
the search. If more processors are available, the search processes of the basic CPM
can be multiplied and executed on the available processors. Having 24 processing
units available, the authors used 14 diversification and 9 intensification processes
in their experiments and called it the standard configuration of CPM. According
to HTPM, CPM can be classified as 1L/CS/pC/K/MPDS, while it belongs to the
class Cg/DMA/Star/Stat/MPI in ITPM categorization. Computational exper-
iments are conducted on the same two sets of large-scale benchmark instances as
in [101]. The results reveal that CPM generated 10 (out of 32) new best results
and demonstrated competitiveness with respect to the best-performing methods
available in the literature.

Although covered in most of the surveys, GPU-based parallel metaheuristics
are also reviewed in [70,162]. Among the trajectory-based metaheuristics, TS is
identified as the most commonly parallelized method, followed by GRASP and
SA. ACO, PSO, and GA are leaders in the class of population-based methods. The
GPU-accelerated GA metaheuristic for CVRP has been proposed in [3]. Hybridiza-
tion between CPU and GPU has been widely explored by the Brazilian research
group and applied to a variety of metaheuristics, such as GRASP [11,137], GA [29],
and different variants of VNS that are reviewed in the next section, together with
other GPU-based parallel VNS implementations. In [29] the hybrid evolutionary
algorithm for task scheduling in the cloud environment is proposed. To efficiently
address this time consuming scheduling, the authors proposed to explore massive
parallelism enabled in GPUs and achieved about 98.83% reductions in the schedul-
ing time, without the degradation in solution quality. Parallel GA (PGA) for large-
scale VRP, implemented on an eight-GPU NVIDIA DGX-1 server, is described
in [2]. This is actually a CPU-GPU hybrid, as coarse-grained GA-parallelization
runs on CPUs and operates on subpopulations that are processed on GPU cores.
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The main goals were to achieve high throughput and reduce latency for full GPU
utilization. An experimental evaluation is conducted on benchmark instances of
VRP containing up to 20,000 nodes. The algorithm performance (speed) is exam-
ined using different number of GPU cores, including a multi-CPU implementation.
It has been concluded that, with respect to pure over the CPU run, execution time
can be reduced by a factor of 1,700 when utilizing 5,120 CUDA cores.

One of the rare parallelization of metaheuristics using the FPGA architecture
is provided in [186]. The authors considered GA and PSO algorithms and realized
their parallel FPGA-based implementations for TSP. To evaluate the performance
of the implemented parallel algorithms, a comparison was conducted with OpenMP-
based and CUDA-based parallel variants. In addition, a case study that includes
FPGA-based parallel SA for job shop scheduling problem (JSSP) is considered
and compared with the MATLAB SA implementation. The provided experimental
results show that the proposed algorithms exhibit the highest real-time performance
with both solution quality and running time.

5. Survey of Parallel VNS Approaches

Our objective is to provide a comprehensive survey of the existing literature on
parallel VNS that addresses some of important research questions. Ideally, our sur-
vey would include a wide range of information, covering all aspects, from the design
of the parallel algorithm to its low-level implementation considerations. However,
as highlighted earlier, the performance of parallel algorithms is influenced by a
multitude of factors, making such an exhaustive coverage impractical. Therefore,
we provide an insightful overview of parallel VNS studies, attempting to answer
questions related to both conceptual design and practical implementation. Beside
resolving the values of 10 HTPM and ITPM taxonomy parameters listed earlier,
there is a need to answer the additional questions (presented here in no particular
order):

(1) The relationship between sequential and parallel VNS
e What type of sequential VNS algorithm serves as the basis for paral-
lelization?
e How many parallel variants of the VNS algorithm does the publication
introduce?
(2) Performance Evaluation Metrics
e What metrics (speedup, efficiency, scalability, etc.) are used to assess
parallel performance?
e Are statistical analyzes or multiple runs included?
(3) Parameter Settings and Adaptations
e What VNS parameters (e.g., kmaz, kmin, shaking intensity, neighbor-
hoods, etc.) are utilized and what are their values?
e Have the parameters been tuned or adapted for parallel execution?
(4) Search Dynamics and Robustness
e How does parallelization affect search dynamic and solution quality
evolution?
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e Is search space coverage or solution diversity improved?
(5) Experimental Setup and Benchmarking

e Which problem instances or benchmarks are used?

e How comprehensive is the evaluation?

e Are comparisons made with sequential and/or other parallel methods?
(6) Novel Algorithmic Contributions

e Are new communication or cooperation methods introduced?

e What innovations distinguish the study from previous work?

The term search dynamics is used to denote the empirical evolution of solution
quality during the search process, without implying theoretical convergence to a
provable optimum.

It should be noted that the listed research questions are not exhaustive —
they represent aspects relevant to the design of parallel VNS algorithms that are
mostly reported across the literature. The research questions listed above reflect
two distinct types of challenges. The first type consists of challenges inherited
from sequential metaheuristic research — performance evaluation, parameter tun-
ing, benchmarking, search dynamics, and experimental setup — where established
standards exist but are inconsistently applied in the parallel VNS literature. The
second type consists of challenges specific to parallel VNS, identified through the
systematic classification performed in this survey: the sequential data dependency
inherent in VNS that limits parallelization granularity; the mismatch between al-
gorithmic and hardware decomposition levels in heterogeneous architectures, which
prevents straightforward porting of strategies across hardware platforms; the dif-
ficulty of load balancing under stochastic variability, problem-specific constraints
on neighborhood design, the design of effective cooperation strategies, and the
difficulty of transferring parameter settings from sequential to parallel contexts;
growing communication overhead as the number of processing units increases; and
inconsistent implementation reporting across studies (which makes it impossible to
reliably attribute performance differences to algorithmic rather than implementa-
tion factors). Systematically addressing these questions moves toward a long-term
goal of predicting parallel algorithm performance from design factors alone, with-
out the need for extensive experimentation. However, this goal remains out of
reach due to inconsistent reporting across studies, strong problem-dependency of
performance outcomes, interaction effects between design factors, and the inher-
ently stochastic nature of parallel VNS algorithms. Nevertheless, we believe that
documenting these factors as consistently as possible across the surveyed studies
provides a valuable foundation for understanding design choices and their practi-
cal consequences, and constitutes a step toward a future predictive framework for
parallel VNS performance.

The literature considered in this survey was collected using freely accessible aca-
demic platforms, primarily Google Scholar and ResearchGate. The search process
was based on combinations of core VNS-related terms, including “variable neigh-
borhood search”, VNS, GVNS, RVNS, and VND, with parallel computing key-
words such as “parallel computing”, “parallelization”, “parallelisation”, “parallel
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architecture”, “parallel programming”, “distributed programming”, “shared mem-
ory”, and “GPU”. In addition to keyword-based search, both backward and forward
snowballing strategies were employed: backward snowballing was used to examine
the reference lists of relevant publications (including survey articles on parallel
metaheuristics), while forward snowballing was applied to identify more recent
studies citing foundational VNS contributions. This combined approach helped to
ensure comprehensive coverage of the literature at the time of search. It should
be noted that five additional parallel VNS publications that appeared in 2024 and
2025 were identified after the finalization of the literature collection [25-27,149,150],
confirming that coverage of recent publications and conference proceedings is in-
herently limited by indexing delays in academic search platforms.

5.1. Research Evolution. In total, we reviewed 58 publications published between
the years 2001 and 2025. Our survey indicates that the topic of parallel VNS has
experienced uneven yet persistent research activity over the past 25-year period,
reflecting continued interest within the research community. Parallel VNS repre-
sents a niche subfield at the intersection of metaheuristic optimization and parallel
computing, whose activity is driven primarily by advances in parallel hardware
platforms. At the same time, the field has evolved in a manner broadly consistent
with established bibliometric patterns for scientific fields, progressing through char-
acteristic stages of growth and maturation [43,147]. This progression is captured
in the annual scientific production plot (publication trend), presented in Figure 7
which reveals four distinct phases in the field’s evolution. In particular, the pub-
lication trend shows one clearly dominant burst of activity centered around 2015—
2017, driven by the maturation of GPU and many-core architectures. The burst
is preceded by a foundational period of modest but sustained activity spanning
2001-2005, coinciding with the widespread availability of multi-core processors.
Between these two periods, a prolonged interval of steady but uneven activity is
observed. Within this publication trend, we distinguish four phases within the
field’s evolution:

e Foundational phase (2001-2005, 9 publications, 1.8 publications / year) -
early period with pioneering work.

e Latent phase (2006-2014, 11 publications, 1.2/year) - steady but moderate
activity before the next enabling hardware generation.

e Rapid growth period (2015 — 2018, 22 publications, 5.5/year) - GPU-driven
explosion; the most productive period in parallel VNS research.

e Maturation phase (2020-2025, 16 publications, 2.7 /year) - sustained output
with increasing algorithmic sophistication.

The foundational phase has produced 9 publications, where nearly half appeared
in conference proceedings, particularly the 4th Metaheuristics International Con-
ference (MIC’2001), which hosted two seminal papers [37] and [138]. The quality of
the foundational work is also evidenced by two journal papers [39] and [75] that ap-
peared in the Journal of Heuristics, known as the premier journal for metaheuristic
research. Two technical reports [139] and [38] document detailed methodologi-
cal developments and computational experiments. In particular, seven of the nine
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FIGURE 7. Annual distribution of published research on parallel
VNS over the period 2001 — 2025, showing four distinct phases
of research activity with a dominant peak in 2017: Foundational
phase (blue), Latent phase (yellow), Rapid growth period (red),
and Maturation phase (green).

publications originated from two research groups - the Crainic group [37-39,47]
and the Ochi group [59, 138,139] - marking the first evidence of a stable author
core in the field. The remaining two publications [75, 133] belong to the Canary
Island group (Moreno-Pérez and collaborators). Finally, the first (and only to date)
comprehensive survey of parallel VNS algorithms in [133] showed that parallel VNS
became a recognized subdiscipline within parallel metaheuristics.

The latent phase is characterized by steady and irregular publication activity
driven by the limited availability of new parallel hardware platforms, while still
exhibiting methodological refinement and diversification across multiple applica-
tion domains. Despite the moderate publication rate, i.e., 1.2 publications per
year, with no publications in 2006, 2009 and 2011, the period produced a notable
increase in high-quality journal publications. Namely, 6 out of 11 publications ap-
peared in journals, compared to 2 of 9 in the foundational phase. The spectrum
of optimization problems broadened compared to the foundational period. In ad-
dition to location and routing problems, parallel VNS was applied to scheduling
problems [13,163,184], multi-objective network design [69], and constraint satisfac-
tion [142]. A significant milestone was achieved with [167], which gained more than
400 citations, demonstrating the effectiveness of parallel VNS on large-scale routing
problems and scaling to hundreds of cores. Following the expansion of hardware
advancement, [31] is the first to explore acceleration of the graphics processing unit
(GPU) for parallel VNS. Based on everything mentioned, we can conclude that
the latent phase has been successful in consolidating parallel VNS as a mature and
versatile optimization technique, creating the foundation for rapid growth in the
following phase.
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The rapid growth period (2015-2018) represents the most intensive period in the
evolution of parallel VNS, producing more than 40% of all parallel VNS publica-
tions in just 4 years. The year 2017 accounts for 9 publications (15% of the total
number of publications), marking the absolute peak of research activity. It is our
view that phase III is not characterized by a single dominant hardware platform or
a research group, but represents a confluence of three research directions: (1) ma-
turity of VNS variants, (2) the availability of commodity multi-core processors and
programmable GPU architectures, and (3) large-scale real-world instances. The al-
gorithmic maturity direction is evidenced by the direct use of established sequential
VNS variants without additional methodological development, in the sense that no
new sequential VNS variant is introduced. In fact, the main research question is
how to execute their computationally demanding components more efficiently. For
example, decomposition-guided VNS is applied to weighted constraint satisfaction
problems [143] and graphical model energy minimization [141]. Other mature VNS
variants are deployed for multiprocessor scheduling with communication delays [51],
cutwidth minimization [67], the traveling salesman problem [132], disjunctively con-
strained knapsack problems [148], circulant weighing matrices [166], and dynamic
memory allocation in embedded systems [159,160]. The second direction of Phase
IIT reflects the increasing programmability of GPU architectures and the broader
accessibility of parallel hardware platforms. GPU acceleration is represented by
CUDA-based implementations [11, 60], CPU-GPU hybrid schemes [10, 30], and
multi-GPU configurations [156]. Accessibility was not only a consequence of hard-
ware availability, but of more mature programming models. In particular, CUDA
Unified Memory simplified CPU-GPU memory management, and directive-based
approaches such as OpenACC have enabled GPU programming without low-level
expertise. These developments collectively lowered the barrier to GPU adoption
for OR researchers. Beyond GPUs, the second direction of Phase III also includes
parallel VNS implementations on standard multi-core and distributed platforms,
addressing problems such as bus terminal location [64], multiprocessor schedul-
ing [51], and the traveling salesman problem [132]. The third direction includes
papers where problem scale and practical relevance justify parallelization, i.e.,
whose neighborhood structures grow rapidly with instance size. Such problems
make sequential neighborhood exploration, whether exhaustive or partial, practi-
cally infeasible within reasonable time limits. Examples include large-scale urban
transport [134], vehicle routing with simultaneous pickup and delivery [30], ware-
house order batching [130], and vehicle routing with divisible deliveries [146]. The
maturity of the field within this direction is additionally evidenced by participa-
tion in solver competitions (e.g., VeRoLog challenge), where [98] and [175] present
parallel VNS approaches demonstrating competitiveness under standardized experi-
mental conditions. Therefore, Phase I1II is best understood as a period of hardware—
method—application alignment, in which mature VNS methods, accessible parallel
hardware, and demanding applications reinforced one another. Although formally
published in 2020, [94] and [71] should be treated as part of phase III due to their
development timelines and because they combine several Phase III directions. The
study [94], available online since 2018, presents a mature cooperative BVNS on
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commodity multi-core infrastructure. [71], first received in 2018, integrates parallel
GVNS as a local search component within PSO framework for job shop scheduling
with assembly operations, thus combining all three Phase III directions.

Phase IV — the maturation phase (2020-2025) reflects not only the consolidation
of parallel VNS as a practical optimization tool, but also a shift in how paralleliza-
tion is to be utilized. The phase contains an average of 2.7 publications per year
across all six active years, comparable in rate to the foundational phase. How-
ever, two papers formally published in 2020 [71,94] represent research conducted
in the Phase III context and are discussed there accordingly. The application do-
main expands beyond classical routing and scheduling problems toward more spe-
cialized variants. Examples include portfolio optimization [5], energy distribution
network planning [158], bi-objective obnoxious p-median [169], covering salesman
variants [185], pollution-aware routing [116], and long-term mine planning under ge-
ological uncertainty [149,150], multi-depot multi-compartment vehicle routing [26],
subgraph optimization [27], and robust p-median [25]. Regarding the parallelization
strategies themselves, a notable methodological contribution is [105], which takes
the parallelization strategy itself as its primary research object. It compares a non-
cooperative model with two cooperative models for the CVRP and shows that the
cooperation mechanism can strongly influence solution quality, with filtered com-
munication performing best on harder instances. [28] represents one of the most
comprehensive component-level decompositions by parallelization of multiple VNS
components, including initial solution generation, shaking, and local search. [180]
proposes both serial and parallel version of a VNS for the order batching problem,
reporting that only minor performance improvements were observed from paral-
lelization. Moreover, [180] suggests that trivial parallelization without cooperation
or a sufficient number of parallel threads is unlikely to be beneficial. The sustained
publication activity through 2025, including submitted works, indicates that paral-
lel VNS remains an active research area, with increasing attention to the conditions
under which parallelization is beneficial.

5.1.1. Analysis of publication venues. This section examines the publication
venues of the 58 reviewed publications, focusing on their proportional distribution
by publication category and the ranking of journal venues. The reviewed studies
are grouped into journal articles, proceedings and book chapters and other types
of publications including technical reports and doctoral theses.

Figure 8 shows a horizontal bar chart that depicts the five most prominent jour-
nal venues among the 21 distinct journals in the corpus. Computers & Operations
Research (COR) and Electronic Notes in Discrete Mathematics (ENDM) share first
place with five papers each. While ENDM accumulated its five papers through its
role as an ICVNS proceedings outlet, COR is a well-established Q1 journal in the
Operations Research community, and its five papers reflect that a substantial part
of parallel VNS research has been published in a high-ranking OR venue. The next
most frequent outlet is Optimization Letters with three papers, followed by Ap-
plied Soft Computing and the Furopean Journal of Operational Research with two
papers each. Overall, the range of publication sources indicates that no single jour-
nal dominates the topic of parallel VNS. Instead, parallel VNS related research is
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widely disseminated across many journals and publishers, reflecting the interdisci-
plinary publication landscape rather than being confined to a few selected journals.
In addition, several identified journals are highly influential within their respective

fields and represent established outlets for metaheuristic and applied optimization
research. Their relevance is supported by their quartile rankings and impact factors.

COMPUTERS & OPERATIONS RESEARCH

ELECTRONIC NOTES IN DISCRETE MATHEMATICS — 5

OPTIMIZATION LETTERS _ 3
APPLIED SOFT COMPUTING - 2

EUROPEAN JOURNAL OF OPERATIONAL RESEARCH

o
N
N
w
IN
o

Count

F1GUurRE 8. Top five primary publication outlets among the re-
viewed papers.

As a valuable metric, we incorporate the impact factor quartile to evaluate the
relative influence of publication venues within their respective subject categories
such as Operations Research, Computer Science, Mathematics, Engineering, Busi-
ness and Management. These subjects also reflect the interdisciplinary nature
of the parallel VNS research area. Quartiles categorize journals into four equal
groups (Q1, Q2, Q3, Q4), the first quartile (Q1) representing the top 25% of jour-
nals ranked within their respective fields. Quartile assignments are based on the
Journal Citation Reports (JCR) from Web of Science (https://wos-journal.info)
using the subject category most closely aligned with the venue’s main disciplinary
orientation. For journals indexed in multiple categories, one category is selected
per venue and applied consistently. Where we missed JCR coverage, we employed
the SCImago Journal Rank (SJR, Scopus) which has affected venues such as Busi-
nees Research (Q1, SJR), Journal of Heuristics (Q2, SJR) and Eletronic Notes in
Discrete Mathematics. The later was discontinued in 2019, thus we use its last
recorded quartile Q4. For journals indexed in JCR but absent or discontinued in
Scopus/SJR, such as Assembly Automation, the JCR quartile is retained (Q3, JCR).

Figure 9 summarizes the publication-venue distribution from two complemen-
tary perspectives. The left chart shows the distribution of the 21 ranked journal
venues by quartile, while the right chart shows the distribution of all 58 publica-
tions across publication venue type. Beside ranked journal papers, the right chart
includes “Proceedings & Books” (covering conference and symposium proceedings,
and book chapters) and “Other” (covering technical reports, theses, not indexed
journal paper). Although proceedings are not usually assigned quartiles, they may
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FIGURE 9. Parallel VNS publication-venue distribution (2001
2025) with respect to journals and publications themselves.

still have publication prestige within their respective research communities. The
left chart in Figure 9 reveals that among the 21 ranked journal venues, 12 (57.1%)
are classified as Q1, six (28.6%) as Q2, two (9.5%) as Q3, and one (4.8%) as Q4,
indicating that the majority of journals in which parallel VNS research appears
are highly ranked within their respective fields. The right chart shows that the
largest share of the 58 publications appear in Q1 journals (21 papers, 36.2%) which
are [5,25,28,30,64,67,69,98,114,134,145,146,156,158,160,163,167,175,178,180,184]
followed by Q2 type journals (10 papers, 26.3%) [39,51,75,94,105,130, 149,166,169,
185]. A smaller proportion of journal papers appear in Q3 and Q4, such as [71,148]
in Q3-ranking journals, as well as five papers [10,11,49,143,159] published in Q4
ranking Electronic Notes in Discrete Mathematics. One paper [132] is published in
a journal absent from both JCR and SJR and is excluded from the quartile count.
Together, Q1 and Q2 papers account for 81.6% of the ranked journal output, re-
flecting a strong overall citation impact across the journal portion of the corpus.
The remaining 19 publications fall outside journal venues: 14 (24.1%) appear in
Proceedings & Books [13, 26,27, 31, 37,47,59, 60, 106, 116, 133, 138, 141, 142], and
6 (10.3%) in the Other category [38,50, 110, 132,139, 150], comprising technical
reports, a miscellaneous report, and doctoral theses. This diversity of high- to
mid-ranked journal publication venues highlights both the maturity and ongoing
research interest in parallel VNS algorithms.

5.1.2. Parallelization architecture analysis. Figure 10 summarizes the distri-
bution of parallelization architectures across the 57 publications for which PA is
identified. The largest portion comprises shared-memory architectures (SMA, 27,
47.4%) publications, leveraging multi-core CPUs within a single system for fast,
synchronized parallel computation [5,25-28, 64, 67,69, 71, 75,94, 98, 105, 106, 116,
130, 146, 149, 150, 158-160, 169, 175, 178, 180, 185]. The second largest portion of
the pie is distributed-memory architectures (DMA, 23 publications, 40.4%), which
deploy computations across multiple nodes or machines and are favored for scala-
bility and handling large-scale problems [13,37-39,47,49-51,59,110, 114, 134, 138,
139,141-143,145,148, 163,166, 167, 184].

GPU architectures (6 papers, 10.5%) cover both pure GPU and mixed CPU-
GPU setups, reflecting growing interest in harnessing graphics processors for their
high throughput on massively parallel tasks [10,11,30,31,60,156]. One paper (HET,



120 T. DAVIDOVIC, T. JAKSIC-KRUGER, AND T.G. CRAINIC

SMA (27, 47.4%)

HET (1, 1.8%)
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Ficure 10. Distribution of parallelization architectures among
the 57 parallel VNS publications: shared memory (SMA),
distributed-memory (DMA), GPU-based (including CPU-GPU),
and hybrid (HET) combining distributed and shared.

1.8%) utilizes a heterogeneous architecture combining elements of distributed- and
shared-memory computing to optimize resource utilization and performance across
diverse computational demands [132].

5.1.3. Optimization problem category. Figure 11 shows the distribution of
the 57 publications across optimization problem categories: Routing, Scheduling,
Location, Assignment & Allocation, Graph Optimization, Scientific Computing,
Packing and Others. Scientific Computing category addresses optimization prob-
lems that originate outside classical operations research, arising from fields such
as artificial intelligence, bioinformatics, or discrete mathematics. They are usu-
ally expressed as general discrete optimization models, such as constraint satis-
faction, graphical-model energy minimization, or the search for combinatorial de-
signs. The distribution shows that parallel VNS research is strongly focused on
problems from three classical operations research domains -routing, scheduling and
location - accounting for 75.4% of the total number. Routing problems form the
largest category with 19 publications (33.3%) [11, 26, 30, 31, 59, 98, 105, 106, 116,
132,134, 138,139, 145, 146, 156, 167, 175, 185]. Scheduling problems constitute the
second largest category with 14 publications accounting for 24.6% of the total
number [13,47,49-51,71,110,114,130,149,150,163,178,184], followed by Location
problems with 10 publications (17.5%) [25,28,37-39,60,64,75,94,169].
Assignment-Allocation problems appear in four papers (7.0%) [69, 158-160],
while Graph optimization and Scientific Computing each contribute three papers
(5.3%): Graphs [27,67,141] and Scientific [142,143,166]. Packing problems account
for two papers (3.5%) [148,180]. The remaining two papers (3.5%) are grouped un-
der Others [5,10], comprising portfolio optimization [5] and production/inventory
planning [10], each representing a domain outside the six primary categories.

5.1.4. Final remarks. The bibliometric analysis reveals several key observations.
First, the publication rate varies considerably across phases, rising from 1.2 stud-
ies per year in the Latent phase to 5.5 in the Rapid growth phase before settling
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FiGURE 11. Distribution of the 57 classified parallel VNS publi-
cations across optimization problem categories.

at 2.7 in the Maturation phase, indicating that the field has moved beyond its
period of rapid expansion into a more stable research activity. The causes of this
growth, as discussed in the phase analysis, extend beyond the bibliometric data and
include factors such as hardware availability, algorithmic maturity, and problem-
driven demand. Second, among the 38 ranked journal papers, the majority appear
in Q1 or Q2 venues (81.6%), reflecting a high standard of dissemination and con-
firms that parallel VNS research is not concentrated in a singe venue but reaches
a broad academic audience. Third, shared-memory architectures account for the
largest share of implementations (47.4%), followed by distributed-memory (40.4%),
together accounting for the vast majority of parallel VNS implementations. GPU-
based approaches represent a smaller but distinct contribution (10.3%). Finally,
problems that belong to categories Routing, Scheduling, and Location together ac-
count for 75.4% of the reviewed publications, confirming the dominance of classical
combinatorial OR problems in the VNS parallel literature.

We organize the following subsections according to parallelization architecture
(PA), reflecting the strong influence of the underlying hardware platform on the
choice of parallelization strategy. Within each PA-defined subsection, publications
are grouped by optimization problem category. Each of them is assigned the cat-
egory that best reflects its primary optimization focus. Such organization serves
to structure the presentation of the survey, not to introduce another classification
scheme.

5.2. Shared-memory parallelization of VNS. Here we review studies that imple-
ment parallel VNS on shared-memory parallelization architecture (SMA). Shared-
memory systems enable low-latency communication between threads and straight-
forward implementation of fine-grained parallelization strategies, making them well
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suited for implementations that require frequent cooperation or tight synchroniza-
tion during local search.

The 27 publications reviewed in this section represent 47.4% of the parallel VNS
corpus, establishing shared-memory as the most frequently utilized parallelization
architecture in the surveyed period. SMA implementations span several problem
categories, with Routing, Location, and Scheduling being the most frequent. Fig-
ure 12 shows how publications employing shared-memory PA are distributed across
optimization problem categories.

29.6%

22.2%

o

18.5%

14.8%

Number of Papers
S

7.4%

IN)

3.7% 3.7%
: [
Routing Location  Scheduling Assignment- ~ Graphs Packing Others

Allocation
Problem Category

FI1GURE 12. Distribution of shared-memory parallel VNS publica-
tions across optimization problem categories.

As shown, Routing problems constitute the largest category (29.6%, 8 studies),
followed by Location (22.2%, 6 publications), Scheduling (18.5%, 5 publications),
and Assignment-Allocation (14.8%, 4 publications). Graph optimization accounts
for two papers (7.4%) [27,67], while Packing and Others each contribute one paper
(3.7% each) [5,180]. In what follows, publications are reviewed per category in
chronological order.

5.2.1. Location problems. To the best of our knowledge, the authors of [75] were
among the first to deal with parallelization of VNS. Actually, the paper has been
accepted in the year 2000, and completed even before, as evidenced by the acknowl-
edgments. Therefore, we devote special attention to this study. This foundational
paper introduces the three canonical parallel VNS strategies for the p-median prob-
lem, implemented in C/OpenMP on a shared-memory PA, and provides the exact
algorithmic templates that became the reference point for subsequent parallel VNS
publications. The first approach, named Synchronous Parallel VNS (SPVNS), was
to parallelize LS within a sequential VNS. The main thread executes shaking and
neighborhood change steps of VNS, while the neighborhood to be searched in LS
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is decomposed and distributed among slave threads. The authors used a swap
neighborhood, defined as the substitution of the center with a non-center location,
indicating that the BVNS variant is used in parallelization. The swap neighbor-
hood has a size of p(n —p), where p denotes the number of selected locations, while
n represents the number of available locations. Therefore, the decomposition is
quite straightforward. The communication is performed after each iteration of LS
to identify the best-found solution as the starting point for the next iteration. LS
iterations are executed until no improvement of the starting point is obtained. The
SPVNS (as well as the other two implementations) completes its execution when
k reaches kyqq. This low-level parallelism can be classified as 1L/A/1C/S/SPSS
(HTPM) and Fg/SMA/Star/Stat/ OpenMP (ITPM). In particular, the decompo-
sition operates at a single level (1L) with fine granularity (Fg) because each worker
thread evaluates a small subset of individual neighbor solutions. The decomposi-
tion is A, as the neighborhood is partitioned into disjoint subsets that are evaluated
in parallel by the threads. There is a single control that manages the parallel local
search synchronously (1C and Star). The communication is performed via shared-
memory architecture (SMA) synchronously (S), because the threads must wait
to synchronize solutions after exploring their neighborhoods and before proceed-
ing with the exploration. There are no dynamic re-distributions between processes
within all three strategies, thus LB=Stat. After the shaking phase, each thread will
proceed with local search starting from the same initial point (SPSS). The second
strategy, referred to as Replicated Parallel VNS (RPVNS), involves independent
runs of several identical sequential VNS procedures that start from different ran-
dom initial solutions. There are no communications during the execution; only the
the best solutions are collected at the end and compared to identify the overall best.
It is classified as 1L/SI/pC/A/MPSS by HTPM. Specifically, each thread indepen-
dently runs the same VNS algorithm (ST and Cyg) starting with its own initial solu-
tion (MPSS). It performs shaking, local search, and neighborhood change without
communication during the run (pC). Communication is typically minimal and per-
formed at the end of execution to identify the best obtained solution. Therefore, it
can be considered asynchronous in the loose sense (A), as threads do not block each
other by waiting for communication during the search. It’s ITPM classification is
Cg/SMA/-/Stat/ OpenMP. The third variant, called Replicated Shaking Variable
Neighborhood Search (RSVNS), assumes a synchronous cooperation mechanism
through a classical master-slaves architecture. The main thread runs a sequential
VNS in which the basic steps, Shake and Local Search (SH+LS), are performed in
parallel by other threads. On each thread, shaking starts from the same best-known
solution and uses the same neighborhood index k. When SH+LS is completed on
all threads, the best-found solution is communicated to the main thread, which
performs the neighborhood change step. Thus, HTPM is 1L/SC/1C/S/MPSS and
ITPM classification takes values Mg/SMA/Star/stat/OpenMP as the paralleliza-
tion of SH+LS steps is considered medium-grained (G=Mg). All variants are coded
in the C programming language and executed on TEIDE (8 processors ALPHA at
466-Mhz, with 2 Gbytes and O.S. DIGITAL UNIX 4.0C) of the University of La
Laguna. The authors tested their methods using the tsplib problem instances
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with 1400 customers using different numbers of processing units (2, 4, and 8) and
kmaz = 15. As performance measures, running times and speedup factors are
considered for SPVNS, while for RPVNS and RSVNS, the number of iterations,
running times, and the best objective function values were relevant. As expected,
SPVNS achieved almost linear speedup and sometimes even improved the solution
quality with respect to sequential VNS. The other two strategies managed to im-
prove the solution quality, with RSVNS being slightly faster (requiring a smaller
number of iterations and shorter running times).

The authors in [64] investigated the development of parallel VNS for a bus ter-
minal location problem (BTLP) that incorporates properties of the p-median prob-
lem and the maximal covering problem. We refer to the proposed algorithm as
PVNS-BTLP. RVNS, exploring k,yns_maez neighborhoods, was considered to pro-
vide a high-quality initial solution. A low-level (fine-grained) parallelization strat-
egy for BVNS was applied to two most computationally consuming parts of the
PVNS-BTLP algorithm - (1) the function computing the first and second closest
established terminals for each node, and (2) an evaluation of all possible neighbors
within LS, required to find the best solution. LS explores the swap neighborhood,
similar to approaches for the p-median problem proposed in [75,81]. Paralleliza-
tion is based on explicit search space decomposition and the proposed strategy
can be classified as 1L/SE/1C/S/SPSS (HTPM). For the implementation, the C#
programming language with .NET Parallel Library (shared-memory) was used on
a multi-core processor IntelCore i7-860 2.8 GHz with 8GB RAM memory under
the Windows 7 Professional operating system. Consequently, the fork-join pattern
and central coordination of parallel loops are also implied. In addition, each it-
eration processes a fixed set of terminals. Therefore, the ITPM classification is
Fg/SMA/Star/Stat/.NET-TPL. The stopping condition is set to 1000 successive
iterations without improvement. The tuning of parameters k.qr and kryns_maz Was
performed by preliminary tests on 6 problem instances. Each given set of param-
eter configurations was tested by 20 runs with different seed values. After careful
analysis, the following values have been selected: k4, = 10 and kryns.maz = 0.
By selecting kyyns_maz = 0, RVNS was not executed, and instead the authors used
a randomly generated solution as the initial. PVNS-BTLP is evaluated on two sets
of instances: 15 existing LSBTLP instances and 18 new instances derived from
TSPLIB rl instances. Performance is measured by the average percentage gap
(agap), the standard deviation (o), tse;, and tegec. The study employs 5 seeds
per instance for literature comparisons and 20 seeds for stability analysis. A con-
trolled comparison of the parallel and non-parallel versions of PVNS-BTLP on all
instances using a single seed — both producing identical solutions — yields ap-
proximately 3.4x speedup in favor of the parallel version on a quad-core processor.
PVNS-BTLP is compared against the only prior work on BTLP and achieves bet-
ter solution quality on every instance group, with execution time approximately 32
times smaller.

A parallel BVNS for an obnoxious p-median problem (OpM) was proposed
in [94]. The goal in this variant of p-median is to maximize the sum of minimal
distances between customers and their nearest facility. The paper progresses from
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optimizing individual components (local search) and sequential BVNS (including
sequential multistart BVNS) to parallel strategies (Parallel Multistart) and finally
Distributed VNS (DVNS). In particular, one of the contributions in this paper is
the efficient sequential BVNS algorithm for the considered problem that includes
two types of neighborhood reduction. Based on theoretical results and in order
to ensure convergence towards an optimal value efficiently, the authors considered
a multistart variant of the proposed sequential BVNS called Multistart VNS. Ac-
cording to Algorithm 3 in [94], G - V independent BVNS algorithms could run in
parallel, where G represents the number of groups, while V' denotes the number of
searches per group. In particular, a total of G -V VNS instances are generated so
that a group of V' BVNS instances is executed in parallel on a single multi-core pro-
cessor. In their experimental study, the authors used a single multi-core processor,
which means that all G - V BVNS instances run as concurrent threads. Instances
within a group run independently without mutual communication (Dec = SC, C
= pC), while the groups periodically exchange their best solutions after every R
iterations. The best solution in each group is exchanged between the groups via the
selected communication topologies. The newly arrived solutions are accepted by
the group only if they improve at least the worst solution generated by this group,
implementing selective acceptance that constitutes learning behavior (C&L = K).
The groups are connected by different communication topologies: fully connected
(CT = FulC), ring (CT = Neig), and master-slaves (CT = Star). The proposed
DVNS implements a single-level cooperative multi-search approach (L = 1L, Dec
= SC). A parallel task runs a complete BVNS algorithm (G = Cg) implemented
on shared-memory architecture using OpenMP (PA = SMA, PPM = OpenMP).
In addition, all BVNS instances start from different initial solutions, thus Div =
MPSS. DVNS was coded in C++ and executed on an Intel i5 660 processor, 3.3
GHz with 8 GB of RAM using GNU/Linux. It was compared with the best pre-
vious methods, Branch-and-Cut (B&C), XTS, and GRASP, on the selected set of
instances. Each algorithm is run 10 independent times per instance, and the per-
formance measure is average success, i.e., how many times the best-known solution
is reached. The drawn conclusion is that the proposed parallel DVNS outperformed
previous methods, obtaining the best solution in 137 out of 144 instances, while
consuming only 10% of the CPU time required by the competing algorithms. This
is also confirmed by nonparametric statistical tests.

While the authors in [94] focus on the single-objective OpM, its bi-objective vari-
ant (Bi-OpM) was considered in [169]. The Bi-OpM aims to locate p facilities in
such a way that two different objectives are maximized: the distance between each
customer and the nearest facility center and the dispersion among facilities. This
problem variant has applications in locating waste or hazardous disposal facilities,
nuclear power plants, chemical factories, noisy or polluting services, etc. To ad-
dress Bi-OpM, the authors proposed a Multi-objective Parallel VNS approach (Mo-
PVNS) that implements the Replicated Shaking VNS (RSVNS) strategy from [75]
as a parallel extension of a sequential BVNS. The Mo-PVNS employs single-level
parallelization (L = IL). Starting from the same current Pareto front, each available
processor performs the same shake and local search procedures to an incumbent
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solution, creating the explicit decomposition of neighborhood exploration (Dec =
SC). More precisely, multiple shaken solutions are generated from the same in-
cumbent solution within the current neighborhood, and each is improved via local
search before synchronization. This means that Mo-PVNS is focused on paralleliz-
ing the SH step in such a way as to explore more than one random solution in
each considered neighborhood, and thus perform search on a wider portion of the
solution space. The parallelization of the Mo-PVNS algorithm is realized using
Java threads on an Intel Core 15-3470 (3.2 GHz), 8 GB RAM (unknown number
of parallel threads). Mo-PVNS can be classified as 1L/SC/1C/S/SPSS (HTPM)
and Mg/SMA/Star/Stat/ Java-Threads (ITPM). The preliminary results are used
to tune two input parameters o and kpax on a subset of 8 training instances.
The computational results obtained on 72 instances indicate the superiority of
Mo-PVNS over state-of-the-art algorithms. In particular, Mo-PVNS clearly out-
performs AOLS, DBLS, NSGA-II, and SPEA2, producing on average 248 non-
dominated solutions per instance—more than twice the number obtained by AOLS
and DBLS—and achieving a higher hypervolume. Statistical tests (Kruskal-Wallis
and Wilcoxon) confirm the superiority of Mo-PVNS with respect to all considered
performance metrics. We should note that Mo-PVNS is executed only once per
problem instance, whereas the competing metaheuristics are run 30 times.

In [28], a parallel BVNS (BP-VNS) was developed for the a-neighbor p-center
problem (aNpCP) and the a-neighbor p-median problem (aNpMP). The three
main segments of the BVNS algorithm were parallelized: initial solution genera-
tion, shaking, and local search (see Fig. 1. in [28]). The initial solutions are gener-
ated by each thread in parallel and the best among them is selected for additional
exploration. To balance between diversity and quality, initial solution is generated
in two ways: threads with even ID-s generate completely random initial solutions,
while the odd threads use a randomized greedy algorithm to generate an initial
feasible solution. All these solutions undergo sequential local improvement before
the threads are synchronized and the best solution identified. The parallel shaking
procedure assigns r threads to independently perform k& random swap operations
on the current solution, selecting the best result among r generated solutions. After
all threads complete their own shaking, the resulting solutions are compared, and
the best is selected for local improvement by parallel LS. To perform LS procedure
in parallel, the authors divided the neighborhood of the current solution into equal
parts (chunks) by partitioning a set of vertices that are not included in the solution
into equal subsets. Each subset is used by a single thread to substitute all active
vertices (included in the current solution). These threads are assumed to be evenly
balanced by the required computations and synchronized at the end to identify the
best obtained neighboring solution. The LS procedure is iterated until no improved
solution is found. The Neighborhood Change phase is performed by a single thread,
to direct search according to the BVNS algorithm. As stopping criterion, the time
limit of 30 minutes is used. The proposed parallel VNS algorithm belongs to the
1L/A/1C/S/SPSS HTPM class, as it runs a single VNS variant with parallelized
computations related to the main steps: initial solution generation, SH and LS pro-
cedures. The ITPM classification is Fg/SMA/Star/Stat/C++. Preliminary tests
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were performed on an Intel 19-13900K processor (32 threads, 128 GB RAM) while
all main experiments were conducted on an AMD EPYC™ Rome 7532 cluster (24
threads, up to 96 GB RAM). The results show that for aNpCP BP-VNS improved
best-known solutions in 18% of OR-library and 50% of TSPLIB instances. For
aNpMP BP-VNS found optimal solutions in all 80 tested instances. The experi-
mental evaluation revealed that parallelizing the local search yields a speedup of up
to 13.48x over its serial version, with consistent gains observed up to 32 threads.

In [25], a parallel BVNS is developed for the robust capacitated p-median prob-
lem (RCPMP) under uncertainty, where customer demands are modeled using a
cardinality-constrained set limiting the number of customers with high demand and
a knapsack set limiting the total excess demand. To solve RCPMP, the authors
develop exact (B&C and B&P) and heuristic (BVNS) approaches. Evaluating a
candidate facility location solution under demand uncertainty requires solving a
worst-case assignment problem, which is NP-hard. Accordingly, each candidate
solution is evaluated by solving a robust generalized assignment problem (RGAP),
whose high computational cost becomes a bottleneck when exploring large neighbor-
hoods. To address this, the authors introduce parallelization of BVNS to accelerate
the evaluation of multiple candidate solutions. Parallelism is explicitly applied in
three VNS phases: (1) Initial solution construction: a sequential VNS-PMP runs
for 5s to produce a starting PMP solution a, after which r threads are launched
to evaluate one neighbor from Nj(a) via a full RGAP solver in parallel; the best
result is retained; neighborhood N is defined as the substitution of a single facility
included in the solution with a non-included location; (2) Shaking: r threads inde-
pendently sample and evaluate solutions from the neighborhood N}, concurrently
using the simplified lower bounding procedure (LB2;ounded ), which provides a fast
lower bound estimate of the solution quality by rounding distances to integer val-
ues; the best solution is forwarded to local search; (3) Local search: N is explored
in parallel, where threads evaluate candidate moves concurrently and the search
is restarted as soon as an improving solution is identified. Threads are created
once at startup and persist throughout the entire VNS loop. A shared cutoff value,
updated via solver callbacks, prevents threads from expending computational ef-
fort on non-improving RGAP evaluations. The efficiency is additionally improved
by a hash table that stores previous results and closed-form expressions that al-
low for rapid feasibility checks. The overall HTPM classification of VNS-PMP
is 1L/SE/1C/S/SPSS, where the neighborhood structure is explicitly partitioned
among threads, a single master thread controls the VNS flow and selects the best
result after each parallel phase, and all threads operate on the same incumbent
solution. C++ threads are used for implementation. Each thread evaluates one
neighbor solution (Fg) on a shared-memory architecture (SMA), with a central
communication pattern (Star), and predominantly dynamic load balancing (Dyn).
Computational experiments on benchmark instances with up to 400 nodes show a
substantial reduction in the average optimality gap compared to the sequential con-
figuration and enable exploration of a larger number of distinct solutions. However,
no multiple independent runs with different random seeds are reported, limiting the
assessment of solution variability and reproducibility.
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5.2.2. Routing problems. The Swap-Body Vehicle Routing Problem (SBVRP),
a generalization of the well known Vehicle Routing Problem, is considered in [175].
The goal of SBVRP is to minimize total costs, including fixed costs for the use of
vehicles and the costs needed to realize the routes. The authors proposed sequential
and parallel GVNS heuristics for this problem. In the proposed GVNS heuristics,
three neighborhoods exploring intra-route moves and eight based on inter-route
moves were used. The strategy for parallelization of GVNS is Replicated Shaking
VNS ( [75]) that performs four SH+VND steps simultaneously, each assigned to
one of the four available CPU cores. All simultaneous shaking procedures use
the same neighborhood index k as the input. A constructive heuristic based on a
cluster-first, route-second approach is used to generate the initial solution, which
becomes the first incumbent. In subsequent iterations, the incumbent is updated
whenever a better solution is found. However, being a stochastic procedure, each SH
independently generates a different perturbed solution from the current incumbent.
The four solutions provided by VND are compared and the best among them is
used to potentially improve the incumbent. If the incumbent solution is improved,
the search process is restarted from it and the neighborhood index is updated
accordingly. The CPU time limit of 600 s is used as a stopping criterion, with
kmaz = 3. The proposed parallel GVNS can be classified as 1L/SC/1C/S/SPSS
(HTPM) and Cg/SMA/Star/Stat/C (ITPM). Both sequential and parallel GVNS
were executed on an Intel 17-4900MQ CPU (2.80 GHz, 16 GB RAM) using four
CPU cores, each was run once within the time limit, and results were reported as
single values rather than averages over multiple runs. The quality of the proposed
methods is evaluated on the instances provided by the organizers of VeRolog Solver
Challenge 2014. From the reported results, it follows that the proposed GVNS
heuristics are highly competitive compared to the existing approaches to SBVRP.
Among the two GVNS variants, the parallel GVNS finds better solutions on all but
one instance and is on average approximately 40 seconds faster.

In [146], a parallel VNS for the VRP with divisible deliveries and pickups was
proposed. The author implemented a cooperative parallel VNS (CVNS) that uti-
lizes asynchronous cooperation with a centralized information exchange strategy
(C&L=A). In particular, the parallelization strategy assumes multiple GVNS in-
stances running in parallel and cooperating (Dec=SC) through a central repos-
itory. Each process starts from different initial solutions, generated heuristically
with varied parameters, and runs the same VNS algorithm (Div=MPSS). The colle-
gial data exchange is performed after the completion of all local search procedures
corresponding to medium-grained parallelization. CVNS was implemented on a
shared-memory multi-core workstation equipped with two Intel Xeon E5420 pro-
cessors at 2.50 GHz with four cores each and 8 GB of RAM, of which six cores
were used for parallelization. This is useful as the communication topology fol-
lows a star pattern, where all the slaves send their improved solutions to the cen-
tral coordination mechanism (and receive improved information from it). There
is no dynamic load redistribution (LB=Stat), while the code is implemented in
MATLAB R2013b and Visual C++ 2010 on a Windows platform. When the num-
ber of non-improving tours reaches a specified value p,,q., a perturbation of the
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global best solution is applied to escape local optima; the algorithm stops after
Smaz = 900 prmaz non-improving tours. The perturbation strategy is important for
achieving MPSS diversity due to the need to maintain diverse search trajectories.
The resulting HTPM classification is 1L/SC/pC/A/MPSS, and for ITMP we have
Myg/SMA/Star/Stat | MATLAB-Visual-C++. The experimental evaluation covers
three CMT instance sets containing 84 instances in total, the SCA-CON set of
40 instances, and 12 MON-GAL instances; each instance was solved once, with no
multiple runs reported. It shows that the CVNS approach outperforms the existing
perturbation-based sequential VNS with respect to both solution quality and CPU
time. For 10 out of 28 test instances, CVNS provides better solutions, while for the
remaining instances, the same solutions are obtained within almost half the time.

In [98], the authors study a VNS algorithm for the Swap-Body Vehicle Rout-
ing problem (SBVRP) to determine whether the order of different neighborhood
operators influences the performance of the algorithm. SBVRP is a variant of
VRP that allows for a reconfiguration of vehicles with respect to the number of
semi-trailers attached. Among the available solution transformations, the authors
examined seven in the local search phase and identified a subset of well-performing
neighborhood operators that are implemented in the VNS algorithm. They also
investigate a parallel variant of VNS (Par-VNS) for the same problem. In HTPM,
the parallel approach exhibits a single-level implicit cooperative decomposition
(HTPM=1L/SC/1C/S/SPSS). The parallelization strategy is based on the Star
communication model: four copies of VNS (each on a separate CPU core) with
the same parameters are executed in parallel (ITPM: LB=Stat). Each thread runs
a complete VNS instance potentially from different randomly generated initial so-
lutions (ITPM: G=Cqg). The central thread enforces communication at regular
time-based intervals controlled by a synchronization parameter synctime, with the
best-performing setting corresponding to an exchange every 2 seconds. After the
communication is completed, the central thread collects the found solutions and
determines the best (ITPM: CT=Star). The best solution is then propagated
to all peripheral threads. Par-VNS was tested on 18 problem instances provided
by the VeRoLog Challenge organizers, which represent real-world problems from
the vehicle routing domain. The experimental evaluation is conducted on Intel
Xeon X5650 2.66 GHz with 24.0 GB of RAM with 30 repetitions for each instance
(PA=SMA). However, information about the programming language or the param-
eter tuning process is not provided. The comparison was made against four existing
approaches and the authors’ Random VNS variance using the gap with respect to
the best known solution as the performance measure. The provided results show
that parallel VNS outperforms other algorithms by generating four new best known
solutions and equaled 11 other instances, although slightly degraded solution qual-
ity is observed for three test instances. Moreover, the analysis demonstrates that
frequent synchronization and information exchange between parallel VNS instances
is preferable to longer periods of independent execution.

In [105,106], the authors examined the performance of cooperation-based strate-
gies in parallel metaheuristics with respect to non-cooperative approaches. The
main goal was to investigate how cooperation between processes affects the
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performance of parallel GVNS executed on a shared-memory multiprocessor sys-
tem. The well-known constructive Savings Algorithm of Clarke and Wright was
used for initial solution generation. In the local improvement phase, VND uses
three neighborhoods that explore widely used transformations, i.e., 2-opt (Intra-
route), Swap (Inter-route), and Relocate (Inter-route). Two parallel GVNS models
applied to the capacitated vehicle routing problem (CVRP) were proposed in [106].
To ensure that both models have the same available resources during the execu-
tion, one thread was used as a solution manager, i.e., shared memory to which all
other threads have access. The current best solution is kept and maintained by
this thread. The first model, non-cooperative (NCM), involves independent exe-
cution of several identical GVNS threads until the stopping criterion is fulfilled.
The second model, managed cooperative model (MCM), is based on asynchro-
nous information exchange between GVNS threads via the solution manager - a
dedicated thread (warehouse) that maintains a pool of solutions. Namely, each
thread repeatedly executes SH+VND steps until an improvement of the current
best solution is obtained. This solution is communicated to the warehouse and
is compared with the existing solutions. If the warehouse contains a better so-
lution, the thread adopts it to continue the search. According to HTPM, the
first model can be classified as 1L/SI/pC/A/SPSS, while ITPM classification is
Cg/SMA/—/Stat/Python. For the second model, HTPM=1L/SC/pC/A/SPSS
and ITPM=Myg/SMA/Star/Stat/Python. Both parallel GVNS algorithms were
implemented in Python 3.7 and run on an Intel Core 19 7940X CPU (3.50 GHz)
and 32GB RAM at 3333MHz. As a stopping criterion, the maximum number of
iterations is set. The following values for the stopping criterion were examined:
5, 10, 20, 30, 40, 50, 100, 200, and 300 iterations. Each variant of the algorithm
and each stopping criterion were tested ten times on the existing benchmark in-
stances of CVRPs. The presented results show that MCM outperforms NCM on
hard instances, while NCM yields better results on easy instances.

In [105], an additional cooperative strategy (the parameterized cooperative model
- PCM) for GVNS was proposed and compared with the implementations presented
in [106]. The same initial solution construction method and neighborhood struc-
tures are used. The maximum number of threads was 28, one of which was playing
the role of solution manager. The solution acceptance criterion is not based on the
solution quality, but on the normalized distance between the new solution gener-
ated by a thread and the solution stored by the manager thread. If the distance is
greater than a given parameter ¢, the candidate solution is accepted by the man-
ager, otherwise, the thread will continue search from its own best solution. In
addition, the value of 6 is changed during the search to ensure the intensification of
cooperation toward the end of the search process. The classifications of PCM are
as follows. HTPM=1L/SC/pC/K/SPSS and ITPM=Cy/SMA/Star/Stat/ Python-
Manager. The experimental evaluation is conducted using 76 benchmark instances
from the CVRP library (http://vrp.atd-lab.inf.puc-rio.br), comprising instances
with known optimal solutions and instances from the Golden set for which only
best-known values are available. The stopping criterion is defined as the maximum
number of GVNS iterations, upon reaching the known optimum where applicable,
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or when the time limit of 3,600 seconds is exceeded. Notably, the experimental
evaluation includes ten repeated runs per configuration, which is commendable
and places this paper among the minority of surveyed works that properly account
for the stochastic nature of parallel VNS. The results show that PCM achieves
the lowest overall average error, with its advantage over NCM growing by 3.2% on
hard instances and 14% on the Golden set. NCM outperforms MCM and PCM
on easy instances, and MCM consistently under-performs both on all but the very
hard instances. Algorithm dominance is closely related to instance difficulty. In
addition to a description of original parallel VNS-based algorithms, [105] contains
a review of the literature that considers parallel VNS implementations proposed
in [39,49,51], and particularly the implementations developed for various types of
VRP [10,31,145,146].

In [185], two parallel strategies are proposed for the Covering Salesman Prob-
lem (CSP): synchronous master-slaves parallel VNS (SMPVNS) and asynchronous
cooperative parallel VNS (ACPVNS). The Covering salesman problem (CSP) is a
generalization of TSP that requires to find a minimum length Hamiltonian cycle
in an undirected graph such that the vertices that are not in the tour must be
covered by at least one visited vertex. The authors proposed a bi-level formulation
of CSP (BCSP) by combining leader and follower sub-problems and used it to de-
sign parallel GVNS approaches. For the leader sub-problem, three neighborhoods
(N1: extract and invert one node, N2: extract and invert two nodes, N3: extract
and invert three nodes) are used in the local improvement phase of GVNS, while
3-opt neighborhood is explored when considering the follower sub-problem. In the
shaking procedure, k vertices are selected randomly and their assignment vari-
ables are inverted. The potential infeasibility of the resulting solution is resolved
by adding new vertices in a greedy way. SMPVNS exhibits a single level single
control parallel decomposition (L=1L, C=1C). It divides the neighborhood into
segments and assigns each segment to a peripheral process. All of them start from
the same current global-best solution sent by the central process and independently
explore the assigned segment (Dec=SE, Div=SPSS, G=Cg, LB=Stat, CT=>Star).
The central process waits for all others to complete before adopting the best local
optimum as the current best solution, without any learning mechanism (C&L=S).
The search continues until the stopping condition is fulfilled. ACPVNS represents
a single-level algorithm that operates through explicit search space decomposition,
with decentralized control (L=1L, C=pC). Implicit decomposition (Dec=SC) is re-
alized using the segment identifier (seg;), where each thread starts from the same
solution (current global best), explores the assigned segment of the search space,
and communicates asynchronously with other processes only if a better solution
is found (C& L=A). On the implementation level, ACPVNS is a coarse-grained
shared-memory implementation with static load balancing, utilizing C++. The
algorithms are implemented on a 2.2 GHz Intel Core I5-5200U CPU (2 cores);
the number of parallel processes is not explicitly stated. SMPVNS and ACPVNS
were compared with two existing algorithms (SN and HACO) on 75 benchmark
instances divided into three sets (small-, medium-, and large-sized). All stochastic
algorithms were repeated 5 times on each instance. The comparison results show
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that ACPVNS performs slightly better than SMPVNS. For small- and medium-
sized instances, PVNS is competitive with HACO while being significantly faster.
For large-sized instances, PVNS clearly dominates, finding the best solutions in 23
out of 27 instances (85.2%) compared to only 2 out of 27 for both SN and HACO.

A Smart and Parallel GVNS (SP GVNS) for the pollution-routing problem is
proposed in [116]. This problem is a variant of the Green VRP, which includes costs
associated with fuel, drivers, and greenhouse gas emissions. Nine neighborhood
structures are explored, five of them influencing the order of customers in routes
and four related to changes in speed of vehicles operating on one or more routes.
The “smart” feature intensifies the shaking phase by increasing the number of con-
secutive perturbations within the same neighborhood structure if no improvement
is obtained in a given number of iterations. The neighborhood index for shaking is
incremented only when the maximum number of consecutive perturbations is ex-
ceeded. The parallelization strategy applied is Replicated Shaking VNS from [75]:
starting from the incumbent solution, shaking and local search (VND) are executed
in parallel. All parallel blocks start from the same incumbent solution and use the
same neighborhood index k, and the best solution found across blocks is used to
potentially update the incumbent (Div=SPSS, C&L=S). A single master thread
controls the overall VNS execution and synchronizes the parallel blocks (C=1C,
CT=Star). The parallelization operates at the level of SH+VND steps, corre-
sponding to medium-grained granularity. The proposed SP GVNS can therefore be
classified as 1L/SC/1C/S/SPSS (HTPM) and Mg/SMA/Star/Stat/Java-Threads
(ITPM). SP GVNS was coded in Java version 8, executed on a PC with an Intel
8th Gen Core 17-8565 processor, 16 GB of RAM using 10 threads. Ten runs were
conducted for each instance, and the stopping criterion was set at tmax=>5 seconds.
Comparisons were performed with GVNS, S GVNS, ALNS, and ILS-SP-SOA on in-
stances with 10, 50, and 100 customers. The presented computational results show
that SP GVNS performs best among the VNS variants and outperforms ALNS for
all instance sizes. Compared to ILS-SP-SOA, SP GVNS achieves better results for
small instances (10 customers) but obtains slightly higher costs for larger instances
(50 and 100 customers). However, it requires more time than the other approaches.

A multi-depot multi-compartment simultaneous pickup and delivery problem
with time windows and split demands (MDMCSPDTWSD) was considered in [26].
The problem combines several known optimization problems to model complex real-
world requests. The multi-compartment vehicle was designed to separate goods of
different types that should not be stored together. The routing of these types
of vehicle (MCVRP) already represents a challenge. The multi-warehouse vehicle
routing problem with time constraints (MDVRPTW) is another component of the
considered problem, while the simultaneous pickup and delivery (SPD) request
introduces additional complex constraints and diverse requirements. However, the
joint consideration of all sub-problems enables to generate solutions that ameliorate
both efficiency and quality of service. The authors provided MILP formulation
of (MDMCSPDTWSD) and proposed sequential and parallel improved VNS (P-
IVNS) approach. The improvement includes the introduction of a novel directed
shaking method that explores nine neighborhoods used also in a VND phase. The
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initial solution is generated by a newly proposed high-quality heuristic algorithm.
Two stopping criteria are adopted: a maximum number of total iterations and
a maximum number of non-improving iterations, both defined as a function of
instance size. A shared-memory single level (L=1L) parallelization is applied to
VND. The master thread runs sequential VNS, controls the whole execution C=1C,
divides each neighborhood into a given number of sub-neighborhoods (Dec=SE)
to be searched by other threads in parallel. Synchronization of threads is rigid
(C&L=S), as master thread must wait for all others to complete their search to
identify the best obtained local optimum solution. Div=SPSS, having in mind that
all threads start from the same solution obtained by shaking and try to improve
it in the different parts of the same neighborhood. Regarding the implementation
issues and ITPM, we can conclude only that LB=Stat, CT=Star and G=Fg, as
hardware and programming model are not specified. The experimental evaluation
was conducted on 20 large-sized instances that authors generated by modifying the
existing benchmarks for MDVRPTW. The reported results indicate superiority of
P-IVNS over VNS and ALNS with respect to solution quality; however, the power
of utilized computer resources remains unknown.

5.2.3. Scheduling problems. In [178], HGA, a hybrid algorithm incorporating
GA and parallel GVNS was proposed to minimize total tardiness in the flexible job
shop. The crossover and mutation operators of GA are used to adapt the structure
of chromosomes to the properties of the problem. Parallel GVNS is used to enhance
the best individuals within the elitist selection phase, before inserting them into the
next generation. In the LS phase, to increase the solution quality, GVNS explores
three neighborhoods: move an operation to an alternative machine, change the or-
der of the two selected operations on the same machine, and change the order for two
pairs of operations. The parallel GVNS algorithm was executed with 20 threads to
minimize the execution time. The Java programming language was used to code the
algorithm that was executed on an Intel i7 processor (2.30 GHz) with 4 GB mem-
ory, running under Windows 7 operating system. The proposed parallel GVNS can
be classified as 1L/SI/1C/S/MPSS and Cq/SMA/FulC/Stat/JavaThreads. The
experimental evaluation is conducted on 14 representative problem instances, each
executed 20 times per due date type, reporting the best value, average, and co-
efficient of variance (CV) across runs. The results are compared with plain GA,
DE algorithm from the literature, and several constructive heuristic algorithms.
Provided results show that HGA demonstrates superior performance with respect
to the solution quality over all compared methods, as confirmed by a paired t-test
at a significance level of 95%.

The authors in [130] addressed the min—max order batching problem, which com-
bines order-to-batch assignment with route evaluation, minimizing the maximum
retrieving time across all batches. They proposed a sequential (GVNS) algorithm
and its parallel variant based on the RSVNS strategy from [75]. The purpose of
the parallelization strategy is to increase diversity in the search process rather than
to decrease the computation time. The iterations are parallelized in such a way
that all p threads independently apply the shake procedure to the same initial so-
lution (Dec=SC, Div=SPSS). Then, each new solution is improved with the VND



134 T. DAVIDOVIC, T. JAKSIC-KRUGER, AND T.G. CRAINIC

procedure, and the threads are synchronized at the end of this procedure, where the
single master thread determines the best among p solutions, after which it runs the
NC procedure (C=1C, CT=Star) to decide if another parallel iteration should be
performed. The workload is statically balanced as each thread executes the same
fixed amount of work. The algorithm is classified as 1L/SC/1C/S/SPSS (HTPM)
and Mg/SMA /Star/Stat/Java-Threads (ITPM), implemented in Java 7 on an In-
tel Core i7 with 2.5 GHz and 4 GB of RAM (SMA). The algorithm is run once
(no repetitions) and evaluated via: CPU time, Dev% (percentage deviation from
best-known), and #Best. Preliminary experiments on 14 representative instances
address four stages: constructive procedure selection, LS implementation selection,
improvement strategy selection (VND vs. isolated LS), and k4, tuning. Higher
values of k., consistently yield better results, but at a proportionally higher
computing time, leading to k. = 5 as a compromise. The stopping criterion,
defined by t,,4z, is set to match the computing time of the previous approaches.
As the number of threads increases to 8, improvement in Dev% and #Best is re-
ported. Therefore, the RSVNS configuration with 8 threads was compared against
the constructive heuristic and exact B&B in the final large-scale experiment. To
compare results, Friedman’s test is used. RSVNS finds 369 and 374 best solutions
(out of 432) under the two routing strategies, whereas the exact branch-and-bound
method achieves 141 and 172 best solutions. The constructive heuristic produces
significantly inferior results.

The flexible job shop scheduling problem with assembly operations is consid-
ered in [71]. In this two-stage problem, parts are first processed in a flexible job
shop and then assembled into final products, with the objective of minimizing the
makespan. A new algorithm combining PSO and parallel VNS (HPSOPVNS) is
proposed. In HPSOPVNS, PSO is used for global exploration of search space,
while PVNS has to perform local improvements of solutions generated by PSO. In
each iteration, the best-obtained solution is improved by PVNS. Five neighborhood
structures are explored in PVNS: NS1 replaces a randomly selected element with its
preceding neighbor, or its succeeding neighbor if no predecessor exists, NS2 moves
a randomly selected operation to another machine, NS3 combines the first and the
second neighborhood transformations, NS4 swaps operations between the least- and
the most-loaded machines, and NS5 swaps a sequence of operations between two
randomly selected parts. NS1, NS2, NS4, and NS5 are used in the VND part, while
NS3 is employed in Shaking. Parallelization is realized by independent execution
of several identical GVNS copies, each starting from the same current global best
solution and independently performing shaking and local search, after which the
master process selects the best result. The maximum number of iterations is used
as the stopping criterion. HPSOPVNS is classified as 1L/SC/1C/S/SPSS (HTPM)
and Mg/SMA/Star/Stat/ MATLAB (ITPM). The Taguchi method is applied to
tuning the parameters of metaheuristic algorithms. The comparison is performed
with a hybrid between PSO and (sequential) VNS (HPSOVNS), PSO, and hybrid
between GA and TS (HGATS) on randomly generated test instances divided into
three size categories (small, medium, large), with ten independent runs per in-
stance. The experimental results show that the HPSOPVNS algorithm provides
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the same results as other algorithms within shorter execution time on small in-
stances. For medium- and large-sized instances, HPSOPVNS outperforms others
with respect to solution quality. The Least Significant Difference (LSD) statistical
test is performed to confirm the superiority of the proposed approach for medium
and large instances.

In [149,150], the authors address a long-term open-pit mine production schedul-
ing under geological uncertainty with the objective of maximizing the cumulative
net present value (NPV). The solution approach is a hybrid of VND and linear
programming (LP). VND employs three neighborhood searches by perturbing an
initial solution to find better candidates: exchange (E), which swaps two blocks
between adjacent periods; shift-after (SA), which moves a block along with all its
successors from one period to the next; and shift-before (SB), which transfers a
block and all its predecessors from one period to the previous one. The algorithm
cycles through SB—E—SA| starting from an initial solution and terminating when
no improving move is found. In each neighborhood search, for every time period
the algorithm evaluates all candidate blocks to check if they represent a feasi-
ble improvement without violating capacity and precedence constraints. A TEST
subroutine was developed for this purpose, which evaluates the objective function
value of each candidate move without permanently altering the data structures,
thus enabling efficient candidate evaluation. The EXECUTE subroutine then ac-
tually applies the best improving move to update all data structures related to
incumbent solution. Parallelization is applied exclusively inside the VND to ac-
celerate the most time-consuming component - the evaluation of candidate moves.
Candidate moves are partitioned among worker threads, each evaluating a sub-
set of moves independently on the same incumbent solution (Dec=A, Div=SPSS,
LB=Stat). A centralized master thread maintains the control (1C) over the VNS
cycle (CT=Star). In particular, threads synchronize via a barrier before EXE-
CUTE selects the best solution (C&L=S). At the implementation level, parallelism
occurs a the level of individual move evaluations inside TEST (G=Fyg). The ar-
chitecture is shared-memory (PA=SMA) using native C++ multi-threading (24
threads) on Intel® Xeon®) Gold 5118 processor (PPM=C++ Threads). Results
are fully deterministic and invariant with respect to the number of threads, i.e.,
parallelism reduces execution time while maintaining solution quality. No stopping
criterion based on time or iterations is used. Instead, the algorithm terminates
when, after an exhaustive search, no neighborhood improves the solution. The par-
allelization yields significant speedups while preserving deterministic behavior and
solution quality.

5.2.4. Optimization problems on graphs. Parallel VNS strategies for the
cutwidth minimization problem (CMP) are systematically developed in [67]. The
authors comprehensively explore the design space by proposing six distinct paral-
lelization strategies. The strategies differ in communication mechanisms and in the
granularity of VNS parallelization. The base algorithm is the Variable Formulation
Search (VFS), a new VNS variant specifically applied to cutwidth minimization.
Building upon the known literature, the parallel strategies are grouped into three
templates w.r.t. which VNS stage is parallelized: (1) Replicated Parallel VNS



136 T. DAVIDOVIC, T. JAKSIC-KRUGER, AND T.G. CRAINIC

(RP-VNS) - indicates parallelization of the whole VNS method; RP-VNS executes
multiple complete VNS instances independently from diverse initial solutions with
RP-VNS1 running them fully independently until termination, while RP-VNS2 syn-
chronizes threads after each iteration by broadcasting the best-found solution as
the new starting point for all threads, (2) Replicated Shake VNS (RS-VNS) - paral-
lelizes the shaking and local search phases under a single level single control strategy,
where threads evaluate candidate solutions in parallel, (3) Cooperative Neighbor-
hood VNS (CN-VNS) - refers to the exploration of predefined neighborhoods in
parallel. For each template, two variants of the parallel algorithm are developed,
which differ in communication mechanisms. RP-VNSI represents an independent
multistart where the master thread waits until all the others complete their execu-
tion to determine the best solution. Threads start from different initial solutions
and perform an identical search procedure. We classify this approach as 1L/SI/-
pC/A/MPSS (HTPM) and Cg/SMA/—/ Stat/ Java-Threads (ITPM). RP-VNS2 in-
cludes frequent communication between threads (after each iteration), whereas the
best solution at the end of each iteration becomes a new initial point for all the
threads. The HTPM classification differs significantly from the earlier variant, i.e.,
1L/SC/1C/S/SPSS, and Mg/SMA/Star/Stat/Java-Threads (ITPM). Replicated
Shaking (RS-VNS) consists of multiple threads performing shake and local search
procedures in parallel, each starting from the same current solution. RS-VNS1 is
implemented as a best improvement strategy, which means that the master thread
waits for all other threads to finish before selecting the best solution. On the other
hand, RS-VNS2 represents a first improvement strategy, i.e., the best solution is up-
dated as soon as one thread finds an improvement (LB=Dyn). The corresponding
HTPM classification for RS-VNS1 is 1L/SC/1C/S/SPSS and ITPM is Mg/SMA/
Star/Stat| Dyn / Java-Threds. Finally, CN-VNS strategy focuses on cooperative ex-
ploration of different neighborhoods. The threads in CN-VNS1 explore different
neighborhoods cooperatively. In particular, each thread starts from the same so-
lution, randomly selects the neighborhood for shaking, and performs shaking and
local search. These two steps (SH+LS) iterate as long as there are improvements
in the solution, and then the best solution obtained is communicated to the master
thread. The remaining threads wait for the master thread to identify the new overall
best solution and wake up all others to continue their search. CN-VNS1 is classified
as 1L/SC/1C/S/SPSS according to HTPM. In contrast, CN-VNS2 threads system-
atically explore k4, neighborhoods by evenly partitioning the whole neighborhood
space. More precisely, each thread calculates the indices of the first (kjfrs) and
last (kjqst) neighborhoods, and iterates shaking and local search as long as it man-
ages to improve the current solution. The current index for shaking (k) is updated
using the values between k¢;rs: and kjqs: and standard VNS rules. According to
HTPM, CN-VNS2 is classified as 1L/A/1C/S/SPSS, as the explicit partition of the
neighborhood index range [1, k4] into disjoint sub-ranges constitutes algorithm-
level decomposition rather than search space decomposition. Regarding ITPM,
both CN-VNSI and CN-VNS2 can be classified as Mg/SMA/Star/Stat/ OpenMP.
Parameter tuning has not been performed. It appears that each algorithm was run
once per variant configuration, with metrics - average deviation and number of best
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solutions - aggregated across all problem instances. The non-parametric test was
used to confirm the quality of the obtained results.

The authors of [27] considered the Connected Subgraph Optimization Problem
(CSOP), which consists of finding an extremal subgraph for a given objective func-
tion. The main idea was to propose a general-purpose approaches that allows to
change objective functions with minimal interventions in the basic algorithm. Hav-
ing in mind the complexity of problems related to the optimization on graphs, they
proposed to address it by the parallel VNS. The Fractal, general-purpose graph pat-
tern mining system [62] was used to execute independent execution of several VNS
copies. Master thread is used for initiating the execution, collecting and evaluating
the results. This means that the classification of this approach, that we refer to
as FracVNS, is HTPM=1L/SI/1C/S/SPSS and MC'/SMA/Star/Stat/Java. Initial
solutions for different copies are determined by the stochastic heuristic, which are
then explored by BVNS algorithms in parallel. The experiments were conducted
on Intel(R) Core(TM) i9-14900KF 6GHz (32 cores), 64GB RAM, under Debian
GNU/Linux 12 (Linux kernel 6.1.0-28-amd64). Six well-known real-world datasets
were used to evaluate the performance of FracVNS. An extensive computational
analysis is performed, considering the quality of solution, running time require-
ments, scalability (i.e., speedup with respect to the number of threads), among
other performance measures.

5.2.5. Assignment-allocation problems. In [69], a parallel VNS (PMOVNS)
was proposed for the multi-objective sustainable post-sales network design problem.
Several copies of the VNS algorithm are executed by the corresponding number of
threads to explore the solution space. Each thread performs one complete VNS
iteration that consist of shaking and stochastic VND (SVND) that incorporated 9
types of neighborhood structures. The search is performed until a stopping crite-
rion, set to 100 iterations, is reached. The resulting parallel VNS was executed using
4 threads with an additional thread performing search coordination and control.
The central thread collects and selects the global best solution and redistributes
it to all threads as the starting point for the next iteration. PMOVNS can be
classified as 1L/A/1C/S/MPSS (HTPM) and Mg/SMA/Star/Stat/C++ (ITPM),
executed on a 5-core 2.0 GHz with 4 GB RAM. Comparisons are conducted on
7 randomly generated instances of increasing size. Two performance measures
were used in the comparison: the average (over 10 repetitions) number of Pareto-
optimal solutions and the average ratio of Pareto-optimal solutions. In addition,
the required CPU time was analyzed. The authors reported the superiority of
the proposed parallel VNS with respect to all three performance measures. It is
compared with two MIP solvers: sequential LINGO and parallel Gurobi (using 4
threads), sequential multi-objective Memetic Algorithm from the literature, and se-
quential variant of the proposed VNS (denoted GMOVNS). PMOVNS significantly
outperforms the multi-objective memetic algorithm (MOMA), achieving a much
higher average Pareto ratio (78.9% vs. 38.0%) and generating more Pareto-optimal
solutions on average (38.81 vs. 17.44) for less computational time. PMOVNS
against GMOVNS shows a higher Pareto ratio (72.6% vs. 38.0%) with similar so-
lution counts and lower averge runtime. In the single-objective setting PVNS also
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outperforms LINGO and Gurobi on small- to medium-sized instances within sub-
stantially shorter time limits.

Sequential and parallel BVNS methods for the dynamic memory allocation prob-
lem (DMAP) were proposed in [159] and [160]. The problem is related to the
control of current memory state such that the cost of moving a data structure
from an external device to memory is minimized. As a parallelization strategy, the
Synchronous Parallel VNS (SPVNS), originally proposed in [75], is used in [159].
SPVNS employs a multistart scheme in which each iteration independently starts
from a randomly generated solution, with the LS phase executed in parallel. The
search space is explicitly partitioned into P disjoint subsets of T'/P time inter-
vals (Dec=SF), with each thread executing the same LS procedure on its assigned
subset. A single master thread controls the overall execution (C=1C, Star): it
generates the initial solution, performs shaking, and executes the neighborhood
change, while the remaining threads run the parallel LS. All threads depart from
the same post-shake solution (Div=SPSS) and are synchronized via a barrier af-
ter each LS phase (C&L=S). The workload is statically balanced by construction
(Stat), resulting in fine-grained parallelism (Fg) as each thread is responsible for a
small portion of the search space. The proposed SPVNS is therefore classified as
1L/SE/1C/S/SPSS (HTPM) and Fg/SMA/Star/Stat/ Java-Threads (ITPM), im-
plemented in Java SE 7 using Java threads on an Intel Core i7 920 CPU (2.67 GHz)
with 8 GB RAM. SPVNS was compared with a variant of GRASP from the litera-
ture, and its superiority with respect to both solution quality and running time was
confirmed by the Wilcoxon signed-rank test. However, no independent replications
with different random seeds have been reported.

In [160], the same authors considered the same problem and proposed the repli-
cated shaking methodology (RSVNS) from [75] as a parallelization strategy. This
means that SH(k)+LS (for the same value of k) are executed on different CPUs
in parallel. A master-slaves cooperation scheme is used to control execution. The
master thread executes the main body of the sequential BVNS, while SH+LS are
executed on slaves. This means that after shaking in the current neighborhood
k and the succeeding LS, the master determines the best among the p solutions
and completes the neighborhood change phase. Because all slave threads start
from the same incumbent Spes: the strategy is classified as 1L/SC/1C/S/SPSS
(HTPM), with each thread executing a full SH+LS cycle corresponding to medium
granularity (Mg). RSVNS have been implemented in Java, using Java threads as
parallelization technology with up to 8 threads. The experimental evaluation was
conducted on the same machine as in [159]. The ITPM classification is therefore
Mg/SMA/ Star/Stat/ Java- Threads. In the experiments, the same 44 instances were
used. The experimental evaluation performed in [160], reported on the comparison
between RSVNS, a variant of GRASP and iterative metaheuristic (IM) from the lit-
erature, and a constructive heuristic. First, the influence of the number of threads
on the performance of RSVNS was examined, revealing that increasing the number
of threads improves the solution quality within a negligibly longer execution time.
Another conclusion is that both BVNS and RSVNS outperform the best perform-
ing methods from the literature GRSP and IM. Additionally, RSVNS outperforms
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sequential BVNS according to solution quality. However, from the provided data,
it is not clear whether the authors reported wall-clock or CPU times. Another
interesting fact is that SPVNS and RSVNS have not been compared.

An approach to solving the medium- (MV) and low- voltage (LV) planning of
large-scale distribution systems via parallel computing and decomposition tech-
niques is proposed in [158]. The presented mathematical formulation of this com-
plex problem considers the allocation of substations, distribution transformers, MV
and LV circuits, support structures, poles, renewable energy sources (RES), and
energy storage sources (ESS). In addition, the model takes into account the variable
costs related to the operation of RES and ESS, power losses, distribution trans-
formers and sub-stations, energy purchased from sub-stations, and the amount of
greenhouse gas emissions. System reliability and maintenance costs of these de-
vices are also considered in the planning. The authors proposed a Cooperative
Parallel Variable Neighborhood Decomposition Search (CPVNDS). The CPVNDS
algorithm follows a Star communication topology: the master thread executes the
main body of the search process, while other threads run simultaneously and share
information with the master. The master thread generates the initial solution
and sends it to the others (C=1C, CT=Star), updates the incumbent, and checks
the stopping criterion. The other threads run in parallel from the same start-
ing point (Div=SPSS), independently generate a MV system solution using six
neighborhood structures, and improve it via VND over three LV neighborhoods
(Dec=SC, G=Myg). Each thread randomly applies local search decomposition to the
most promising moves, balancing solution quality and search guidance (LB=Stat).
The stopping criterion is a predetermined number of iterations. CPVNDS was
coded in the C++ programming language with OpenMP to support paralleliza-
tion. It was executed on an Intel Core i7-8700 processor with 16 GB of RAM.
HTPM classification of CPVNDS is 1L/SC/1C/S/SPSS, while ITPM classification
is Mg/SMA/Star/Stat/ OpenMP. The performance of CPVNDS is evaluated on a
large-scale distribution system with 200 nodes in MV and 1672 nodes in LV. In
the algorithm comparison (Table 2), CPVNDS finds solutions 4.88% better than
GVNS and 2.18% better than GVNDS in total planning cost, while also requiring
the lowest average CPU time. To evaluate parallelism performance, a total simu-
lation time of 18,000,s is fixed and simulations are performed using 1, 4, 8, and 12
threads, with 10 independent runs per configuration. Results show that configu-
rations with 1 and 4 threads are far from the best solution found within the fixed
time budget, whereas 8 and 12 threads perform equivalently well, both converging
to the best solution in 80% of runs. The results are additionally validated through
three planning case studies, where the most comprehensive scenario (considering
all planning alternatives simultaneously) yields up to 22% improvement in system
reliability and up to 18% reduction in greenhouse gas emissions costs.

5.2.6. Packing problems. In [180], the order batching problem in manual order
picking systems was considered. The main goal is to collect and group the items
requested by customers. Items are located in the warehouse and it is necessary
to define the order of collection such that the total length of picking tours is min-
imized. To fulfill real-world restrictions, it is assumed that the picking devices
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are heterogeneous and that it may not be possible to transport each customer
order by each device. This extension of the standard OBP is called Dedicated
Heterogeneous OBP (DHOBP). The authors proposed serial and parallel BVNS
approaches, as well as a hybrid between BVNS and a set partitioning problem for-
mulation (VNS-SP). The parallel variant VNS-IMS performs the sequential BVNS
independently using eight threads witout any cooperation during the execution
(Dec=SI, C=pC, C&L=A4), each running a complete BVNS instance (Cg) on a
shared-memory platform (SMA), all starting from the same deterministic C&W (IT)
initial solution (Div=SPSS), with statically balanced workload and no inter-thread
communication (Stat, —), implemented in C++. When the termination criterion
is met, the best-found solution is selected among the completed tasks resulting
ina IL/SI/pC/A/SPSS (HTPM) and Cg/SMA/—/Stat/C++ (ITPM) classifica-
tion. The stopping criterion combines a maximum wall-clock time with a maximum
number of iterations without improvement. The computational experiments cover
OBP benchmark instances from the literature, newly proposed DHOBP instances,
and real-world instances from a large-scale e-commerce warehouse. For stochastic
algorithms, three independent replications are performed and average results re-
ported. The results indicate that independent multi-start parallelization without
cooperation is unlikely to yield substantial benefits.

5.2.7. Portfolio optimization. The application of parallel VNS to optimization
in the financial domain is considered in [5]. More precisely, the cardinality con-
strained portfolio optimization problem that consists in selecting the best among
the available investment alternatives in such a way to maximize the profit and
minimize the risk. Cardinality constraints are introduced to limit the number of
alternatives, and they transform the quadratic optimization model into the mixed-
integer quadratic programming problem (QP). In [5], the authors proposed a paral-
lel BVNS algorithm combined with the exact solver for QP (VNS+QP). The main
idea is to use BVNS to select portfolio (the combination of assets) and provide
this partial solution to an exact solver to calculate the proportions of assets. Par-
allelization is obtained by running VNS+QP independently and asynchronously
on different processors (Dec=SI, C=pC, C&L=A), each assigned a different value
of the risk-return trade-off parameter A\. As A directly shapes the landscape of
the objective function, threads not only start from different initial solutions but
effectively optimize different instances of the problem, resulting in simultaneous
construction of different points on the efficient frontier (Div=MPDS). No com-
munication or information transfer between threads takes place (—), each thread
executes a complete independent VNS+QP instance (Cg) with statically balanced
workload (Stat), on a shared-memory platform (SMA). The HTPM classification
is therefore 1L/SI/pC/A/MPDS and ITPM is Cg/SMA/—/Stat/ MATLAB. Per-
formance is tested on five well-known datasets with the stopping criterion set to
a maximum number of N x 1000 evaluations. Parameter tuning experiments are
conducted with 5 independent replications; however, the final comparative results
in Tables 3-5 are aggregated across 50 different values of A without independent
replications per A value, making it impossible to assess the variability of the re-
ported results due to the stochastic nature of VNS. The comparison conducted
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shows that VNS+QP outperforms the state-of-the-art algorithm on almost all seven
performance measures and performs very well on low risk portfolios, i.e., for high
values of A.

5.2.8. Final remarks. In Table 3 we summarize a chronological overview of pub-
lications that propose SMA parallel VNS-family algorithms. In addition to the year
of publication and the corresponding bibliographic number, we specify algorithms’
acronyms, the corresponding base sequential and parallel algorithms, as well as the
addressed optimization problems. The surveyed publications span the period from
2000 to 2025 and include 27 research studies on parallel Variable Neighborhood
Search algorithms implemented for shared-memory architectures. After a pioneer-
ing study in 2000 and a decade-long dormant period, the field experienced sustained
growth from 2013 onward, with particularly productive years in 2017 and 2020 (5
papers each), driven by the widespread adoption of multi-core processors. As can be
seen, the surveyed publications address diverse optimization problems, with rout-
ing problems being the most numerous (8 publications, 36%), followed by location
problems (5 publications, 23%) and scheduling problems (3 studies, 14%). GVNS
emerges as the most common base algorithm (appearing in 12 publications), fol-
lowed by BVNS (8 studies), reflecting the field’s evolution toward more general and
flexible VNS frameworks. Overall, within the set of shared-memory parallel VNS
algorithms a clear pattern emerges: most approaches rely on a star communication
topology combined with static load balancing. The choice of parallel programming
model is diverse, spanning OpenMP, Java Threads, C++, Python, and MATLAB,
reflecting the diversity of implementation environments in which parallel VNS has
been developed.

5.3. Distributed memory parallelization of VNS. Distributed-memory paral-
lelization played a fundamental role in the early development of parallel VNS im-
plementations, largely due to the widespread adoption of MPI as a protable and
accessible parallel programming model. This type of PA offers scalability and the
ability to harness large-scale computational resources across multiple independent
nodes. Unlike shared-memory approaches that are typically limited by the num-
ber of cores on a single machine, distributed-memory implementations have the
potential to scale to hundreds or thousands of processing units. In Figure 13 we
examine the distribution of optimization problem categories across the 23 parallel
VNS publications that utilize distributed-memory parallelization architecture (PA
= DMA). DMA is the second most frequently used PA appearing in 40.4% of the
classified parallel VNS literature. Unlike the SMA subset where Routing and Loca-
tion problems dominate, the DMA distribution reveals a different problem profile,
as shown in Figure 13. The bar chart shows that DMA is most frequently used for
Scheduling and Routing problems, which together account for 65.2% of the DMA
publications (39.1% and 26.1% respectively). Location and Scientific Computing
problems each account for 13% of the distributed parallel VNS literature. Finally,
Graphs and Packing each represent only 4.5% of the publications.

In the remainder of this subsection, publications are reviewed per problem cat-
egory in chronological order of publication.
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TABLE 3. Chronological summary of SMA parallel VNS-based al-
gorithms.
Year Ref Parallel Algorithms Base Problem
Algorithm
2002 [75] SPVNS, RPVNS, RSVNS BVNS p-median problem
2013 [69] Parallel VNS RVNS Multi-objective sustainable
post-sales network design
2015 [178] HGA (Parallel GVNS) GVNS Flexible job shop scheduling
2015 [159] SPVNS BVNS Dynamic memory allocation
problem
2016 [64] PVNS-BTLP BVNS Bus Terminal Location
Problem (BTLP)
2016 [67] RP-VNS1, RP-VNS2, VFS (VNS Cutwidth minimization
RS-VNS1, RS-VNS2, variant) problem (CMP)
CN-VNS1, CN-VNS2
2017 [98] Par-GVNS GVNS Swap-Body Vehicle Routing
Problem (SBVRP)
2017 [130] Parallel GVNS GVNS Min-Max order batching
problem
2017 [146] CVNS GVNS VRP with divisible deliveries
and pickups
2017 [160] RSVNS BVNS Dynamic memory allocation
problem
2017 [175] Parallel GVNS GVNS SBVRP
2020 [106] NCM, MCM GVNS Capacitated Vehicle Routing
Problem (CVRP)
2020 [6] VNS+QP BVNS Cardinality constrained
portfolio optimization
2020 [71] HPSOPVNS GVNS Flexible job shop with
assembly operations
2020 [94] DVNS, Parallel Multistart BVNS, Obnoxious p-median problem
Multistart BVNS (OpM)
2020 [105] NCM, MCM, PCM GVNS CVRP
2021 [158] CPVNDS GVNS, GVNDS MYV and LV planning of
distribution systems
2022 [169] Mo-PVNS BVNS Bi-objective Obnoxious
p-median (Bi-OpM)
2022 [185] SMPVNS, ACPVNS GVNS Bilevel Covering Salesman
Problem (BCSP)
2023 [116] SP GVNS GVNS Pollution-routing problem
2023 [180] VNS-IMS BVNS Order batching problem
2024 [28] Parallel BVNS BVNS a-neighbor p-center problem
2024 [149, Parallel VND VND Long-term open-pit mine
150] production scheduling
2025 [25] Par. VNS-PMP BVNS Robust capacitated p-median
problem (RCPMP) under
uncertainty
2025 [26] P-IVNS GVNS Multi-depot
multi-compartment
simultaneous pickup and
delivery problem with time
windows and split demands
(MDMCSPDTWSD)
2025 [27] FracVNS BVNS Connected Subgraph Opti-

mization Problem (CSOP)
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F1GURE 13. Distribution of parallel VNS publications employing
distributed-memory PA across optimization problem categories.

5.3.1. Location problems. The p-median problem has been used for the evalua-
tion of parallelized BVNS algorithms proposed in [37-39]. Besides the independent
run proposed in [75], an asynchronous centrally coordinated parallelization strat-
egy has been proposed. Several copies of the BVNS algorithm cooperate by asyn-
chronously exchanging the locally determined best-so-far solutions. The main idea
was to preserve the simplicity of the original sequential BVNS, i.e., to concentrate
the search in the vicinity of the globally best-so-far solution. It was implemented
by engaging a number of processors to perform BVNS with First Improvement
Fast Interchange LS and shaking in the same neighborhood with k..., = p. An
additional processor was used to simulate the global memory by collecting solutions
from other processors, evaluating them, and distributing the global best solution to
others through the star communication topology. This strategy was named Coop-
erative Neighborhood VNS (CNVNS) and can be classified as 1L/SC/pC/A/MPSS
and Mg/DMA/Star/Stat/ MPI. To generate initial solutions, each processor exe-
cutes RVNS with k., = 2 and the stopping criterion defined as 1000 iterations
without improvement. The parameter tuning was not extensive; the values are de-
termined by preliminary tests. Communications are initiated in one of the following
two cases. In the case where an improvement of the locally best-so-far solution is
obtained, it is sent to “global memory” to check if it is the new globally best-so-far
solution. The second case to initiate communication is if k,,.; is reached without
improvement. In both cases, the new globally best-so-far solution communicated
by “global memory” is adopted by the corresponding processor. CNVNS is coded
in Fortran77. Computational experiments are performed on a 64-processor SUN
Enterprise 10000 with 400 MHz clock and 64 gigabytes of RAM. For the experi-
mental evaluation, on p-median benchmark problem instances from TSPLIB with
up to 1000 medians and 11948 customers. The stopping criterion was defined as
the maximum allowed execution time ({,q.) and was reduced with respect to the
number of processes involved in the search. As a performance measure, the authors
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adopted the deviation of solution quality obtained by CNVNS from the best known
solutions, and The results showed that, for a given time limit, CNVNS was able to
find better solutions than sequential BVNS. In addition, the authors compared CN-
VNS with some other approaches proposed in the literature. The presented results
were comparable with the best existing methods, indicating that parallelization is
a promising avenue for addressing large-scale optimization problems.

5.3.2. Routing problems. The early parallel VNS implementations for DMA
considered a Traveling Purchaser Problem (TPP) and can be found in [59,138,139].
The authors used sequential and parallel GRASP, VNS, and their hybrids to tackle
this problem. Here, we focus only on the VNS-related part of the study. The TPP
represents a generalization of the Traveling Salesman Problem (TSP). A purchaser
(traveler) has to visit a subset of the available markets and collect (purchase) all of
the required items in such a way that the total cost of traveling and purchasing is
minimal. Depending on the procedures applied to generate the initial solution and
search the solution space, 48 variants of the VNS algorithm were tested. In the
parallelization of these algorithms, load balancing was the main goal. Both static
and dynamic load balancing strategies were considered.

In [138] multiple parallel implementations of GRASP and VNS were presented
and evaluated for TPP on an IBM SP/2 cluster with 6 processors using C program-
ming language and MPI communication library. Initially, the authors compared
static and dynamic load balancing strategies, as well as Star and FulC' commu-
nication topologies, and concluded that static load balancing and Star produced
better results in the same amount of time. In addition, the results of three parallel
strategies are reported: (1) ParVNSDrop - all processes execute the same VNS al-
gorithm with DROP algorithm to generate initial solution and HybridSearch within
static load balanced local search, implementing independent multi-search with de-
centralized control. Thus HTPM = 1L/SI/pC/A/SPSS, ITMP = Cg/DMA/—
/Stat/ MPI; (2) ParVNS - processes employ different construction method for gen-
erating the initial solution, but the same HybridSearch local search within the VNS
algorithm; and (3) ParGRASPVNS - a hybrid approach in which some processes run
GRASP and others a VNS variant. All three algorithms have the same ITPM, the
subtle difference may be recognized in the high-level taxonomy as parVNS and Par-
GRASPVNS utilize different search (DS) methods, unlike ParVNSDrop. The three
proposed parallel BVNS variants were compared among themselves and their se-
quential counterparts on two test instances within the stopping condition defined as
3000 iterations. From the presented results, the authors concluded that paralleliza-
tion improves the solution quality with negligible reduction in the running time.

Building upon [138], in [139] the authors propose three more advanced VNS-
based parallel algorithms to deal with TPP: VDif, VEqual and GVDif. These
algorithms extend the previous work by introducing some sophisticated features
related to load balancing and communication coordination. They are applied to
five algorithms, of which three are related to VNS. VDif goes beyond ParVNS’s
approach by varying both construction and local search within different VNS vari-
ants run on different processors (HTMP = 1L/SI/pC/A/MPDS). VEqual executes
identical VNS procedures on all processors (HTMP = 1L/SI/pC/A/MPSS), similar
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to ParVNSDrop, but with dynamic load balancing through auxiliary control pro-
cesses. GVDIf represents a hybrid between GRASP construction and the VNS
improvement phase on each processor (HTMP = 1L/SI/pC/A/MPDS), which fun-
damentally differs from ParGRASPVNS. For the implementation, the authors used
the same hardware and software resources and conducted preliminary experiments
on 5 randomly generated test instances. They compared the developed algorithms
using 4 and 8 processors, within a stopping criterion equal to 2000 iterations and
by performing 3 repetitions of each algorithm on each instance. The best results
were produced by GVDif, which managed to improve the solution quality in most
of the cases while achieving almost linear speedup and efficiency close to 1.

The same authors extended their study in [59]. The focus of this study is the
exploration of dynamic load balancing. As in the previous studies, two types of
CT were considered, Star and FulC'; however, the processors are assumed to be
heterogeneous. The idea is to assign more computations to the faster processors.
Dynamic load balancing is achieved by iterative assignments. In the beginning of
the search process, only a portion of the computations (a given number of BVNS
iterations) is assigned to all processors equally. In the Star model, communication
is initiated upon the completion of the assigned number of iterations. Dynamic
load balancing assumes that the distribution of computational load is performed
during the search. More precisely, when the assigned load is completed, the cen-
tral processor sends a new portion if available. In the FulC model, each proces-
sor executed two processes, the main (p;) that performs computations related to
GRASP and/or BVNS and the associated process (g;) that is responsible for con-
trolling the number of iterations assigned to p; and the termination condition of
the entire distributed algorithm. The computational load of ¢; is quite small and
does not influence the CPU time required by p;. The dynamic load balancing is
implemented in the cooperative way by using g-processes to redistribute the com-
putations among processors. When a process p; completes its computations, the
corresponding ¢; process selects a process g; randomly and asks for more itera-
tions to be assigned to p;. If this selection fails, other g-processes are communi-
cated iteratively. In the case where there are no iterations to be completed, g;
sends a termination indicator to p;. Three parallel models were compared for both
GRASP and BVNS: (1) ParInd - the distributed algorithm exploring static load
balancing. Classifications for this model are HTMP = 1L/SI/pC/A/SPSS, ITMP
= Cg/DMA/—/Stat/ MPI; (2) ParDist - the distributed algorithm with dynamic
load balancing to be executed on a fully connected PA. This model is classified
as 1L/SI/pC/A/SPSS for HTPM and Mg/DMA/FulC/Dyn/MPI for ITPM; and
(3) ParMW - dynamic load balancing on a star PA, classified as 1L/SI/1C/A/SPSS
for HTPM and Mg/DMA/Star/Dyn/MPI for ITPM. For each model, two variants
of GRASP, two variants of BVNS, and a hybrid GRASP+BVNS variant were im-
plemented. GDiff and VDiff assume that each processor executes different variants
of sequential GRASP (BVNS), while in GEqual and VEqual, all processors execute
the same variant of GRASP (BVNS). Finally, in the GVDIiff implementation, each
processor executes different variants of GRASP+BVNS. The experimental evalua-
tion was conducted on the same hardware as in [138,139] using 4 and 8 processors.
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However, the results were not in favor of dynamic load balancing because the mul-
tiprocessor system used contains homogeneous processors.

Two cooperation schemes, based on the central memory mechanism for Skewed
GVNS (SGVNS) parallelization, were proposed in [145]. They were tested on the
Multi Depot Vehicle Routing Problem with Time Windows. The set of 12 neighbor-
hoods is used and divided into two parts, the first 6 neighborhoods consider routes
from a single depot, while the remaining neighborhoods consider routes starting in
different depots. SGVNS allows the acceptance of non-improving solutions with a
quality defined by an additional parameter. In both cooperation schemes, the ex-
tension of the parallelization strategy proposed in [39] was used. Each slave had to
search through a certain number of neighborhoods. In the fine-grained cooperation
scheme (HTPM=1L/SC/pC/A/MPSS), the search in a single cycle did not neces-
sarily include the entire set of neighborhoods. The resulting algorithm is denoted
FG-CSGVNS. However, in the coarse-grained cooperation scheme (CG-CSGVNS),
the number of iterations performed by each slave before the information exchange
was significantly higher than the number of neighborhoods. The authors proposed
to make the cooperative scheme adaptive by adjusting search parameters during
execution. This adjustment resulted in a 1L/SC/pC/K/MPSS HTPM classification
of CG-CSGVNS. For the experimental evaluation, both cooperative SGVNS were
executed on up to 32 search threads and compared with 32 independent runs of
the sequential procedure. The efficiency of both cooperation schemes was verified
by the runtime scalability.

In [134], the dial-a-ride problem (DARP) is considered with an attempt to design
an efficient algorithm for the large-sized instances. DARP consists of n requests
for transportation that have to be served by m vehicles of a given capacity ). For
each request, the source and destination locations are given, as well as the soft time
windows of the pickup and delivery. The goal is to minimize the total transportation
cost defined as the sum of costs of all routes and penalties for violating the pickup
times, ride durations, and capacity. The authors proposed a distributed and parallel
BVNS algorithm (dVNS) that allows each search process to run on a partition
of the search space. An initial solution is defined by the set of initial requests
that are clustered into k (the number of processing units) disjoint parts by the
k-medoid algorithm. Based on a Star communication pattern, these parts are
distributed over all the available processing units. The processing units generate
routes that fulfill the assigned subset of requests and improve them by the sequential
VNS algorithm. At the pre-defined synchronization points, the processing units
send generated routes to the central processor, which joins them to complete a
solution and calculates the objective function value. Re-clustering of routes is
performed by the central processor according to the proximity criterion, and the
new set of clusters is distributed to the slaves for additional improvement cycle. The
algorithm runs until a stopping criterion is fulfilled. dVNS was implemented in the
C++ programming language with the OpenMPI communication library. In the
experimental evaluation, dVNS was executed on 4, 8 and 16 processing units and
compared with sequential VNS on several sets of large-sized synthetic test instances,
generated to simulate real demands in the city of San Francisco. Parameter tuning
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was performed using the Taguchi method. Based on the experimental results,
the authors concluded that dVNS exhibits superior performance compared to its
sequential counterpart.

The parallel algorithm P-ILS-RVND, developed to effectively explore the solu-
tion space for vehicle routing problems with simultaneous pickup and delivery, is
presented in [167]. It combines Iterated Local Search (ILS) with the newly proposed
Random Variable Neighborhood Descent (RVND) in which the order of the neigh-
borhoods is selected at random in each run. ILS is used for solution perturbation to
enable escape from local optima, while RVND applies 6 inter-route neighborhood
operators randomly to refine solutions. The study focuses on distributed-memory
parallelization. In particular, a Star communication model is explored on a high-
performance computing cluster with 256 CPU cores. P-ILS-RVND is divided into
three main parts, the first two related to parameter tuning of the number of vehicles
and the cost weighting factor gamma. The third part is focused on the optimiza-
tion phase. The central node manages the overall search process, including initial
solution generation, solution evaluation, and coordination. Other processes are
responsible for the parallel execution of local search and neighborhood evaluation
tasks. Communication among CPU nodes is handled via MPI. The first and second
phases execute rapidly, and each involves a single message being transmitted to the
central processor. The third phase is the most critical. The communication over-
head here is influenced by three factors: the number of perturbations applied, the
total number of iterations performed, and the number of cores used in the compu-
tation. The number of cores affects both the number of iterations and the volume
of messages exchanged. As the core count increases, the central process receives an
increasing number of requests. P-ILS-RVND was coded in C++ and executed on a
cluster with 32 SMP nodes, where each node consists of two Intel Xeon 2.66 GHz
quad-core processors that share 16 GB of RAM and run under Linux CentOS. The
nodes are connected via the Gigabit Ethernet network. The P-ILS-RVND algorithm
was tested on 72 problem instances, comparing performance when using 128 and
256 processing units. The computational results show that P-ILS-RVND improved
the best-known solution in 15 cases and matched the best results in 51 instances,
demonstrating strong competitiveness, particularly for large-scale problems. With
respect to running time, an increase in speedup was noted with doubling the num-
ber of processing units. The authors analyzed also the communication overhead,
reporting its value below 15% of the total execution time.

5.3.3. Scheduling problems. Parallel GVNS algorithms for Job Shop Schedul-
ing problems were proposed in [13,163]. Local improvement phase involves search
of two neighborhoods, swap and insert. For the parallelization, identical copies of
GVNS are run on different processors. Four parallelization strategies were taken
into account: (1) synchronized cooperative strategy as proposed in [75]; (2) asyn-
chronous centrally coordinated method from [39]; (3) Noncentral parallelism via
unidirectional ring topology; (4) Noncentral parallelism via bidirectional ring topol-
ogy. The later two strategies, classified by HTPM as 1L/SC/pC/A/MPSS, were
proposed for the first time in [163]. In Noncentral parallelism via unidirectional
ring topology, each processor was executing a single pair of SH4LS, sending the
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obtained result to the succeeding processor, and collecting the result generated by
the preceding processor. The newly arrived solution become an initial point for
the next execution cycle regardless of its quality. This strategy increases the diver-
sity of the search process. However, the overall best solution is always kept in the
memory of each processor. Noncentral parallelism via bidirectional ring topology
differs from the previous strategy in the following: as the initial point for the next
execution cycle, each processor selected the best out of three solutions (the one
resulted from its own computations and two solutions received from the adjacent
processors). The parallel VNS algorithms were coded in Java SDK 1.4 and the com-
munications are conducted via TCP/IP protocol. According to ITPM, the third
parallel VNS variant can be classified as Mg/DMA/ Neig/Stat/ TCP/IP, while the
fourth variants differs only in the CT field, which takes the value Mesh. For an
experimental evaluation, a local area network of PCs equipped with Intel Pentium
IV 2.6 GHz processor and 256 MB memory was used. The benchmark problem
instances were selected from OR Library. At the beginning of the experiment, the
best out of 7 VNS variants was identified to be used in parallel implementations
using 2, 5, 10 and 20 processors. Four parallel variants are referred to as Syn, Asyn,
Ring, and Mesh. The experimental investigation showed that unidirectional ring
topology outperformed the others with respect to solution quality. The comparison
between parallel and sequential VNS is described in [13].

Parallel VNS for the Car Sequencing Problem was developed in [110]. The al-
gorithm was named Parallel Efficiency Guided VNS (PEGVNS) and represents
parallel GVNS with Time Restricted LS (TRLS) incorporated into Randomized
VND. Here, randomized means that the order of the neighborhoods was not fixed.
The authors used 5 different neighborhoods and experimentally evaluated their ef-
ficiency with respect to both solution quality and running time. These efficiencies
are used in the randomization process. Several iterations of TRLS in different
neighborhoods were performed in parallel, then the processes were synchronized,
the best solution was identified and propagated to the next TRLS phase. The
described parallel VNS falls into the 1L/SC/1C/K/SPDS HTPM class. PEGVNS
was implemented in C++ using EAlib 2.0, also implemented in C++. EAlib 2.0 is
a generic library for metaheuristics developed at the Institute of Computer Graph-
ics and Algorithms at the Vienna University of Technology. For parallelization, the
MPI library was used on a Star communication model. All tests were performed on
two Dual Core AMD Opteron(tm) 270 Processors with 2 GHz and 8 GB RAM in
total. Therefore, ITPM=Mg/DMA/Star/Dyn/MPI. Computational tests showed
that a substantial reduction in computation time was achieved. Because no “per-
fect” neighborhood ordering can be identified in advance, the parallel self-adaptive
approach was proposed to obtain good solutions.

A parallel GVNS algorithm (PGVNS-FJSP) was used in [184] to increase explo-
ration of the search space for the Flexible Job Shop Problem (FJSP). This problem
is an extension of the classical job shop scheduling problem and consists of two main
steps. The first is to assign each operation to one of the available and compatible
machines, while the second needs to find the best ordering (sequencing) of opera-
tions assigned to each machine to minimize the makespan. The proposed algorithm
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consists of external and internal loops. The external loop controls the stopping con-
dition of the algorithm. In the internal loop, a number of processors was used to
perform a single run of SH+LS in different neighborhoods, independently, in par-
allel. Six neighborhood structures with different parameters have been explored in
PGVNS-FJSP, such that 9 possible transformations were used in the local improve-
ment phase. According to HTPM, this strategy is classified as 1L/SC/1C/S/SPDS.
Due to synchronized parallelization, shaking was always applied to the current best
solution. The PGVNS-FJSP algorithm was implemented in C+4 programming
language and run on a PC with 2.0 GHz and 1.0 GB of RAM memory exploring 5
processors. The parameters were tuned by preliminary tests and set to the follow-
ing values: k;,q: = 4, the number of VND iterations n,,,, = 350, and the stopping
criterion was defined as 1000 GVNS iterations. Comparisons were made with TS,
GA, and hybrid GA (hGA) from the literature. The computational results on 181
FJSP benchmark instances show the competitiveness of the proposed algorithm to
similar methods from the relevant literature. It was also noted that the parallel
search enabled an improvement in the solution quality for some of the instances.

In [114], the parallel neighborhood search (PNS) strategy executed on two pro-
cessors is applied to the problem of order acceptance and scheduling (OAS) in the
flow shop environment. The authors considered a multi-objective variant where
the goal is to simultaneously minimize makespan and maximize total net revenue.
The proposed PNS for OAS starts from two randomly generated solutions, the first
of which is improved through three types of neighborhood: swap, insert, and ex-
change, while for the second, the exchange and swap neighborhoods are explored,
both in that particular order. This actually means that two different VND proce-
dures (searched according to the BI strategy) are executed on different processors
independently for a given number of iterations. After a predefined number of itera-
tions has been completed, the incumbents of two search procedures are exchanged.
The stopping criterion is defined as the maximum number of iterations. All non-
dominated solutions are stored in the set €2 that represents the Pareto front, used
for the comparison of PNS with existing approaches from the literature, based on
the VNS and TS heuristics. PNS is coded in Microsoft Visual C++ 7.0 and the
experiments are conducted on CPU Pentium PC with 2G RAM 4.0 G. The three
proposed neighborhoods have been incorporated into the sequential GVNS for OAS,
used for comparison with PNS. In addition, PNS is compared with sequential TS
from the literature. The experimental evaluation was performed on randomly gen-
erated test instances with n = 20, 30, 50, 100, 200 jobs and 5 or 10 machines. For
evaluating the stability, PNS is run 30 times with different seed values. Parameter
tuning is performed by the preliminary test on a subset of instances involving 27
combinations of parameter values. Three performance metrics have been applied
to compare the results of Pareto fronts generated by different algorithms: the dis-
tance metric, the SP metric, and the cardinality of Pareto front 2. The reported
computational results show that PNS provides a better Pareto front than GVNS
and TS on most of the instances and requires less computation time.

In [51], the authors considered parallelization of the LS procedure to be exe-
cuted on distributed-memory multiprocessor systems. Several parallel LS variants
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were proposed, developed, and compared for a Multiprocessor Scheduling Prob-
lem with Communication Delays (MSPCD). The parallel LS procedure with the
best performance identified in [51] was incorporated into the BVNS framework,
resulting in a parallel BVNS variant named PVNSPLS. This variant is classified as
1L/SE/1C/A/SPSS and Fg/DMA/Star/Stat/ MPI, and represents the sequential
VNS in which a speed up was obtained by parallelizing the most computationally
intensive part, the LS procedure. A similar approach was used as the first strategy
proposed in [75]. The PVNSPLS was implemented in C programming language
with MPI communication library and executed on a SUN Enterprise 10000 multi-
processor system containing 64 processors, each with 400MHz clock and 64Gb of
RAM. For parallelization of LS, up to 20 processors were used. The experimental
evaluation of such a fine-grained parallel BVNS showed that both the quality of
the final solution and the running time were improved when parallel LS was ex-
ecuted on a modest number of processors (up to 10). Increasing the number of
processors involves larger communications delays and yields the degradation in the
performance of parallel VNS.

Various strategies for parallelization of VNS for distributed-memory multiproces-
sor architectures are proposed in [47,49,50]. These strategies are based on the asyn-
chronous cooperation of several search processes. Various levels of parallelization
were tested, from low level parallel neighborhood exploration [51], through medium
level asynchronous execution of basic VNS steps (SH+LS) [47], to high level asyn-
chronous cooperation of various sequential VNS algorithms [49,50], the variants of
BVNS and GVNS in particular. In addition, centralized and non-centralized infor-
mation exchange were compared. Parallel algorithms were implemented on multi-
processor systems consisting of a given number of identical processors connected
via the following two topologies: star configuration for centralized information ex-
change and processor ring for the non-centralized communication. The proposed
strategies were implemented in C programming language with MPI communication
library for MSPCD. The following variants of parallel VNS were implemented:

e IVNS - independent execution of various sequential BVNS and GVNS
algorithms. The HTPM and ITPM classifications for this strategy are
1L/SI/pC/A/MPDS and Cg/DMA/—/Stat/ MPI

e DVNS - a strategy similar to RSVNS from [75], except that shaking is
performed in parallel for different values of k. This strategy is classified as
1L/SE/1C/A/MPSS and Mg/DMA/Star/Stat/ MPI

e CVNSall - asynchronous cooperative execution of different VNS variants
with centralized information exchanges where communications are initiated
by slaves after each SH+LS phase is completed. The classifications are
1L/SE/pC/A/SPDS and Cg/DMA/ Star/Stat/ MPI

e CVNRSallK - the same as previous strategy but with communications initi-
ated after the whole VNS iteration is completed, i.e., at the points when
kmaz 1S reached. Classifications are the same as for CVNSall

e CVNSring - asynchronous cooperative execution of different VNS variants
with non-centralized information exchanges initiated after each SH+LS
phase is completed. A processor sends its current best solution to its next
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pear, then collects the current best solutions received from the pervious

peer, and continues the search from the better of two “best” solutions. This

strategy is classified as 1L/SE/pC/A/MPDS and Cg/DMA/ Neig/Stat/MPI.
Experiments in [49,50]were conducted on an SGI Altix system containing 384 Intel
Itanium?2 dual core processors running at 1.6 GHz for a total of 768 cores. The
system also has 1.5 TB of memory, 2 GB per core. The performance of paral-
lel searches on up to 20 processors was compared with sequential execution on
benchmark problem instances from [48] containing up to 500 tasks. The authors
concluded that all cooperative variants outperformed IVNS, i.e., each tested se-
quential VNS, with respect to both solution quality and computational efficiency.
On average, CVNSring offers the best performance among the cooperative methods
for the problem considered.

5.3.4. Packing problems. The authors in [148] investigated the disjunctively
constrained knapsack problem (DCKP). In this variant of the problem, there ex-
ists a set of incompatibilities that prevent some pairs of items from being packed
together. The aim of DCKP is to maximize the total profit of the items packed in
the knapsack such that the capacity is not exceeded and that all the selected items
are compatible. The authors proposed a PNS strategy with the aim to benefit
from multiple neighborhood exploration: instead performing sequential BI VND,
different neighborhoods are explored in parallel on different processors within PNS.
The search control is coordinated by the central thread (manager), while the others
(team members) perform the search in the assigned neighborhood. The information
exchange is similar to that proposed in [166]. The manager keeps the pool of best
solutions collected from the other threads. In an asynchronous way, team members
communicate to the manager their best solution and receive the current best so-
lution for additional local exploration. PNS was coded in C++ enriched with the
MPT library. All testes were conducted on Intel Xeon, 2x 3.06 Ghz with 6-Core.
The performance of the proposed method was evaluated on the set of standard
benchmark instances. For small-sized instances, the results were compared with
exact solvers, while for large-sized instances, the deviations from the best-known
solutions were used as the performance measures. It has been concluded that PNS
provides high quality solutions within reasonable running time. In addition, the
performance scalability with respect to the number of threads is reported for up to
400 threads.

5.3.5. Scientific computing. A Cooperative Parallel Decomposition Guided
VNS (CPDGVNS) was proposed for the weighted Constraint Satisfaction Prob-
lem (CSP) in [142]. A sequential Decomposition Guided VNS (DGVNS) [73] has
been designed for problems that can be decomposed into an acyclic graph of clus-
ters by constructing a tree decomposition [157]. The decision variables connected
to the currently explored clusters are released and are the subject of the main VNS
steps. The remainder of the decision variables are fixed to their current values.
In such a way, DGVNS operates iteratively on different subproblems defined by
the graph of clusters. CPDGVNS represents a straightforward parallelization of
DGVNS and assumes that each cluster is explored by a separate processor. In a
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Star communication topology, CPDGVNS requires the number of peripheral pro-
cesses to be equal to the number of available clusters. The central process generates
the initial solution and declares it as the current best, sends the current best so-
lution and the corresponding cluster to be explored to each peripheral process,
communicates (asynchronously) with other processes and updates the current best
solution, and verifies the stopping condition to determine the content of the next
communication. If the stopping condition is satisfied, the central process informs
the others to finish execution. Otherwise, the new data is sent to continue the
search. Upon communicating the results of its search, each peripheral process
waits for a message from the central process. If the message does not contain an
information that the stopping condition is satisfied, another iteration of DGVNS
on the corresponding cluster is executed and the locally-found best solution is sent
to the central process. The DGVNS iteration means that all neighborhoods from
Kmmin 10 kmae are explored at least once. It should be noted that the structure
(type of neighborhood) is unique, only distances between solutions change during
the search. On the other hand, each process is allowed to make changes only on the
assigned cluster, which means that an object of parallelization is the VNDS vari-
ant of VNS. This parallelization strategy can be classified as 1L/SC/1C/A/MPDS
according to HTPM. CPDGVNS was implemented in C++ using the toulbar2 and
MPT libraries. Therefore, ITPM=Cqg/DMA/Star/Stat/ MPI. Experimental evalua-
tion was conducted on benchmark instances of three optimization problems: Radio
Link Frequency Assignment Problem (RLFAP), Remote sensing image classifica-
tion problem (SPOTS5) involving composing packages of photos to download from
satellite, and Single Nucleotide Polymorphism tagging in genetics (tagSNP). The
comparison has been made between CPDGVNS and DGVNS with stopping con-
dition set to 1 hour of CPU time and 50 repetitions for each instance. For each
instance, reported are the number of successful runs (found optimal solutions), the
average CPU time (in seconds) for the successful runs, and the average cost of
the final best solution over the 50 runs. The authors concluded that paralleliza-
tion enables to increase the number of successful runs and to reduce the required
CPU times.

Two parallelization strategies for DGVNS were proposed in [143]. The authors
noted the main limitation of CPDGVNS proposed in [142], which is a quite rare
communication. The workload of peripheral processes is large as they have to per-
form a number of SH+LS steps before sharing their best solutions with the central
process. This fact increases the diversification of the overall search process; how-
ever, it intensifies the search performed by each process. Therefore, in [143] the
authors proposed replicated synchronous and asynchronous DGVNS and named
the resulting parallel algorithms Replicated Synchronous DGVNS (RSDGVNS)
and Replicated Asynchronous DGVNS (RADGVNS). The first difference between
these algorithms and CPDGVNS is the communication that is performed after each
SL+SL phase. The second difference includes the intensified shaking procedure that
incorporates the release of randomly chosen k variables in the solution that are then
determined in the best possible way. In RADGVNS, the communication between
the central and peripheral processes is asynchronous, the same as in CPDGVNS,
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it is just more frequent. On the contrary, during the execution of RSDGVNS the
central process waits for all others to complete SH+LS, collects all solutions, deter-
mines the best among them, compares it with the current best, performs an update
(if necessary), and broadcasts the current best solution to other processes. The au-
thors employ a Linux cluster consisting of eight nodes, each equipped with dual Intel
Xeon E5-2650 processors (16 cores per node), 64 GB of RAM, and a clock speed of 2
GHz. The VNS parameter values were not tuned for the particular set of benchmark
instances. The classifications of these two algorithms differ from CPDGVNS; in the
following fields: Div=SPDS, G=Myg for both algorithms, C&L field for RSDGVNS
takes the value S. The authors tested new algorithms on instances from [142], and
the presented results show that RADGVNS is more efficient and effective, pro-
viding better speed-ups and solution improvements. RADGVNS’s asynchronous
communication reduces overhead and better exploits parallelism, making it more
scalable with increasing processors. RSDGVNS shows improvements over purely
sequential implementations, however, is to an extent limited by waiting times at
synchronization points.

The parallelization strategy proposed in [166] deals with the execution of various
metaheuristic algorithms (TS, VNS, DE, and PSO) on different CPU nodes utiliz-
ing the Algorithm Portfolio (AP) approach and Solution Trading [165] via MPI.
In particular, the AP approach is a highly adaptive framework in which multiple
metaheuristic algorithms may be executed in parallel. The single process coordi-
nates execution via solution trading. Solution trading is an adaptive trading scheme
where coordinated processes periodically send their best-found (‘elite’) solutions to
a controller process. When any of them stalls, the controller sends elite solutions
to it with the aim to kick-start its potential progress. The processes independently
explore their part of the search space using the assigned metaheuristic and periodi-
cally report improvements. Due to dynamic allocation of runtime, the AP approach
is balancing exploitation of strong performers and exploration by weaker or diverse
strategies. In addition, it is robust to changes in metaheuristic parameters. As a re-
sult, AP outperforms single-algorithm approaches in both running time and success
rate. In this particular case, the authors of [166] considered several optimization
problems related to Circulant Weighing Matrices (CWMs). Parallelization of these
algorithms in the AP approach is straightforward, it explores a multi-trajectory
or multi-population framework. In addition, it allows for the cooperation of dif-
ferent search processes by the information exchange to increase efficiency. A Star
communication model is adopted, such that each process executes a sequential al-
gorithm and these algorithms communicate asynchronously via the controller. The
controller keeps a pool of M elite solutions, M being the number of controlled pro-
cesses. If an improved solution is generated, the solution in the pool corresponding
to that process is replaced. At some predefined search points (1000 non-improving
iterations for BVNS), the process requests the overall best solution from the pool
to diversify its search. All experiments were conducted on the glacier cluster of
the WestGrid consortium (http://www.westgrid.ca), using 8 and 16 nodes. The
implementation was based on the OpenMPI project (http://www.open-mpi.org/).
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Based on the provided comparison results, AP-VNS did not exhibit a good per-
formance, although the winning method happens to be the other trajectory-based
metaheuristic, TS.

In [141], the problem of probabilistic graphical model design is considered. This
problem is NP-complete, and therefore, the sequential and parallel VNS-based ap-
proaches were proposed. Actually, the methodology that the authors used for
parallelization is VNS/LDS+CP [117], a hybrid between VNS and Limited Discrep-
ancy Search with Constraint Propagation (LDS+CP), which is a partial tree search
method. The variant of VNS explored is VNDS, where the decomposition is imple-
mented through the definition of neighborhoods. The neighborhood N}, contains
all subsets of k decision variables, while the neighbor of a solution = in N}, contains
all solutions with n—k variables with the same assigned values and k variables with
different assigned values. The search in neighborhood N consists of un-assigning
values to k variables and then restoring them in all possible ways searching for
an improvement. LDS+CP with and without discrepancy limit is used for solution
reconstruction. Without discrepancy limit LDS+CP becomes an exact search. The
authors proposed unified decomposition guided VNS (UGDVNS) and its parallel
variant UPDGVNS that we are interested in. The prefix “unified” denotes various
combinations of two complete and incomplete search methods. UPDGVNS repre-
sents an asynchronous cooperation of several UDGVNS processes with centralized
communication controlled by one of the processes. During the communication, the
global best solution is exchanged among processes. The experimental evaluation
was conducted on a cluster of 48-core AMD Opteron 6176 at 2.3 GHz and 384
GB of RAM within CPU time limit of one hour. UPDGVNS can be classified
as follows: HTPM=1L/SC/1C/A/SPSS and ITPM=Mg/DMA/Star /| Dyn/MPI. A
subset of hard test instances not being solved to optimality with the existing exact
and heuristic approaches is selected and used to compare the results of UPDGVNS
with several sequential and parallel algorithms from literature. For the parallel
execution, 10 and 30 processing units were used. The provided comparison results
show that UPDGVNS outperforms its sequential counterpart (which is already sig-
nificantly better than the approaches from literature) with respect both solution
quality and wall-clock running time. Increasing the number of processors does not
significantly influence the performance. In addition, a computational protein de-
sign problem has been taken as an interesting case study and experimental results
show superiority of UPDGVNS over the existing methods.

5.3.6. Final remarks. Table 4 presents a chronological overview of 23 paral-
lel VNS publications implemented on distributed-memory architectures, spanning
from 2001 to 2017. The research timeline reveals an early burst of activity (2001-
2004) with 6 publications [38,39, 47,59, 138, 139] establishing foundational paral-
lelization strategies, predominantly based on Star topology, utilizing MPI for com-
munication and C/Fortran as programming languages. In fact, the Star topology
remains the dominant communication pattern among the DMA studies. Among the
problem-specific contributions, the MSPCD problem appears in four publications
spanning 11 years [47,49-51] making the MSPCD group the longest sustained re-
search effort in parallel VNS history. Similarly, the p-median problem is addressed
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TABLE 4. Chronological summary of DMA parallelization strate-
gies for VNS.

Year Ref Parallel Algorithms  Base Problem
Algorithm
2001 [138] ParVNSDrop, ParVNS, BVNS Traveling Purchaser
ParGRASPVNS Problem (TPP)
2001 [37] CNVNS BVNS p-median problem
2002 [139] VDif, VEqual, GVDif BVNS TPP
2002 [59] Parlnd, ParDist, BVNS TPP
ParMW
2003 [38] CNVNS BVNS p-median problem
2004 [39] CNVNS BVNS p-median problem
2004 [47] DVNS BVNS Multiprocessor Sched. Prob.
with Comm. Delays
(MSPCD)
2007 [163] Syn, Asyn, Ring, Mesh ~ GVNS Job Shop Scheduling
problem
2008 [145] FG-CSGVNS, SGVNS Multi Depot Vehicle
CG-CSGVNS Routing Problem with Time
Windows
2008 [110] PEGVNS GVNS Car Sequencing Problem
2008 [13]  Syn, Asyn, Ring, Mesh ~ GVNS Job Shop Scheduling
problem
2010 [167] P-ILS-RVND RVND Vehicle Routing Problem

with simultaneous pickup
and delivery

2010 [184] PGVNS-FJSP GVNS Flexible Job Shop Problem
(FJSP)
2012 [49] PVNSPLS, DVNS, BVNS MSPCD
CVNSall, CVNSallK,
CVNSring

2013 [50] IVNS, DVNS, CVNSall, BVNS, GVNS MSPCD
CVNSallK, CVNSring

2014 [142] CPDGVNS DGVNS Weighted Constraint
Satisfaction Problem (CSP)

2015 [51] PVNSPLS BVNS MSPCD

2015 [143] RSDGVNS, RADGVNS DGVNS CSp

2015 [114] PNS VND Order acceptance and
scheduling (OAS) in flow
shop

2015 [134] dVNS BVNS Dial-a-ride problem
(DARP)

2016 [166] AP-VNS BVNS Circulant Weighing
Matrices (CWMs)

2017 [148] PNS VND Disjunctively constrained
knapsack problem (DCKP)

2017 [141] UPDGVNS VNDS Probabilistic graphical

model design
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in three publications from 2001-2004 ( [37-39]). Notably, BVNS emerges as the
dominant base algorithm in the DMA subset (appearing in 12 publications). GVNS
appears in 8 publications, VND is a subject of DMA parallelization in three studies,
while we have identified only one parallel implementation of VNDS.

5.4. GPU-based parallelization of VNS. GPUs offer massive parallelism through
thousands of lightweight cores designed for many simultaneous computations. This
makes them a natural candidate for accelerating the computationally intensive
phases of VNS. Despite this natural fit, GPU-based parallelization is the least
represented architecture in the parallel VNS literature. We have identified six
publications that explicitly investigate GPU-based implementations of VNS. Most
GPU-based approaches employ algorithm-level decomposition (Dec=A), in which
the computationally intensive neighborhood evaluations are executed concurrently
across GPU threads, while higher-level search is controlled by CPU. Despite this
shared property, the six publications deal with different optimization problems,
utilize different base VNS algorithms, and differ by the extent to which GPU com-
putation is integrated into the VNS search. We review them in chronological order
of publication.

In [31], the authors propose a Hybrid General Variable Neighborhood Search
(HGVNS) and its parallel variant (HP-HGVNS) for the Single VRP with Deliv-
eries and Selective Pickups (SVRPDSP). In this problem, a single vehicle delivers
products to all customers while optionally collecting pickups for revenue, as long
as the capacity of the vehicle is not exceeded. The main idea was to show the
advantage of combining classical metaheuristics with modern GPU parallelism for
solving challenging vehicle routing problems. The novel HGVNS algorithm, built
on the GVNS framework, outperforms state-of-the-art results from the literature.
HP-HGVNS is proposed for large-scale problems and incorporates memory opti-
mization aimed at improving data management and access efficiency between CPU
and GPU. The parallelelization strategy employs algorithm-level decomposition in
a heterogeneous CPU-GPU environment (DEC=A, PA=HET). In particular, the
CPU is responsible for controlling the search process by orchestrating the complete
metaheuristic workflow including shaking, neighborhood selection and solution ac-
ceptance. The GPU is responsible for the computationally intensive Best Improve-
ment local search within the VND. For each neighborhood, HP-HGVNS launches
a GPU kernel in which CUDA threads evaluate O(n?) candidate move pairs in
parallel, one pair (i,j) per thread. This corresponds to fine-grained parallelism
(G=Fyg). After each kernel execution, GPU stores the move costs in the result
matrix, which is copied back to CPU. CPU then selects the best move sequentially,
yielding synchronous CPU-GPU coordination with CPU as the central controller
(C=1C, C&L=S, CT=Star). All GPU threads start from the same incumbent so-
lution and execute the same evaluation procedure (Div=SPSS). Load balancing is
static as all O(n?) thread configurations are fixed at kernel launch with no runtime
redistribution (LB=Stat). The implementation uses C++ and CUDA SDK 4.0 on
an Intel i7 2.67 GHz CPU (one core used) with a GeForce GTX 560 Ti GPU featur-
ing 384 cores and 1 GB of memory (PPM=CUDA). Experimental evaluation was
conducted on 68 benchmark instances, with each configuration executed 10 times
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to assess algorithm stability. The results confirm that HGVNS improves the best
known solutions from the literature. In case of HP-HGVNS parallel performance,
the 1-Or-opt local search achieved an average speedup of 27.26, while 2-Or-opt
reached a maximum speedup of 43.75. The Swap local search obtained the low-
est speedup values, ranging from 1.91 to 14.36, which limited the overall gains of
HP-HGVNS. The complete algorithm achieves average speedups ranging from 2.73
on small instances to 16.23 on large instances, confirming the advantage of GPU
parallelism for large-scale routing problems. Complete Classification: HTPM =
1L/A/1C/S/SPSS, ITPM = Fg/HET /Star/Stat/ Open MP+CUDA.

The authors in [30] also address SVRPDSP and present the Four-Neighborhood
VNS (FN-VNS), based on exploration of four neighborhoods (Swap, 2-Opt, 1-
OrOpt and 2-OrOpt). CPU controls the FN-VNS search flow, i.e., perturbation,
neighborhood selection, and acceptance, while the four local-search procedures are
executed on GPU (C=1C). Therefore, the parallelization strategy follows a single-
level algorithm-level decomposition (L=1L, Dec=A). For each neighborhood, the
GPU kernels evaluate candidate moves in parallel, where each thread evaluates a
move indexed by customer positions. This corresponds to fine-grained parallelism
(G=Fg) over a single incumbent (Div=SPSS). CPU dispatches each kernel and col-
lects the result vector after the best-improvement LS step is applied, establishing
a synchronous star communication topology with GPU as the logical central con-
troller (C&L=S, CT=Star). Work is distributed statically across 256 threads per
block at kernel launch (LB=Stat). The implementation uses C++ and CUDA 4.0
on a CPU-GPU platform composed of an Intel i7 2.67 GHz CPU, with only one
CPU core used, and a GeForce GTX 560 Ti GPU with 384 cores and 1 GB of mem-
ory (PA=HET, PPM=CUDA). Experiments on 68 benchmark instances (each run
repeated 10 times) show that FN-VNS improves solution quality for 51 out of 68
instances compared to the evolutionary algorithm. On a new set of 32 large-size
instances, the maximum overall speedup over the sequential version is 14.49.

A hybrid CPU-GPU parallelization scheme of VNS for the multi-product dy-
namic lot sizing problem with product returns and recovery was proposed in [10].
The study investigates several parallelization strategies for the GVNS metaheuristic
on a CPU-GPU platform. The implementations rely on OpenMP and OpenACC, as
well as their hybrid combination. Due to strong data dependencies in the neighbor-
hood search procedure, the authors conclude that it was not possible to parallelize
the neighborhood search itself. Instead, parallelism was applied to the evaluation
of the objective function by exploiting the independence among products in the un-
capacitated problem setting. Three parallel GVNS implementations are evaluated:
an OpenMP-based version, an OpenACC-based version, and a hybrid OpenMP-
OpenACC version. They are tested on 108 benchmark instances within stopping
criterion of 60 seconds. The first two parallel variants are classified as single-level
algorithm (L=1L), while the third employs multiple levels of decomposition. In
the OpenMP GVNS implementation, parallelism is introduced exclusively at the
CPU level via OpenMP directives on a shared-memory architecture (PA=SMA).
The GVNS logic remains sequential, while objective-function evaluations are paral-
lelized across products using OpenMP directives enforcing implicit barriers (L=1L,
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Dec=A, C&L=S). A singe CPU thread controls the entire GVNS logic as worker
threads operate on the same solution by executing parallel loops (C=1C). Note that
due to the PGI University Developer License constraints, the maximum number
of available OpenMP threads was limited to four. The OpenACC parallel strat-
egy (VNDOpenACC), detailed in Algorithm 1 of [10], serves as the representative
GPU-based approach. The VNDOpenACC algorithm uses a single-level, algorithm-
level parallelization where a centralized CPU-controlled VND coordinates product-
parallel computations on a single GPU (HTPM: L=1L, Dec=A, C=1C). Commu-
nication is strictly synchronous, as each iteration launches a GPU kernel, waits for
all thread groups (gangs) to finish, and then updates the incumbent solution with-
out any learning or adaptive behavior (C&L=S). All GPU gangs operate on the
same incumbent solution with the same VND logic (Div=SPSS). At implementa-
tion level, VNDOpenACC employs fine-grained product-level parallelism on a het-
erogeneous CPU-GPU platform in Fortan (ITPM: G=Fg, PA=HET). The CPU
acts as a central hub launching kernels and collecting results, while GPU gangs
do not communicate directly, which corresponds to a star communication topol-
ogy (CT=Star). Work is distributed statically; at kernel launch—product-to-gang
assignments do not change during execution (LB=Stat). The entire GPU offload-
ing and parallelization is implemented through OpenACC directives (data, parallel
loop, gang vector, reduction), making PPM=OpenACC. Finally, HybridGVNS fol-
lows a two-level decomposition (L=2L) combining two GPU devices: an NVIDIA
GeForce GTX 980 (4 GB, 2048 CUDA cores) and an NVIDIA GeForce GTX 960
(2 GB, 1024 CUDA cores). At Level 1, GVNS is parallelized at the CPU level using
OpenMP, while at Level 2 OpenACC accelerates product-level computations inside
of VND on the GPU. At level 1, OpenMP threads are each assigned to one GPU
device and execute the shaking and VND phases within a critical section, start-
ing from the same initial solution (L=1L, Div=SPSS, G=Cg). OpenMP threads
perform a complete search where, at the end of each GVNS iteration, the master
thread selects the best solution among these generated by two GPUs, which also
represents a synchronization point (C=1C, C&L=S). Within each GPU, the VND
procedure is run using OpenACC in the same manner as in VNDOpenACC strat-
egy. Results show that all parallel implementations improved the solution quality
w.r.t. the sequential VND. Between the three strategies, the most successful was
HybridGVNS, followed by VNDOpenACC.

In [60], the authors present three parallel VNS variants (VNSPLS, VNSPIR
and VNSHYB) for the Inverse Lighting Problem (ILP) and compare them to the
original sequential VNS (VNSPW). The base algorithm VNSPW follows an RVNS
structure. Each parallel variant is implemented in both CPU and heterogenous
CPU+GPU variants. All implementations are developed in Matlab R2011b using
MEX files, and the CPU+GPU implementations are evaluated on two platforms:
Platform I (Intel i7 2600 at 3.4 GHz + NVIDIA Tesla C2070) and Platform IT (In-
tel 17 3770 at 3.4 GHz + NVIDIA GeForce GTX 680) (PA=HET, PPM=CUDA).
The key parallelizable component is the simultaneous evaluation of multiple can-
didate solutions. Instead of performing several independent matrix—vector prod-
ucts, the authors replace them with a single matrix—matrix multiplication, which
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is particularly well suited for GPU. The stopping criterion for all variants is a
fixed budget of 30,000 function evaluations. The first variant, VNSPLS, randomly
samples at least 500 feasible candidate solutions from the current neighborhood
Ni(x) of a single VNS trajectory. On CPU, solutions are evaluated simultaneously
through a matrix—matrix multiplication, while in the CPU-GPU implementation,
this evaluation is offloaded to GPU. VNSPLS exhibits single-level explicit search
space decomposition with centralized control where the candidate solutions are par-
titioned among the parallel computation units for simultaneous evaluation (HTPM:
1L/SE/1C/S/SPSS, G=Fg). Work is distributed statically (LB=Stat), and CPU
acts as the central hub collecting the result matrix (CT=Star). In the second
strategy, VNSPIR, the authors conceptually introduce several independent trajec-
tories, so the algorithmic intention corresponds to independent implicit search-space
decomposition and multiple incumbent solutions (HTPM = 1L/SI/1C/S/MPSS).
However, the paper does not specify how these trajectories are managed concur-
rently at the CPU level. The third strategy, VNSHYB, represents a balanced
approach between exploitation and exploration, as it combines multiple candidates
per VNS (50 each) with multiple VNS runs (10 total). All VNS instances are man-
aged sequentially, building input matrix with 500 solutions, which are explicitly
partitioned among GPU threads (Dec=A, PA=GPU). All GPU threads start with
the same input matrix and apply identical evaluation procedures without any GPU
thread acting as a master (Div=SPSS, C=pC). Throughout GPU computation
phase, the threads must synchronize (C&L=S), and at the end, all contributions
are collected centrally (CT=Star, LB=5Stat). The results show that VNSPLS out-
performs both VNSPIR and VNSHYB, particularly for large problem instances
where the evaluation phase is time demanding.

In [11], the authors address the Traveling Thief Problem (TTP) by propos-
ing a List-Constrained Randomized VND (LCRVND) hybridized with GRASP.
The method combines GRASP with LCRVND as a local search procedure for si-
multaneous exploration of multiple neighborhood structures. The LCRVND pro-
cedure maintains an ordered list of L,,,, best candidate solutions. In each it-
eration, LCRVND selects the best unmarked solution, marks it, enumerates its
neighbors for each neighborhood structure, merges the generated solutions into
the list, and retains only the best listSize solutions. The process continues un-
til no unmarked solution remains or an iteration limit is reached. Thus, the
hybrid algorithm operates in two phases: in the first, GRASP invokes a limited
version of LCRVND with small list size to preform few iterations in few neighbor-
hoods; in the second, the best solution obtained is submitted to a wider LCRVND
search. The algorithm is implemented on a heterogeneous CPU-GPU platform,
using C++ with OpenMP and CUDA on Intel Core i7-4820K 3.70 GHz with an
NVIDIA GeForce GTX 780. The parallel GRASP+LCRVND algorithm is best
classified as a hierarchical functional decomposition (L=nL), each classified sepa-
rately. Namely, GRASP phase exploits CPU-parallelism through OpenMP threads,
where each thread runs on its own CUDA stream and independently constructs
randomized TTP solutions before applying LCRVND. At Level 1 the GRASP algo-
rithm independently constructs its own complete heuristic solution and local search
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trajectory, without coordination. Thus, the classification is HTPM: (1L/SI/-/-
/MPSS), ITPM: (Cq/SMA/-/-/OpenMP). At Level 2, the LCRVND procedure
is executed on GPU. Starting from a solution (2’,y’) selected from the list of
size Lyaq, it marks this solution and explores the neighborhood A € A (as it
is shown by Algorithm 2 in [11]). In line 6, L’ is generated as the list of solu-
tions from the neighborhood A(z’,y"), which is implemented as a CUDA kernel call
whose launch configuration depends on the neighborhood size. As different neigh-
borhoods may have different sizes, dynamic parallelism is used to improve GPU
utilization. In our taxonomy, this level is classified as 1L/A/1C/S/SPSS (HTPM)
and Fg/GPU /Star/Dyn/CUDA. The GRASP + LCRVND hybrid delivers notable
speedups on 60 TTP instances, reducing average runtime from about 10 minutes
to 3.84 minutes while outperforming baseline methods in 54 cases. The results in-
dicate that the list size strongly influences this efficiency, which directs the future
implementations towards the automated or adaptive tuning of this parameter.

In [156], the authors introduce Distributed VND (DVND), a novel parallel lo-
cal search procedure designed for heterogeneous CPU-multi-GPU environments.
DVND addresses two key challenges of parallelizing VND: the sensitivity of so-
lution quality to neighborhood processing order, resolved naturally by GPU task
scheduling and processing time differences playing a role similar to RVND’s ran-
domized ordering; and the dependency on the current best solution, resolved by
a shared history structure H. A history is an auxiliary data structure that stores
a global best solution (to be shared between all processes) and the current best
solution for each neighborhood. Another contribution is Multi Improvement (MI)
strategy for selecting neighbors, in which several mutually independent improving
moves may be applied simultaneously. Six parallel configurations are developed
by combining the local search type (DVND or RVND), the GPU configuration
(single-GPU or multi-GPU), and the move-selection strategy (BI or MI), yielding
RVND-SG-BI, RVND-SG-MI, DVND-SG-BI, DVND-SG-MI, DVND-MG-BI, and
DVND-MG-MI variants that are evaluated. To avoid trapping LS methods in local
optima, the authors integrated them into a hybrid GRASP + ILS metaheuristic
framework (GILS), tested on the Minimum Latency Problem (MLP). The most
representative complete variant is GILS-DVND-MG-MI. Selected configurations
are embedded into a hybrid GRASP + Iterated Local Search framework (GILS),
where GRASP generates high-quality initial tours and DVND provides an inten-
sive refinement phase. We distinguish GILS-DVND-MG-MI as it represents the
authors’ complete vision. The algorithm involves a 3-level parallel decomposition,
where multiple CPU threads coordinate GPU threads (L=nL). Each level exhibits
distinct HTPM and ITPM characteristics and is therefore classified independently.
At level 1, g POSIX threads are lunched from the same solution and with the same
shared history H, each assigned to a different GPU device on which dvnd_task
procedure is executed (Alg. 3, line 7 in [156]). Each CPU thread independently
handles one GPU-level dvnd_task on a subset of neighborhoods, while cooperation
among tasks is mediated through H, which stores the best solutions found during
the search. The CPU threads periodically (after each kernel completion) check
the history H to exchange information about the best solutions. Therefore, this
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level is classified as 1L/SC/pC/A/SPSS (HTPM) and Cy/HET /-] Pthreads+CUDA
(ITPM). Because the neighborhood set is partitioned, load balance is static while
PPM=pthreads+CUDA. The granularity is coarse because each CPU thread man-
ages a complete DVND procedure on one GPU. At Level 2, inside each dvnd_task,
the CPU thread coordinates the CUDA kernels launched for its assigned subset of
neighborhoods on its assigned GPU. Each kernel corresponds to one neighborhood
search and is launched asynchronously. When a kernel finishes, the CPU thread
retrieves its result, updates the shared history H if an improvement is found, as well
as the best solution currently stored in H, and relaunches the corresponding kernel
only if this solution improves the local optimum associated with that neighborhood.
Otherwise, the neighborhood is stored in a locally optima history and is revisited
only if the best solution in H later improves its associated local optimum. This
level is classified as 1L/A/1C/A/SPSS in HTPM and Mg/GPU /Star/Dyn/CUDA
in ITPM. The decomposition is algorithm-level rather than independent multi-
search, because kernels are neighborhood-search components of the same DVND
procedure; control is centralized in the CPU thread; communication is asynchro-
nous; and dynamic behavior arises from runtime kernel completion and conditional
relaunching, not from redistribution of neighborhoods among GPUs. Level 3 repre-
sents the finest granularity of parallelization where individual move evaluations are
explicitly distributed across many GPU threads within each neighborhood kernel
(G=Fyg, Dec=A, PPM=CUDA). All threads evaluate moves from the same base
solution, but each thread computes one candidate move rather than contributing
to the evaluation of a single move. As no individual GPU thread controls the search
and the best move is obtained through a collective reduction, this level is classified
as C=pC, Div=SPSS and C&L=S. Our ITPM classifies CT as Star due to the
central aggregation point. Because the move-to-thread assignment is fixed within
a kernel launch, LB is static. The results show the effectiveness of the proposed
parallel strategies in terms of solution quality, performance, and scalability. In
particular, GILS-DVND-MG-MI represents the state-of-the-art for solving MLP,
achieving substantial speedups (10.62 in average) while maintaining or improving
solution quality.

Final remarks. Table 5 illustrates the chronological listing of the parallel VNS
algorithms proposed for CPU-GPU platforms. All papers are published within the
period 2012-2018, indicating a more recent research direction compared to shared-
memory and distributed-memory strategies. In addition, all papers utilize hetero-
geneous CPU-GPU (HET) platforms, where CPU controls the workflow while GPU
handles computationally intensive neighborhood evaluations.

CPU-GPU systems naturally exhibit a hierarchical hardware organization. How-
ever, in our taxonomy, the Level parameter (L) denotes the levels of VNS algorith-
mic decomposition, rather than the hardware levels. Papers such as [31] and [30],
in which the CPU sequentially controls the VNS while the GPU performs parallel
neighborhood evaluations, are classified as 1L with Dec = A and PA = HET. In
contrast, [10], [11], and [156] are classified as nL because they exhibit multiple lev-
els of VNS algorithmic decomposition: (1) parallel VNS instances executed at the
CPU-level, and (2) GPU-based acceleration of neighborhood evaluations within
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TABLE 5. Chronological summary of parallel VNS algorithms with
GPU-based implementations.

Year Ref Parallel Algorithms Base Problem
Algorithm
2012 [31] HP-HGVNS HGVNS Single Vehicle Routing

Problem with Deliveries
and Selective Pickups
(SVRPDSP)

2016 [30] FN-VNS GVNS Single Vehicle Routing
Problem with deliveries
and selective pickups

2017 [10] OpenMP GVNS, GVNS Multi-product dynamic
VNDOpenACC, lot sizing problem with
HybridGVNS product returns and

recovery

2017 [60] VNSPLS, VNSPIR, VNS Inverse Lighting Problem
VNSHYB (ILP)

2018 [11] GRASP+LCRVND LCRVND Traveling Thief Problem

(TTP)

2018 [156] RVND-SG-BI, DVND, RVND Minimum Latency
RVND-SG-MLI, Problem (MLP)
DVND-SG-BI,

DVND-SG-MI,
DVND-MG-BI,
DVND-MG-MI,

GILS-DVND-MG-MI

each instance. In addition, [156] extends the decomposition to three levels and
employs multi-GPU execution and cooperative search.

It is important to note that while the GPU hardware hierarchy strongly in-
fluences which parallelization patterns are feasible in practice, the proposed tax-
onomies classify abstract algorithmic structures rather than hardware implemen-
tation details. Although abstract patterns often reflect hardware capabilities, the
classification is determined by the logical communication and control structure
of the algorithm itself, not the underlying hardware organization. Nevertheless,
these mismatches suggest that future parallel metaheuristic taxonomies should treat
hardware awareness as an explicit complementary dimension.

5.5. Hybrids, hierarchical and other approaches. A parallel VNS-based algo-
rithm (pVNS) for TSP was proposed in [132]. The sequential The sequential base-
line is a VNS method that explores four types of neighborhood structures: one adja-
cent pair, one random pair, two adjacent pairs, and two random pairs. Upon anal-
ysis of the execution time profile, the authors concluded that 99% of the execution
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is spent on the evaluation of candidate solutions. Therefore, they proposed to per-
form this part in parallel and developed pVNS. The main idea of parallelization was
to explore more than one solution at a time. pVNS combines two types of paral-
lelization (shared- and distributed-memory) hierarchically, implemented using MPI
and OpenMP, respectively. The experimental platform is the Tarantula minigrid,
a multi-cluster architecture composed of two clusters: the ITVer cluster (1 master
and 14 slave nodes) and the UAEM cluster (1 master and 18 slave nodes). The
parallelization is structured across three levels. At the first (inter-cluster) level,
the two master nodes — one per cluster — periodically exchange their best solu-
tions with each other via MPI before each new round of intra-cluster evaluation.
This is classified as 1L/SC/pC/A/MPSS (HTPM) and Cg/DMA/FulC/Stat/ MPI
(ITPM). The two clusters cooperate by sharing best solutions; control is decentral-
ized as no master exists between the two clusters; communication is asynchronous
as the exchange occurs independently of the other cluster’s internal state; granu-
larity is coarse as each entity is a complete cluster-level search; topology is fully
connected as both masters communicate directly with each other; and load balanc-
ing is static. At the second (intra-cluster) level, a VNS procedure is executed on
a master node. The master node maintains a group of candidate solutions, dis-
tributes them to slave nodes for evaluation via MPI, and collects the returned path
costs. The group is then updated by retaining only the best solutions. This level is
classified as nL/SI/1C/S/MPSS (HTPM) and Cg/DMA/Star/Stat/MPI (ITPM).
Multiple candidate solutions are explored independently by working nodes starting
from different points using the same VNS algorithm; control is centralized in the
master node; communication is synchronous as the master waits for all path costs
before updating the candidate set; granularity is coarse as each worker executes a
complete solution evaluation; architecture is distributed-memory; topology is star
with the master as hub; and load balancing is static as each slave receives one
solution per round. At the third level, each worker node receives a complete so-
lution s;, divides it into sub-paths and assigns these segments to several threads
in shared-memory parallelization manner to determine its partial path cost. When
all threads complete, the worker node aggregates the partial values to obtain the
total tour length f(s;), which is then returned to the master node. Thus, this
level is classified as 1L/A/1C/S/SPSS (HTPM) and Fg/SMA/Star/Stat/ OpenMP
(ITPM). pVNS was evaluated on one randomly generated TSP instance with 4000
cities, and the average results of 30 repetitions evaluating a group of 60 candidate
solutions were reported. Different configurations of clusters were considered due
to the available heterogeneous multi-cluster architectures. Parallel configurations
with 10, 20, and 30 processes were tested, alongside two sequential baselines on
one quad-core and one dual-core node. As performance measures, execution time,
speedup, and solution quality (tour length) are considered.

6. Conclusion

This study presents a comprehensive survey of strategies and implementations
for parallel Variable Neighborhood Search (VNS) algorithms. We identified and
reviewed 58 relevant publications that consider various aspects of parallelization,
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ranging from the exploration of available hardware architecture, identification and
granulation of parallelizable parts, to synchronization and communication aspects.
Although metaheuristics contain numerous sources of parallelism, their stochastic
nature introduces new perspectives and expectations when parallelized. In par-
ticular, the evaluation of parallel metaheuristics requires consideration of both
solution quality and computational efficiency. As stochastic algorithms, parallel
metaheuristics should be evaluated by the same standards that apply to sequential
metaheuristics — standards that are well established in the literature and cover
multiple independent runs, statistical validation, transparent parameter tuning,
and consistent stopping criteria. The survey reveals that these standards are incon-
sistently applied across the parallel VNS literature, which limits the reproducibility
and comparability of results across studies.

We examined both theoretical and practical (implementation-related) aspects
of parallelization and provided taxonomies that enable detailed classification of
existing parallel metaheuristic approaches, VNS in particular. Our statistical anal-
ysis considers the temporal evolution of research approaches to parallelization of
VNS, the types of publications used to disseminate results, the variants of the
VNS algorithm that have been parallelized, and the optimization problems ad-
dressed. The analysis reveals four distinct phases in the field’s evolution: the
Foundational phase (2001-2005, 9 publications, 1.8/year), characterized by pio-
neering work from two dominant research groups; the Latent phase (2006—2014, 11
publications, 1.2/year), marked by steady but moderate activity before the next
enabling hardware generation; the Rapid growth period (2015-2018, 22 publica-
tions, 5.5/year), driven by the maturation of GPU and many-core architectures
and representing the most productive period in parallel VNS history; and the Mat-
uration phase (2020-2025, 16 publications, 2.7/year), characterized by sustained
output with increasing algorithmic sophistication. The bibliometric analysis ad-
ditionally reveals that shared-memory architectures account for the largest share
of implementations (47.4%), followed by distributed-memory (40.4%), with GPU-
based approaches representing a smaller but distinct contribution (10.5%). Among
the 38 ranked journal papers, 81.6% appear in Q1 or Q2 venues, reflecting a high
standard of dissemination. Routing, Scheduling, and Location problems together
account for 75.4% of the reviewed publications, confirming the dominance of clas-
sical combinatorial OR problems in the parallel VNS literature.

We also defined research questions that should be considered when evaluating
the description and performance of each parallel VNS implementation. They in-
clude (1) The relationship between sequential and parallel VNS; (2) Performance
Evaluation Metrics; (3) Parameter Settings and Adaptations; (4) Search Dynamics
and Robustness; (5) Experimental Setup and Benchmarking; (6) Novel Algorith-
mic Contributions. However, we did not completely and systematically classify all
parallel strategies or answer all research questions, as some of the reviewed papers
are more than 20 years old and exhibit variability and incompleteness in the data
provided. Nonetheless, we strongly believe that this chapter provides a solid basis
and useful material for future research related to parallelization of not only VNS
but metaheuristics in general.
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Despite the lack of necessary data in some publications, our study can be ex-
tended to extract and analyze additional characteristics of existing parallelization
strategies. For example, future work could involve deeper taxonomy-driven sta-
tistical analysis, including the distribution of HTPM and ITPM parameters, such
as: decomposition choices, control schemes, communication patterns, architectural
models, and task granularity levels. Their relation to reported performance, scal-
ability, and solution quality could also be studied. The proposed classification
clearly highlights that certain parallelization strategies remain underrepresented in
the parallel VNS literature. In particular, multi-level decomposition is rare and
appears primarily in GPU-based implementations, with the notable exception of
hybrid MPI4+OpenMP approaches. Knowledge-based communication appears in
only a handful of papers, and dynamic or adaptive load balancing remains largely
unreported — partly reflecting the inconsistencies in experimental reporting noted
earlier. These observations point to concrete directions for future research. Addi-
tional investigations may examine which strategies proved the most popular, assess
how many papers analyzed the scalability of the performance with respect to the
number of processors, and similar quantitative characterizations. All these analyses
may provide useful guidance for new developments in parallel VNS algorithms.
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