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1. Introduction

The unconstrained Nonlinear programming (NLP) problem can be formulated
as follows:

(1.1) min{f(x)|x ∈ S, S ⊆ Rn},
where f : Rn → R is a continuous objective function, S is a feasible set, and x is
a feasible solution. A point x∗ is a global minimum of f if f(x∗) ⩽ f(x) for all
x ∈ Rn. If there exists ε > 0 such that f(x∗) ⩽ f(x) for all x such that ||x−x∗|| ⩽ ε,
then x∗ is a local minimum. The NLP consists of finding a global minimum x∗ (or
several of them), which is also called the optimal solution.

In general, there are no further assumptions for the objective function f : It does
not have to be convex or concave, it may be non-differentiable and there may exist
many local minima.

The literature on NLP can be divided into two parts: Deterministic and exact
approaches on the one hand and (meta)heuristics on the other. An exact algorithm
for the problem (1.1), if one exists, finds an optimal solution x∗, together with
the proof of its optimality, or shows that there is no feasible solution i.e., X = ∅.
Moreover, the time required for this should be finite and not too long in practice.
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For nonconvex functions, if the dimension of the problem is sufficiently large, the
problem (1.1) becomes almost impossible to solve precisely in a reasonable time
frame. This explains why so many general (meta)heuristic approaches have been
proposed so far.

Unconstrained NLP problems arise in many practical applications, such as fi-
nancial planning, risk management, data analysis, scientific modelling, facility lo-
cation, etc. Advanced engineering design problems such as the spread spectrum
radar polyphase code design can be modelled as a min-max nonlinear nonconvex
optimization problem [44]. In chemistry, NLPs are used in the determination of
the three-dimensional structure of a molecule [21, 37], in molecular modeling [40],
in phase equilibrium calculations [55], protein structure prediction [34], etc. In
econometrics, NLP models are developed to address the complexity of the real phe-
nomena to be analysed [9, 17, 29]. In biology, the models are usually dynamic in
nature and highly nonlinear, and therefore rely on optimization methods [6].

In most cases, such real-life problems are very difficult because the objective
function contains a large number of local minima, which tends to increase expo-
nentially with the dimension of the problem. In such cases, it seems impossible
to design methods that provide a guarantee for finding the global minimum in a
reasonable time frame. Therefore, many heuristic methods have been developed for
solving (1.1): Genetic Algorithm [14, 13], the Reactive Tabu Search with stochastic
minimizer [7], integration of Nelder–Mead simplex search method with Genetic Al-
gorithm and Particle Swarm Optimization [24], Continuous scatter search [32], Ant
Colony Optimization approach [56], Tabu Search [2], Simulated Annealing [31], etc.

The main problem in the implementation of (meta)heuristic methods is the es-
timation of their parameters. Variable Neighborhood Search (VNS), on the other
hand, depends basically on one parameter that determines the number of different
neighborhoods, which allows an efficient implementation.

Contrary to discrete optimization, in continuous optimization the solution space
and the neighborhoods Nk used in the VNS are infinite sets. Therefore, it is not
possible to fully explore any neighborhood of a point in a local search step, which
is usually done in the discrete case. Some of the local minimizers that can be
used in a local search step of VNS for continuous optimization are Nelder-Mead
[46], Hooke-Jeeves [33], Rosenbrock [52], Steepest Descent, Fletcher-Powell [27],
Fletcher-Reeves [26], etc. The choice of method depends on the characteristics of
the objective function: Some of them do not require gradients and can be used for
non-smooth functions, while others use the information about the gradient, which
in this case has to be provided by the user in some way, or automatically calculated
numerically.

Several methods based on VNS have been proposed in the literature for solv-
ing continuous (un)constrained global optimization problems. The first continuous
optimization problem solved with VNS was the multi-source Weber problem (the
continuous version of the location-allocation problem) [11, 10]. Although this prob-
lem belongs to continuous optimization, the main steps to obtain a solution were
actually combinatorial. The second continuous problem with combinatorial struc-
ture solved by VNS was the general bilinear problem [30] and its special case, the
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pooling problem [4]. Although these two problems belong to continuous optimiza-
tion, the main steps to solve them were actually combinatorial in nature. In the
multi-source Weber problem, for example, the neighbourhood of a point (from Rn)
can be changed either by moving objects or by reallocating consumers. In this way,
the total number of solutions is always finite.

VNS for solving continuous global optimization problems (C-VNS) has been used
in the literature in two different ways: With or without neighborhoods induced by
an ℓp norm. The first method seems to be a natural approach for applying VNS to
solve global continuous optimization problems and is therefore the most common in
the literature. On the other hand, the second approach showed certain advantages
over the use of classical neighborhoods.

This paper is organized as follows. In the next section a metric C-VNS based
heuristics are presented, i.e. different VNS implementations with neighborhoods
induced by metric. A non-metric C-VNS realizations are presented in Section 3.
Applying VNS for constrained NLP is discussed in section 4. Brief conclusions are
drawn in Section 5.

2. Metric C-VNS (with neighborhoods induced by metric)

The metric function ρ(x, y) which specifies the distance between two solutions
x, y ∈ S from the solution space S can be defined as ℓp distance as follows:

ρ(x, y) = ||x− y||p =

(︃ n∑︂
i=1

|xi − yi|p
)︃ 1

p

, 1 ⩽ p <∞,(2.1)

ρ(x, y) = ||x− y||∞ = max
1⩽i⩽n

|xi − yi|, p =∞.(2.2)

These metrics lead to different geometry structures G of the neighborhoods to be
explored. Common choices are ℓ1, ℓ2, and ℓ∞ metric. The neighborhood structures
Nk(x) are defined as a set of solutions in the k-th neighborhood of a solution x and
can be written using the metric ℓp in the following way:

(2.3) Nk(x) = {y ∈ S|ρ(x, y) ⩽ rk},

(2.4) Nk(x) = {y ∈ S|rk−1 < ρ(x, y) ⩽ rk},
where S is a solution space and rk is the radius of a neighborhood Nk monoton-
ically increasing with k. Thus, the geometry of the neighborhood structures G
is determined by the choice of the metric ρ(x, y), and the neighborhoods Nk are
determined by G and rk.

When designing a C-VNS, the following parameters should be defined:

• A total number kmax of neighborhoods Nk.
• A set of neighborhood structures Nk which are defined by the pair (ρ, rk),
k = 1, . . . , kmax.

• A distribution Pk or a way to generate a random point from Nk in the
shaking step.

• Local optimizer which will be used in the local search step.

The pseudo-code for C-VNS is given in Figure 1.



A SURVEY ON CONTINUOUS VNS BASED HEURISTICS 219

Algorithm C-VNS

/* Initialization */
01 Select the set of neighborhood structures Nk, k = 1, . . . , kmax

with the corresponding random distributions.
02 Choose an arbitrary initial point x ∈ S
03 Set x∗ ← x, F ∗ ← F (x)

/* Main loop */
04 repeat the following steps until the stopping condition is met
05 Set k ← 1
06 repeat the following steps until k > kmax

07 Shake: Generate at random a point y ∈ Nk(x
∗)

08 Apply some local search method from y to obtain a local
minimum y′

09 if F (y′) < F ∗ then
10 Set x∗ ← y′, F ∗ ← F (y′) and goto 05
11 endif
12 Set k ← k + 1
13 end
14 end
15 Stop. Point x∗ is an approximate solution of the problem.

Figure 1. Algorithm C-VNS

2.1. Min-max NLP-polyphase radar code design. The VNS algorithm for solv-
ing a “pure” continuous optimization problem was used for the first time in [44].
The authors considered the polyphase radar code design which is a continuous
min-max nonlinear nonconvex optimization problem with piecewise smooth objec-
tive function. This problem can be expressed as follows:

(2.5) globalmin
x∈X

f(x) = max{φ1(x), . . . , φ2m(x)},

X = {(x1, . . . , xn) ∈ Rn|0 ⩽ xj ⩽ 2π, j = 1, . . . , n}
where m = 2n− 1, and

φ2i−1(x) =

n∑︂
j=i

cos

(︃ j∑︂
k=|2i−j−1|+1

xk

)︃
, i = 1, . . . , n,

φ2i(x) = 0.5 +

n∑︂
j=i+1

cos

(︃ j∑︂
k=|2i−j|+1

xk

)︃
, i = 1, . . . , n− 1,

φm+i(x) = −φi(x), i = 1, . . . ,m.

This problem has exponentially growing number of local minima and in [35] it is
proved to be NP-hard. The objective function of this problem for the case n = 2
is shown in Figure 2.
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Figure 2. Objective function of polyphase radar code design for n = 2.

To solve the problem (2.5), the proposed VNS algorithm and its two variants
of local search were quite general, so that the method could be applied to any
continuous min-max optimization problem. The neighborhood structure is defined
by choosing a set of directions around the current solution and a parameter, corre-
sponding to the distance traveled along a direction. The first local search procedure
was performed as in [35], while the second one selects the steepest descent directions
for the currently active functions. The neighborhoods Nk(x), k = 1, . . . , kmax used
in both versions are hypercubes around the incumbent solution x of different sizes.

2.2. GLOB-VNS. In [42, 36, 20] the authors consider a special class of continuous
global NLP optimization problems with box constraints

(2.6) min f(x1, . . . , xn), ai ⩽ xi ⩽ bi, i = 1, . . . , n,

and they implemented various VNS-based heuristics to solve these problems within
the software package GLOB. Any unconstrained NLP problem can be considered
as a box-constrained problem if the left and right values of the variables defining
the box are set to some large negative and positive values ai and bi. The code of
GLOB is written in ANSI C programming language and besides VNS, it implements
Multistart Local Search and Random Search (Monte Carlo Method). The package
offers various statistical reporting options that are suitable for research purposes.

In GLOB-VNS, the authors have implemented three basic VNS-based heuristics
whose pseudo-code is shown in Figure 3.

The different choice of geometric neighborhood shapes and random point distri-
butions led to different VNS heuristics. The random point in the shaking step is
generated using the following two steps. In the first step, a random direction d is
generated using some distribution defined by the heuristic. In the second step, a
random radius r is determined from the interval [0, rk] for neighborhoods of type
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(2.3) or [rk−1, rk] for neighborhoods of type (2.4). Finally, the direction d is scaled
to r in a metric that defines the geometry of Nk.

In the first VNS heuristic, the neighborhood structures Nk, k = 1, . . . , kmax

were defined as (2.3), i.e. the ℓ∞ balls with uniform distribution used in the shak-
ing step. The second heuristic uses ℓ1 balls with a uniform distribution, and the
third heuristic uses ℓ1 balls with a specially designed distribution. This specially
designed distribution (named hypergeometric random point distribution) for the
third heuristic generates a random point x = (x1, . . . , xn) on ℓ1 unit sphere in the
following way:

(i) x1 is taken uniformly from the interval [−1, 1], xk is taken uniformly from
the interval [−Ak, Ak] where Ak = 1− |x1| − ...− |xk−1|, k = 2, . . . , n− 1,
and xn takes An with random sign.

(ii) coordinates of x are randomly permuted.

Algorithm Glob-VNS

/* Initialization */
01 Select the pairs (Gl,Pl), l = 1, . . . ,m of geometry structures and

distribution types and a set of radii ρi, i = 1, . . . , kmax

02 Choose an arbitrary initial point x ∈ S
03 Set x∗ ← x, f∗ ← f(x)

/* Main loop */
04 repeat the following steps until the stopping condition is met
05 Set l← 1
06 repeat the following steps until l > m
07 Form the neighborhoods Nk, k = 1, . . . , kmax using

geometry structure Gl and radii ρk
08 Set k ← 1
09 repeat the following steps until k > kmax

10 Shake: Generate at random a point y ∈ Nk(x
∗) using

random distribution Pl

11 Apply some local search method from y to obtain a local
minimum y′

12 if f(y′) < f∗ then
13 Set x∗ ← y′, f∗ ← f(y′) and goto line 05
14 endif
15 Set k ← k + 1
16 end
17 Set l← l + 1
18 end
19 end
20 Stop. Point x∗ is an approximate solution of the problem.

Figure 3. Algorithm Glob-VNS
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GLOB-VNS also implements hybrid techniques which are combinations of any
two or all three implemented heuristics. The idea of using several neighborhood
structures and distributions in the shaking step turned out to be more efficient
compared to variants with fixed geometry and distribution.

For all three heuristics, the radii rk, k = 1, .., kmax are monotonically increasing
and can be defined by the user or calculated automatically in the minimization
process. The user can choose one of six different non-linear programming methods
for the local search phase. Three of them are the first-order methods: Steepest
Descent, Fletcher-Reeves, and Flecher-Powell, and the other three are: Nelder-
Mead, Hooke-Jeeves, and Rosenbrock with no gradient information.

2.3. Box-constrained NLP-molecular potential energy. Using the advanced ver-
sion of GLOB-VNS in [21], the authors have proposed a VNS heuristic for mini-
mizing the potential energy (MPE) function of a molecule. The determination of
the three-dimensional structure of a molecule can be formulated as a continuous
optimization NLP with box-constraints. This structure corresponds to the one in-
volving the global minimum of the MPE function for which the number of local
minima grows exponentially with molecule size. The problem has a form:

globalmin
x∈X

f(x),

X = {(x1, . . . , xn)|0 ⩽ xi ⩽ 5, i = 1, . . . , n},

f(x) =

n∑︂
i=1

(︂
1 + cos(3xi) +

(−1)i√︁
10.60099896− 4.141720682 cos(xi)

)︂
.

The objective function of this problem for the case n = 2 is illustrated in Figure 4.
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Figure 4. Objective function of MPE for n=2.
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For this problem, the authors observed that using the uniform distribution to
generate the random point in the shaking step was not the best choice. The specially
designed hypergeometric distribution on a unit ℓ1 sphere allowed them to generate
more initial points for descents closer to the axial direction and achieve much better
results in terms of computational effort.

2.4. General C-VNS. In [43] a general C-VNS (CGVNS) scheme was proposed
to solve (2.6). Previous approaches used neighborhoods induced from a single
metric function, and VNS was iterated until some stopping condition was met.
In CGVNS, the neighborhoods induced from the different metric functions are
considered simultaneously within one heuristic. In that way the same “ingredients”
were used as in GLOB-VNS, but within one, general VNS scheme.

Neighborhood structures were determined by the pairs (ℓ1, rk), (ℓ∞, rk), k =
1, . . . , kmax according to (2.3) or (2.4) where rk are predefined radii such that
r1 < ... < rkmax

.
In addition to the three distributions used within GLOB-VNS, the fourth dis-

tribution for generating a random point in the shaking step was added. Using this
distribution, a random point is obtained by generating a random direction d us-
ing a uniform distribution in ℓ∞ unit ball. With the current point x and the box
constraint vectors a and b, the coordinates of a vector d are scaled in the following
way. If the coordinate di ⩾ 0, the scaling factor is (bi − xi)/rkmax

and if di < 0 the
scaling factor is (xi − ai)/rkmax

, where rkmax
is a predefined maximal radii. In this

way, the point obtained is always within the bounds, Nkmax is equal to the entire
box region and Nk is the box region that is contracted towards the point x with
the contraction factor rk/rkmax

.
With CGVNS, the idea of changing neighborhoods within the search has been

fully explored: Neighborhood structures in Rn are induced from the different met-
ric functions, several points from the same neighborhood are randomly selected
according to four different distributions, and several local minimizers are used.
This approach turned out to be noticeably more efficient than the variants with
fixed geometry and fixed distributions.

2.5. The influence of a neighborhood shape. The efficiency of VNS for contin-
uous global optimization problems strongly depends on the geometric shape of the
neighborhood structures used by the algorithm. Since the shaking step represents
the diversification part of the VNS, it is crucial for an algorithm to be able to
escape from a local minimum to some better solution in the solution space. The
influence of the neighborhood shape in the shaking step on the efficiency of a VNS
is investigated in [18].

The most simple for software implementation and therefore the most commonly
used in the literature are ℓ∞ balls with uniform random point distribution. If zi
are uniformly distributed points from the interval [0, 1], then

yi = xi + 2ρk(zi − 0.5), i = 1, . . . , n .

Uniformly distributed points in the ℓp ball for 1 ⩽ p <∞ can be obtained using the
acceptance-rejection method by repeatedly generating uniformly generated points
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in the ℓ∞ ball until they also lie within the ℓp ball. For a large space dimension n
this method is very inefficient due to the large differences in volume between ℓ∞
and ℓp balls. Fortunately, there are efficient algorithms for generating uniformly
distributed points within ℓ2 and ℓ1 balls. Also, it is not difficult to obtain uniformly
distributed points in spherical shells for ℓ∞, ℓ2 and ℓ1 metrics.

All three neighborhood shapes ℓ∞, ℓ2 and ℓ1, both in the ball (2.3) and the
spherical shell (2.4) variants, were tested, while all other algorithm parameters
were fixed. Additionally, the ℓ1 ball and spherical shell with the hypergeometric
random distribution was considered. The local minimizers were set to Steepest
Descent for smooth test problems and Nelder-Mead with restarts for non-smooth
problems. Although some other local minimizers might be more effective, they were
not used as their role is not significant for testing the effectiveness of the different
neighborhood shapes. A set of test functions was chosen to represent challenging
problems in high-dimensional solution spaces, with many local minima, which make
them hard or impossible to solve by direct methods.

Exhaustive tests led to the following conclusions. There was no significant differ-
ence in the efficiency of VNS between ball (2.3) and spherical shell (2.4) neighbor-
hood shapes. On the other hand, the different neighborhood shapes ℓ∞, ℓ2 and ℓ1
showed remarkable differences in performance: The box-shaped ℓ∞ neighborhood
was inefficient and often unsuccessful for problems of higher dimensions, while the ℓ1
neighborhood shape with the hypergeometric random distribution performed best
overall. When the implementation can combine multiple neighborhood shapes, ℓ1
with the hypergeometric random distribution in combination with ℓ2 with uniform
random distribution were overall more efficient than all other shape combinations.

2.6. VNS with Modified Nelder Mead as local search. In [19] the authors
proposed a new VNS-based heuristic that uses a modified Nelder-Mead direct search
method as a local search. In GLOB-VNS, the choice of the local search procedure
is left to the user. Nelder-Mead (NM) is probably the most popular direct search
method for solving unconstrained continuous optimization problem, because it is
easy to implement, and the objective function does not need to be smooth. The
authors have included the Restarted Modified Nelder-Mead (RMNM)[59, 58] as a
local search algorithm in GLOB-VNS and conducted extensive comparative analysis
to show that it improves the efficiency of GLOB-VNS. The steps of RMNM used
in the local search of GLOB-VNS are shown in Figure 5.

A starting point x1 ∈ Rn is a randomly generated point and for each next
iteration of the RMNM algorithm, the Initial point is a local optimum ob-
tained by the last NM. The function InitialSimplex() creates the simplex X =
{x1, . . . , xn+1} whose one vertex is this initial point x1 and the remaining n vertices
are generated. In the function Shrink(), instead of shrinking all vertices except
the best one of the current simplex (as it is done in NM), the RMNM shrinks only
the worst one, i.e. the one with the worst objective function value. If there is no
improvement, the algorithm reconstructs the previous simplex and shrinks two of
the worst vertices and so on. The pseudo-code for the MNMIteration() function
are given in the Figure 6.
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Algorithm RMNM

/* Initialization */
01 Set x1 ← InitialPoint, j ← 0

/* Main loop */
02 repeat the following steps until f(x1) < f(x∗)
03 Set X ← InitialSimplex(x1, size), X

∗ ← X,x∗ ← x1;
04 repeat the following steps until the stopping condition is met
05 if not MNMIteration(X) then
06 Set X ← X∗, j ← j + 1;
07 Set X ← Shrink(X, j);
08 if j = n then
09 Set X∗ ← X, j ← 0;
10 endif
11 else
12 Set X∗ ← X, j ← 0;
13 endif
14 end
15 end
16 return x∗.

Figure 5. Algorithm RMNM

Algorithm MNMIteration()

01 function MNMIteration(X,f);
02 let x1 be the vertex of the simplex X having the lowest function value ((f(x1) ⩽ f(xi));
03 let xn+1 and xn be vertices of X having the highest and the second highest value of f ;
04 let x denotes centroid for vertices of X excluding xn+1;
05 xr ← x+ α(x− xn+1);
06 if f(x1) ⩽ f(xr) < f(xn) then
07 X ← X ∪ {xr}∖ {xn+1} /*replace xn+1 with xr*/;
08 return true;
09 endif
10 if f(xr) < f(x1) then
11 xe ← x+ β(xr − x);
12 if f(xe) < f(xr) then
13 X ← X ∪ {xe}∖ {xn+1} /*replace xn+1 with xe*/;
14 else
15 X ← X ∪ {xr}∖ {xn+1} /*replace xn+1 with xr*/;
16 endif
17 return true;
18 endif
19 if f(xr) < f(xn+1) then
20 xc ← x+ γ(xr − x);
21 else
22 xc ← x− γ(x− xn+1);
23 endif
24 if f(xc) < f(xn+1) then
25 X ← X ∪ {xc}∖ {xn+1} /*replace xn+1 with xc*/;
26 return true;
27 else
28 return false;
29 endif

Figure 6. Algorithm MNMIteration()
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Extensive comparative analyses were carried out to test the effectiveness of the
proposed method. The VNS with RMNM performed the most reliable among
four compared methods. The special attention was paid to the testing of non-
differentiable functions.

2.7. VNS for NSEs. In [48] the C-VNS method for finding all solutions of a
nonlinear system of equations (NSEs) was presented. The authors considered
the NSE

(2.7)

f1(x) = 0

f2(x) = 0

· · ·

fn(x) = 0

where x ∈ S = [a1, b1]× [a2, b2]×· · ·× [an, bn] ⊂ Rn and f1, f2, . . . , fn are non-linear
real-valued continuous functions on S. This problem can have a finite or infinite
number of solutions, or there can be no solutions. To solve the NSE problem, the
authors have used the single-objective-based optimization technique to transform
the NSE problem into a single-objective optimization problem

(2.8) min
x

F0(x) =

n∑︂
i=1

|fi(x)|p, p > 0

where the value for p is usually 1 or 2. In the case that there exist many solutions,
the authors have proposed a new objective function for finding all solutions, i.e.
(2.8) is modified in the neighborhood of the found solutions x1, x2, ..., xk, k ⩾ 0 in
the following way:

(2.9) F (x) = F0(x) + Fk(x) =

n∑︂
i=1

|fi(x)|p +
k∑︂

j=1

aφ
(︂∥x− xj∥

ρ

)︂
,

where a and ρ are some positive values and φ(x) is a continuous real function that
is positive for |x| < 1 and φ(x) = 0 for |x| ⩾ 1.

In the C-VNS implementation for NSEs, the authors applied the principles of the
less-is-more approach (LIMA) [45, 15, 54], i.e. the aim was to create an efficient and
effective algorithm with a minimum number of search ingredients to be specified.

The neighborhoods Nk(x) used in C-VNS for NSEs were taken as follows:

N1 = B1 ∩ S, Nk = (Bk ∖Bk−1) ∩ S, k = 2, . . . , kmax

where Bi = {x| ||x− x∗||∞ ⩽ ri} denotes a ℓ∞ ball centered at current best point
x∗ with the radius ri. The radii were automatically generated in such a way that
they are equally spaced and such that Bkmax covers the entire solution space S.
A uniform distribution was used to generate the random point from each Nk, and
the local minimizer in the local search phase was the Nelder-Mead method. The
pseudo code of the proposed C-VNS for finding multiple solutions of (2.7) is shown
in Figure 7.
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Algorithm for finding multiple solutions of (2.7) by C-VNS

/* Initialization */
01 Select p, ρ0, ρmin, a0, qρ < 1, qa < 1, tol, K and function φ(x)
02 Set k = 0, ρ← ρ0, a← a0

/* Main loop */
03 while k < K and ρ ⩾ ρmin

04 Perform global optimization for function (2.9) by C-VNS
resulting with x∗ as the best approximation of optimal point

05 if F (x∗) < tol then
06 Set k ← k + 1
07 Set sol(k) = x∗

08 else
09 Set ρ← qρ · ρ
10 Set a← qa · a
11 endif
12 endwhile
13 Stop. Points sol(i), i = 1, . . . , k are approximate solutions of (2.7).

Figure 7. Algorithm for finding multiple solutions of (2.7) by C-VNS

One of the stopping conditions for C-VNS was F (x) < tol with tol = 10−7. If this
condition is satisfied, that means that a new approximate solution has been found,
so that the objective function F (x) is modified and C-VNS is restarted with the
search for the next solution. Otherwise (F (x) ⩾ tol), that means that no additional
solutions have been found, so the parameter ρ is reduced and the search continues
in the area closer to the solutions already found. The algorithm stops when all
K solutions have been found or when ρ becomes smaller then some predefined
parameter ρmin. The extensive computational and comparative analysis has shown
that this C-VNS-based heuristic can be considered among the best methods for
solving NSEs.

2.8. Some other metric C-VNS implementations. A C-VNS combined with
a trust-region algorithm as a local search was considered in [8]. This heuristic
was proposed for solving unconstrained nonlinear global optimization problems
where the objective function is twice differentiable. The information about the
function derivatives is used to generate the neighborhoods. The authors analyze
the directions given by the eigenvectors of a Hessian matrix of the objective function
at the point x and use these directions to generate neighbors. By assigning a higher
probability to the directions (eigenvectors) so that the curvature of the function is
greater, one can increase the chance of jumping to more promising regions.

A method based on C-VNS to solve the censored quantile regression (CQR)
problem was proposed in [51]. This problem belongs to continuous global opti-
mization with Powell estimator [49, 50] as objective function. This problem is
difficult because the objective function which has to be minimized is neither con-
vex nor concave. The authors approached the CQR via an unconstrained NLP. The
geometry of the neighborhood structures for this implementation was induced by



228 ZORICA DRAŽIĆ

ℓ1 (2.1) and ℓ∞ (2.2), and they used balls as in (2.3). The radii r1 ⩽ r2 ⩽ ... ⩽ rkmax

were generated automatically in a predefined way. The uniform distribution and
the hypergeometric distribution were used. The local minimizer was the Nelder-
Mead method. The results presented show that the C-VNS method can improve
the quality of censored quantizing regressors estimator.

3. Non-metric C-VNS

Solving the unconstrained NLPs by C-VNS, which does not use metric distances
to define neighborhood structures, has been successfully achieved in [57]. Instead of
choosing ℓp norm, the two different neighborhoods N1(x) and N2(x) are used. The
neighborhood N1(x) is defined as follows. For a given parameter r, r random direc-
tions are generated starting from the current solution x. A one-dimensional search
is performed under each of these directions, resulting in r new points. The best of
these r points is selected and compared with the current solution x. If it is better,
this point is chosen as the new starting solution for the next iteration. Otherwise,
the search is continued within the next neighborhood of x. The neighborhood struc-
ture N2(x) defines a decreasing jump. The current point x = (x1, . . . , xn) is moved
for each coordinate xi, i = 1, . . . , n by a value ∆i randomly taken from the interval
[−α, α], where α is a parameter that determines the length of the jump. In this

way, new points with coordinates defined as x
(new)
i = xi +∆i or x

(new)
i = xi −∆i,

define the neighborhood N2(x). The plus or minus sign defines a jump direction for
each coordinate. The VNS algorithm performs a local search for the best solution
in N1(x), and only performs a single move in N2(x) if the search is trapped in the
local optimum found in N1(x).

3.1. Gauss-VNS. GLOB-VNS was modified to the Gaussian VNS (Gauss-VNS) in
[12]. In the shaking step of a classical approach, one has to specify the distribution
to obtain the random point from Nk(x) and a uniform distribution was the most
common choice. However, since the number kmax of different neighborhoods Nk(x)
is finite, it is not possible to reach any point of the solution space from the current
point. For unconstrained NLPs, lower and upper bounds for variables are set to
arbitrarily large negative and positive values, so that if one wants the neighborhood
to be equal to the solution space, the large number kmax should be chosen and
thus the obtained radii may be less efficient. Gauss-VNS avoids this limitation by
replacing the class of neighborhoods {Nk(x)}1⩽k⩽kmax

of the point x by a class
of probability distributions {Pk(x)}1⩽k⩽kmax

. In Gauss-VNS implementation for
each distribution {Pk(x)} a multivariate Gaussian distribution was chosen with
mean x and covariance matrix Σk. In this way, a random point in the shaking
step is generated from an n-dimensional random vector y with a density function
of the form

φ(y) =
1

(2π)n/2|Σk|1/2
e−

1
2 (y−x)⊤Σ−1

k (y−x).

With this approach, in the shaking step one can jump from a current point x to any
point in the solution space, so the region with the global optimum can be reached
from any starting point.
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Comparing Gauss-VNS which does not use metric distances to define neighbor-
hood structures with GLOB-VNS, one can see that Gauss-VNS has less param-
eters which have to be specified. In the GLOB-VNS implementation, the user
has to specify the number and order of combinations of geometry and distribution
(Gl,Pl), l = 1, . . . ,m, while in Gauss-VNS all neighborhoods correspond to the en-
tire solution space (S or Rn) and only one family of distribution (Gaussian) is used.
The covariance matrices Σk can be chosen as Σk = σ2

kI, k = 1, 2, . . . , kmax where
I is the identity matrix and σk are variances. In GLOB-VNS, the user should
also specify the radii rk, k = 1, . . . , kmax, while in Gauss-VNS this parameter is
replaced by deviations σk, k = 1, 2, . . . , kmax. The pseudo-code of Gauss-VNS is
given in Figure 8.

The Gauss-VNS approach was compared with various metaheuristic based al-
gorithms (Tabu Search, Genetic Algorithm, Ant Colony, Scatter Search, Swarm
Intelligence and their hybrid forms) as well as with four previous VNS-based heuris-
tics. The computational results showed some advantages of this approach and that
the obtained results outperformed the results of other heuristics in most standard
test instances.

Gauss-VNS approach has also been successfully applied in the literature
[22, 47, 16].

3.2. C-VNS with fat tailed distributions. The use of the Gaussian normal dis-
tribution on the entire solution space in the Gauss-VNS method has proven to
be more successful than the use of traditional bounded neighborhoods, although

Algorithm Gauss-VNS

/* Initialization */
01 Select the set of covariance matrices Σk, k = 1, . . . , kmax

02 Choose an arbitrary initial point x ∈ S
03 Set x∗ ← x, f∗ ← f(x)

/* Main loop */

04 repeat the following steps until the stopping condition is met

05 Set k ← 1
06 repeat the following steps until k > kmax

07 Shake: Generate y from a Gaussian distribution with
mean x∗ and covariance matrix Σk

08 Apply some local search method from y to obtain a local
minimum y′

09 if f(y′) < f∗ then
10 Set x∗ ← y′, f∗ ← f(y′) and goto line 05

11 endif
12 Set k ← k + 1
13 end
14 end
15 Stop. Point x∗ is an approximate solution of the problem.

Figure 8. Algorithm Gauss-VNS
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fewer parameters need to be specified. On the other hand, the normal distribution
performs well for moderately close optima, but fails for distant ones.

For unbounded problems with distant optimal solutions, the normal distribution,
although not limited by bounded geometric neighborhoods, has been shown to be
inefficient due to the exponential decrease of the normal density function. In order
to reach distant solutions more efficiently, six additional “fat-tailed” distributions
were tested in [23] to generate a random point in the shaking step.

The main focus in selecting the distributions was to increase the probability
of achieving larger step size values. If the solution is distant from the incumbent
point, the use of such distributions should speed up the VNS algorithm.

The considered “fat-tailed” distributions are presented and described below. For
all distributions, fX(x) denotes the distribution density, FX(x) the distribution
function, Mean the mean, and V ar the variance.

(i) Folded normal distribution (FN)

fX(x) =
1

B
√
2π

[︂
exp

(︂
− (x−A)2

2B2

)︂
+ exp

(︂
− (x+A)2

2B2

)︂]︂
If Z is normally distributed, |Z| is folded normally distributed, A = B =
(ρk + ρk−1)/2 is used.

(ii) Log-normal distribution (LN)

fX(x) =
1

Bx
√
2π

exp
(︂
− (log(x)−A)2

2B2

)︂
, x > 0

Mean = exp(A+B2/2), Var = (exp(B2)− 1) exp(2A+B2/2)

If Z is normally distributed, exp(Z) is log-normally distributed. B is a free
parameter, initially set to B = 1/2, and A is determined so that the mean
value is (ρk + ρk−1)/2.

(iii) Pareto distribution (P)

fX(x) =
BAB

xB+1
, FX(x) = 1−

(︂A
x

)︂B

, x > A

Mean =
AB

B − 1
, Var =

A2B

(B − 2)(B − 1)2

A = ρk−1, B is determined so that the mean value is (ρk + ρk−1)/2.
(iv) Shifted Pareto distribution (SP)

fX(x) =
BAB

(x+A)B+1
, FX(x) = 1−

(︂ A

x+A

)︂B

, x > 0

Mean =
AB

B − 1
−A, Var =

A2B

(B − 2)(B − 1)2

If Z is Pareto distributed, then Z − A is shifted Pareto distributed. B is
a free parameter, initially set to B = 2, and A is determined so that the
mean value is (ρk + ρk−1)/2.



A SURVEY ON CONTINUOUS VNS BASED HEURISTICS 231

(v) Weibull distribution (W)

fX(x) =
C

B

(︂x−A

B

)︂C−1

exp
[︂
−

(︂x−A

B

)︂C]︂
,

FX(x) = 1− exp
[︂
−

(︂x−A

B

)︂C]︂
, x > A

Mean = A+BG(1), Var = (G(2)−G2(1))B2, G(n) = Γ(1 + n/C)

A = 0, C is a free parameter initially set to C = 1/2, and B is determined
so that the mean value is (ρk + ρk−1)/2.

(vi) Burr distribution (B)

fX(x) =
BC

A

(︂ x

A

)︂B−1[︂
1 +

(︂ x

A

)︂B]︂−C−1

,

FX(x) = 1−
[︂
1 +

(︂ x

A

)︂B]︂−C

, x > 0

Mean = µ1, Var = −µ2
1 + µ2, µk = AkCBeta(C − k/B, 1 + k/B)

B and C are free parameters, initially set to B = 1, C = 2, and A is
determined so that the mean value is (ρk + ρk−1)/2.

From an implementation point of view, one of the main factors for choosing these
distributions was that the random numbers can be obtained quickly using uniform
and normal distribution generators. The first two distributions (FN and LN) can be
easily generated using the normal distribution generator, and the other four (P, SP,
W and B) with the uniform distribution generator, since the functions FX(x) have
a simple form and it is known that the values of FX(x) are uniformly distributed
over [0, 1]. In the literature, there are efficient algorithms for the fast generation of
normally distributed variables, such as the Ahrens–Dieter algorithm [1, 25].

In the shaking step, the random displacement from the current point x∗ is gen-
erated as follows. First, a random point z is generated using a multivariate normal
distribution (generated as a vector of n univariate normal distributions). Then the
random direction d is generated by normalizing the vector z in the Euclidean norm,
d = z/∥z∥. Finally, generating a univariate random value r obtained by one of the
six distributions (FN, LN, P, SP W or B), a random point y from step 10 in Figure
3 is generated as y = x∗ + rd.

The experiments were carried out on a set of functions which have a lot of local
minima, as well as that the global minimum is far from the starting point. For
those test functions the number of local minima may grow exponentially with the
dimension of the problem. Additionally, all those test problems were modified so
that the feasible set was significantly expanded and the starting point was chosen
far from the optimal solution.

The experiments on test functions showed greater efficiency for most new dis-
tributions opposite to a normal distribution. Moreover, following the “less is more
approach” (LIMA), the algorithm was very efficient for both close and distant op-
timal solutions. It combines two neighborhood structures: One being efficient for
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near solutions, and the other more efficient for distant solutions. This approach,
with a reduced number of parameters the user must define in advance, has shown
to be robust when the position of the optimal point is unknown.

4. Constrained NLP by C-VNS

The continuous constrained nonlinear global optimization programming problem
(NLP) can be formulated as follows:

(4.1)

min f(x)

s.t. gi(x) ⩽ 0, ∀i ∈ {1, 2, . . . ,m}

hi(x) = 0, ∀i ∈ {1, 2, . . . , r}

aj ⩽ xj ⩽ bj , ∀j ∈ {1, 2, . . . , n}

where x ∈ Rn, f : Rn → R, gi : Rn → R, i = 1, 2, . . . ,m and hi : Rn → R, i =
1, 2, . . . , r are possibly non-linear continuous functions, and a = (a1, . . . , an)

T , b =
(b1, . . . , bn)

T ∈ Rn are the variable bounds.
A global optimization solver for general constrained NLP problems based on VNS

has been implemented for the first time in [38]. Let Hk(x) be hyperrectangles of
growing size (Hk−1(x) ⊂ Hk(x), k ⩽ kmax) centered at the current local minimum.
Letting Nk(x) = Hk(x) there is a risk that a randomly selected point lies within
Hk−1(x) which has already been explored. Therefore, a neighborhood structure
was induced by ℓ∞ norm defined as (2.3), i.e. Nk(x) = Hk(x)\Hk−1(x). The
commercial solver SNOPT [28] was used as the local search method. The same
VNS solver was used in [39] to solve the Molecular Distance Geometry Problem.
The algorithm is called Double VNS with smoothing because the VNS is first used to
solve a smoothed version of the problem in order to find the most promising region,
and then it is used for the second time to solve the original problem restricted to
this promising region.

In [43] the authors have developed a general VNS heuristic (CGVNS) for solving
continuous global NLPs, which extends the unconstrained solver GLOB-VNS to
the constrained case using the penalty function method. Penalization methods are
used to transform a constrained optimization problem into a sequence of uncon-
strained (box-constrained) problems by introducing an exterior penalty function
for the violation of the constraints. There are two different groups of penalization
methods: Exterior and interior point penalty methods. In the former, the penalty
is imposed for violating a constraint, in the latter for reaching the boundary of an
inequality constraint. Since the problem (4.1) contains both inequality and equality
constraints, the authors used the exterior penalty method for local minimization
and combined it with VNS.

The general formulation of the unconstrained problem that minimizes the penalty
function is given by:

(4.2) min
a⩽x⩽b

Fµ,q(x) = f(x) +
1

µ
Pq(x)
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with penalty function

(4.3) Pq(x) =

m∑︂
i=1

(max{0, gi(x)})q +
r∑︂

i=1

|hi(x)|q,

where Fµ,q(x) denotes the new objective function to be minimized, µ is a positive
penalty parameter and q ⩾ 0 is a penalty exponent.

When q = 1 the penalty function (4.3) is called a “linear penalty function”, and
under certain restrictions it has been shown that there exists a sufficiently small
value of µ such that the minimum of the objective function Fµ,q(x) in the problem
(4.2) is equal to the minimum of the original constrained problem (4.1). In this
case, however, the penalty function (4.3) is not differentiable at the points where
gi(x) = 0 or hi(x) = 0. Setting q > 1 is the most commonly used form in practice
because it guarantees the differentiability of the penalty function (4.3). Under

Algorithm CGVNS with exterior point penalty method

/* Initialization */
01 Select the set of neighborhood structures Nk, k = 1, . . . , kmax,

the penalty function parameters (q, µ0,µmin)
and the array of random distributions types;

02 Choose an arbitrary initial point x feasible for the box constrained
problem (4.1);

03 Set x∗ ← x, f∗ ← Fµ,q(x), f
∗
F ←∞; µ← µ0;

/* Main loop */

04 repeat the following steps until the stopping condition is met

05 Set k ← 1;
06 repeat the following steps until k > kmax

07 for all distributions from the array do
08 Generate at random a point y ∈ Nk(x

∗)
09 Apply some local search method from y to obtain a local

minimum y′;
10 if Pµ,q(y

′) ⩽ ε and f(y′) < f∗
F then set x∗

F ← y′, f∗
F ← f(y′);

11 if Fµ,q(y
′) < Fµ,q(x

∗) then
12 Set x∗ ← y′ and goto 05;

13 else
14 Set µ← max{µmin, αµ};
15 endif
16 next
17 Set k ← k + 1;
18 end
19 end
20 if f∗

F =∞ (i.e., x∗
F is not found) then

21 The feasible solution x∗
F is obtained by a local minimizer applied

to Fµ,q(x) with q = 1, µ = µmin, starting from x∗;
22 endif
23 Stop. The point x∗

F is an approximate feasible solution of the problem.

Figure 9. Algorithm CGVNS with exterior point penalty method
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mild conditions, the solution of a problem (4.2) converges to a local minimum of a
problem (4.1) when µ→ 0 [5].

The pseudo-code for CGVNS with exterior point penalty method is summarized
in Figure 9.

In the initialization step, the initial solution x is found as a feasible solution of
the problem (4.2) for the fixed value of the parameters q and µ = µ0, where µ0 is
the given initial value. In the shaking step, a new point y is randomly generated
as a feasible solution of the problem (4.2) for the current value of µ. In the local
search step, a local minimum y′ is generated starting from the point y. The penalty
function is calculated for each of these points. If the value Pµ,q(y

′) is not greater
than some small feasible tolerance factor ε the point is considered feasible for the
constrained problem (4.1). If y′ is better than x the search is continued from y′

with the same value of µ. Otherwise, the search is continued from the point x and
a decreased value of µ. If µ is greater than some given value µmin, this parameter
is updated by multiplying it by a constant factor α, 0 < α < 1.

In [3] the authors proposed a way to combine VNS with Mesh Adaptive Direct
Search to solve non-smooth constrained optimization problems. The constrained
optimization problem of packing identical spheres with unit radii into the smallest
sphere (PSS) is solved in [41] using VNS and Non-linear Programming with Non-
monotone and Distributed Line Search (NLPQLP) [53] as a local search.

5. Conclusion

This paper deals with a continuous variable neighborhood search (C-VNS) for
solving nonlinear global optimization problems (NLP). Problems of interest are
NLPs that are very difficult because the objective function contains a large number
of local minima, the number of which increases exponentially with the dimension
of the problem. VNS-based heuristics turn out to be a state-of-the-art method for
many of these NP-hard optimization problems. Special attention is paid to C-VNS
realizations with and without neighborhoods induced by metric in the shaking step.
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[11] J. Brimberg, N. Mladenović, A variable neighborhood algorithm for solving the continuous

location-allocation problem, Stud. Locat. Anal. 10 (1996), 1–12.
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continuous global optimization, L. T. H. An, P. D. Thao (Eds.), Modelling, Computation and

Optimization in Information Systems and Management Sciences, 215–222, Hermes Science

Publishing, 2004.
[37] C. Lavor, N. Maculan, A function to test methods applied to global minimization of potential

energy of molecules Numer. Algorithms 35 (2004), 287–300.
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[58] Q.H. Zhao, N. Mladenović, D. Urošević, A parametric simplex search for unconstrained

optimization problem, Trans. Adv. Res. 8 (2012), 22–27.
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