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A SURVEY ON BIG RAMSEY
STRUCTURES

Abstract. In recent years, there has been much progress in the
field of structural Ramsey theory, in particular in the study of big
Ramsey degrees. In all known examples of infinite structures with
finite big Ramsey degrees, there is in fact a single expansion of the
structure, called a big Ramsey structure, which correctly encodes the
exact big Ramsey degrees of every finite substructure simultaneously.
The first half of the article collects facts about this phenomenon that
have appeared in the literature into a single cohesive framework, thus
offering a conceptual survey of big Ramsey structures. We present
some original results indicating that the standard methods of proving
finite big Ramsey degrees automatically yield big Ramsey structures,
often with desirable extra properties. The second half of the article is
a survey in the more traditional sense, discussing numerous examples
from the literature and showing how they fit into our framework.
We also present some general results on how big Ramsey degrees are
affected by expanding structures with unary functions.
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1. Introduction

We use standard set-theoretic notation. We identify a non-negative integer k
with the set {0, . . . , k − 1}, though we often write the latter for emphasis. Given
sets X and Y , a function f : X → Y , and S ⊆ X, we write f [S] = {f(s) : s ∈ S}.
Given a set X and cardinal k, we write

(
X
k

)
= {Y ⊆ X : |Y | = k}.

The infinite Ramsey theorem [64] states that for any 0 < k, r < ω and any col-

oring γ :
(
ω
k

)
→ r, then there is X ∈

(
ω
ω

)
with γ constant on

(
X
k

)
. Upon attempting

to generalize this result to other countable, first-order structures, the situation be-
comes much more interesting. For instance, consider Q viewed as a linearly ordered
set; a subset X ⊆ Q is non-scattered if there is some order-preserving injection from
Q into X. Sierpiński in [70] constructed a coloring γ2 :

(Q
2

)
→ 2 such that whenever

X ⊆ Q is non-scattered, then γ2[
(
X
2

)
] = 2. Yet several decades later, Galvin [41]

proved that this was worst possible; for any r < ω and γ :
(Q
2

)
→ r, there is a

non-scattered X ⊆ Q with |γ[
(
X
2

)
]| ⩽ 2. By unpublished work of Laver (see [72])

and the thesis of Devlin [22], a similar phenomenon happens for every k–there is a
number rk < ω such that both of the following happen:

• There is γk :
(Q
k

)
→ rk such that whenever X ⊆ Q is non-scattered, then

γk[
(
X
k

)
] = rk.

• For any r < ω and γ :
(Q
k

)
→ r, there is a non-scattered X ⊆ Q with

|γ[
(
X
k

)
]| ⩽ rk.
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320 JAN HUBIČKA AND ANDY ZUCKER

Devlin actually shows something more; the colorings {γk : 2 ⩽ k < ω} can actually
be built simultaneously in a coherent fashion. Equivalently, there is an expansion
of the rational linear order such that the map sending a k-tuple from Q to the
induced expansion of it is a valid choice of γk as above.

The number rk is called the big Ramsey degree of the k-element linear order in
Q. In a similar fashion, one can define the big Ramsey degree of any finite sub-
structure of an infinite structure (Definition 2.1) and ask which infinite structures
have finite big Ramsey degrees. It so happens that in all known examples of infinite
structures with finite big Ramsey degrees, we can in fact find a single expansion
of the infinite structure which correctly encodes the exact big Ramsey degrees of
every finite substructure simultaneously. Observing this, and motivated by ques-
tions in topological dynamics posed in [49], the second author in [76] defined the
notion of a big Ramsey structure, an expansion of a given infinite structure which
precisely encodes big Ramsey degrees. Various recent works [5, 4, 18, 19, 30] pro-
vide a wealth of new examples of big Ramsey structures and isolate extra desirable
properties they might have, for example being recurrent (Definition 3.3). While a
number of basic lemmas regarding big Ramsey structures appear in these works,
the assumptions stated therein are always tailored to the specific situation at hand.

The first half of this article collects the various properties of big Ramsey struc-
tures that have been considered in the literature and presents them in a single
abstract, cohesive framework. In so doing, we are able to isolate exactly which
assumptions are needed for various propositions to hold. In particular, while big
Ramsey structures were first studied in the case that the un-expanded structure
is a Fräıssé structure (Section 2), the definition was generalized in [1] to arbitrary
infinite structures, and many of the basic properties go through after dropping the
Fräıssé assumption, or even countability. In general, even if one is primarily inter-
ested in the big Ramsey properties of Fräıssé structures, it becomes necessary to
investigate structures which are not ω-homogeneous. For instance, most big Ramsey
structures (Definition 3.5) cannot be ω-homogeneous [76, Proposition 7.19]. Fur-
thermore, various common steps in the proofs of Ramsey theorems, such as adding
a linear order in order type ω, destroy ω-homogeneity. As an application of our
framework, we prove some original results, Theorems 3.10 and 3.18, which show
that the standard approaches to proving finite big Ramsey degree results always
yield recurrent big Ramsey structures. The second half of this article gives a brief
survey (we point to [27] for a more general survey on big Ramsey degrees), giving
accounts of various examples of big Ramsey structures that have appeared in the
literature and shows how applications of Theorems 3.10 and 3.18 can be used to
derive the key features of these examples. In particular, one such application is a
new elementary proof of a theorem of Laflamme, Sauer, and Vuksanovic [52] used
in characterising the big Ramsey degrees of the Rado graph.

2. Background on big Ramsey degrees

All structures considered in this paper, with the exception of Section 7, are
relational. We fix once and for all a relational language L, a set of relation symbols
R each equipped with an arity 0 < nR < ω. All languages discussed will be subsets
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of L, and will typically be denoted by L, L∗, etc. When L ⊆ L only consists of
unary and binary relations, we simply call L binary. An L-structure A (or, since L
is fixed, just structure) is a set A (the universe or underlying set of A) along with
a distinguished subset RA ⊆ An for each R ∈ L of arity n. For R ∈ L of arity 1
(i.e. unary relation symbols), we can also write R(A) ⊆ A in place of RA. Unless
indicated otherwise, we typically denote L-structures in bold letters (possibly with
other decoration) and use the un-bolded letter to denote the underlying set, i.e.
A,B,C are the underlying sets of A, B∗, C′, etc. A structure A is finite, countable,
countably infinite, etc. iff A is, and A is enumerated if A = |A|. Given a structure
A, we let LA = {R ∈ L : RA ̸= ∅}, and given a class K of structures, we let
LK =

⋃
A∈K LA.

In what follows, A,B,K, etc. denote structures. An embedding f : A → B is an
injection from A toB such that for everyR ∈ L of arity n and every (a0, . . . , an−1) ∈
An, we have (a0, . . . , an−1) ∈ RA iff (f(a0), . . . , f(an−1)) ∈ RB. Write Emb(A,B)
for the set of embeddings ofA intoB; ifA = B, we simply write Emb(A); note that
Emb(A) is a monoid under composition. When A is infinite, we typically equip
Emb(A) with the topology of pointwise convergence. We write Aut(A) ⊆ Emb(A)
for the bijective members of Emb(A); this is the autmorphism group of A. We
say A is a substructure of B if A ⊆ B and the inclusion map is an embedding of
A into B. A copy of A in B is the image of an embedding of A into B, and we
write

(
B
A

)
for the set of copies of A in B. We write A ⩽ B iff Emb(A,B) ̸= ∅ iff(

B
A

)
̸= ∅. We say A and B are bi-embeddable if both A ⩽ B and B ⩽ A. We write

Age(K) = {A : |A| < ω and A ⩽ K}.
A Fräıssé class of structures is a class K of finite structures which is closed

under isomorphism, countable up to isomorphism, contains arbitrarily large finite
structures, and satisfies the following three key properties.

• K has the hereditary property (HP): Whenever B ∈ K and A ⩽ B, then
A ∈ K.

• K has the joint embedding property (JEP): Whenever A,B ∈ K, there is
C ∈ K with both A ⩽ C and B ⩽ C.

• K has the amalgamation property (AP): Whenever A,B,C ∈ K, f ∈
Emb(A,B), and g ∈ Emb(A,C), there are D ∈ K, r ∈ Emb(B,D), and
s ∈ Emb(C,D) with r ◦ f = s ◦ g.

Fräıssé [40] proves that given a Fräıssé class K, there is up to isomorphism a unique
countably infinite structure K with Age(K) = K and with K ω-homogeneous, i.e.
for any finite A ⊆ K and any f ∈ Emb(A,K), there is g ∈ Aut(K) with g|A = f .
This unique K is called the Fräıssé limit of K and is sometimes written as Flim(K).
Conversely, whenever K is countably infinite and ω-homogeneous (i.e. a Fräıssé
structure), Age(K) is a Fräıssé class.

Given structures A ⩽ B ⩽ C and positive integers t < r, we write

C −→ (B)Ar,t

if for any χ : Emb(A,C) → r, there is g ∈ Emb(B,C) with |χ[g ◦Emb(A,B)]| ⩽ t;
when t = 1, we omit the subscript. Historically, what was first considered was the



322 JAN HUBIČKA AND ANDY ZUCKER

above definitions, but coloring copies instead of embeddings. One can show (see
Section 4 of [75]) that if A ⩽ B ⩽ C are structures with Aut(A) finite and t < ω,
then we have

∀r < ω
(
C

copy−−−→ (B)Ar,t
)
⇔ ∀r < ω

(
C −→ (B)Ar,t·|Aut(A)|

)
.

While the following concept is implicit in a number of earlier works [70, 41, 22,
63, 66], the following definition was first isolated in [49].

Definition 2.1. Let K be an infinite structure, and let A ∈ Age(K). The big
Ramsey degree of A in K, denoted BRD(A,K), is the least t < ω such that ∀r <
ω(K → (K)Ar,t). By a standard color-fusing argument, this holds iff K → (K)At+1,t.
If there is no t < ω for which this holds, we write BRD(A,K) = ∞. We say
that K has finite big Ramsey degrees if BRD(A,K) < ∞ for every A ∈ Age(K).
We say that A ∈ Age(K) is a big Ramsey object of K if BRD(A,K) = 1. Let
BRO(K) ⊆ Age(K) denote the class of big Ramsey objects of K. We say that K
satisfies the infinite Ramsey theorem (IRT) if BRO(K) = Age(K).

Given a Fräıssé class K with limit K, we say that K has finite big Ramsey
degrees if BRD(A,K) is finite for every A ∈ K, and we can write BRD(A,K) and
BRD(A,K) interchangeably.

Remark 2.2. In many sources, including [49], BRD(A,K) is denoted by TK(A).
Following [5], we choose to change the notation due to the number of tree-like
objects we will introduce using the letter T.

Thus the original infinite Ramsey theorem [64] is equivalent to the statement
that the structure ⟨ω,<⟩ satisfies IRT. We note that by a theorem of Hjorth [43],
whenever K is a Fräıssé structure with Aut(K) non-trivial, then K does not sat-
isfy IRT.

It is natural to ask for big Ramsey degrees to be monotone. Proposition 2.4
gives a natural extra assumption ensuring that this is the case.

Definition 2.3. Given an infinite structure K, A ∈ Age(K), S ⊆ Emb(A,K),
and η ∈ Emb(K), we write η−1(S) := {f ∈ Emb(A,K) : η ◦ f ∈ S}. We call
S ⊆ Emb(A,K) large if there is η ∈ Emb(K) with η−1(S) = Emb(A,K). We call
S ⊆ Emb(A,K) unavoidable (in some references persistent) if Emb(A,K) ∖ S is
not large. We say that a coloring of Emb(A,K) is unavoidable if every color class
is unavoidable. An avoidable subset or coloring is one which is not unavoidable.

Proposition 2.4. If K is an infinite structure, A ⩽ B ∈ Age(K), and there is
f ∈ Emb(A,B) so that Emb(B,K) ◦ f ⊆ Emb(A,K) is large, then BRD(A,K) ⩽
BRD(B,K).

Proof. Suppose BRD(B,K) = ℓ < ∞. Fix a finite coloring γ : Emb(A,K) → r.

Pick some f ∈ Emb(A,B) and form the coloring γ·f̂ : Emb(B,K) → r given by

γ·f̂(x) = γ(x ◦ f). We may find η ∈ Emb(K) so that

|γ·f̂ [η ◦ Emb(B,K)]| ⩽ ℓ⇔ |γ[η ◦ Emb(B,K) ◦ f ]| ⩽ ℓ.

As Emb(B,K) ◦ f ⊆ Emb(A,K) is large by assumption, find θ ∈ Emb(K) with
θ ◦ Emb(A,K) ⊆ Emb(B,K) ◦ f . Hence |γ[η ◦ θ ◦ Emb(A,K)]| ⩽ ℓ. □
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Note that if K is a countable structure, then K is Fräıssé iff for any A ⩽
B ∈ Age(K) and f ∈ Emb(A,B), we have Emb(B,K) ◦ f = Emb(A,K). Thus
Proposition 2.4 recovers the result from [76] that BRDs in Fräıssé structures are
monotone. Proposition 2.4 is also implicitly used by Mašulović [54, 56] in some
situations where K is not ω-homogeneous.

3. Expansions and big Ramsey structures

Our next goal is to define reducts, expansions, and big Ramsey structures (Def-
initions 3.2 and 3.5). Morally speaking, a reduct of a structure K is obtained by
forgetting some of the symbols in LK, and an expansion is obtained by adding
some interpretations of new relation symbols on top of K. We mention that our
definition is a bit more strict than what some references allow. For instance, some
references allow one to form a “reduct” by first adding some relations which are
definable from M, then deleting some other relations; an example of this is forming
a two-graph from a graph [71].

It is quite natural to consider adding relations to structures when consider-
ing colorings of embeddings. Given a structure K, A ∈ Age(K), and a coloring
γ : Emb(A,K) → r, we can encode this coloring by adding r new |A|-ary relations
on top of K. In principle, to encode several colorings of Emb(A,K) for varying
A ∈ Age(K), one would need to form several different expansions. The difficulty is
this: Suppose A ⩽ B ∈ Age(K) and γA, γB are finite colorings of Emb(A,K) and
Emb(B,K), respectively. If we attempt to näıvely add both of the corresponding
expansions to K simultaneously, obtaining some expansion K∗, then the γB-color
of some g ∈ Emb(B,K) might no longer tell us exactly how K∗ looks on Im(g),
since K∗|Im(g) will also tell us information about γA. In situations where K admits
a big Ramsey structure, we will be able to encode several colorings witnessing lower
bounds for BRDs simultaneously using a single expansion.

Notation 3.1. If K is a structure, S is a set, and η : S → K is an injection, then
K·η denotes the unique structure on underlying set S such that η ∈ Emb(K·η,K).

If additionally A ⩽ K and γ : Emb(A,K) → r is a coloring, we let γ·η : Emb(A,
K·η) be defined via (γ·η)(f) = γ(η ◦ f).

Definition 3.2. Given L ⊆ L and a structure K∗, the structure K∗|L is the
structure with underlying set K such that given R ∈ L, we have

RK∗|L =

{
∅ if R ̸∈ L
RK∗

if R ∈ L.

Given a pair of structures K∗ and K, both on underlying set K, we call K a reduct
of K∗ or K∗ an expansion of K if K∗|LK

= K. The notation K∗/K indicates that
K∗ is an expansion of K, and we call K∗/K an expansion.

Given an expansion K∗/K and A ⩽ K, we write K∗(A,K) = {K∗·f : f ∈
Emb(A,K)}. Thus K∗(A,K) is the set of expansions of A which embed into
K∗. If I is a set of structures all of which embed into K, we write K∗(I,K) :=⋃

A∈I K
∗(A,K). □
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The next definition collects some properties that expansions might enjoy.

Definition 3.3. Let K∗/K be an expansion with K infinite, and fix I ⊆ Age(K).
For any “I-property” defined below, when I = Age(K), we simply refer to “prop-
erty” (except for finitary ; see below).

(1) We call K∗/K I-precompact if K∗(A,K) is finite for every A ∈ I, see [62].
When K∗/K is precompact, we can form the compact space

XK∗/K := {K′/K : Age(K′) ⊆ Age(K∗)}

where the topology is given by declaring that K′
n/K → K′

∞/K iff for every
A ∈ Age(K) and f ∈ Emb(A,K), we eventually have K′

n·f = K′
∞·f . The

natural right action of Emb(K) on XK∗/K is continuous, see [49, 75, 76].
(2) We call K∗/K I-finitary if we have |K∗(I,K)| < ω (in particular, I must

be finite) and furthermore, for every B ∈ Age(K), if B′ ̸= B∗ ∈ K∗(B,K),
then for some A ∈ I and f ∈ Emb(A,B), we have B′·f ̸= B∗·f . Thus K∗

is determined by how it looks on copies of members of I in K. For this
definition, omitting I from the notation means that for some finite I, the
expansion is I-finitary.
In particular, finitary expansions are precompact, and a structure is finitary
iff it is equivalent to one in a finite relational language; for more on struc-
tures in finite relational languages and their finitary expansions, see [9].

(3) Given I ⊆ Age(K), we say K∗/K is I-unavoidable if for any η ∈ Emb(K),
we have (K∗·η)(I,K) = K∗(I,K). Equivalently, this happens if for ev-
ery A ∈ I and A∗ ∈ K∗(A,K), Emb(A∗,K∗) ⊆ Emb(A,K) is unavoid-
able. Note that K∗/K is unavoidable iff for every η ∈ Emb(K), we have
Age(K∗·η) = Age(K∗). Note that always Age(K∗·η) ⊆ Age(K∗).

(4) We call K∗/K recurrent if for any η ∈ Emb(K), there is θ ∈ Emb(K) with
η ◦ θ ∈ Emb(K∗), i.e. if Emb(K∗) meets every right ideal of Emb(K). This
property is called self-similar in [55].
In particular, recurrent expansions are unavoidable.

(5) We call K∗/K embedding faithful if Emb(K∗) = Emb(K).
(6) If K′/K is another expansion of K and I ⊆ Age(K), then K′/K is an

I-factor of K∗/K if for any A ∈ I and f0, f1 ∈ Emb(A,K), we have
that K∗·f0 = K∗·f1 implies K′·f0 = K′·f1, and K∗/K and K′/K are
I-equivalent if each is an I-factor of the other.

When I = {A ∈ Age(K) : A = |A| ⩽ n} for some n < ω, we can write n instead
of I. Whenever any of the properties above is applied to just K, it means that K
viewed as an expansion over its underlying set has the property.

We collect some basic observations about Definition 3.3.

Fact 3.4. Fix an infinite L-structure K and I ⊆ Age(K).

(1) If K∗/K is I-unavoidable, then BRD(A,K) ⩾ |K∗(A,K)| for each A ∈ I.
If η ∈ Emb(K), then (K∗·η)/K is also I-unavoidable.
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(2) If I is finite and K∗/K is I-precompact, then there is η ∈ Emb(K) such
that (K∗·η)/K is I-unavoidable (pick η ∈ Emb(K) minimizing the possible
value of |(K∗·η)(I,K)|).

(3) If I is finite and K∗/K is I-finitary, then every member of XK∗/K is I-
finitary.

The following definition is the main subject of this survey. It first appeared in
[76] in the case that K is Fräıssé and for general K in [1]. Here we rephrase it
slightly to take advantage of some of the vocabulary defined above.

Definition 3.5 ([76], [1]). GivenK∗/K an expansion withK infinite, we callK∗/K
a big Ramsey structure (BRS) for K if it is unavoidable and every A ∈ Age(K)
satisfies |K∗(A,K)| = BRD(A,K) < ∞. We say that K admits a BRS if there is
some expansion K∗ of K with K∗/K a BRS. A Fräıssé class admits a BRS if its
Fräıssé limit does.

In particular, any BRS is precompact, and if K admits a BRS, then K has finite
BRDs. We note that if K∗/K is a BRS and η ∈ Emb(K), then (K∗·η)/K is also a
BRS. However, members of XK∗/K need not be BRSs.

The motivation for defining big Ramsey structures comes from topological dy-
namics and from analogy with what happens when considering small Ramsey de-
grees. The term Ramsey degree was introduced by Fouché [39] and popularized in
[49]; we add the prefix small to better distinguish from big Ramsey degrees. Given
a Fräıssé class with limitK, we say thatA ∈ K has small Ramsey degree t < ω if t is
least such that for every A ⩽ B ∈ K and every r < ω, we have K → (B)Ar,t. Much
like how unavoidable expansions provide lower bounds for big Ramsey degrees,
“syndetic” expansions provide lower bounds for small Ramsey degrees. Sometimes
called the order property [49] or the expansion property [62], we say that K∗/K is
syndetic if every K′ ∈ XK∗/K satisfies Age(K′) = Age(K). Define a small Ramsey
expansion of K to be any syndetic expansion K∗/K which witnesses the exact small
Ramsey degrees. The key difference with small Ramsey degrees is compactness; if
K has finite small Ramsey degrees, then automatically small Ramsey expansions
exist [75, 60]. Furthermore, if K∗/K is a small Ramsey expansion, then every
member of XK∗/K is a small Ramsey expansion, and conversely, every small Ram-
sey expansion of K is equivalent to some member of XK∗/K. Since by a result of
Nešetřil and Rödl [59] Age(K∗) is always a Fräıssé class, one can simply choose
K∗ to be the Fräıssé limit, yielding a Fräıssé Ramsey expansion of K. It turns out
(see [49, 75, 62]) that XK∗/K is a dynamically meaningful object; it is the universal
minimal flow of the topological group Aut(K).

By contrast, for big Ramsey degrees, the following important question is wide
open.

Question 3.6. Suppose K is a Fräıssé class with finite BRDs. Does K admit a BRS?

If K is a Fräıssé class with limit K and admitting a BRS K∗, one can form
XK∗/K and ask about its properties as a dynamical object. The main result of [76]
is that XK∗/K is defined up to Aut(K)-flow isomorphism by a dynamical universal



326 JAN HUBIČKA AND ANDY ZUCKER

property much like the universal minimal flow. This has the following important
consequence.

Fact 3.7. Suppose K is a Fräıssé class with limit K and admitting a BRS K∗.
Then if K′/K is any other BRS, we have that K′/K is equivalent (Definition 3.3)
to some member of XK∗/K. In particular, if some BRS for K is finitary, then
every BRS for K is finitary.

However, by asking that our BRSs satisfy extra properties, we can obtain, up to
equivalence and bi-embeddability, a canonical choice of BRS.

Proposition 3.8 (see [30, Proposition 2.4]). If K∗,K′ are two expansions of K
with K∗/K a BRS and K′/K I-precompact for some finite I ⊆ Age(K), then there
is η ∈ Emb(K) such that (K′·η)/K is an I-factor of (K∗·η)/K. If K∗/K is also
recurrent, then there is η ∈ Emb(K) such that (K′·η)/K is an I-factor of K∗/K.

In particular, if K admits a recurrent, finitary BRS, then given any two recurrent
BRSs K∗ and K′ for K, there is η ∈ Emb(K) with (K∗·η)/K) equivalent to K′/K.

Theorem 3.10 gives an abstract account of the main approach for putting up-
per bounds on big Ramsey degrees. Given a structure K whose BRDs we are
interested in, we can attempt to compare K with some other structure M∗ whose
BRDs we already know something about. The “comparison” is a weak form of
bi-embeddability.

Definition 3.9. Fix a class K of finite structures along with structures B and C.
We say that a map f : B → C is a K-approximate embedding from B to C if for
each A ∈ K, we have f ◦Emb(A,B) ⊆ Emb(A,C). Write EmbK(B,C) for the set
of K-approximate embeddings from B to C. When K = Age(K), we can simply
say K-approximate and write EmbK(B,C). In this case, note that for any (not
necessarily finite) A ⩽ K, we have f ◦ Emb(A,B) ⊆ Emb(A,C).

Fix an infinite structure K. We call a tuple (M, φ, ψ) a weak bi-embedding for
K if M is an infinite structure, φ ∈ Emb(K,M), and ψ ∈ EmbK(M,K).

As an example, consider K the rational linear order and M the countable generic
partial order (see Example 6.4). Then letting φ ∈ Emb(K,M) and letting ψ : M →
K be any embedding of some total linear extension of M into K, then (M, φ, ψ) is
a weak bi-embedding for K.

Theorem 3.10. Suppose K is an infinite structure and (M, φ, ψ) is a weak bi-
embedding for K. Then given an expansion M∗/M and A ∈ Age(K), we have

BRD(A,K) ⩽
∑

A∗∈(M∗·φ)(A,K)

BRD(A∗,M∗). □

Proof. The theorem statement is vacuous if (M∗·φ)(A,K) is infinite, so assume
it is finite, and write (M∗·φ)(A,K) = {A∗

k : k < n}. Fix 0 < r < ω and
a coloring γ : Emb(A,K) → r. If k < n and if embeddings {ηi : i < k} ⊆
Emb(M∗) have been determined, write ξk = η0 ◦ · · · ◦ ηk−1, and consider the color-
ing γ·ψ◦ξk : Emb(A∗

k,M
∗) → r. Find ηk ∈ Emb(M) with |(γ·ψ◦ξk)[ηk◦Emb(A∗

k,
M∗)]| ⩽ BRD(A∗

k,M
∗), and put ξk+1 = ξk ◦ηk. Once all of η0, . . . , ηn−1 have been
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determined, then we have ψ ◦ ξn ◦ φ ∈ Emb(K). To show that |γ[ψ◦ξn◦φ◦Emb(A,
K)]| ⩽

∑
k<n BRD(A∗

k,M), fix f ∈ Emb(A,K). For some k < n, we have
M∗·(φ◦f) = A∗

k. For this k < n, we have ηk ◦· · ·◦ηn−1 ◦φ◦f ∈ ηk ◦Emb(A∗
k,M

∗),
implying that γ(ψ◦ξn◦φ◦f) ∈ (γ·ψ◦ξk)[ηk◦Emb(A∗

k,M
∗)]. □

Corollary 3.11. In the setting of Theorem 3.10, if Age(M∗·φ) ⊆ BRO(M∗), then
BRD(A,K) ⩽ |(M∗·φ)(A,K)|.

The next corollary is originally due to Mašulović and generalizes Theorem 4.3
of [20].

Corollary 3.12 ([55, Theorems 6.1, 6.3]). If K∗/K is an expansion and A ∈
Age(K), then

BRD(A,K) ⩽
∑

A∗∈K∗(A,K)

BRD(A∗,K∗).

If K∗/K is also recurrent, then we have equality.

Proof. The ⩽ direction follows from Theorem 3.10 by considering the weak bi-
embedding (K, idK , idK). In the case K∗/K is recurrent, towards showing ⩾, we
may assume BRD(A,K) is finite. Recurrence then tells us that K∗(A,K) is finite;
write K∗(A,K) = {A∗

k : k < n}. For each k < n, let γk : Emb(A∗
k,K

∗) → r
be a finite coloring, and let γ : Emb(A,K) → r denote their union. We may find
η ∈ Emb(K) with |γ[η ◦ Emb(A,K)]| ⩽ BRD(A,K), and by recurrence, we may
assume η ∈ Emb(K∗). Hence |

⋃
k<n γk[η ◦ Emb(A∗

k,K
∗)]| ⩽ BRD(A,K), giving

the desired inequality. □

Corollary 3.13 ([30, Proposition 2.7]). If K∗/K is a recurrent BRS, then K∗

satisfies IRT. If K∗/K is unavoidable, precompact, and K∗ satisfies IRT, then
K∗/K is a BRS.

Example 3.14. LetK be the countable structure with no relations, i.e. a countable
set K. If K∗/K is an expansion which adds a linear order of order type ω, then
K∗/K is recurrent, finitary, andK∗ satisfies IRT. It follows thatK∗/K is a BRS. By
Fact 3.7, any other BRS for K is equivalent to some member of the space XK∗/K,
which here is just the space of all linear orderings of K. It turns out (since for the
class of finite sets, big and small Ramsey degrees coincide) that every member of
XK∗/K is a big Ramsey structure for K. The recurrent members of XK∗/K are
exactly the linear orders of order type ω or ω∗ (the reverse of ω).

In fact, almost all of the above discussion goes through when K has no relations,
|K| is a weakly compact cardinal κ, and K∗ is a linear order of order type κ.

Using Corollary 3.12, we can prove Proposition 3.16, a useful preservation prop-
erty about how BRSs behave regarding “expansions of expansions.”

Lemma 3.15. If K′/K and K∗/K′ are both recurrent expansions, then K∗/K is
also recurrent. If K′/K is recurrent and K∗/K′ is unavoidable, then K∗/K is also
unavoidable.



328 JAN HUBIČKA AND ANDY ZUCKER

Proof. For both parts, fix η ∈ Emb(K). As K′/K is recurrent, find θ ∈ Emb(K) so
that η ◦ θ ∈ Emb(K′). For the first part, as K∗/K′ is recurrent, find φ ∈ Emb(K′)
with η ◦ θ ◦ φ ∈ Emb(K∗). As θ ◦ φ ∈ Emb(K) and η ◦ θ ◦ φ ∈ Emb(K∗), we have
that K∗/K is recurrent. For the second part, we have Age(K∗·η ◦ θ) = Age(K∗).
It follows that also Age(K∗ · η) = Age(K∗). □

Proposition 3.16. If K′/K is a recurrent, precompact expansion and K∗/K′ is
an expansion, then K∗/K′ is a BRS iff K∗/K is a BRS.

Proof. First assumeK∗/K′ is a BRS. FixA ∈ Age(K). Note that by Corollary 3.12
and since K∗/K′ is a BRS, we have

BRD(A,K) =
∑

A′∈K′(A,K)

BRD(A′,K′) =
∑

A′∈K′(A,K)

|K∗(A′,K′)| = |K∗(A,K)|.

By Lemma 3.15, K∗/K is unavoidable, hence a BRS by the above equation.
Now assume K∗/K is a BRS. As K∗/K is unavoidable, so is K∗/K′, simply

because Emb(K′) ⊆ Emb(K). We now verify that for every A′ ∈ Age(K′) that
BRD(A′,K′) = |K∗(A′,K′)|. Unavoidability of K∗/K′ gives ⩾. To get equality,
write A = A′|LK

. Corollary 3.12 gives us

BRD(A,K) =
∑

A′∈K′(A,K)

BRD(A′,K′),

while the assumption that K∗/K is a BRS gives

BRD(A,K) = |K∗(A,K)| =
∑

A′∈K′(A,K)

|K∗(A′,K′)|.

Thus BRD(A′,K′) = |K∗(A′,K′)| for every A′ ∈ K′(A,K). Hence K∗/K′

is a BRS. □

Proposition 3.16 explains a common step in almost all big Ramsey arguments on
Fräıssé limits of strong amalgamation classes, namely that of fixing an enumeration
of the structure. Recall that a Fräıssé class K with limitK has strong amalgamation
iff for each F ∈ [K]<ω and a ̸∈ F , and letting G = Aut(K), we have {g(a) : g ∈
StabG(F )} infinite. Compare the following to Theorem 4.1 of [54].

Corollary 3.17. Let K be the Fräıssé limit of a strong amalgamation class. Then
if K′/K is an expansion adding a linear order of order type ω, then K′/K is
recurrent; in fact, all such expansions are bi-embeddable. Additionally, if Age(K)
only contains finitely many structures on underlying set 2, then K′/K is finitary,
and K admits a BRS iff K′ does.

Proof. Given any two linear orders <0 and <1 of K in order type ω, we produce an
embedding φ : ⟨K, <1⟩ → ⟨K, <2⟩ inductively as follows. Let {an : n < ω} list K
in <0-order. Let φ|{a0} be any partial embedding. If φ|{ak:k<n} has been produced
for some n > 0, the strong amalgamation assumption ensures that in K, there are
infinitely many vertices sharing the type of an over {ak : k < n}. Thus we can pick
such a vertex <1-above an−1 for φ(an).
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The statement about obtaining a finitary expansion follows from the definition,
and the last statement follows from Proposition 3.16. □

If we can satisfy the assumptions of Theorem 3.10 in a more uniform fashion,
we obtain a much stronger conclusion.

Theorem 3.18. Fix an infinite structure K, and suppose that (M, φ, ψ) is a weak
bi-embedding for K such that for some finite I ⊆ Age(K) and expansion M∗/M,
the following hold:

(1) (M∗·φ)/K is I-finitary and I-unavoidable,
(2) (M∗·φ)(I,K) ⊆ BRO(M∗).

Then (M∗·φ)/K is a finitary, recurrent BRS.

Proof. To simplify notation, write K∗ = M∗·φ. By Theorem 3.10, we have that
BRD(A,K) ⩽ |K∗(A,K)| for every A ∈ Age(K). To get the reverse inequalities,
it suffices to show that K∗/K is recurrent, which will show that K∗/K is a finitary,
recurrent BRS, finishing the proof.

Fix θ ∈ Emb(K), towards showing that Emb(K∗)∩ (θ ◦Emb(K)) ̸= ∅. For each
A ∈ I and A∗ ∈ K∗(A,K), consider the coloring γA∗ : Emb(A∗,M∗) → K∗(A,K)
given by γA∗(f) = K∗·(θ◦ψ◦f). By item 2, we can find ζ ∈ Emb(M∗) so that all of
the colorings γA∗ ·ζ are constant. In particular, consider the map ψ◦ζ◦φ ∈ Emb(K).
We claim that θ ◦ ψ ◦ ζ ◦ φ is “almost” in Emb(K∗), in the sense that whenever
A ∈ I and f0, f1 ∈ Emb(A,K), then K∗·f0 = K∗·f1 iff K∗·(θ ◦ ψ ◦ ζ ◦ φ)·f0 =
K∗·(θ ◦ ψ ◦ ζ ◦ φ)·f1. The forward direction follows since γA∗ ·ζ is monochromatic
for each A ∈ I and A∗ ∈ K∗(A,K). The reverse direction follows since K∗/K is
I-unavoidable. Thus the map θ◦ψ◦ζ ◦φ induces a permutation of each of the finite
sets K∗(A,K) for A ∈ I. It follows that for a suitably large power n of θ ◦ψ ◦ζ ◦φ,
the corresponding permutation becomes the identity. Since K∗/K is I-finitary, it
follows that (θ ◦ ψ ◦ ζ ◦ φ)n ∈ Emb(K∗) ∩ (θ ◦ Emb(K)) as desired. □

Corollary 3.19. If K is an infinite structure, I ⊆ Age(K) is finite, K∗/K is I-fini-
tary and I-unavoidable, and K∗ satisfies IRT, then K∗/K is recurrent (and hence
a BRS). In particular, any BRS which is finitary and satisfies IRT is recurrent.

Theorem 3.18 and Corollaries 3.11 and 3.19 make it important to be able to
produce structures that satisfy large fragments of IRT. This is often done by first
defining a structure which is relatively easy to understand, then expanding it as
needed in an embedding faithful way to enlarge the class of big Ramsey objects.
This idea is captured by the following definition, whose various parts are referred
to in the literature as the envelope, shape, or embedding type of a given embedding.

Definition 3.20. Given a set C of finite structures and another finite structure A,
a C-extension of A is a pair (f,B) with f ∈ Emb(A,B) and B ∈ C. Let ExtC(A)
denote the collection of such extensions. We equip ExtC(A) with a partial order ⩽,
where (f0,B0) ⩽ (f1,B1) iff there is g ∈ Emb(B0,B1) with f1 = g ◦ f0. A C-type
of A is any ⩽-minimal member of ExtC(A), and we denote these by TpC(A).

Now suppose M is an infinite structure with A ∈ Age(M) and C ⊆ Age(M).
Given (f,B) ∈ ExtC(A) and g ∈ Emb(A,M), we say that g extends to (f,B) if
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there is h ∈ Emb(B,M) with g = h ◦ f . We say that M admits C-envelopes if for
any A ∈ Age(M) and any g ∈ Emb(A,M), g extends to a unique C-type up to
isomorphism, which we call the C-shape of g in M and denote by ShpC,M(g). In this

case, we define the expansionM∗C by adding for each enumeratedA ∈ Age(M) and
each (f,B) ∈ TpC(A) an A-ary relation R(f,B), where given (a0, . . . , aA−1) ∈MA,

we have that RM∗C

(f,B)(a0, . . . , aA−1) holds iff the map i → ai is in Emb(A,M) and

realizes (f,B). We note that M∗C/M is embedding faithful. □

Proposition 3.21. Suppose M is an infinite structure and C ⊆ BRO(M) is such
that M admits C-envelopes. Then M∗C satisfies IRT.

Proof. This follows immediately from Proposition 2.4. □

4. Applications using Milliken’s theorem

We now turn to discussing how Theorem 3.18 and Corollaries 3.11 and 3.19 are
used implicitly in the literature to give bounds on big Ramsey degrees. We also
use Theorem 3.18 to give some new proofs that various structures admit finitary
recurrent BRSs.

To do this, we first need to discuss the main source of structures which satisfy
IRT, which are typically trees equipped with various “strong” notions of embedding.
Conventions about trees vary from reference to reference; as such, we also make
various conventional choices in this work which are given in the next definition.

Definition 4.1. A level tree (or just tree in this survey, as all trees we mention
will be level trees) is a structure T := ⟨T,⊑T,∧T,⩽T

ht⟩, where
(1) ⊑T is a partial ordering with the property that for every t ∈ T , PredT(t) :=

{s ∈ T : s ⊑T t} is linearly ordered and finite.
(2) The T-height of t ∈ T is the number htT(t) = |PredT(t) ∖ {t}| < ω, and

given m < ω, we write T(m) = {t ∈ T : htT(t) = m}, similarly for T(<m),
etc. The relation s ⩽T

ht t holds exactly when htT(s) ⩽ htT(t).
(3) The T-meet of s, t ∈ T , if it exists, is the ⊑T-largest x ∈ T with x ⊑T s

and x ⊑T t; if such x exists, we denote it by s∧T t. Formally, ∧T is a 3-ary
relational symbol, with ∧T(s, t, x) iff x = s ∧T t, but we often write it as a
binary partial function.

We collect some other notation pertaining to trees.

• If t ∈ T(m), we write IST(t) := {u ∈ T(m + 1) : t ⊑T u} for the set of
immediate successors of t in T.

• If t ∈ T and m ⩽ htT(t), we let t|Tm denote the unique member of PredT(t)
in T(m).

A subtree of T is any substructure S ⊆ T which is a tree in the above sense. In
particular, S ⊆ T induces a subtree of T iff S is closed under ∧T (closure under
meets) and whenever s0, s1 ∈ S satisfy s0 ⩽T

ht s1, we have s1|ThtT(s0)
∈ S (closure

under “levels”). For arbitrary S ⊆ T , the ML-closure (for “meet-and-level”) of S
in T, denoted S̄T, is the smallest subtree of T whose underlying set contains S. If
T∗/T is an expansion, we write S̄T∗

for the corresponding expansion of S̄T.
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When T is understood from context, we often omit T as a subscript/superscript.
A common example of a tree is k<ω for some k < ω with its usual tree order,

where given s, t ∈ k<ω, we put s ⊑ t iff dom(s) ⩽ dom(t) and t|dom(s) = s. Note
that in this tree, we have ht(t) = dom(t). However, when referring to k<ω as a
tree, we typically add even more relations. We form the structure

Tk := ⟨k<ω,⊑,∧,⩽ht,⪯lex, (Ri)0<i<k⟩.

Given s, t ∈ k<ω with dom(s) < dom(t), the passing number of t at s is the number
t(dom(s)) < k. To capture passing numbers, we add for each 0 < i < k a binary
relation Ri so that Ri(s, t) holds iff either ht(s) < ht(t) and t(ht(s)) = i or vice
versa. The lexicographic order ⪯lex is defined in the usual way; we note that
⪯lex is definable from the other relations, but it is helpful to add anyways (see
Example 4.4). We can expand further by adding a unary predicate U to nodes of
level < m, and we write Tk,m for this structure. We can now state a consequence of
Milliken’s tree theorem which is one of the linchpins of structural Ramsey theory.

Theorem 4.2 ([57]). For any k,m < ω, we have {Tk,m(<n) : m ⩽ n < ω} ⊆
BRO(Tk,m).

For most applications, one takes m = 0 (i.e. just Tk), but we will use the more
general theorem in an application of Theorem 3.18.

Theorem 4.2, which shows that BRO(Tk,m) ⊆ Age(Tk,m) is upwards cofinal, is
insufficient to conclude that Tk,m satisfies IRT. Given some A ∈ Age(Tk,m), there
might not be n < ω and f ∈ Emb(A,Tk,m(<n)) for which Proposition 2.4 applies.
To get around this, we expand the structure using Definition 3.20. We then have
the following (see [72]).

Theorem 4.3. For any k,m < ω and writing C = {Tk,m(<n) : m ⩽ n < ω},
Tk,m admits C-envelopes. Thus T∗C

k,m satisfies IRT. Furthermore, T∗C
k,m/Tk,m is

4-finitary.

Proof. We refer to [72] for most of the argument, but briefly discuss why the cor-
responding expansion is 4-finitary. This follows from the observation that to deter-
mine the C-shape of some g ∈ Emb(A,Tk,m), it is enough to be able to describe
the relative heights of nodes in the ∧-closure of Im(g), which we denote by X. As
any node in X can be described using at most two nodes in Im(g), we can com-
pare the relative heights of two nodes in X by looking at a subset of Im(g) of size
at most 4. □

Example 4.4. Consider the rational linear order ⟨Q,⩽⟩. Sierpiński [70] was the
first to consider the Ramsey theory of this structure and constructed a coloring
showing that BRD(2,Q) ⩾ 2 (Sierpiński’s coloring takes advantage of the fact that
an expansion of Q adding a new linear order in order type ω is recurrent). Several
decades later, Galvin [41] proved that in fact BRD(2,Q) = 2. Laver in unpublished
work proved that Q has finite BRDs, more-or-less by proving parts of what would
become Milliken’s theorem. Devlin [22] then managed to characterise the exact
BRDs for Q, and his characterisation shows that Q admits a BRS.
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Let us write K for the rational linear order on underlying set 2<ω and with order
given by ≺lex. Then T∗

2 is an expansion of K. To show that K admits a finitary,
recurrent BRS using Theorem 3.18, we find φ ∈ Emb(K,K) such that (T∗

2·φ)/K
is 4-finitary and 4-unavoidable. Such a φ can be described via objects which in
this survey we call Devlin trees, which are closely related to Joyce trees (see [1]). A
Devlin tree is a subtree S ⊆ T∗

2 such that for each m < ω with S(m) ̸= ∅, exactly
one of the following happens.

(1) There is exactly one t ∈ S(m) with |ISS(t)| = 2. We call t a splitting node
of S. For each s ∈ S(m) ∖ {t}, we have ISS(s) = {s′} for some s′ with
¬R1(s, s

′) (i.e. passing number 0).
(2) There is exactly one t ∈ S(m) with neither t⌢0 nor t⌢1 ∈ S(m+1), i.e. t is

a terminal node in S. We call t a coding node of S. For each s ∈ S(m)∖{t},
we have ISS(s) = {s′} for some s′ with ¬R1(s, s

′) (i.e. passing number 0).

When S is infinite, we additionally demand that any s ∈ S can be ⊑-extended to
a coding node of S.

We sometimes expand S by adding a unary predicate CdNd to label the coding
nodes, obtaining a Devlin coding tree. These are examples of the diagonal coding
trees defined in [18] (see Example 5.5). The structure coded by S, denoted Str(S)
is the linear order K|CdNd(S). One can show (see [72]) that there is φ ∈ Emb(K)

such that Im(φ)
T∗

2
is a Devlin tree whose coding nodes are exactly Im(φ). To apply

Theorem 3.18, one only needs to show that (T∗
2·φ)/K is 4-unavoidable; however,

it is not too hard to show directly that any two Devlin coding trees which code a
rational order are bi-embeddable [72].

Example 4.5. This example was obtained jointly with Rivers Chen. Consider the
class K of finite structures equipped with two independent linear orders ⪯0 and
⪯1. One can think of the Fräıssé limit K as the “rational plane.” In particular, if
we view K ⊆ R2 and the two orders coming from the usual ordering on the x and
y coordinates, respectively, then K must have the property that any two distinct
points have distinct x-coordinates and distinct y-coordinates. Homogeneous struc-
tures with 2 linear orders can be seen as permutations and have been classified by
Cameron [14]. Homogeneous structures with n linear orders, n ⩾ 2 are sometimes
called n-dimensional permutations and are classified by Braunfeld [13].

We will use an instance of the product form of Milliken’s theorem. Let

T2 ⊗T2 = ⟨(2× 2)<ω, (⊑i)i<2, (∧i)i<2,⩽ht, (⪯i)i<2, (Ri,j)0<i,j<2⟩

where the relations ⊑i, ∧i, and ⪯i correspond to the structure T2 in each of the two
coordinate projections, and Ri,j now encodes a “2-dimensional” passing number.
In particular, the orders ⪯0 and ⪯1 are interpreted as the lexicographic orders in
each coordinate. Much as in Theorem 4.2, we have that each finite substructure of
the form (T2⊗T2)(<n) ∼= T2(<n)⊗T2(<n) is in BRO(T2⊗T2); indeed, one can
see this as an instance of Theorem 4.2 for the tree T2,1. As in Theorem 4.3, upon
setting C = {(T2 ⊗T2)(<n) : n < ω}, then T2 ⊗T2 admits C-envelopes, and the
expansion (T2 ⊗T2)

∗C/(T2 ⊗T2) is 4-finitary for almost the exact same reason.
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Let us write M for (T2 ⊗ T2)|{⪯0,⪯1}, also setting M = (2 × 2)<ω. So M
is isomorphic to Q × Q equipped with the usual linear order in each coordinate,
which we refer to as x and y coordinates. Note that Age(K) ⊊ Age(M), since
it is possible for distinct points in M to have the same x-coordinate or the same
y-coordinate. However, Emb(K,M) ̸= ∅; indeed, given any finite A ⊆ K and
f ∈ Emb(A,M), one can extend f to a member of Emb(K,M) by adding points
to A one at a time. One can also show that EmbK(M,K) ̸= ∅; in words, there is
a map ψ : M → K which is “correct” on subsets of M where distinct points have
different x and y coordinates, but which “breaks ties” given any pair of points from
M with a common x or y coordinate. To build such a ψ, one can show that given a
finite B ⊆ M and f ∈ EmbK(B,K), then f extends to a member of EmbK(M,K)
by adding points to B one at a time.

Set M∗ = (T2 ⊗ T2)
∗C . To apply Theorem 3.18, one needs to find φ ∈

Emb(K,M) so that (M∗·φ)/K is 4-finitary and 4-unavoidable. We can describe
such a φ using objects which are very similar to Devlin trees; in what follows, we
drop some of the structural formalism to ease notation. We view 2 × 2<ω as two
copies of 2<ω side by side. Given S ⊆ 2 × 2<ω, we write Si = S ∩ ({i} × 2<ω),
S(n) = S ∩ (2 × 2n), and Si(n) = Si ∩ S(n). Given t = (i, s) ∈ 2 × 2n and j < 2,
we write t⌢j = (i, s⌢j) ∈ 2× 2n+1. A product Devlin tree is a subset S ⊆ 2× 2<ω

closed under initial segments, with both S0 and S1 non-empty, with S0(n) = ∅ iff
S1(n) = ∅, and such that for each n with S(n) ̸= ∅, exactly one of the following.

(1) There is exactly one t ∈ S(n) which splits, i.e. with both t⌢0 and t⌢1 ∈ S.
For s ∈ S(n)∖ {t}, we have s⌢0 ∈ S(n+ 1).

(2) There are exactly one t0 ∈ S0(n) and exactly one t1 ∈ S1(n) which are
terminal. We call (t0, t1) a product coding node of S. For s ∈ S(n)∖{t0, t1},
we have s⌢0 ∈ S(n+ 1).

If S is infinite, we additionally demand that for any m < ω and any (s0, s1) ∈
S0(m)×S1(m), there are n > m and a product coding node (t0, t1) ∈ S0(n)×S1(n)
with si ⊑ ti for each i < 2.

Given a product Devlin tree S, let CdNd(S) ⊆ M denote the set of product
coding nodes. Write Str∗(S) ⊆ M∗ for the substructure induced on CdNd(S),
with reduct Str(S) ⊆ M; if Str(S) ∼= K and φ ∈ Emb(K,M) is such that Im(φ) =
CdNd(S), then (M∗·φ)/K will be a finitary, recurrent BRS.

Example 4.6. The Rado graph K is the Fräıssé limit of the class K of finite graphs.
Erdős, Hajnal, and Pósa [36] showed that BRD(e,K) ⩾ 4, where e denotes the edge.
Pouzet and Sauer [63] proved that BRD(e,K) = 4. Using Milliken’s theorem, Sauer
[68] proved that K has finite BRDs, and shortly thereafter, Laflamme, Sauer, and
Vuksanovic [52] characterise the exact BRDs, in the process showing that K admits
a finitary, recurrent BRS.

We view graphs as symmetric, irreflexive binary structures using only the binary
relation R1. Write M = T∗

2|{R1}; then M is a graph, and it is straightforward to
show that M and K are bi-embeddable. Thus upon building φ ∈ Emb(K,M)
such that (T∗

2·φ)/K is 4-unavoidable, Theorem 3.18 tells us that this is a finitary,
recurrent BRS. Similar to Example 4.4, such φ can be described by objects, again
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closely related to Joyce trees, which in this survey we call LSV trees after the
authors of [52]. The definition is the exact same as for Devlin trees except that on
coding levels, if t ∈ S(m) is the coding node, s ∈ S(m) ∖ {t}, and ISS(s) = {s′},
we allow the possibility that R1(s, s

′) holds. We also define LSV coding trees
similarly to the last example, and the structure coded by S, denoted Str(S), is the
graph M|CdNd(S). It is routine to construct LSV trees which code any countable
graph. One of the main results of [52] is that any two LSV-trees coding the Rado
graph are bi-embeddable; while similar in spirit to the corresponding result for
Devlin trees coding the rational order, the proof for LSV trees is harder (in fact,

provably so [1]). Hence if φ ∈ Emb(K,M) has the property that Im(φ)
T∗

2
is an

LSV tree whose coding nodes are exactly Im(φ), then (T∗
2·φ)/K is recurrent, and

thus a big Ramsey structure. Note that formally, the result that all LSV coding
trees which code the Rado graph are bi-embeddable is stronger than the assertion

that (T∗
2·φ)/K is recurrent; not only are Im(φ ◦ η)

T∗
2
and Im(φ)

T∗
2
bi-embeddable

whenver η ∈ Emb(K), but any LSV tree coding Rado has the form Im(φ ◦ η)
T∗

2
for

some η ∈ Emb(K). Here we give a new proof of the bi-embeddability result using
Theorem 4.3.

Fix two LSV coding trees S and T such that Str(T) is a Rado graph. We
show that Emb(S,T) ̸= ∅; note that this happens iff Emb(S|CdNd(S),T) ̸= ∅. We
can suppose for every m < ht(S) that S(m) ⊆ 2m. Let θ ∈ Emb(M,Str(T)).
Find η ∈ Emb(T∗

2) such that for each A∗ ∈ Age(T∗
2) with |A| ⩽ 4, the map on

Emb(A∗,T∗
2) given by f → T·(θ ◦ η ◦ f) is monochromatic. To ease notation, we

simply replace θ with θ ◦ η. So to emphasize, we have found θ ∈ Emb(M,Str(T))
satisfying

(∗∗)-For each A∗ ∈ Age(T∗
2) with |A| ⩽ 4, the map on Emb(A∗,T∗

2) given by
f → T·(θ ◦ f) is monochromatic.

We will show that for any θ satisfying (∗∗), either θ|CdNd(S) ∈ Emb(S|CdNd(S),T)
or θ|CdNd(S) is almost an embedding, but flips ≺lex. In the items below, say that a

finite subset F ⊆ 2<ω is in LSV position if F
T∗

2 is an LSV-tree whose coding nodes
are exactly F .

• For x, y ∈ 2<ω with x <ht y, we have θ(x) <
T
ht θ(y). Write A∗ ⊆ T∗

2 for the
substructure induced on {x, y}. The set {f ∈ Emb(A∗,T∗

2) : f(x) = x)}
is infinite. Thus the set {θ(f(y)) : f ∈ Emb(A∗,T∗

2)} is infinite. As
some of these must satisfy θ(x) <T

ht θ(f(y)), assumption (∗∗) tells us that
they all do.

• For any x, y ∈ 2<ω, we have (θ(x) ∧T θ(y)) ⩽T
ht θ(x ∧ y). If x ∧ y ∈ {x, y},

this is clear. If x∧ y ̸∈ {x, y}, then in the graph M, exactly one of x or y is
adjacent to x ∧ y. Thus in Str(T), exactly one of θ(x) or θ(y) is adjacent
to θ(x ∧ y). As θ(x ∧ y) <T

ht {θ(x), θ(y)} by the first item, we must have
θ(x)|ThtT(θ(x∧y)) ̸= θ(y)|ThtT(θ(x∧y)), implying that (θ(x)∧Tθ(y)) <T

ht θ(x∧y).
• For w, x, y, z ∈ 2<ω with (w ∧ x) <ht (y ∧ z), then also (θ(w) ∧T θ(x)) <T

ht

(θ(y) ∧T θ(z)). We first consider the case w = x. Suppose ht(x) = m− 1.
Find ζ ∈ Emb(T∗

2,m,T
∗
2,m) so that for each v ∈ 2<ω with x <ht v, we have
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that θ ◦ ζ(v)|htT(θ(x)) depends only on v|m−1. Hence what we want is true
if y, z ∈ Im(ζ), but by assumption (∗∗), it must be true generally. When
w ̸= x, we have (θ(w) ∧T θ(x)) ⩽T

ht θ(w ∧ x) <T
ht (θ(y) ∧T θ(z)), the first

inequality by the second item and the second using w ∧ x in place of x in
the prior reasoning.

• From the first and third items, it follows that for any set Q ⊆ 2<ω in LSV
position, θ|Q ∈ Emb(S−|Q,T−), where S−, T− are the ≺lex-forgetting
reducts of S and T.

• On any set Q ⊆ 2<ω in LSV position, θ either preserves ⪯lex or flips it.
Suppose A∗ ∈ Age(T∗

2) has size 2 and describes a pair of vertices in LSV
position. By (∗∗) and the fourth bullet it is true that either T·(θ ◦f) = A∗

for every f ∈ Emb(A∗,T∗
2) or T·(θ ◦ f) is the ⪯lex-flip of A∗ for every

such f . Supposing the former, we will show that θ preserves ⪯lex on Q; the
proof that θ flips ⪯lex in the other case is similar. Suppose B∗ ∈ Age(T∗

2)
describes another pair in LSV position. We can find w ≺lex x ≺lex y ≺lex

z ∈ 2<ω in LSV position such that T∗
2|{w,y} ∼= A∗, T∗

2|{x,z} ∼= B∗, and

w ∧ y = x ∧ z <T
ht {w ∧ x, y ∧ z}. By the fourth bullet, we have θ(w ∧ y) =

θ(x∧ z) <T
ht {θ(w)∧T θ(x), θ(y)∧T θ(z)}, and our assumption on A∗ gives

θ(w) ≺T
lex θ(y). It follows that we must have θ(x) ≺T

lex θ(z); appealing to
(∗∗), this happens for every pair inducing a copy of B∗ in 2<ω, and B∗

was arbitrary.

The above bullets combine to imply that θ|CdNd(S) ∈ Emb(S|CdNd(S),T) in the case
that θ was ⪯lex-preserving. In the case that it was ⪯lex-reversing, we can obtain
the desired result by explicitly building an LSV-tree U that embeds every LSV-tree
(including S and its ⪯lex-flip), then running the above argument. □

Example 4.7. In this example, we modify Definition 4.1 by weakening item (1) to
allow PredT(t) to be well-ordered and possibly infinite. Shelah [69] proves a ver-
sion of Milliken’s theorem for an expansion of the uncountable tree Tκ := ⟨2<κ,⪯
,∧,⩽ht,≺lex, R1⟩, where κ is a cardinal which is measurable in the forcing exten-
sion obtained by adding ℶκ+ω-many Cohen reals. The needed expansion of Tκ,
denoted T≺

κ , is given by adding a binary relation ≺ which well-orders every level;
call structures of this form level-ordered trees. However, the version of Milliken’s
theorem proven for T≺

κ is weaker than showing that finite level-ordered trees are
big Ramsey objects. Instead, given a finite level-ordered tree A≺ and a coloring
γ : Emb(A≺,T≺

κ ) → σ (where in fact any cardinal σ < κ will work), one shows that
there is η ∈ Emb(Tκ,Tκ) (without ≺) so that γ is constant on η[Emb(A≺,T≺

κ ·η)]
(note the second appearance of η). Using a strengthening of this, Džamonja, Larson,
and Mitchell [31, 32] construct finitary big Ramsey structures for the κ-saturated
analogs of the rational order and the Rado graph. These simply look like un-
countable Devlin trees and LSV trees, respectively, equipped with well-orders on
every level satisfying certain properties. Whether or not any of these big Ramsey
structures is recurrent is open.

Remark 4.8. A general limitation of the big Ramsey degree proofs which use Mil-
liken’s theorem as given in Theorem 4.2 is the fact that a regularly branching tree
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can only represent structures in finite languages containing binary relations. Two
kinds of structures can be represented in the tree:

(1) Linear orders (represented the lexicogrpahic order of the tree) as in Exam-
ple 4.4.

(2) Unrestricted structures in binary language (represnted using the passing
numbers) as in Example 4.6.

Using the product form of Milliken’s theorem, as in Example 4.5 these construc-
tions can be combined giving upper bounds on big Ramsey degrees for structures
with multiple linear orders and multiple types of binary edges in free superpo-
sition. This can be used, for example, to represent directed graphs (where the
orientation of the edge is encoded by a pair of symmetric binary relations and an
edge). These structures are sometimes referred to as an “unrestricted” structures
(or “simple” in [29]).

To obtain upper bounds for BRDs of structures with relations of higher arity, it
is possible to use a product form of Milliken’s theorem on rapidly branching trees,
which is beyond the scope of this survey. For details see [72] or the paper [7], which
gives upper bound on the BRDs in the class of 3-uniform hypergraphs and [12]
generalizing this construction to unrestricted ω-categorical structures in relational
languages which are not necessarily finite, but are required to have finitely many
relations of every arity.

It is possible to construct a persistent coloring showing that the Rado graph with
countably many types of edges does not have finite BRDs and thus, in a certain
sense, these constructions are tight.

5. Coding tree techniques

In a major technical leap forward, Dobrinen in [25, 28] proved that for every
k ⩾ 3, the Fräıssé class of finite k-clique-free graphs has finite big Ramsey degrees.
For these classes, the corresponding Fräıssé limits are much more difficult to code
as trees in a straight-forward way. To get around this, Dobrinen introduces the
concept of trees enriched with a designated set of coding nodes, which here we view
as the unary predicate CdNd.

Throughout this section, K denotes an infinite structure with the property that
CdNd ∈ LK and CdNd(K) = K. Abstractly, a “proof of finite BRDs and/or
existence of BRS using coding trees” can be defined as an application of one of
Theorems 3.10 or 3.18 where ψ|CdNd(M) : M|CdNd(M) → K is an isomorphism. We
have already seen examples of weak bi-embeddings of this form; for instance, if K
is the rational order or the Rado graph, then we can let M∗ be a Devlin or LSV
coding tree, respectively, and M can be the reduct of M∗ eliminating all of the tree
structure. So M is just a copy of K along with several extra isolated vertices that
will become the other nodes of the tree, and ψ can be defined arbitrarily on these
extra nodes.

A common extra feature of coding tree arguments in the literature is that one
typically attempts to prove Ramsey theorems about M∗ directly, coding nodes
and all. This typically requires the use of techniques from set-theoretic forcing,
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an approach pioneered by Dobrinen [25] and inspired by a forcing proof of the
Halpern–Läuchli theorem1 [42] given by Harrington which first appears in print in
[74], see also [24]. As for which M∗ to work with, the approaches vary. The two
extreme situations are on the one hand, that M∗ is built in some canonical fashion,
but finding φ as in Theorem 3.18 takes work, and on the other, that M∗ is rather
difficult to build, but we can apply Theorem 3.18 taking φ to be onto M|CdNd(M).
Of course, there are examples where the construction of M∗ lies somewhere in
between, for instance in [25, 28].

In what remains of this section, we describe these two extreme approaches and
indicate several recent examples of them in the literature. First, we describe the
most common “canonical” choice of M∗, the coding tree of 1-types with respect to
a given Fräıssé class.

Definition 5.1. Fix a Fräıssé class K with limit K and with LK finite. We can
ensure that LK doesn’t contain any level tree relation symbols (Definition 4.1).
Let A ⩽ K be enumerated. The K-coding tree of A [5], or equivalently the tree of

K-1-types [18, 19], has been denoted by either CTA or S(A), respectively. Here, we
adopt the notation TA

K . The underlying set of this tree is tpAK ), the set of 1-types
over initial segments of A. Fix some symbol t ̸∈ ω, the type vertex. Members of
tpAK are structures B ∈ K with B = n ∪ {t} and B|n = A|n for some n < 1 + |A|.
The tree order is simply that of substructure; note that B ∈ TA

K (n) iff B∖{t} = n.
In addition to the tree relations, we also equip TA

K with the unary relation CdNd,
where if B ∈ tpAK , then B ∈ CdNd(TA

K ) iff for some n < ω we have B ∼= A|n+1

via the map i → i (i < n) and t → n. Notice that there is exactly one coding
node per level. We then equip the coding nodes with relations from LK so that
(TA

K |CdNd(TA
K))|LK

∼= A in the obvious way.

When LK is binary, then by re-encoding K, we can suppose LK ∖ {CdNd} =
{Uj : j < ku} ∪ {Ri : 0 < i < k} for some k, ku < ω with the Uj unary and the Ri

binary, that ¬RK
i (a, a) holds for every a ∈ K, that {Uj(K) : j < ku} is a partition

of K, and that the sets {RK
i : 0 < i < k} are pairwise disjoint. In this case, one

can encode members of tpAK as members of ku×k<ω, where for a given B ∈ TA
K (n),

one simply encodes the unary relation on t and the binary relations between the
vertex t and the vertices 0, . . . , n− 1 in B. Form the tree

ku ×Tk := ⟨ku × k<ω,⊑,∧,⩽ht,⪯lex, (Uj)j<ku , (Ri)0<i<k⟩
by placing ku-many copies of Tk side by side, equipping each Tk with exactly one of
the unary relations, and extending ⪯lex in the obvious way. Then the tree structure
on TA

K is induced from ku ×Tk, and the binary relations of the copy of A induced
on CdNd(TA

K ) are given by the passing number relations {Ri : 0 < i < k}.
We also discuss another variant of the coding tree of 1-types, called the unary-

colored coding tree of 1-types in [18, 19] and there denoted U, or what was in [77]

called CTA. Here, we call this tree UA
K . We relax our assumptions to allow LK

to possibly contain infinitely many unary symbols, but we demand that for every
a ∈ K, there is exactly one unary U ∈ LK ∖ {CdNd} with a ∈ U(K). The tree

1The Halpern–Läuchli theorem is the inductive step in the proof of Milliken’s theorem.
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UA
K has underlying set tp−(A,K), where members of tp−(A,K) are LK-structures

B with B = n ∪ {t}, B|n = A|n, t ̸∈ U(B) for any unary U ∈ LK ∖ {CdNd}, but
there is some unary U ∈ LK such that upon equipping t with unary U , we obtain
a structure in K. In addition to the unary CdNd relation, we endow the coding
nodes with unary relations from LK according to the unaries in A. When LK is
binary and correctly encoded as above, we can encode members of tp−(A,K) as
members of k<ω, and the tree structure on UA

K is induced from that of Tk.

Example 5.2. Recall that a structure A is called irreducible if every a ̸= b ∈ A
participates in some relation of A. Equivalently, this happens exactly when A is
not a free amalgam of two proper substructures. Given L ⊆ L and F a set of finite,
irreducible L-structures, we define ForbL(F) as the class of finite L-structuresA for
which F ̸⩽ A for every F ∈ F . Recall that a Fräıssé class K has free amalgamation
iff K has the form ForbL(F) for some L ⊆ L and set F of finite, irreducible
L-structures.

Now suppose K is a Fräıssé binary free amalgamation class with enumerated limit
K and with LK finite. We assume that the enumeration of K is left dense (see [77]),
meaning that above any v ∈ tpKK ⊆ ku × k<ω, one can extend v by adding a string
of zeros to reach some member of CdNd(TK

K ). To show that (TK
K )∗All satisfies a

large fragment of IRT, we need to add more structure to the coding tree of 1-types.
Given an enumerated A ⩽ K, we form the aged coding tree of 1-types, which here
we denote by ATA

K . This expansion adds new relations (not necessarily binary) that

can hold on level tuples from TA
K . When A is finite, the extra relations on ATA

K can
be viewed as describing what configurations of coding nodes could possibly appear
in TB

K above a given level tuple of nodes from TA
K , where B ⩽ K is an enumerated

structure with B|A = A.
The idea of adding extra structure to levels of trees is implicit in Dobrinen’s

work on the triangle-free and k-clique-free Henson graph [25, 28] via the concept of
parallel 1s. Indeed, if two vertices x and y in a triangle free graph are both adjacent
to some vertex z, then x and y cannot be adjacent. Notationally, we remark that in
[77, 5, 30], instead of forming the expansion ATA

K explicitly, these references refer
to a submonoid of embeddings called aged embeddings, written AEmb(. . .). Here,

we instead expand the structure, so that AEmb(TA
K ,TB

K) = Emb(ATA
K ,AT

B
K).

Crucially, the assumption that K is left dense implies that ATK
K/TK

K is em-
bedding faithful. This expansion yields the following generalization of Milliken’s
theorem.

Theorem 5.3 ([77, Theorem 3.5]). BRD(ATA
K ,AT

K
K ) = 1 for every enumerated

A ∈ K.

We note that the above discussion works similarly for UA
K , thus yielding the

aged unary-colored coding tree of 1-types AUA
K ; this is actually what is used in [77].

Theorem 5.3 gives us a large set of big Ramsey objects, and as in the previous
section, one needs to check that this structure admits envelopes.

Theorem 5.4. Letting C = {ATA
K : A ∈ K enumerated}, we have that ATK

K admits

C-envelopes. Thus (ATK
K )∗C satisfies IRT.
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Unlike Theorem 4.3, (ATK
K )∗C/ATK

K is not in general finitary. This might seem
like an insurmountable obstacle. However, by adding extra assumptions to K, we
can find a work-around. As we are assuming K is a binary free amalgamation class,
we have K = ForbLK(F) for some set F of finite irreducible LK-structures. We say
that a free amalgamation class is finitely constrained if we can take F to be finite.
From now on, assume K is finitely constrained. Then, writing M = TK

K |LK
, one

can find φ ∈ Emb(K,M) so that ((ATK
K )∗C ·φ)/K is finitary.

In particular, there exists some φ as above so that ((ATK
K )∗C ·φ)/K is I-finitary

and I-unavoidable for some finite I ⊆ K; thus Theorem 3.18 implies that K admits
a finitary, recurrent BRS. However, in order to characterise the finitary, recurrent
BRSs of K, one must explicitly build such a φ. This is the work undertaken in [5].
In particular, the diaries defined and constructed in [5] are abstractions of the
key features that the image of such a φ must have. It would be interesting to
reprove the bi-embeddability result for diaries from [5] in the style of our proof
from Example 4.6 that LSV trees are bi-embeddable.

Another approach, taken for instance in [18], [19], [23] and [30], is to postpone
proving Ramsey theorems until after constructing φ as above. This is closer in
spirit to the second extreme discussed before Definition 5.1. Regarding finitely
constrained binary free amalgamation classes, Dobrinen and Zucker build particu-
larly nice diaries called strong diaries and prove directly using forcing that these
satisfy large fragments of IRT.

This concludes the discussion of Example 5.2.

Example 5.5. In the papers [18, 19], Coulson, Dobrinen, and Patel isolate, in
decreasing order of strength, the amalgamation properties SFAP, SDAP+, and
LSDAP+ that a Fräıssé class K might enjoy. We refer there for the definitions, but
the idea is that for binary LSDAP+ classes, it is straightforward to modify UK

K into
a recurrent big Ramsey structure for K, and one can prove IRT directly on this big
Ramsey structure using forcing. This results in a characterisation of big Ramsey
degrees and recurrent big Ramsey structures of a particularly simple nature. Fix
a Fräıssé class K with LSDAP+ along with an enumerated Fräıssé limit K. We
assume LK is finite, that {U ∈ LK ∖ {CdNd} : U unary} = {Uj : j < ku} for some
ku < ω, and that for each a ∈ K, there is exactly one j < ku with a ∈ Uj(K). The
authors show that there is a partition Π of ku such that, writing M = UK

K |LK
, then

if φ ∈ Emb(K,M) has the properties that

• Im(φ) is an antichain in UK
K ,

• for some ℓ < ω with htUK
K
(φ(a)) > ℓ for every a ∈ K, there are distinct

{vP : P ∈ Π} ⊆ UK
K (ℓ) such that φ(a)|U

K
K

ℓ = vP iff a ∈ Uj(K) for some
j ∈ P ,

then ((UK
K )·φ)/K is recurrent (and finitary). Furthermore, if LK is binary, then

the authors prove directly using forcing that (UK
K )·φ satisfies IRT, thus yielding a

BRS. When K is not binary, the authors show that vertices are big Ramsey objects
(i.e. that the Fräıssé limits are indivisible).
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Examples of binary LSDAP+ classes include the class of finite linear orders with
a vertex partition into ku-many unaries, whose BRDs were characterised in earlier
work of Laflamme–Nguyen Van Thé–Sauer [51], the class of finite graphs with a
vertex partition into ku-many unaries (in particular, when ku = 1, they obtain
another proof of the bi-embeddability result discussed in Example 4.6), and the
class of finite linear orders equipped with a convex equivalence relation. For the
partitioned orders, we have Π = {ku}, while for the partitioned graphs, we have
Π = {{j} : j < ku}. The idea for this difference is that in graphs, we can use
the edge relation with respect to some “external” vertex to separate the unaries,
but in linear orders, this is not possible using an external vertex and the order
relation. Thus for the partitioned orders, BRSs for the Fräıssé limit are described
by Devlin trees where the coding nodes get an additional unary label, whereas for
the partitioned graphs, the BRSs for the Fräıssé limit are described by LSV trees
with ku-many labeled roots. For the linear orders with convex equivalence relations,
the BRSs for the Fräıssé limit are simply described by Devlin trees S equipped with
a ≺lex-convex equivalence relation ∼ on the coding nodes with the property that if
a ≺lex b ≺lex c ∈ CdNd(S), a ∼ b, and b ̸∼ c, then a ∧ c <ht a ∧ b, and if instead
a ̸∼ b and b ∼ c, then a ∧ c <ht b ∧ c.

For many more examples of Fräıssé structures satisfying these amalgamation
properties, we refer to the catalog at the end of [19].

6. Parameter space methods and generalizations

As discussed at the end of Section 4, applications of Milliken’s theorem are
limited to big Ramsey degrees of unrestricted structures. For certain restricted
structures, it is possible to apply the Carlson–Simpson theorem [15] in the place of
Milliken’s tree theorem. This technique was introduced in [44] and can be applied
to structures with unary and binary relations which are triangle constrained, i.e.
described by certain families of forbidden substructures with at most 3 vertices.

Fix k > 0 and σ ⊆ {s⃗ ∈ k<ω : |s⃗ | > 0}. Here we use tuple notation s⃗ to discuss
members of k<ω which we don’t want to think of as members of Tk, and |s⃗ | denotes
the length of s⃗ (which we don’t want to think of as height in a tree). Indeed, we
expand the structure Tk introduced in Section 4 into:

Tσ
k := ⟨k<ω,⊑,∧,⩽ht,⪯lex, (Ri)0<i<k, (Rs⃗)s⃗∈σ⟩.

where the relations ⊑,∧,⩽ht,⪯lex, (Ri)0<i<k are as in Section 4. For each s⃗ ∈ σ,
the relation Rs⃗ has arity |s⃗ | and we put (t0, t1, . . . , t|s⃗|−1) ∈ Rs⃗ if and only if there
exists ℓ < mini<|s⃗ | ht(ti) such that ti(ℓ) = s⃗(i) for every i < |s⃗ |.

We can again expand further by adding a unary predicate U to nodes of level
less than m, and we write Tσ

k,m for this structure. For σ = {s⃗ ∈ k<ω : |s⃗ | > 0} the

following is a direct consequence of the Carlson–Simpson theorem [15]. For other
choices of σ this follows from [3].

Theorem 6.1. For any k,m < ω, we have

{Tσ
k,m(<n) : m ⩽ n < ω} ⊆ BRO(Tσ

k,m).
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Once again, one also needs to verify that the structure admits envelopes (see [44]
for verification).

Theorem 6.2. Writing C = {Tσ
k,m(<n) : m ⩽ n < ω}, we have that Tσ

k,m admits

C-envelopes. Thus (Tσ
k,m)∗C satisfies IRT.

When the C from Theorem 6.2 is understood, we write Tσ∗
k,m for (Tσ

k,m)∗C .

Example 6.3. The triangle-free Henson graph K is the Fräıssé limit of the class
K of all finite triange-free graphs. We put σ = {⟨11⟩}. We will proceed similarly
as in Example 4.6 and view graphs as symmetric, irreflexive binary structures.
We however change the definition of the graph M: we have M = 2<ω, and a

pair of vertices u, v with u <ht v forms an edge if and only if (u, v) ∈ R
Tσ∗

2
1 and

(u, v) /∈ R
Tσ∗

2

⟨11⟩ . There are no edges between vertices of the same level. While

technically this graph is not a reduct of Tσ∗
2 , it is a reduct of an embedding faithful

expansion of it.
We claim that M is triangle-free. Suppose towards the contrary that the vertices

u, v, and w forms a triangle. Clearly we can assume u <ht v <ht w. Because

(u,w) ∈ R
Tσ∗

2
1 and (u, v) ∈ R

Tσ∗
2

1 we have v(dom(u)) = w(dom(u)) = 1 which

implies that (v, w) ∈ R
Tσ∗

2

⟨11⟩ contradicting the fact that v and w forms an edge of M.

Moreover M is bi-embeddable with K. To see that assume that the vertex set of
K is ω and assign every vertex i ∈ ω a sequence φ(i) ∈ 2i where φ(i)(j) = 1 if and
only if i and j forms an edge of K. It is easy to check that this is an embedding

φ : K → M since for every i < j ∈ ω it holds that (φ(i), φ(j)) /∈ R
Tσ∗

2

⟨11⟩ (which

follows from the fact that K is triangle-free). Then Tσ∗
2 ·φ is an expansion of K.

By Theorems 6.1 and 6.2 we obtain that the big Ramsey degrees of K are finite.
The precise characterisation of big Ramsey structure was independently obtained
by Balko, Chodounský, Hubička, Konečný, Vena and Zucker and by Dobrinen [26].
Self-contained presentations of this characterisation appear in both [5, Example
3.4.4] and [4, Definition 9.5]. See also Example 5.2.

Example 6.4. The generic partial order K is the Fräıssé limit of the class K of
all finite partial orders. Notice that the tree of types of the generic partial order
is ternary, since for every pair of vertices u, v we have either u < v, u > v or
u ⊥ v. We associate 0, 1, 2 with letters L,X,R respectively and imagine the partial
order pictured in a way so all inequalities go from left to right: L denotes “left”,
X is used for uncomparable and R denotes “right”. We will use the natural order
L < X < R.

Finiteness of big Ramsey degrees of the K was shown by Hubička [44] by an
application of the Carlson–Simpson theorem; recurrent big Ramsey structures for
K were characterised by Balko, Chodounský, Dobrinen, Hubička, Konečný, Vena
and Zucker [4] using a refinement of the Calrlson-Simpson theorem which motivated
the introduction of parameter σ in this survey. We follow the presentation of [4]
and define the following partial order on 3<ω = {L,X,R}<ω.

Definition 6.5. For x, y ∈ 3<ω, we set x ≺ y if and only if there exists i such that:



342 JAN HUBIČKA AND ANDY ZUCKER

(1) 0 ⩽ i < min(dom(x), dom(y)),
(2) ⟨x(i)y(i)⟩ = ⟨LR⟩, and
(3) x(j) < y(j) for every 0 ⩽ j < i.

It is easy to verify (see [44]) that M = ⟨3<ω,≺⟩ is a partial oder and ⟨3<ω,≺lex⟩
is its linear extension. Moreover M is bi-embeddable with K. To see this, assume
that the vertex set of K is ω and assign to every vertex i ∈ ω a sequence φ(i) ∈ 3i

where φ(i)(j) = L if and i <K j, φ(i)(j) = R if and i >K j and φ(i)(j) = X
otherwise.

We put

σ = {⟨LR⟩} ∪ {⟨ab⟩ : a, b ∈ {L,X,R} and a > b}.

Notice that, by the choice of σ, any embedding Tσ
3,m → Tσ

3,m (for any m) is also an
embedding M → M. By Theorems 6.1 and 6.2 we obtain that big Ramsey degrees
of K are finite. For the precise characterisation of recurrent big Ramsey structures
for K, see [4, Definition 1.5]. We remark that shape-preserving functions used in
[4] are coarser than embeddings of Tσ

3,m → Tσ
3,m.

Balko, Chodounský, Hubička, Konečný, Nešetřil, and Vena [6] give simple, yet
quite general structural condition on when methods based on the Carlson–Simpson
theorem can be used to obtain finiteness of BRDs.

Given structures A and B, a homomorphism from A to B is a map φ : A → B
so that images of related tuples remain related. As in [48] we call a homomorphism
φ : A → B a homomorphism-embedding if φ restricted to any irreducible substruc-
ture of A is an embedding. The homomorphism-embedding φ is called a strong
completion of A to B provided that B is irreducible and φ is injective.

Theorem 6.6. Let K be a countably-infinite irreducible structure with LK finite
and containing only unary and binary relation symbols. Assume that every count-
able structure A has a strong completion to K provided that every induced cycle
in A (seen as a substructure) has a strong completion to K and every irreducible
substructure of A of size at most 2 embeds into K. Then A has finite big Ramsey
degrees.

This result goes along the lines of the structural condition given for small Ram-
sey degrees in [6] and implies finiteness of BRDs for Fräıssé limits of metric spaces
with distances in {0, 1, . . . δ} for every finite diameter δ ∈ ω. More generally,
Theorem 6.6 can also be applied to the metric spaces associated to metrically
homogeneous graphs of finite diameter with no Henson constraints as defined in
Cherlin’s catalogue [16]. The precise characterisations of the big Ramsey struc-
tures still needs to be given, but we believe that they can be obtained analogously
as in [4].

Remark 6.7. While applications of Carlson–Simpson theorem are limited to triangle
constrained structures, generalization of this method introducing a new Ramsey-
type theorem on trees is given in [3]. This result can be used to obtain all BRD
upper bounds discussed in this survey as well as new ones, see announcement [2].
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7. Expansions by unary relations and functions

In this section we consider structures in a language with both relation and unary
function symbols. We present a straightforward technique, based on [48], for ex-
tending structures with known big Ramsey bounds by incorporating additional
unary relations and functions. While initially motivated by the study of 2-orientable
graphs [37], the method is described here in a more general form.

All examples of structures with finite big Ramsey degrees discussed so far use
finite languages only. This is not a coincidence, since there are persistent colorings
showing, for example, that a random graph with ω-many types of edges does not
have finite BRDs [47]. Quite surprisingly however, structures with infinitely many
unary relations may have bounded big Ramsey degrees as shown in [12]. The
construction of this section indicates, among other things, how to transfer known
big Ramsey results to expansions with countably many new unaries.

In this section, we fix a language L′ extending L by unary function symbols, as
many as will ever appear in this section. We note that in this work, similar to [48],
we allow partial functions, so an embedding between L′-structures A and B is an
injection g : A→ B which is an embedding from A|L to B|L, and for every function
symbol F ∈ L′ and a ∈ A, we have a ∈ dom(FA) ⇔ g(a) ∈ dom(FB), and when
this happens, we have g(FA(a)) = FB(g(a)). Similar to our previous conventions,
in this section, a structure means an L′-structure, and given a structure K, we set
LK = LK|L ∪{F ∈ L′∖L : dom(FK) ̸= ∅}. We remark that partial unary functions
can be used to encode unary predicates by adding a unary function symbol F whose
domain is the desired unary predicate, setting F (a) = a for each a ∈ dom(F ).

Given a structure A, now that there are function symbols, it is not necessarily
true that there exists a substructure with any given domain B ⊆ A. Given a set S
and a structure A, we say that A is S-generated if S ⊆ A and there is no proper
substructure of A containing S. We call A locally finite if every finite S ⊆ A
generates a finite substructure. Substructures generated by singletons, especially
the singleton {0} = 1, will play an important role. Given v ∈ A, we denote by
ClA(v) the substructure generated by {v}. Given a 1-generated structure B, we say
that B describes (ClA(v), v), or just that B describes ClA(v) when v is understood,
iff there exists an embedding e : B → A such that e(0) = v (such e, if it exists,
is unique).

Definition 7.1. (1) A set C of finite 1-generated structures is description-
closed if whenever A ∈ C and v ∈ A, there is B ∈ C that describes ClA(v).
We say C is irredundant if whenever A,A′ ∈ C and f : A → A′ is an
isomorphism satisfying f(0) = 0, then A = A′. A set of allowed vertex
closures is a countable, description-closed, irredundant set of 1-generated
structures.

(2) Given a structure B and a relation symbol R ∈ L of arity 1 ⩽ k < ω, we
say that B is R-generated if B is k-generated and (0, ..., k − 1) ∈ RB. We
call an L′-structure simple if it is R-generated for some R ∈ L.

(3) Let K be an L-structure, C a set of allowed vertex closures, and D a set of
simple substructures. Denote by KC,D the following L′-structure:
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(a) KC,D = {(A, e) : A ∈ C and e is an embedding A|L → K}.
(b) For every relational symbol R ∈ L of arity k we put(

(A0, e0), (A1, e1), . . . , (Ak−1, ek−1)
)
∈ RKC,D

if and only if there are an R-generatedB ∈ D, an embedding f : B|L →
K, and embeddings gi : Ai → B with gi(0) = i and ei = f ◦gi for every
i < k.

(c) For every function symbol F ∈ L′ we put (A0, e0) ∈ dom(FKC,D
) iff

0 ∈ dom(FA0), in which case we have FKC,D
((A0, e0)) = (A1, e1) iff

A1 describes ClA0
(FA0(0)), and letting e : A1 → A0 be the unique

embedding with e(0) = FA0(0), we have e0 ◦ e = e1.
Given (A, e) ∈ KC,D we put its projection denoted by π(A, e) to be e(0).

(4) Given C a set of allowed vertex-closures, we denote by KC the L′-structure
KC,D for D being (up to isomorphic members) the inclusion maximal set
of allowed simple substructures.

The purpose of C and D is to construct new structures KC,D from old in a
way Ramseyness is transfered, too. Let us discuss three simple examples showing
possibilities of this construction.

Example 7.2 (Two unary functions). LetK be a countable structure with LK = ∅.
Let L′ = {F0, F1} ⊆ L′ ∖ L (i.e. F0 and F1 are unary function symbols). Let C
be an inclusion maximal irredundant set of finite 1-generated L′-structures. Then
every countable locally finite L′-structure has an embedding to KC .

Example 7.3 (Matching on the top of order of rationals). Let K be the rational
linear order as discussed in Example 4.4, using the binary relation symbol ≺lex∈ L,
and let F ∈ L′ ∖ L. Let C consist of all structures A with domain {0, 1}, LA =
{≺lex, F} := L′, with ≺lex a linear order, and with F swapping 0 and 1. These are
the following two structures:

(1) A0 with 0 ≺lex 1, FA0(0) = 1, FA0(1) = 0.
(2) A1 with 1 ≺lex 0, FA1(0) = 1, FA1(1) = 0.

We can identify KC with K2 ∖ ∆K . Given (a, b) and (c, d) in KC , we have

(a, b) ≺KC

lex (c, d) iff a ≺K
lex c, and we have FKC

((a, b)) = (b, a). Note that ≺KC

lex is

only a partial order, since for instance (a, b) ̸≺KC

lex (a, c) and vice versa.

Example 7.4 (Bipartite graph from Rado graph). Consider the Rado graph K
discussed in Example 4.6. Let L′ = {R1, F} ⊆ L′, where F ∈ L′ ∖ L. For this
example, we will treat F as a unary predicate, so we will only specify the domain
of F . Let C consist of the following two L′-structures:

(1) A with A = {0}, RA
1 = ∅, dom(FA) = ∅.

(2) A′ with A′ = {0}, RA′

1 = ∅, dom(FA′
) = {0}.

Additionaly let D consist of two L′-structures:

(1) E with E = {0, 1}, RE
1 = {(0, 1), (1, 0)}, dom(FA′

) = {0}.
(2) E′ with E′ = {0, 1}, RE′

1 = {(0, 1), (1, 0)}, dom(FA′
) = {1}.
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The structure KC,D is a bipartite graph created form the Rado graph K by dupli-
cating every vertex into two (where precisely one of the two copies is in the domain
of F ) and erasing all edges connecting vertices that are either both in dom(F ) or
both not in dom(F ). Thus we obtain an universal bipartite graph.

Notice that exactly the same construction can be used for k-partite graphs for
every finite k as well as for ω-partite graph. If k is finite, we can consider either
the graph with or without parts distinguished by unary relational symbols. For ω-
partite graph the parts needs to be determined by means of ω many unary relations
(otherwise the graph would be isomorphic to the Rado graph).
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Figure 1. The tournament D

Example 7.5 (S(2) from labelled order of rationals). The tournament S(2) is
defined as follows: let C denote the unit circle in the complex plane. Define an
oriented graph structure on C by declaring that there is an directed edge from x
to y iff 0 < arg(y/x) < π. Call C the resulting oriented graph. The dense local
order is then the substructure (oriented subgraph) S(2) of C whose vertices are
those points of C with rational argument. Equivalently, S(2) is a Fräıssé limit of
the class of all D-free tournaments where D is a tournament depicted in Figure 1.

To describe the big Ramsey degrees of S(2), Laflamme, Nguyen Van Thé, and
Sauer [51] employed two main approaches: they represented S(2) using a free super-
position of the order of rationals and a structure in a unary language [51], and they
developed their own variant of the Milliken tree theorem where each level is colored
by finitely many colours. We give an alternate approach using Definition 7.1 based
on the same representation.

Notice that fixing an arbitrary vertex v ∈ S(2) divides the remaining vertices
into two parts. The first part consists of all vertices u such that (u, v) is an edge,
while the second part consists of all vertices u′ such that (v, u′) forms an edge.
Each part is isomorphic to the order of rationals. This motivates the following
construction.

Let K be the rational linear order (as discussed in Example 4.4) where the order
is represented using the binary relation symbol ≺lex∈ L. We will proceed in analogy
to Example 7.4 and duplicate each vertex of K into two distinguished copies. Let
L′ = {≺lex, F} ⊆ L′, where F ∈ L′ ∖ L is a unary function symbol. Let C consist
of the following two structures:

(1) A with A = {0}, RA
1 = ∅, dom(FA) = ∅.

(2) A′ with A′ = {0}, RA′

1 = ∅, dom(FA′
) = {0}, FA′

(0) = 0.

Now let L = {R1} ⊆ L be a language consisting of a single binary relation. Let S
be a structure with the same vertex set as KC where we put (a, b) ∈ RS

1 if
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(1) a ≺KC

lex b and vertex closures of a and b in KC are isomorphic.

(2) b ≺KC

lex a and vertex closures of a and b in KC are not isomorphic.

(3) Neither a ≺KC

lex b or b ≺KC

lex a holds, a /∈ domFKC
and b ∈ domFKC

.

As discussed in [51], we have S ∼= S(2), and S is interpreted in KC . Consequently
finite big Ramsey degrees of KC also implies finite big Ramsey degrees of S(2).

We remark that this construction can be generalized to the structures S(k) for
any finite k, disucssed in [20, 19], as well the order of rationals partitioned into n
dense or convex parts, for a given finite n [19].

Example 7.6 (Ultrametric spaces). Given n ∈ N, an n-ultrametric space is a met-
ric space A = (A, d) such that every u, v, w ∈ A satisfies d(u,w) ∈ n and d(u,w) ⩽
max{d(u, v), d(v, w)}. It is well known that the class of finite n-ultrametric spaces
forms a Fräıssé class, and we write Un for the Fräıssé limit.

Notice that for every n-ultrametric space A and every distance ℓ < n the relation
∼ℓ defined by putting u ∼ℓ v if and only if d(u, v) ⩽ ℓ is an equivalence relation.
Every equivalence class of ∼ℓ is called the ball of diameter ℓ.

Put L = ∅ and let L′ contain a single unary function F1. For every n-ultrametric
space A we define an L′-structure U(A) constructed as follows:

(1) The vertex set is the set of all balls of A (of every diameter ℓ < n). Notice
that the vertices of A are balls of diameter 0.

(2) Given a ball b of diameter ℓ < n − 1 we define F1(b) = c where c is the
unique ball of diameter ℓ+ 1 containing b.

Notice that:

(1) U is injective: it is possible to uniquely reconstruct the n-ultrametric space
A from U(A).

(2) IfA and B are n-ultrametric spacess andA is a subspace of B, then there is
an unique embedding U(A) → U(B) which is identity on balls of diameter
0. More generally, for every e ∈ Emb(A,B), there is a corresponding
e′ ∈ Emb(U(A), U(B)).

(3) The closure of every ball b ∈ U(A) of every diameter ℓ ∈ n is a sequence b =
bℓ, bℓ + 1, . . . , nn of balls of increasing diameter connected by the function
F1.

The structure KC consequently defines an n-ultrametric space U′ bi-embeddable
with Un. This concludes Example 7.6.

We now show that all these examples have finite big Ramsey degrees.

Lemma 7.7. Let B is a finite L-structure with LB finite. Let C be a set of al-
lowed vertex closures, D a set of simple structures, and A a finite structure. Then
Emb(A,BC,D) is finite.

Proof. We assume Emb(A,BC,D) ̸= ∅. Given v ∈ A and f ∈ Emb(A,BC,D),
consider f(v) := (C, e). The functional part of C is isomorphic to ClA(v), and
the relational part of C is isomorphic to a substructure of B, possibly with some
relations removed. Hence there are only finitely many possibilities for f(v). □
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Proposition 7.8. Let K be a L-structure, C a set of allowed vertex-closures and
D a set of simple substructures. If A ∈ Age(KC,D) and A is a finite set of finite
substructures of K such that for every e ∈ Emb(A,KC,D) there exists B ∈ A
isomorphic to K|π[e[A]], then

BRD(A,KC,D) ⩽
∑
B∈A

BRD(B,K) · |{f ∈ Emb(A,BC,D) : π[f [A]] = B}|.

Proof. Fix K, C, D, A and A as in the statement. Consider a coloring γ : Emb(A,
KC,D) → r for some r < ω. For every B ∈ A we consider set

SB = {f ∈ Emb(A,BC,D) : π[f [A]] = B} = {f ∈ Emb(A,KC,D) : π[f [A]] = B}.
For every e ∈ Emb(B,K) and f ∈ SB consider embedding fe ∈ Emb(A,KC,D)
constructed as follows. Given v ∈ A let A′ and e′ be such that f(v) = (A′, e′)
and put fe(v) = (A′, e ◦ e′). Now we define coloring γB : Emb(B,K) → (SB)

r by
putting γB(e)(f) = γ(fe) for every e ∈ Emb(B,K) and f ∈ SB.

Let φ ∈ Emb(K,K) be such that the number of colors of every B is at most
BRD(B,K) Construct φ′ ∈ Emb(KC,D,KC,D) by putting φ′((A′, e′)) = (A′, φ ◦ e′). □

As an immediate corollary of Proposition 7.8 we obtain that the structures dis-
cussed in Examples 7.2, 7.3, 7.4, 7.5 and 7.6 all have finite BRDs. With additional
analysis it is possible to obtain corresponding big Ramsey structures. We describe
a general construction for the special case of unary languages. That is, languages
L′ ⊆ L′ where all relation symbols (as well as all function symbols) are unary.
This is the case of Examples 7.2 and 7.6. We follow [38] which describes the Ram-
sey expansions for free amalgamation classes in languages with functions symbols
and adapt it to describe big Ramsey structures for Fräıssé limits of amalgamation
classes in unary languages, which can still be described in a relatively easy way.

Given a set of allowed closures C and a structure A, we say that A has closures
in C if for every v ∈ A there exists B ∈ C describing ClA(v). Notice that if K is an
amalgamation class of structures in a language L′ consisting of only unary relation
and function symbols, then K is a free amalgamation class and there exists a set of
allowed closures C defining the class K, in the sense that an L′-structure A is in K
if and only if it has closures in C.

Given an L′-structure K and u, v ∈ K we write u ⪯K v if and only if u ∈ ClK(v).
We also write u ∼K v if u ⪯K v ⪯K u. It is easy to see that ⪯K is an preoder and
∼K is an equivalence relation. We call its equivalence classes closure-components.
Given v ∈ K we denote by [v]K its closure-component.

If, for a structure A, there is v ∈ A such that A = ClA(v), then [v]A is the set
of all u ∈ A with ClA(u) = A, so in particular [v]A doesn’t depend on the choice
of generating element v ∈ A. We denote by A◦ ⊆ A the substructure (possibly
empty) on underlying set A ∖ [v]A; in particular, A ∖ [v]A is the domain of a
substructure.

We discuss some special orderings of structures. For this we fix a binary relation
symbol <∈ L. We call a structure A ordered if <A is a linear order, and we call
A unordered if <A is ∅. If A and B are ordered structures, we say that A is
similar to B if there exists an isomorphism f : A|L′∖{<} → B|L′∖{<} such that
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f |A◦ : A◦ → B◦ is also an isomorphism (thus f is order-preserving on all vertcies
not in f |A◦). Given a structure in K in a language not containing < we call an
expansion K∗/K an order-expansion if it only adds a binary relation <K∗

which is
a linear order.

Definition 7.9. Given a countable unordered structure K and an order-expansion
K∗ of K, we call K∗/K closure-respecting if <K∗

satisfies:

(1) Every closure-component forms an interval.
(2) Whenever u ̸∼K v and u ⪯K v then also u <K∗

v.
(3) For every u and v, if ClK∗(u) is similar to ClK∗(v), then they are also

isomorphic.
(4) If K is infinite, then <K∗

has order type ω.

Observation 7.10. Let K be an unordered locally finite L′-structure. Then every
downset of ≺K and every closure-component is finite. Thus if K is countable, then
it has a closure-respecting order-expansion K∗.

Observation 7.11. Let L′ ⊆ L′ be unary language. Let K be a Fräıssé class
of unordered L′-structures and K its Fräıssé limit. Then every closure-respecting
order-expansion K∗ satisfies the following form of the extension property: For
every v ∈ K it holds that there are infinitely many copies of ClK∗(v) extending
(ClK∗(v))◦.

If A∗ is a substructure of K∗ and f : A∗ → K∗ is an injection which is an
embedding on substructures generated by single vertices and preserves the relative
order of closure-components, then f is an embedding.

Proposition 7.12. Let L′ ⊆ L′ be unary language. Let K be a Fräıssé class
of unordered L′-structures and K its Fräıssé limit. Then every closure-respecting
expansion K∗ is recurrent.

Proof. Enumerate closure-components of K∗ as C1, C2, . . . in the order given by
(K,<K∗

). Given η ∈ Emb(K), an embedding θ ∈ Emb(K) with η ◦ θ ∈ Emb(K∗)
can be constructed by induction using Observation 7.11. □

Theorem 7.13. Let L′ ⊆ L′ be unary language. Let K be a Fräıssé class of
unordered L′-structures and K its Fräıssé limit. Then every closure-respecting ex-
pansion K∗ of K is a big Ramsey structure.

Proof. Fix K, K, and its closure-respecting expansion K∗. Without loss of general-
ity assume that L′ ⊆ L′∖L, K = ω and <K∗

is the linear order (thus the language
of K∗ is L′ ∪ {<} ⊆ L′). In particular we get that M = K∗|L is ω with the natural
ordering.

By Proposition 7.12 we only need to check that K∗ satisfies IRT which we will
do using Theorem 3.10 and Proposition 7.8. Let C be an inclussion minimal set
of allowed closures so K∗ has closures in C. We construct a weak bi-embedding
(MC , φ, ψ) for K∗ and show that MC satisfies IRT.

First we describe the embedding φ ∈ Emb(K∗,MC). For every v ∈ K∗ we put
φ(v) = (Av, ev) where Av is the unique structure in C describing ClK∗(v) and ev is
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the (unique) isomorphism ev : Av → ClK∗(v) with ev(0) = v. Notice that ev is an
embedding of the linear order A|L → M, and by the construction of MC , it follows
that φ is an embedding K∗ → MC .

Next we describe ψ ∈ EmbK∗(MC ,K∗). By the construction of MC , for every
v ∈ M, there are only finitely many closure-components ofMC with maxπ(Cj) = v.
We can thus fix an enumeration of the closure-components of MC as C1, C2, . . . such
that for every i < j, we have maxπ(Ci) ⩽ maxπ(Cj). By repeated application
of the extension property given by Observation 7.11, construct a K-approximate
embedding ψ by induction on this enumeration so that ψ is an embedding MC |L →
K and such that every closure-component forms an interval, with the relative order
of these intervals preserved. By the second part of Observation 7.11, this yields a
weak bi-embedding.

It remains to verify that MC satisfies IRT. By the Ramsey theorem applied
for A|L (which is just finite linear order of size |A|) and M = ω we obtain
that BRD(A|L,M) = 1. By Proposition 7.8 for A and A = {A|L} we obtain
that BRD(A,MC) = 1. Using the weak bi-embedding and Theorem 3.10 we get
IRT for K∗. □

Examples of structures which can be interpreted in a language with relational
and unary function symbols include:

(1) Λ-ultrametric spaces (with small Ramsey properties studied in [11]),
(2) Graphs which admits a k-orientation, i.e. an orientation of edges with out-

degree at most k. The small Ramsey properties of these classes are stud-
ied in [37].

Additional examples are indicated in the following section.

8. Catalog of known big Ramsey structures

The following catalog gives what we believe to be a complete list of big Ram-
sey structures described to the date (or which directly follow from the framework
developed in this paper). We also include a (partial) list of examples of structures
with known upper bounds on big Ramsey degrees for which the exact big Ramsey
degrees and/or the big Ramsey structures can hopefully be identified in future.

We indicate the basic proof technique:

R Ramsey theorem,
M Milliken tree theorem,

PM product form Milliken tree theorem with unbunded branching,
CT coding trees with proof based on language of set-theoretic forcing theorem,
CS Carlson-Simpson theorem,
S Ramsey theorem for trees with sucessor operation,
C custom Ramsey argument,
1 indicates that the underlying Ramsey theorem is used in combination with

adding unary relations and functions as discussed in Section 7.

In the table some cases are generalizations of others. We list results only in the
most general case they cover. k is used to denote an arbitrary fixed integer.
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structure special cases finite BRDs
precise
BRDs

big
Ramsey
structure

(ω,<) pigeonhole
Ramsey
thm. [64] R

Ramsey
thm. [64] R trivial

(Q, <)

vertices
(easy);
pairs [41]

Laver C
(unpublished,
see [72])

[22] M [76]
Ex. 4.4 M

Rado graph

vertices
(folklore);
edges [63]

[68] M [52] M [76]
Ex. 4.6 M

Unrestricted; finite
binary language2

vertices
(folklore)

[52, 29] M [52, 29] M [76] M

Ultrametric spaces vertices [21] [61] R;
Ex. 7.6 R1

[61] R;
Thm. 7.13 R1

[61]
(implicit);
Thm. 7.13 R1

Dense local order
S(2)

[51] C;
Ex. 7.5 M1

[51] C;
[19] CT

[76] C

S(k), k > 2 [20] C;
Ex. 7.5 M1

[20] C [20] (implicit)
C

(Q, <) partitioned
to n dense parts

[51] C;
Ex. 7.5 M1

[51] C;
[19] CT

[76] C

Fräıssé limit of
convexly ordered
eqivalences with k
classes

[19] CT;
Ex. 7.5 M1

[19] CT [19] (implicit)

QQ, QQQ , . . . [19] CT [19] CT [19] (implicit)

Universal k-partite
graph

[77, 19]3 CT;
Ex. 7.4 M1

[5, 19] CT;
Ex. 7.4 M1

[19] CT

Ordered universal
k-partite graph

[19] CT [19] CT [19] CT

Universal
(ω-partite) graph
with labeled
partitions

[12] PM;
Ex. 7.4

See discussion
below

Structures in unary
languages (possibly
with functions)

[48, 38] R1 Thm. 7.13 R1 Thm. 7.13 R1

Universal
triangle-free graph

vertices
[50, 33];
Edges [65]

[25] CT;
[44] CS

[5, 26] CT;
[4] C

[5, 4, 30] CT

2 Special cases include the generic tournament and the generic directed graph
3Finite big Ramsey degrees for bipartite graphs was also announced by John Howe
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Universal Kk-free
(Henson) graph

vertices
[50, 33]

[28, 30] CT [5, 30, 45] CT [5, 30] CT

Fräıssé limit of a
finitely constrained
free amalgamation
class in a binary
language

vertices
[67, 34]
(special cases)

[5, 30] CT;
[3] S

[5, 30] CT [5, 30] CT

Universal poset [44] CS [4] C or S [4] C or S

free superpositions
of multiple linear
orders

[44] CS;
Ex. 4.5 M
Ex. 7.3 M1

Ex. 4.5 M Ex. 4.5 M

Metric spaces
definable in a free
superposition of
ultrametrics and
random graphs

vertices
(easy)

[54] C;
[6] CS

? ?

Metric spaces
with distances
{0,1,. . . , k}

vertices [21] [44, 6] CS ? ?

Universal
3-uniform
hypergraph

vertices [35] [7] PM ? ?

Unrestricted
structures in
injective languages
having, ∀n > 1,
finitely many
relations of arity n

[12] PM ? ?

As promised in the table, we briefly discuss the case of a Rado graph with
a generic partition into countably many labeled pieces (the case of the ω-partite
Rado graph is similar). A big Ramsey structure can be formed by generalizing the
notion of an LSV tree. In the case of a partition into finitely many labeled pieces,
this is straightforward; one modifies the definition of an LSV coding tree to be a
subtree of n × 2<ω, where n is the number of pieces of the partition, but where
each level has exactly one splitting node or exactly one coding node as before. For
a partition into countably many pieces, it is more complicated. Localizing to any
finite number of pieces, we obtain something resembling an LSV coding subtree
of n × 2<ω, but globally, the set of “interesting levels,” i.e. levels which contain a
splitting node or a coding node, is no longer ordered in order type ω. It is open if
the Rado graph with a countable labeled partition admits a recurrent big Ramsey
structure.

It is a relatively direct consequence of the product Ramsey theorem that given
two Ramsey classesK andK′, the age of the structure created as a free superposition
of their respective Fräıssé limits is also Ramsey, see e.g. [10, 46]. While the proof of
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this property does not naturally generalize to big Ramsey degrees, in special cases
such results can be established. Notice that the Ramsey theorem R is implied by
the Milliken tree theorem (M or PM) as well as by the Carlson-Simpson theorem
CS. The Milliken tree theorem M, certain cases of PM (as used in the proofs of
upper bounds on big Ramsey degrees), and the Carlson-Simpson theorem CS are
all implied by the Ramsey theorem for trees with successor operation S, which is
well-behaved for products. It follows that upper bounds on big Ramsey degrees
of structures proved by those theorems can be combined to give upper bounds
on big Ramsey degrees of structures created as free superpositions of those. This
yields additional examples of structures with finite big Ramsey degrees, such as
the ω-ordered variants of structures above discussed in [54]. Curiously enough, the
precise big Ramsey degrees does not translate so directly, and additional analysis is
required to understand the exact big Ramsey degrees of a free superposition even
if the big Ramsey degrees of the original structures are fully characterised.

9. Negative results

The classification programme of Ramsey classes [58, 46, 48] provides a rich source
of Fräıssé limits which are good candidates for structures with bounded big Ramsey
degrees. In addition to the positive examples of big Ramsey structures discussed
here, there are multiple techniques which can be used to disprove finiteness of big
Ramsey degrees. We quickly note a few negative results on big Ramsey degrees in
the literature, which can be broadly divided into the following types:

(1) counting number of oscillations of monotone functions assigned to sub-
objects [17, 73, 8],

(2) study of the partial order of ages (ranks or orbits) of vertices [67],
(3) arguments based on the distance and diameter in metric spaces [53].
(4) arguments based on compressing tree of types that is infinitely branching

on infinitely many levels [47].

In all known negative results, something stronger is proven: Given an infinite struc-
ture K and some A ∈ Age(K) with BRD(A,K) = ∞, one typically proves this by
constructing an unavoidable coloring γ : Emb(A,K) → ω. In principle, one should
only need to construct unavoidable colorings γ : Emb(A,K) → n for every n < ω.
It would be interesting to find an example with BRD(A,K) = ∞, but where there
is no unavoidable ω-coloring. This question is an instance of a much more general
question: For infinite structures which do not have finite big Ramsey degrees, what
(if anything) is the correct analogue of a big Ramsey structure?
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