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1. Introduction

Throughout the text, the notation used is a standard one; the letters V, W,
V1, V2 and so on denote linear (vector) spaces over the field C, unless stated dif-
ferently. Letters A, B, C, X, Y, L, S and so on denote linear operators (linear
transformations) defined in the afore-given vector spaces. The operator I stands
for the identical operator on a fixed space. If an operator L is bounded (continu-
ous), then it is understood that it is defined on the entire space; otherwise, if the
operator L is unbounded, then we emphasize the set of vectors in which it exists
(i.e. its domain), by denoting it Dy. The operator L is densely defined in the
normed space Vi if Dy = V;, where the closure Dy, of Dy, is understood in the
topology induced by the given norm on V;. The set of values which the operator L
attains is called its range (or image), and is denoted as R(L). The set of all linear
operators with their domains being subsets of V7 and their ranges being subsets of
V5 is denoted as L(V7,V3). The set of all bounded linear operators from V; to V3
is denoted as B(V1, Va). Specially, if V7 is a finite-dimensional vector space over C
or R, with dim V;, = n and V4 is a finite-dimensional vector space with dim Vo = m
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over the same field, then B(Vy,V,) = C™*™ or B(Vy, V2) = R™*" respectively. If
Vi = Vo =V, we then write L(V'), B(V) and C™*", or respectively R™*".

Let V be a Banach space and let L € L(V') be a densely defined linear operator
in V. The set of values A € C such that (A — AI) does not have a bounded inverse
in B(V') defines the spectrum of L, denoted as o(L). The complement of o(L) in C
defines the resolvent set for L, denoted as p(L). The set of vectors u € V such that
Lu = 0 defines the null-space for L, denoted as N'(L). The value A € o(L), such
that A (L — AI) is nontrivial (i.e. there exists some u # 0 such that Lu = Au) is an
eigenvalue for L and the non-zero u € N'(L — AI) is the corresponding eigenvector
for L. The set of all eigenvalues for operator L define its points spectrum, denoted
as 0p(L). The value A € o(L) is an approximate eigenvalue for L if there exists a
normed sequence (2, )neny C Dy, such that ||, || = 1 for every n and

(L— M)z, -0, n— +o0.

In that sense, the set of all approximate eigenvalues for L defines its approximate
point spectrum, denoted as oapp(L). The set of complex numbers A such that
R(L — M) is not dense in V' denotes the defect spectrum for L,

oa(L) ={AeC:R(L - X) #V} Co(L).

The set of complex numbers A such that L — AI is not "onto” in V represents the
approximate defect spectrum for L,

os(L) ={N€C:R(L—A) £ H} C o(L).

Recall that, if the operator L is bounded, then o (L) is a compact, non-empty subset
of C while p(L) is an unbounded (non-empty) subset of C. If the operator L is
unbounded, then it can have an empty spectrum or an empty resolvent set. If L is
a square matrix then (L) consists of its eigenvalues. For given Hilbert spaces V'
and W, for arbitrary L € L(V, W), the unique closed (if such exists) L* € L(W,V)
which satisfies
(Lu,v) = (u, L*v),

for every u € Dy, and every v € Dp«, denotes the Hilbert-conjugate (or adjoint)
operator of the operator L.

1.1. On the equation AX — XB = C. Let V; and V5 be given Banach spaces.
Equations of the form

(1.1) AX - XB=C

are called Sylvester equations, where, in general, A € L(V;), B € L(V;) and
C € L(V4,V3), are given linear operators. These expressions appear in many differ-
ent branches of mathematics, physics and engineering, see [1,2,6,8,9,20,24,25,30,
33,36, 38,39,41,44, 45,50-54,57] and numerous references therein. Every individ-
ual application of the equation (1.1) requires unique mathematical, physical and
technical assumptions for the spaces V; and V5, and for the corresponding linear
transformations A, B and C.

From mathematical perspective, it is significant to distinguish several important
cases for these entities. Those are the case when V7 and V5 are finite-dimensional
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vector spaces (and the operators A, B and C' are finite scalar matrices), the case
when V; and V5 are Banach or Hilbert spaces while A, B and C' are appropriately
provided bounded (continuous) linear operators, and finally, the case when V; and
V5, are Banach or Hilbert spaces while the operators A, B and C are unbounded.

The first result concerning solvability of such equations in matrices was estab-
lished by J. J. Sylvester in 1884, hence the name of the equation.

Theorem 1.1. [61]Let A, B and C be matrices of appropriate dimensions. The
equation (1.1) has a unique solution X if and only if c(A) No(B) = 0.

Proof. (see [6]). The square matrices A: X — AX and B: X — XB commute,
therefore (see [30]) o(A —B) C 0(A) — o(B). Since 0(A) = o(A) and o(B) = o(B),
disjointness of spectra of A and B implies that 0 ¢ o(A — B). Obviously, the
Sylvester operator S: X — AX — X B is the difference of operators A and B, thus
0 ¢ o(S) and for every afore-given matrix C there exists a unique X = S~(C)
such that S(X) = C.

Conversely, assume that for every afore-given matrix C' there exists a unique
solution X to (1.1). If there exists a A € o(A) N o (B) then A € o(A*), thus there
exist (non-zero) eigenvectors u and v for B and A*, respectively, which correspond
to A and A, respectively. Define Cu := v and let X be a unique solution to the
appropriate Sylvester equation. Then

0 = MXu,v) — MXu,v) = (Xu, W) — \M(Xu,v)
= (Xu, A"v) — (AXu,v) = (AXu,v) — (X Bu,v)
= ((AX — XB)u,v) = (Cu,v) = (v,v) = ||v||* > 0,
which is impossible. O
Its extension to bounded linear operators defined on Banach spaces was proved

by Rosenblum in 1956. Notice that only one implication holds, rather than the
equivalence.

Theorem 1.2. [52] Let Vi and Vo be Banach spaces and let A, B and C be bounded
linear operators defined on the appropriate spaces. The equation (1.1) has a unique
solution if o(A) No(B) = 0.

The proof of this statement provided in [6] relies on the lemma below.

Lemma 1.1. [6] If A and B are commuting bounded linear operators on a Banach

space V, then o(A —B) C o(A) — o(B).

Proof. Proof of Theorem 1.2 (see [6]). Observe the commuting operators A: X +—
AX and B: X — X B, where X € B(V,V,) and A, B € B(B(V1,V2)). Since A and
B are bounded linear operators such that o(A4) No(B) = § it follows that

0¢o0(A)—o(B) Do(A—DB).
This proves that the Sylvester operator S: X — AX — X B, S = A —B is invertible

in B(B(V1,V3)). Subsequently, for every given C € B(Vy, V) there exists a unique
X € B(V4, Va), given as X = S71(C), such that S(X) = C. O
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The above mentioned Lemma 1.1 is proved via Gelfand theory for commutative
Banach algebras (see [6,22], and [48]). For a unital complex semisimple commuta-
tive Banach Algebra A, denote by M 4 the maximal ideal space of A, consisting of
all complex homomorphisms ¢: A — C. Recall that M 4 is a compact Hausdorff
topological space (see [6,14,22,48] and [56]). In that sense, for a € A, the Gelfand
transform of a, denoted as @ is the continuous map a: ¢ — ¢(a) from M4 to C and
the range of Gelfand transform at a is precisely the spectrum of a in A (see [22]

r [48]), {a(yp): ¢ € Ma} = oa(a). Thus, for A € A™*", where A = [a; j]lnxn,
a; ; € A, the Gelfand transform of A, denoted as A\, is defined as A := (@i, j]nxn-

Theorem 1.3. [56, Theorem 1.2.] Let A be a commutative unital complex semisim-
ple Banach algebra. Let A € A™*"™ and B € A™*™ be such that

Vo € M4, o(A)No(B)=0.
Then for every C € A™*™ | there exists a unique X € A™*™ such that AX — XB =
C.

However, unlike the matrix case, the converse statement does not hold for Banach
algebras (or bounded linear operators on Banach spaces). It is rather trivial to
provide a counterexample.

Example 1.1. [16, Example 1.1.] Let V4 = V4 be infinite dimensional Banach
spaces and let A = C = 0. Assume that B is onto but is not injective. Then
o(A) N o(B) = {0}, while the only solution to the equation AX — XB = C &
XB=0is X =0.

Lemma 1.2. [13, Lemma 1.2.2.] Let A be a noncommutative unital Banach algebra
that is infinite dimensional. Let a, b and ¢ € A such that a = ¢ =04 and let b be a
left zero divisor, which is not simultaneously a right zero divisor. Then ax —xb = ¢
has only one solution and that is x = 0 4.

Proof. Obviously o(a) = {0} while 0 € o(b), since b is a left zero divisor. Further-
more,
ax—zb=c&2xb=04 & 2=04. (|

From the above discussion, the equation (1.1) is said to be regular whenever A,
B and C' are bounded linear operators on the corresponding Banach spaces and
o(A) No(B) = 0. The equation is said to be singular if it is not regular, i.e.
if 0(A) No(B) # 0. Additionally, there are several results which give a unique
bounded solution to (1.1), while the operators are unbounded, consult [41,46] and
[50]. These results have a huge impact on mathematical physics and quantum
mechanics.

Definition 1.1. [21, Definition 1.1] Let V be a Banach space. The mapping
S:RE — B(V) is a Cy— semigroup (of bounded linear operators) on V if

e S5(0)=1I;

o S(t+s)=S5(t)S(s), t,s=0;

e For every u € V [|S(¢t)u — u|| — 0 when ¢t — 0 + 0.
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Definition 1.2. [21, Definition 1.2] Let (S(¢)):>0 be a Co—semigroup on the Ba-
nach space V. A linear operator L, Dy, C V and R(L) C V is the infinitesimal
generator for (S(t))i>o if Lu = lim¢—040 ¢~ (S(t)u — u) for every u € Dy,.

Every Cyp—semigroup of operators has a unique infinitesimal generator. Neces-
sary and sufficient conditions for the operator L to generate a Cy—semigroup of
operators are provided by the famous Hille-Yosida theorem:

Theorem 1.4. [21, Theorem 1.10.] Let L be a linear operator defined on a linear
subspace Dy, of the Banach space V, w a real number, and M > 0. Then L
generates a strongly continuous semigroup (S(t))i>o that satisfies ||S(t)|| < M et
if and only if
(a) L is closed and Dy, is dense in 'V,
(b) every real v > w belongs to the resolvent set of L and for such r and for all
positive integers n, ||(rl — L)™"| <

(r— w)

Definition 1.3. [21] For the semigroup (S(t)):>0 generated by an operator L, the
value w(L) represents the semigroups growth limit, and is provided as

w(L) =inf{A € R:IM >0 such that ||S(t)|]| < MeM, Vt>o0}.
If w(L) < 0, then the semigroup (S(t)):>o is called uniformly exponentially stable.

We now proceed to study the equation in its unbounded form
(1.2) AXu—XBu=Cu, ueDpNnDc.

Below we recall some results which give a bounded and possibly unique solution to
(1.2).

Theorem 1.5. [41]Let A and —B be generators of Co—semigroups (T(t)) and
(S(t)), t = 0, on Banach spaces Vo and Vi, respectively and let C be an opera-
tor from Vi to V,. Let

Q) DsCVis Ve QWIS =THCSH(f), >0,
R(t):DpC Vi — Vs /Q )fds, t=0.

Assume that:

(1) The weak topology closure of {Q(t)f}i>0 contains zero, for every f € Dp;

(2) R(t) has a continuous extension to a bounded linear operator, for every
t > 0 and the family {R(t)}i>0 is relatively compact with respect to the
weak topology.

Then the equation (4.1) has a bounded solution. Contrary, if (1.2) has a bounded
solution then R(t) is bounded, for every t > 0. Furthermore, if for every bounded
linear operator Y from Vi to Vu the operator T(t)Y S(t) converges towards zero
when t — +o00 in the weak (resp. strong, uniform) operator topology, then the
solution X to the equation (1.2) is unique and R(t) converges to X in the weak
(resp. strong, uniform) topology.
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Theorem 1.6. [41] Let w(A) +w(—B) < 0 and assume the family (R(t)):
the Theorem 1.5 to be uniformly exponentially stable. Then the equation (
a unique bounded solution.

>0 from
1.2) has

Remark 1.1. The premise that w(A) +w(—B) < 0 actually contains the assump-
tion o(A) No(B) = 0. Recall the Hille-Yosida theorem.

However, if oc(A) N o(B) # 0, or the operators A and —B do not generate
Cy—semigroups, then the previous theorems cannot be applied. This is the reason
why we study the singular Sylvester equation (1.2) with unbounded A, B and C.

1.2. Motivation: solvability without uniqueness. Though the equation (1.1)
has found vast applications in the previously mentioned papers, there are some
drawbacks in assuming that the equation is regular.

When C' = 0 the equation is said to be homogeneous. If a homogeneous equation
is regular, then there is only one solution to AX = X B and that is the trivial one
X = 0. However, if we observe the case where o(A) No(B) # () (this also includes
the case when A = B), then finding all nontrivial solutions (if they exist) to the
homogeneous equation is equivalent to finding all X such that AX = XB, or
specially, AX = X A. These are known as the commutator problems, which cannot
be studied in terms of regular Sylvester equations. The expression AX — X B is
often called derivation of A and B.

Example 1.2. Let A and B be bounded but not compact linear operators on
Banach spaces V5 and Vj, respectively. Is there a noncompact operator X such
that the derivation AX — X B is a compact operator from V; to Vo7 This problem
appears in several research papers, for example see [38] and [39].

Denote by C(V) the set of all compact operators over a Banach space V. Re-
call that C(V) is a closed two-sided ideal in B(V') and B(V)/C(V) is a nontrivial
quotient operator algebra, called the Calkin algebra. By observing B(V;)/C(V7)
and B(V3)/C(V3), one transforms the initial problem into solving the homoge-
neous Sylvester equation AX = XB for X € B(Vi,V2)/C(Vi,Va) (recall that
A=A+ C(V;) and B =B+ c(W)). It o(A) N o(B) = 0, then the only so-
lution is X = 0B(vi,va)/C(V1,V»), that is, the only solution is the entire class of
compact operators from V; to V5. Therefore, finding a noncompact X such that
AX — X B is compact requires the premise o(A) N o(B) # (. This problem was
solved by the author in [14], and Section 3 below gives these results.

More generally, assume that C' # 0 and o(A) No(B) # 0 then one gets the
inhomogeneous singular equation (1.1). Notice that even in the simplest case,
when A = B, the singular equation is not necessarily solvable.

Lemma 1.3. Let A be a unital Banach algebra, with 1 as its unity. Then 1 is not
a commutator in A, meaning that, there are no a, x € A such that ax — xa = 1.

Proof. The proof can be found in numerous books on functional analysis and oper-
ator theory, to name a few, see [19,22,23,27,49,55,63,64,67]. Let a, z € A and let
o(a), o(z) denote the spectra of a and z, respectively, in A. Then o(az) U {0} =
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o(xa) U {0}. On the other hand, if ax = 1+ xa, then o(az) = o(1 + za) =
1+ o(za) ={1+X: X €o(za)}. Consequently,

o(za) U{0} = o(az) U{0} = {1+ A: XA € o(za)} U{0}.
The above set equality is impossible for nonempty compact subsets of C. O

However, if we change the nature of the spaces and the given linear operators,
then the commutator equation ax — xa = 1 is indeed solvable:

Example 1.3. Let P be the one-dimensional position operator and let ) be the
one-dimensional momentum operator, obtained by the virtue of the Fourier trans-
form from P. These are essentially self-adjoint (unbounded) linear operators and

o(P) = 0(Q) = R, see [63] and [65]. Additionally, they satisfy the fundamental
equation of quantum mechanics PQ — QP = 2%”,[ , where h is the Planck’s constant
(h = 6.62607004 - 10~3*m?kg/s). In terms of Sylvester equations, if A = B = P
then X = @ is a solution to the singular equation AX — XA = I and vice versa.
The spectral overlap o(A) = o(B) = R is obvious, so the above equation is indeed a
singular Sylvester equation with unbounded A and B. This emphasizes the impor-
tance of closed operators and their advantage over the bounded linear operators (in
fact, the entire quantum mechanics is built on this equation). This equation was

studied in [65] and partially in [10]. In Section 4.3 we show the results from [10].

The previous examples show that simply assuming o(A) N o(B) # () does not
guarantee neither solvability nor un-solvability of the initial equation (1.1). Thus
more detailed analysis is required in this case. In addition to the already mentioned
problems which favor the singular setting o(A) No(B) # 0, below we mention some
applications which only require solvability of the Sylvester equation, discarding
(non)uniqueness of the solution.

Example 1.4 (Roth’s removal rule). Consider the 2 x 2 bounded operator matrix
[6‘ g] defined on V5 x V3. When is this matrix block-diagonal? The diagonalization
problem is essential in applied operator theory and matrix analysis, as it drastically
simplifies computational procedures, such as computation of the matrix (or oper-
ator) sign function, linear model reductions, invariant subspaces characterization
ete. consult [3,5,6,8,20,29,30,37,41,45,46, 50,51, 54, 58,59, 64].

One way to block-diagonalize the operator matrix [6‘ g] is to prove its similarity

to [ 4 %]. Recall that for every Y € B(Vy, V5), the operator marix [ 2 | | is invert-
ible in B(Va x Vi), with [102 }z/] being its inverse. Now if the Sylvester equation
AX — XB = —C is solvable for some (not necessarily unique) X € B(V3, V), then
the below equality holds

oI o el

that is, the initial operator matrix [‘6‘ g} is similar to the block-diagonal opera-

tor matrix [6‘ %]. Simple application of mathematical induction generalizes this

statement to n-dimensional upper triangular operator matrices, consult [6].
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Example 1.5 (Fréchet derivatives). For the given Banach spaces V; and Va, let U
be an open subspace of V; and let 2 € U such that the ball U(z,t) and point z at
radius ¢ > 0 is contained in U, see [18]. A function f: U — V4 is said to be Fréchet
differentiable at x if there exists a linear operator L € B(V;, V2) defined at point
y eV as

DF.(y) = lim f(x+tyt) —flz) _ L.

Specially, let V; = Vo = V be a Banach space, A, B € B(V) and let f(A) = A2.
Then the Fréchet derivative of f at point A is a linear operator in B(B(V)), defined
at point B as the expression

A+tB)? — A? A% +tAB +tBA+t*B? — A?
Dfa(B )—hm( +tB) = lim + + +

= AB + BA.
=0 t t—0 t

For a given C € B(V), observe the abstract linear ODE
(1.3) Dfa(B) =C.

When is (1.3) solvable? If there are infinitely many solutions, is there a way of
extracting one particular solution? This was answered in [14] and these results are
shown in Section 3.

More generally, let A4 be a unital C*—algebra and let a € A. Define g(a) as
g(a) = a*a. Direct computation shows that ¢ is Fréchet differentiable at a and at
point x € A it takes the value

(a +tx)*(a +tz) — a*a

Dyga(z) = lim ¢
. a*a+trta+tatr +t2a*r — a*a B N
= lim =z"a+a’x.
t—0 t

Let A be a unital C*—algebra, a € A and let g(a) = a*a. When does there exist
an x € A such that Dg,(x) =147 This was answered in [12] and these results are
demonstrated in Section 5.

For a moment, assume that the singular equation (1.1) is solvable. Since the
Sylvester operator S: X — AX — X B is linear in X, it is trivial to see that the set
of all solutions to (1.1) can be characterized as

(X: AX—XB=C}=X,+{X,: AX), = X,B},

where X, is one particular (fixed) solution to (1.1), while {X},} are all solutions
to the homogeneous equation AX; = X, B. This will be heavily exploited in the
further text.

2. The singular equation in matrices

In this section we consider the simplest singular case, and that is when V; and
V, are finite-dimensional vector spaces over C while A, B and C' are scalar matrices
of appropriate dimensions. We revisit some results from [15], with a comment that
some proofs are corrected and more precise.
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At this point we assume that o(A) N o(B) # 0. Denote by o the spectral
intersection of matrices A and B: {\1,..., s} =10 =0(A)No(B).

For more elegant notation, we introduce EX, = N (B—\zI) and E% = N (A—\.I)
whenever A\, € 0. Different eigenvalues generate linearly independent eigenvectors,
so the spaces E% form a direct sum. Put Ep :=);_, F%. It is a closed subspace
of V7 and there exists Eﬁ such that V; = Eg & Eﬁ. With respect to that decom-
position, denote Bg := BPg,, B; = BPEé and Cy := C’PEﬁ. In that sense, the
upper triangular splitting of the matrix B holds:

_ BE Bo . EB EB _ BO
(2.1) B= { 0 Blj : |:E§:| — {Eﬁ} , where By = {Bu] .

Notice that Ep is a B-invariant subspace of V1, that is, B(Eg) = Ep, and conse-
quently Ep C R(B), while Eé is Bij-invariant subspace of V7. Additionally, By
is a square matrix from B(E3).

Lemma 2.1. With respect to the previous notation, if
(2.2) Bo: N(Bi1 — Mpy) = R(Bg — Mgyg),  for every X € o(Bn),
then O'(Bll) C (T(B)

Proof. Let A € o(By1) be arbitrary. Then for every v € N (By1 — Al ) there exists
a vector u € Ep such that (Bg — Mg,)(u) = Bov, i.e. Bg(—u) = —Alg,u — Byv.
It is not difficult to see that

plul Br By | |—u| _ |[Bgp(—u)+ Bov| _ N
v| |0 Bul|lv]| Av o v |’
so A € 0(B), with [~u  v]T being the corresponding eigenvector for B. O

Theorem 2.1 (Existence of solutions). [15, Theorem 2.1.] With respect to the
previous notation, let B be such that (2.2) holds. Additionally, if the the condition

(2.3) C: E% — R(A—-\.I)

holds for every k = 1, s then there exist infinitely many solutions X to the matriz
equation

(2.4) AX —XB=C.

Proof. Recall notation from the previous paragraph. Respectively, the matrix B
has the uppper triangular decomposition (2.1)

o BE Bo X EB EB
s-[% ml [~ =)

We first conduct analysis on Ep. For every k € {1,...,s} let N, € B(EX, EX)
be an arbitrary linear mapping. For every u € E%, by the assumption (2.3), there
exists a unique d,, € (E%)* such that (4 — \;I)d, = Cu. Define

Xg(Nk): u— Nyu+dy,, uc EY,
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which is trivially a solution to AY — YBg = CPg, observed on Eg: for any
ug € E% we have

AXE‘(Nk)uk - X%(Nk)Buk = AXE‘(Nk)uk - /\ng(Nk)uk
= (A - )‘klvz)Xg(Nk)uk = (A — )\kIVQ)(Nk’LLk + duk) = Cuy.

Adding them together gives Xp(n, . n.) = 22:1 XE(N,C), which is well defined
on Ep as eigenvectors which correspond to different eigenvalues are linearly inde-
pendent. Direct verification shows that Xg(y, .. n,) is a solution to AY —Y Bp =
CPg, observed on Ep.

Now observe the complemented space Ex. By construction it follows that o =
o(Bg) and for every p € o the eigenspace N (Bg —ulg,) is just a formal projection
of N(B —pl), i.e. N(Bg — plp,) +0ps = N(B — pul). By the virtue of condition
(2.2), Lemma 2.1 states that o(B;11) C o(B), thus for every u € o(Biy1) and for
every corresponding eigenvector u € N(By; — ul Eé) there exists a vector v € Ep
such that (Bg — ulg,)v = Bou and in that case [-v ] is an eigenvector for B
which corresponds to p. Assume that o(B11) No(Bg) # 0 and denote by g their
shared eigenvalue. As previously explained, for every eigenvector u € N(Bj; —
tolpL) there exists a v € Ep such that [—v u]T is an element in N'(B — pol).
However, since yio € o(Bg) it follows that N (B—pol) = N(Bg—polp,)+0py , thus
u = 0. which is impossible. Ergo, o(Bg)No(B11) = () and finally o(B11)No(A4) =
(. Observe the reduced Sylvester equation on Ej
(25) AXPEé —XB1=C, < AX1 — X 1B, =C1 + XE(Nl,...,NS)BOa

where By; € B(Eé), A€ B(Vg), Ch +XE(N1,...,NS)BO S B(EE,VQ) are known
matrices such that o(B11)No(A) = 0, while X; € B(Eg, Va) is the sought solution.
By the Sylvester theorem, there exists a unique Xy, .. n,) € B(E3, Vz) such that
(2.5) holds. Finally, it follows that

(2.6) X=[Xew,.~n) Xin,..nol: {Efg-] — Vo
is an infinite family of solutions to the eq. (2.4). O

Remark 2.1. In the paper [15], Theorem 2.1. has a slightly different formulation,
which is inaccurate: it assumes that o(B11) C o(B) by default, and does not have
the additional assumption (2.2). Since in general this is not true, here we include
the assumption (2.2). Additionally, proof of [15, Theorem 2.1.] contains the case
when o(B11) No(A) = {0}, leading to more parametric solutions which require
another solvability condition: N (C;)* = R(Bi1). We now know that this case will
never occur, thanks to Lemma 2.1, so this condition is obsolete.

Reading the proof of Theorem 2.1, we notice the following questions:

Question 1.: Is every solution to the equation (2.4) of the form (2.6)?

Question 2.: Under which conditions is the solution to (2.4) unique?

Both of these questions have affirmative answers, which is justified by the anal-
ysis of the following eigen-problem associated with the given Sylvester equation:
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Assume that ) # o = 0(A) N o(B) and let Ny € B(E%, E))) be arbitrary, for every
A€ 0. Define Ny := ) ., Na. Find a solution X to the Sylvester equation such
that the following eigen-problem is uniquely solved:

27) AX —XB=C
’ Xuy = P(EQ)L(A—AI)_lcU)\-i-N)\U)\, uy € Eg7 A Eo.

Theorem 2.2 (Uniqueness of the solution to the eigen-problem). [15, Theorem
2.2.] With respect to the previous notation, assume that (2.2) holds.

(1) If the condition (2.3) holds for every shared eigenvalue A\ € o, then the
solution X depends only on the choice for matriz N, that is, for fived N,
there exists a unique solution X such that (2.7) holds.

(2) Conversely, for every solution X to (2.4) and for every shared eigenvalue
A for matrices A and B, there exists a unique quotient class

(A= X)TICN(B = X)) N (A - )
such that X is the unique solution to the quotient eigen-problem (2.7).

Proof. Recall notation from proof of Theorem 2.1.

(1) The first statement of the theorem is proved directly. Namely, take V; =
Ep @Ef;, B=Bp® B, Vo =EAP Ej;, A=A ® A; like in Theorem 2.1. Then
there exists X = Xg @ X3, which is a solution to (2.4). By construction, since
o(B11) No(A) = (), there exists a uniquely determined X; in B(E3, Vo) while X3
is uniquely determined in the class B(Eg/Ey, Va/E?) for every A € 0. Varying A
in o completes the proof.

(2) Conversely, let X be a solution to the eq. (2.4). Let A be one of the
shared eigenvalues for A and B and fix u as a corresponding eigenvector for B.
Then XBu = AXu. Hence AXu — XBu = (A — A)Xu = Cu. Split Xu into the
orthogonal sum Xu = v1 +v2, where v; € N(A—AI) and vy € (N(A—AI))*+. Then
vy is the sought expression Ppra_xp)< (A4 — M)71Cu and Xu € vy + N (A — ).
Condition (2.3) follows immediately. Repeating the same procedure for every shared
eigenvalue for A and B completes the proof. O

Corollary 2.1 (Number of solutions). [15, Corollary 2.1.] Let ¥ be the set of all
N, introduced in the eigen-problem associated with given Sylvester equation (2.7),
that is

= {Na : No=3Y Ny, Ny€B(EYEY), Aeo(A)no(B)= a}.
A€o

Let S be the set of all solutions to (2.4) which satisfy condition (2.2)—(2.3). Then
[ =1S].

Proof. For fixed N, € ¥ there exits a unique X € S such that (2.7) holds. Further,
for arbitrary X € S and arbitrary A € o there exist quotient classes E} and Ey
such that (2.7) holds. Define N : Ejy — E7 to be bounded. Then N, = 3", N.
It follows that N, € X. There is a one-to-one surjective correspondence S < 3. O
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Remark 2.2. Due to Corollary 2.1, for fixed N, € X, the solution Xy, ) € S can
be referred to as a particular solution.

Corollary 2.2 (Size of a particular solution). [15, Corollary 2.2.] With the assump-
tions and notation from Theorem 2.1, Theorem 2.2 and Corollary 2.1, the norm of
X(n,) 18 given as

IX v I? = IXE]1* + [ X1

<IN 2 + 3 1Py (A = M) C Py |12 + 1 X4 1,
k=1

where equality holds if and only if the sum ZZ:O Eg is orthogonal.

Proof. Taking the same decomposition as in Theorem 2.1, let Xy, ) = Xp + X;.
Since X g annihilates Efg- and X annihilates E'g, it follows that

X I? = 1X5 + X1 |* = [IXp|® + [1X1]]*.

By the same argument, taking

S
IX12 < NP + 3 [Pty (A = M)~ C Py |1
k=1

where the equality holds if and only if the sum 22:1 Ef; is orthogonal. O

Recall that the equation (2.4) is said to be homogeneous when C' = 0. This
brings our attention to the set of all X, such that AX = XB. The following
corollary speaks about cardinality of such a set.

Corollary 2.3. [16, Corollary 2.4.] Let A1, ..., As be the s different common non-
zero eigenvalues for square matrices A and B. For every k = 1,s, let EY, be the
eigenspace for B which corresponds to A\, and let Eﬁ be the eigenspace for A which
corresponds to \. For every k = 1,s, put qg = dim Ef_} and q’j‘ = dim Efz. There

k
are at least [[5_, (qff‘)qB different non-zero solutions to the homogeneous equation
(2.4), acting from ;_E% to > 7_, E%. which are non-zero on every eigenspace
EY k=T1s.

3. Generalization to bounded linear operators

In this section we extend Theorem 2.1 to the space of bounded linear operators
over Banach spaces. We now return to the general case, where V; and V5 are
Banach spaces and A, B and C are accordingly provided bounded linear operators,
such that o(4) No(B) # 0. Recall Lemma 1.2: if o(A) N o(B) = 0 then the
Sylvester operator S: X — AX — X B is invertible in B(B(V1,V2)) thus for every
C € B(Vi, Va) the solution X is uniquely determined as X = S~1(C) € B(V4, Vz).
However, our premise allows the possibility that 0 € o(S), and in that case the
solution X is not uniquely determined (if it exists at all!).

Thus we try to go around this obstacle, by redirecting the problem into the
Banach algebra B(B(V1,V2)). A bounded linear operator J € B(Vy,V3) is said
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to be a bounded embedding if it is linear, continuous and one-one. If a bounded
embedding J has a closed range in V5, then it has a bounded inverse which is
defined as J~1: R(J) — Vi, J=Y(Ju) = u, for every u € V; (bounded inverse
theorem, see [48] or [64]).

Theorem 3.1. [14, Theorem 3.1.] Let Vi and Va be Banach spaces and let A €
B(V,), B € B(V1) and C € B(V4,Va) be given bounded linear operators. Assume
that there exists a bounded embedding J € B(V1,Va) with a closed complemented
range in Vo and denote by Q the projector from Vo onto R(J). Define operators
C and S in B(B(V1,V2)) as C(L) := CJ QL and S(L) := AL — LB, for every
L € B(V4,Va). If the equation

(3.1) 5X=C

is solvable in B(B(V1,V3)), then there exists a solution X € B(Vq,Va) to (1.1).

Proof. In addition to S and C , define the following operators

Ae BBV, V), A(L):=AL,  LeB(W,V),

BeBB(Vi,V2)), B(L):=LB, LeB(V,V).
We immediately have

S(L)= AL — LB = (A — B)(L),
AB(L) = A(LB) = ALB = B(AL) = BA(L),

for every L € B(V1, Va2). Thus S = ﬁ—ﬁ, while A and B commute. Further, notice
that J=1QJ = Iy,. If (3.1) is solved for some X € B(B(V1,Vz)) then SX( ) =
C(L) for all L € B(V1,V3), thus SX(J) = C(J) = C which implies AX () -
B(X(J)) = C(J). Consequently, (1.1) is solved by the operator X (J). O

Corollary 3.1. [14, Corollary 3.1.] Let B € B(V1), A € B(Va2) and C € B(V1,V2).
If V1 is a closed, complemented subspace of Vo and Q is the corresponding projector
from Vo onto V1, R(Q) = Vi, then there exists a solution to (1.1) if eq. (3.1) is
solvable, where a(L) := CQL for every L € B(V1,V3).

Proof. Let I € B(V2). The mapping I [v,: Vi — V4 is the one-one bounded
embedding of V; into Vs, with a closed and complemented range in Vs:

R(I Iv,) = Vi = Q(Va). Tt has a bounded inverse (I [y,)~! : R(Q) = Vi — Vi,
again defined as (I [v,)~! = I [y,. Thus instead of J from Theorem 3.1 we observe
I v, while the rest of the proof is the same. O

In order to solve (3.1) we turn to the generalized inverses (see [19]). Recall that,
1f S = 0, then the equation is solvable if and only ] if C =0 and in that case, every
X is a solution to (3.1). However, recall that, if S # 0 then it is outer regular i.e.
there exists an outer inverse S = 0 such that S@55@) = 5@ Precisely, the
outer inverse S can be obtained in the following way.

Since S # 0, it follows that there exists an L € B(V1, V,) such that SL=17Zc¢
B(V1,V5) and Z # 0. In that sense, observe the Kato decompositions of the space
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B(Vi,Va) = span{L} + M and B(Vi, V) = span{Z} + N. The operator S has the

decomposition

o~

St 512

- )

where §11 is invertible. Respectively, the operator S can be chosen to be

- ][]

Now observe the equation (3.1). Since S # 0 there exists an S € B(B(V1,V3))

such that:
=R a-1 a(2)
@_ STt o], [ B R(5®)
5= %0 0] e = )

where B(V1,V3) = R® N(S®) and simultaneously B(Vi,Va) = R(S®) @ T. Re-
spectively, the operator S has the representation

=[] [F57] = L]

It follows that SS2) = Pg.

Proposition 3.1. Assume that S is outer reqular. If there exists an outer inverse
for S, S@ | such that R(C) C R, where B(V,Va) = RON(SP), then the equation
(3.1) is solvable, and one of its solutions is X = S)C.

Normally, such equations are solved via inner inverses, or via Drazin inverse.

However, these inverses require, among other things, closedness of R(S) and com-

plementedness of A'(S) and R(S) (see [19]). Since this is effectively not easy to
verify, we turn to the outer inverses, as any non-zero operator is outer-regular.

3.1. Connections to Fredholm theory. Below we generalize Theorem 3.1 to the
case when V; cannot be embedded into V5. Recall that a bounded linear operator
J € B(V1,Vs) is said to be left upper-semi Fredholm if «(J) := dim A/ (J) is finite
and R(J) is a closed, complemented subspace in V5 (equivalently, J is left invertible
in the Calkin algebra B(V7)/C(V1)), see [68-70]. The set of all left upper-semi
Fredholm operators from V; to V5 is denoted as ®‘(V;,V3). Notice that this is a
direct generalization of bounded invertible embeddings from V; to Va.

Let B € B(V;) be a bounded linear operator and let A € o(B) be its Riesz point.
This means that V; can be decomposed into into a direct sum V4 = E(A) @ Fp(A),
where Eg(\) is a closed, B-invariant subspace of Vi and B — AI is invertible on
Ep(X), while Fg()\) is the finite-dimensional B-invariant subspace of Vi, such that
B — AI is nilpotent on Fp(\), see [68-70]. Fact that Fip(A) is a finite-dimensional
B-invariant subspace of Vi implies that Bp(y) := B [pyn): FB(A) — Fp()) is a
finite square matrix. Recall the core-nilpotent decomposition for the matrix Bp(y):
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there exists an p € N such that Fg(\) = R((Bpx))?) @ N((Bpr))?) and

_ |Broy.t 0 | RUBrx))P) R((Brx))P)
Broy = 0 BF(A),2:| ' LV-((BF(A))Z)):| ” {N((BF(A))Z))} ’

with Bp(y),1 being invertible while Bp(y) 2 being nilpotent with index not greater
than p.

Definition 3.1. [14, Definition 3.1.] Let B € B(V1) and let A € o(B) be a Riesz
point of B and let Eg(A) and Fi(\) be the B-invariant subspaces of V; as described
above. Let operator L € B(Vy,V), for some Banach space V', be given such that
a(L) = dim N (L) < +oo. Then operator L decomposes operator B at point A in
the Riesz sense if By := B [xr(r) has the property that

(3.2) Fp(\) = R™(By) & N (By).

Example 3.1. [14, Example 3.1.] Let V; be an arbitrary Banach space. Let B €
B(V1) be a given bounded linear operator and let A € o(B) be its Riesz point.
Then Fp()) is the finite-dimensional B-invariant subspace of V7, which allows the
decomposition described as above Fg(A) = R((Bpx))?) ® N((Bp))?) for some
p = asc(Bp(y)) = dsc(Bp(n)). Observe the natural quotient mapping (which is
a bounded linear operator) Qp: Vi — V1 /Fp()). In that sense, denote by V the
quotient space V1 /Fg(A). Then QF is a bounded linear operator from V; to V', with
N(QF) being precisely the space Fp(\) = R((Bp))?) @ N((Br))P). Further,
By := B [y (») provides a decomposition of Fpg(A):

Fp(A) = R((Bp\)") @ N((Bp(x))?) = R*(Bn) & N*°(By).

By Definition 3.1 we see that QQr decomposes the operator B at point A in the
Riesz sense.

Example 3.2. Let L be any bounded linear operator such that N'(L) = Fg(}\).
Then B restricted to N'(L) is precisely Bp(y) and the core-nilpotent decomposition
applies. Thus, every such L decomposes operator B at point A in the Reisz sense.
Specially, any left upper-semi Fredholm operator J € ®(V;, V3), such that N'(J) =
Fp(X) by default decomposes B at point A in the Reisz sense.

Lemma 3.1. [14, Lemma 3.1.] Let U be a finite-dimensional subspace of the Banach
space Vo and let A € B(Va). Then there ezists either trivial {Ov,} or a finite-
dimensional A-invariant subspace of Vo, denoted as F4, such that

FyCU+R(A Ip).

Precisely, in [14] it is shown that the finite-dimensional A-invariant subspace F4
is FA = NOO(A TU) D ROO(A [U)

Theorem 3.2. [14, Theorem 3.2.] Let B € B(Vi1) such that A\ € o(B) is a Riesz
point of B and let Fg(\) be the corresponding finite dimensional B-invariant sub-
space of V1. Let F be the finite-dimensional subspace of Vo defined as

(3.3) Fa=R¥(AIRClryo0) NT(ATRCpy00)-
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Let J € (I>5(V1,V2) be such that it decomposes B at point \ in the Riesz sense.
If C(F(X\)) = Fa and the finite matrices B [pyx), C [pgn) and A [p, satisfy
conditions (2.2)—(2.3), then there exist infinitely many solutions to (1.1) if and
only if

(3.4) AX, — X1B; = C}

is solvable on Ep()\), where Vi = Fp(\) @ Ep(\) and B1 = B [p,), C1 =
ClEs(n-

Proof. Let J € ®°(V;,V3) be a left upper semi-Fredholm operator which decom-
poses B at point A in the Riesz sense. Recall that Fp(\) allows the decompo-
sition given by (3.2), that is, Fp(\) = N(B [n(s) ® R®(B [nx(s)). Define
Broy = B [Fy0) and Creyy = C gy Then R(Cr(y) is a finite-dimensional
subspace of V5 and Lemma 3.1 implies that F4 (provided by (3.3)) is an A—invarinat
finite-dimensional subsapce of Vo as well. Consequently Ap, := A [p, satisfies
Ap,: Fy — Fa. Observe the finite-dimensional spaces Fp(A) and F4, and the
finite-dimensional matrices defined on them, that is,

BF(/\) S B(FB()\)), CFB()\) € B(FB(/\),FA), AFA € B(FA)

If they satisfy conditions (2.2)—(2.3) then there exist infinitely many solutions

Xrpn) 80 Ara Xrp ) = Xrs ) Brs) = Cra(n)-
To complete the proof, note that

Vi = N(J) @ Vip = N(J) @ (F(\) N Vi1) @ Ep(A) = Fs(\) @ Eg(\),

and each subspace is closed. Let J1 = J [v;, and Jo = Ji [gy(y). Since R(J) is
closed and J; is injective, with R(J) = R(J1), it follows that

R(Jl) = Jl(FB()\) n V11) D R(JQ),

thus R(J2) is closed as well and because Js is injective, Jo has a bounded inverse
from R(J2) to Eg(\). By assumption, J is a left upper semi-Fredholm operator,
so there exists a bounded projection @1 from Vo onto R(J) = R(J1). However,
since R(J1 [z (a1, ) is finite dimensional, it follows that there exists a bounded
projection Qs from V, onto R(Jz2), so Jo is a bounded embedding of Ep()) into
Va, with a closed range, which is complemented in V5. Further, since Vi = Fp(\) &
Ep(A) and A is a Riesz point for the operator B, it follows that Ep()) is a closed,
B-invariant subspace of V. Since Js is a bounded embedding from Eg(A) to V3
with a closed and complemented range in Vs, if the equation (3.4) has a solution
X1 (sufficient conditions for its existence are obtained in Theorem 3.1), then X :=
Xrpn) © Xy defined on Fp(A\) @ Eg(A) = Vi is a solution to (1.1). Conversely,
assume (1.1) is solvable with a solution X defined on V1, and let all decompositions
provided in the statement of the theorem hold. Decompose Vi = Fg(\) & Eg(\)
which are B-invariant subspaces of V1. Since the matrices Bp,(x), Ar, and Cpy(y)
satisfy the above-derived relations, it follows that X [g, () is one of the solutions to
the matrix equation Ar, X, (n) — Xry(0)Brs () = Crg(n)- On the other hand, the
operator X [, () indeed solves the equation (3.4) and the proof is complete. [
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Remark 3.1. If the space F4 from (3.3) is trivial, F4 = {0y,}, then we can
still apply Theorem 3.2 to the homogeneous equation AX = X B. Namely, the
condition C(Fp(A)) = Fa = {0y, } as well as conditions (2.3) are indeed satisfied
when C' = 0.

Recall that A € o(B) is a Riesz point for B if and only if A € ¢,(B) and it has
finite geometric multiplicity. If B does not have such an eigenvalue, then we can,
under certain conditions, observe the set of its approximate eigenvalues in a similar
way. The problem of transferring approximate eigenvalues into proper eigenvalues
was firstly studied by Berberian in [4], which was applied to Fredholm theory by
Buoni, Harte and Wickstead in [7] and [28]. In what follows, we briefly recap the
construction from [7], in order to make it applicable to our problem, which is finding
the Riesz points of given operators.

For 1 <14 < 2, let £o(V;) we denote the Banach space of bounded sequences in
V;, equipped with the supremum norm. By m(V;) we denote the subspace of £ (V;)
which consists of those bounded sequences in V; such that each subsequence has a
convergent subsequence, or, equivalently (see [7, p. 310]) every element from the
space m(V;) is totally bounded. Now introduce P(V;) = £ (V;)/m(V;), equipped
with the supremum norm. This defines a Banach space, with a norm which is
precisely the measure of non compactness of the given sequence (z,,)neny € P(V;) :
I (2n)nenll = a((@n)nen), where

q((zn)nen) =1nf{d 2 0: (2, )nen has a finite J-net}.

We now proceed to observe bounded linear operators defined on P(V;). For any
(Zn)nen € Loo(V1) and every bounded operator L € B(Vi,Vs), one defines an
Lo € B(loo(V1),40(V2)) as

LOO((xn)TIGN) = (an)nEN S goo(v2)

If an operator sends every bounded sequence into a bounded sequence with a con-
vergent subsequence, then that operator is said to be compact (this is one of the
equivalents to the definition of a compact operator. In that sense, if an operator
L € B(V1,V3) is a bounded linear operator which is not a compact operator, then
there exists a bounded but not totally bounded sequence (,)nen € £oo(V1) such
that Loo((zn)nen) is a bounded but not a totally bounded sequence in £ (V2).
This shows that the set of bounded linear operators from P(V;) to P(V3) is in-
duced by those bounded linear operators from V; to V5, which are not compact.
More precisely, if L € B(V,V3) is not a compact linear operator then there ex-
ists an (2, )neny € P(V1) which is not zero in the quotient space P(V}), such that
Loo((zn)nen) € P(V2) is not zero in that quotient space. To make the notation
more consistent, for a given L € B(V;, V) we denote by P(L) the corresponding
element from B(P(V1), P(V2)), where

P(L)((@n)nen) = (Loo((xn)nen)) /m(V2),

for any (z,,)nen € P(V1). Notice that upper semi-Fredholm operators play a crucial
role here, because a bounded linear operator is upper semi-Fredholm if and only if
it sends bounded but not totally bounded sequences into bounded but not totally
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bounded sequences [7, Theorem 2]. We state some fundamental results obtained
in [7] and [28].
Theorem 3.3. [7, Theorem 2| If T': Vi — Vs is a bounded linear operator between
Banach spaces V1 and Vs, then the following are equivalent:

(a) P(T): P(V1) = P(Va) is one-one;

(b) T: Vi — Va is upper semi-Fredholm;

(c) P(T): P(Vi) = P(Va) is bounded below.

In analogy to Lz = 0 = x = 0 whenever L is injective, the implication

TU is compact = U is compact

defines T as an essentially one-one operator. In analogy to the reverse order law
in dual spaces, the implication

UT is compact = U is compact

defines T' as an essentially dense operator.

Theorem 3.4. [7, Theorem 4] Let T be a bounded operator between two Banach
spaces. Then the following implications hold:
(a) T is left upper semi-Fredholm=- T is upper semi-Fredholm = T is essen-
tially one-one;
(b) T is right lower semi-Fredholm = T is lower semi-Fredholm = T is essen-
tially dense.

Applying [7, Theorem 2] stated above, we see that
Tapp(L) = 0p(P(L)) = Gapp(P(L)).

We proceed to generalize the statement from Theorem 3.2.

Theorem 3.5. [14, Theorem 3.5.] Define P(V1), P(Vz), P(B), P(C) and P(A) as
described above. o .
(a) Assume there exists an J € ®¢(Vy,Va). Define the operators P(S) and P(C) in
B(B(P(V1), P(V2))) as

P(S)(P(L)) = P(A)P(L) — P(L)P(B),
P(C)(P(L)) == P(C)P(J)""Pr(p(sP(L),

for every P(L) € B(P(V1),P(Vz2)). If the equation Jg(E)P/()?) = F(F) is solvable
in B(B(P(V1), P(V2))), then exists a solution to the quotient equation

(3.5) P(A)P(X)— P(X)P(B) = P(C).

(b) Let X € 0app(B) such that it is a Riesz point for P(B) and denote by Fp(py())
the corresponding finite-dimensional P(B)-invariant subspace of P(V1). Let Fp(a)
be defined as in (3.3) with respect to P(C)(Fppy())). Assume there exists an
upper semi-Fredholm operator P(p) € ®*(P(Vy),P(Vz)) which decomposes P(B)
at point X in the Riesz sense. If P(C)(Fppy(\)) = Fpay and the finite matrices
P(B) [Fp (M) P(C) [ Fps (v and P(A) [Fp 4 satisfy conditions (2.2)~(2.3), then
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there exist infinitely many solutions to (3.5) iff P(A)P(X1)—P(X1)P(B1) = P(C1)
is solvable for P(X1) on P(Vi2), where P(V1) = Fp)(A) @ Eppy(N), P(B1) =

P(B) 1Eps () and P(C1) = P(C) 1B, (0)-

Proof. (a) From the discussion above, operator J defines an injective P(J), with
closed and complemented range in P(V3), so Theorem 3.1 applies to (3.5).

(b) Similarly, all the conditions of Theorem 3.2 hold, so (3.5) has infinitely many
solutions. O

Corollary 3.2. [14, Corollary 3.2.] Let A € 0app(B) such that X is a Riesz point of
P(B) and assume that P(p) € @ (P(V1),P(V2)) is an upper semi-Fredholm oper-
ator which decomposes P(B) at point X\ in the Riesz sense. Then ¢ ¢ ®,(V1,V5).

Proof. Assume that P(p) is an upper semi-Fredholm operator, which decomposes
P(B) at point A in the Riesz sense. If ¢ € @ (V4,V3), then (by [7]) P(y) is one-one,
that is, N (P(p)) = {0}. But by assumption, P(¢) decomposes P(B) at point A in
the Riesz sense, so the finite-dimensional part (as in (3.2)) is equal to zero:
Fpp)(A) = {0}
Then P(B) — A is invertible in P(V;), which contradicts the fact that A €
o4(P(B)). O

3.2. Some applications to compact operators. Below we illustrate how our re-
sults answer some questions regarding compact derivations and compact exten-
sions. We emphasize that these results rely heavily on the fact that the appropriate
Sylvester equation is singular (recall Section 1).

Corollary 3.3. [14, Corollary 3.3.] Let A and B be bounded linear operators on
Banach spaces Vo and Vi, respectively, such that B has a complemented null-space.
In addition, assume that if N'(B) intersects with R(B), then that intersection is
closed and complemented in N'(B),

Vi=Vie®N(B), N(B)=N(B)& N(B)NR(B)).

If there exists a J € B(N1(B),N(A)) ~ C(N1(B),N(A))! then there exists an
X € B(V1,V2) N C(V1, Vo) such that AX — XB € C(Vq, Va).

Proof. Let
Vi=Via @ N(B) = Via © (N(B) NR(B)) © Ni(B).

Notice that B: Vi — R(B) C Viz & (N(B) N R(B)). Choose arbitrary K €
C(Vis ® (M(B)NR(B)),Vz2). Then

Yo {foc 3] | {VH@ (AAf/(J}(zz3 ;w R(B))] . {K(V12 @(%Eii NR(B)))
]

trivially satisfies
AX — XB = AKPV12€B(N(B)F1R(B)) + AJPNl(B) — KB eC(V1,Vs)
and X ¢ C(V1,Va). O

11t suffices to choose J to be a (lower or upper) semi-Fredholm operator.
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When are compact operators L and T equivalent after extension?

Two operators T and L defined on two different Banach spaces Vi and V5 re-
spectively, are said to be equivalent after extension, if they can both be extended
to V1 & Vs, T:=T+ Iy,, L= Iy, + L, and in addition satisfy T = ULV for some
bounded and invertible linear operators U and V on Vi & V5 (see [31,32] and [64]).
Specially, if V3 = {0} or Vo = {0}, then T and L, which are equivalent after ex-
tension, are said to be equivalent after one-sided extension. Note that if T and
L are compact operators which are equivalent after extension, then 7 and L are
Fredholm operators. Thus it suffices to find an invertible U such that LU = UT.
This is now solved by Theorem 3.1, Theorem 3.2, Theorem 3.5, Corollary 3.1 or
Corollary 3.3. A necessary condition is in that case (see below) Zj, = Zr.

Definition 3.2. [31, Definition 2.1.] Let T' € B(V1, V2) be a Banach space operator.
For any Banach spaces Z; and Z,, we define

Ir(Z1,2) = | J {ZR TR, R;€B(Y,Z), R} € B(Zl,X)}.
neN
Denote by Zr the (proper) class 70 7o Ir(Z1, Zs), and refer to Zr as the operator
ideal generated by T

Theorem 3.6. [31, Theorem 2.5.] Let T € B(V1) and L € B(Va) be non-zero
compact Banach space operators. If T and L are equivalent after extension, then
Ir =1r.

3.3. Estimating the solution set. The previous results guarantee solvability of
(1.1), but characterizing the entire solution set is a rather difficult task. In what
follows we revisit some results obtained in [11], which speak of algebraic and topo-
logical properties of this set. Recall that the solution set can be described as
Xp+{Xn}, where X, is one particular solution and {X},} is the solution set to the
homogeneous Sylvester equation

(3.6) AX — XB=0.
Since the previous results offer the existence conditions for at least one particular
solution X, we proceed to characterize the solution set for the equation (3.6).

In what follows, we fix the Banach spaces V; and V5 and the bounded linear

operators A € B(Vz2), B € B(V1) and Z € B(Vi, V2) such that Z # 0. Define n—th
power of AZB in B(V1,V3) by

(AZB)n = AnZBn, n € Np.
Put
(3.7) Aszp = {p(AZB) IpeE P[(C]}

It can be shown that any complex function f holomorphic in the Cauchy domain
which contains the compact set o(A) U o (B) can be obtained as the uniform limit
of polynomials p,,, thus

J(AZB) = [(A)Zf(B) = limp,(A)Zp,(B) = lim p, (AZB).
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Multiplication in A4 zp is defined as multiplication of functions,
f(AZB)-g(AZB) = (f-9)(AZB).

Theorem 3.7. [11, Theorem 2.1.] Assume ||A|| and ||B]| to be smaller than one.
Let n, m € Ny such that 0 < n < m and let Axxp be provided as in (3.7). Then

(1) The ordered triple (Aazg,| - |l,+) is a separable Banach subspace of
B(V1,Vs). The ordered triple (Aazp,+,") is a commutative algebra with
the unity Z. The ordered quadruple (Aazg,| - |,+,") is not necessarily a
normed algebra, i.e. the sub-multiplicativity ||ab]| < ||a||||b]| does not neces-
sarily hold.

(2) The inequality ||(AZB)™| < [[(AZB)™|| holds, where the equality is ob-
tained iff (AZB)k =0, for some k € {0,...,n}.

(3) The series

+o0

(3.8) > (AzB)™

j=0
converges in Aazp. The operator Z — (AZB)™ is invertible in Aazp and
its inverse is given as (3.8).

Recall the commutative multiplication operators A and B defined as A(Z) := AZ
and B(Z) = ZB. The following lemma obviously holds:

Lemma 3.2. [11, Lemma 2.2.] With respect to the previous notation, the algebra
Aazp is isometrically isomorphic to {p(A o B)(Z), p € P|C]}.

For a given L € B(V), the set [L] represents the set of all operators from B(V)
which commute with L. Consequently, L™ € [L], for every n € Ny. Define

[Aazp]l :=[A] - Aazp - [B]={CDE :C € [A],D € Aazp, E € [B]},

Bazp :=B(Va) - Aazp-B(V1) ={FGH : F € B(V2),G € Aazp,H € B(V1)}.
Now one takes natural extension of the multiplication from Aazp to [Aazp] and
Bazg. More precisely, let C1D1Ey, CoDoFEy € [-AAZB] and let F1G1Hq, FyGoHs €
BAZB- Then

(01D1E1) . (CQDQEQ) = (Cl . 02) . (Dl . DQ) . (E1 . EQ),
(FlGlHl) . (FQGQHQ) = (F1 . Fg) . (G1 . Gg) . (Hl . HQ)

The previous construction allows us to show how large the solution set for (3.6)
really is.

Theorem 3.8. [11, Theorem 3.4] Let A, X and B be provided such that AX = XB.
Then for everyY € Aaxp it follows that AY =Y B. In other words, every element
from Aaxp is a solution to the homogeneous Sylvester equation (3.6).

Proof. First observe the basis of Aaxp: X, AXB, A2XB?,.... Given the way A,
B and X are provided, it follows that

A(A"XB™) = A(A""'XB"") = (A"XB™)B, n €N,
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so (AXB)™ is a solution to (3.6), for every n € N. Further, every finite linear
combination of the basis elements is a solution to (3.6). This proves that p,(AX B)
is a solution to the homogeneous Sylvester equation, for every p, € P[C]. One
should note that, in the bounded-operator case, the set of solutions to the equation
AX — XB = 0 is closed. This is directly verifiable. Nevertheless, let f be a
holomorphic function on some Cauchy domain 2, o(A), o(B) C {2, given as the
limit of some complex polynomials f(z) = limy, 400 Pn(2), 2 € Q. Then Lemma
3.2 applies, giving f(AXB) = lim;,,— 1 prn(AX B) and

Af(AXB) = A(lim p,(AXB))
= lim Ap,(AXB) = lim (p,(AXB)B) = f(AXB)B,

so Aaxp is contained in the set of solutions to the homogeneous Sylvester equa-
tion (3.6). O

Corollary 3.4. [11, Corollary 3.3.] Let A, B and X be provided such that AX =
XB, and let A and B be provided as in Lemma 3.2. Then Aaxp is isomorphic to

(3.9) {p(A?)(X) : p € P[C]}
and to
(3.10) {p(B?)(X) : p € P[C]}.

In order for AX = X B to be solvable for a nonzero X, it is required for (3.9) and
(3.10) to be isomorphic to each other.

If {X;}ier is a family of different solutions to the inhomogeneous eq. (1.1), how
do the operator algebras A4 x,p behave? We recall the following result from [33]:

Lemma 3.3. [33, Lemma 2.1.] Assume X is a solution to (1.1). Then for any
kE>1
k—1 o
(3.11) AbFX - XBF =) AM1TCB
i=0
This lemma shows us that any solution to (1.1) satisfies the corollary below.

Corollary 3.5. [11, Corollary 3.2.] Let A, B, C and X be provided such that (1.1)
holds. Then C € [Aaxp] and for every k € Ny,

A*X — XB* € [AacB).

Proof. The first claim follows directly C = AX — XB € [Aaxp]. When k = 0 then
X — X =0¢€[Aacp]- When k > 1, then (3.11) applies, and

A*X — XBF = A'C+ ...+ CBF L.

Since A € [A] and B* € [B], for every s, £ € {0,...,k — 1}, it follows that every
addend on the right-hand-side is in [Aacp], and so is A¥X — X B*. O
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4. Closed operators

In this section we study the initial equation (1.1) under the premise that V; and
V5 are Banach spaces, while A and B are closed densely defined linear operators
and where C' is an arbitrary densely defined linear operator from V; with values in
V5. We now proceed to study the equation in its unbounded form (1.2). For easier
reference, we are writing it here once again:

(4.1) AXu — XBu = Cu, u € DpNDc.

At this point, we drop the assumption that A and —B generate Cy—semigroups
on V7 and V5, respectively. Instead, we assume that A and B are arbitrary closed
operators, which have nonempty point spectra and we assume that

o(A)No(B) =o0,(A) Nop(B).
We introduce the notion of weak solutions.

Definition 4.1. [16, Definition 2.1.] Linear operator X is a weak solution to the
equation (4.1) if

(1) DoNDy # 10

(2) Dx C DpNDg, R(X) C Dy and Dx is B-invariant subspace of V.

(3) for every u € Dx AX(u) — XB(u) = C(u).

The weak solution to the equation AX = X B is defined analogously. We start
our analysis with the homogeneous equation and then transform the inhomogeneous
(4.1) into a homogeneous one.

4.1. The homogeneous equation. Let V be an arbitrary vector space over the
field F' and let I be an arbitrary index set. Recall that a set of different vectors
{a;}ier from V is said to be Hamel or algebraic basis for V if every vector a € V
can be represented as a unique finite linear combination of vectors from {a;};c;:

n
MaeV) (@meN) Jaq,...,an € {a;}icr) Glar,...,an € F) a= Zakak.
k=1
It is known that every vector space has a Hamel basis; this is a direct corollary
from the axiom of choice. Uniqueness of the representation of every vector from V'
with regards to its Hamel basis {a; };cr yields that {a;};cr are linearly independent
vectors. Additionally, all Hamel bases of the same vector space have the same
cardinality. Recall that, even if S is an infinite set of vectors, Lin(S) or span(S)
stands a finite linear span of vectors from S.
At this point we assume V) and V2 to be linear (vector) spaces and A € L(V3),
B € L(V4) to be both one-to-one (injective). We will return to the case of closed
operators in Banach spaces later. We also assume that there exists W < Dp < V;
which is a B-invariant subspace of V. Let U = {u;}ics be an algebraic basis of
W. Further, since {u;}ics is an algebraic (Hamel) basis for W, it follows that
{B(u;)}ier is an algebraic (Hamel) basis for B(W). The operator B is injective,
so card({u;ier) = card({B(u;)}icr). Therefore, there exists a linear bijection
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Tw : {B(u;)}ier — {uitier, such that for each ¢ € I there exists a unique j € I so
that Ty B(u;) = u;. For every u € U, we define the class of u as

[u] = {(TwB)"(u) : n € Z}.
It is not difficult to see that {[u;] : @ € I'} forms a partition of . In that sense,

let U] := {[w;] : i € I}. Conversely, for every [u] € [U], fix one uy € [u] which is
the generator for its entire equivalence class:

[ug] = {(TwB)"(ug) : n € Z} = [u].
Define g : [u] x [u] = [u]:
(Vn,m € Z) (TwB)"(uo) -5 (TwB)™(ug) := (Tw B)" "™ (ug).
The following result is straightforward.

Lemma 4.1. [16, Lemma 2.1.] Let u € U.

1) If [u] has a finite number of different elements, say k of them, then ([u],-p)
is isomorphic to (Zg, +r);

2) If [u] has infinitely many different elements, then ([u],-p) s isomorphic to
(Z,+).

Let Z < Da < Vi be an A-invariant subspace of V5 and let V = {v;},cs be
an algebraic basis for Z. Let Sz € L(A(Z), Z) be a bijective linear operator, such
that Sz (V) C (V). For every v € V, define [v] using Sz A, in the analogous way
we defined [u], using Tw B, when u € Y. On every [v] define -4 using Sz A in the
analogous way we defined -p using Tw B on every [u].

Corollary 4.1. [16, Corollary 2.1.] For every v € V, ([v],-4) is isomorphic to
exactly one of the elements in {(Z,+), (Zy,+x)}-

Remark 4.1. The aforementioned isomorphisms between elements of {([u], 5),
([v],-4)} and elements of {(Z,+), (Zg,+x)} will be denoted as 72",

Theorem 4.1 (The shifted injective homogeneous equation). [16, Theorem 2.1.]
Let Vi and Vy be vector spaces and let B € L(Dp,V1), A € L(Da,Va) be one-
to-one linear operators, where Dg C Vi and Dy C Vo, and let W C Dp be a
B-invariant subspace of Vi and let Z C D be an A— invariant subspace of Vs.
Let Ty and Sz be provided as in previous discussion. Then there exists a linear
operator X € L(W, Z) which is a weak solution to the equation

(4.2) XTwB = 5zAX,
defined on W.

Proof. Let U and V be the algebraic bases for W and Z, respectively, on which
Tw and Sz are respectively defined. We define X in the following manner. For
a fixed [u] € [U], if there exists an v € V such that ([u], ) = ([v],-4), then X
maps one fixed generator ug € [u] into the generator vg for [v], and consecutively
X: (TwB)™ug — (SzA)™vg. If no such ([v],-4) exists then X ([u]) := Oy,. Either
way, it is directly verifiable that Sz A(X (v')) = X (Tw B(u')) holds for every v’ €

[u].
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Now assume the previous procedure was done for every [u] € [U]. Then for
arbitrary u € W decompose the vector u into a finite linear combination of elements
from U

U:Zakuk, uy €U, ap € C, k=1,n, neN.
k=1
Then obviously [X (u) := Y p_; apX (ug). It is clear that X is well defined linear
operator from W to Z and is a solution to (4.2). By construction, we have that
Dx =W C D(TwB), R(X) = Z C D(SzA) and W is Ty B-invariant, so X is
indeed a weak solution. O

Remark 4.2. Note that the solution X is not uniquely determined.

We generalize the previous statement to Banach spaces and closed operators A
and B.

Theorem 4.2 (The homogeneous equation). [16, Theorem 2.3.] Let Vi and V, be
given Banach spaces, B € L(V1) and A € L(Va) closed operators, such that N'(B)
and N (A) are complemented in Vi and Vs, respectively. If (o,(B)Nop(A))~{0} # 0
then the homogeneous equation

(4.3) AX - XB=0
has a non-trivial weak solution.

Proof. The space V; can be split into a direct sum Vi = N (B) @ V/. Respectively,
for every u € Dp there exists a unique u; € A (B) and a unique us € ViNDgp
such that © = u; + ug. Denote Vi(B) := V/ N Dp and define B;: Vi(B) —» V;
as: Bi(uz) := B(u). This way, B; is one-to-one, so 0 ¢ o¢,(B1). Note that
o0(B) ~ {0} = 0, (B1).

Assume the same thing is done with A and the Banach space Va: Vo = N (A)® V3,
put Vo(A) :=DaNVy and Ay : Vo(A) — V; defined as A;(v2) := A(v), whenever
v € Dg and v = vy + va, v1 € N(A), and vy € Vo(A). Now A; is one-to-one
and 0 ¢ o,(A1). Also note that 0,(A4) \ {0} = 0,(A1). Now the condition of
the theorem yields that o,(A1) No,(B1) # 0. Denote that spectral intersection
by {Xi}ier, for some index set I, where \; = A\; = ¢ = j. Let u; € D(B;) and
v; € D(Ay) such that Byu; = \u; and Ajv; = \v;, whenever ¢ € I. It follows
that {u;}:cr and {v;};cr are families of linearly independent vectors. Now put
U = {u;}icr and V = {v; }ies. Trivially, W := Lin(Y{) is a Bj-invariant subspace
of V1 and Z := Lin(V) is an A;— invariant subspace of V5.

For each i € I define bounded linear operators on Lin(u;) and Lin(v;) respectively
as Ty(u) := A\; 'u and S;(v) := A\; *v. Finally put Ty (u;) := T;(u;) and Sz (v;) :=

Since Lin(u;) N Lin(u;) = {0} whenever i # j, it follows that Ty is a correctly
defined operator on ;¢ Lin(u;) (which is an eigenspace for By and therefore for B).
Analogously, Sz is correctly defined operator on @;¢; Lin(v;). Now all conditions
of Theorem 4.1 are satisfied, so there exists a linear operator X; from W to Z such
that XlTwBl = SzAle holds.
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~

Further, we see that ([u;], B,) = ([vi],-4,) = (Z1,+1) (singletons) for every
i€ 1. For u e W, such that u = Y"}_ axuy where uj € {u;}icr, we have:

SzAle(u) = SZA1X1<Zakuk> = ZakSZAle(uk)

k=1 k=1

[
NE

apSz A1 (vr) = Y arSz(Akvr) = > akve = Y o Xy (ug)
k=1 k=1

k=1 k=1
n n
= ZaleTW()\kuk) = ZakxlTWBl(uk)
k=1 k=1

= X\TwB, ( > akuk) = X Tw Bi(u).
k=1

Since Sz and Ty are injective and act in the same way on the corresponding
spaces, it directly follows that A1 X;u = X;Bju. Therefore, X; € L(W, Z) where
Dx =W < Dp and R(X) = Z < R(A), so X is a weak solution to the equation
A1X1 = X B;.
Let N € L(N(B),N(A)) be arbitrary. Put
_ N0 INB) N(4)
X_[O XJ.[ B, V],

It follows that X is a weak solution to (4.3). O

Remark 4.3. When constructing injective operators A; and B; one encounters
problem of losing the information about the null-spaces of A and B. However, this
property is not as restrictive as it may seem at the first sight. In particular, suppose
that {0} = 0,,(A)Nop(B). Then N (B) and N (A) are the corresponding eigenspaces
of B and A, respectively, which correspond to the shared eigenvalue A = 0. But then
arbitrary operator N € L(N(B), N (A)) (provided in the proof of Theorem 4.2) is
the desired map that maps 0O-eigenspace of B into the corresponding 0-eigenspace
of A. In other words, one could simply put X := [J(\)’ 8]. However, this case is
somewhat irrelevant because both X B and AX vanish on A(B). Nevertheless,
Theorem 4.2 holds even if 0,(A4) No,(B) = {0}.

Recall that every closed subspace M of a given Hilbert space H has a topological
complement N. Furthermore, N can be provided such that M and N form an
orthogonal sum, i.e. H = M ®+ N.

Corollary 4.2. [16, Corollary 2.2.] Let Hi and Ha be Hilbert spaces, A € L(Hs)
and B € L(H1) closed operators. If (o,(A) Nop(B)) # 0 then the homogeneous
equation (4.3) has a non-trivial weak solution.

The previous theorem gives weak solutions to the equation (1.1), which are
defined on finite linear combinations of the corresponding eigenvectors. In what
follows we extend this result to a summable family of eigenvectors.

Recall that, when solving PDEs and ODEs, one usually uses the Fourier sep-
aration method and then solves the corresponding Sturm-Liuville eigenfunction



422 B. D. DJORDJEVIC

problem. As a result, the solution to the given PDE or ODE is represented as a
superposition of countably-many summable eigenfunctions.

Definition 4.2. Let V' be a Banach space over the field F'. A Schauder basis is an
ordered sequence {b,}nen of elements from V' such that for every element v € V
there exists a unique sequence {a, nen of scalars in F' such that v = > _y anby,
where the convergence is understood in the norm topology

n
ngrfoo lv— ; apby| = 0.

From the uniqueness of the representation of v in {b,, } e it follows that {b, } nen
is a family of linearly independent vectors. There is no exact criterion which yields
when does a given Banach space have a Schauder basis. However, the necessary
condition is obtained in the following two well-known theorems.

Theorem 4.3. Let V be a Banach space. Then its Hamel (algebraic) basis is either
finite or has the cardinality of at least ¢ (continuum,).

Theorem 4.4. Let V' be a Banach space and suppose it has a Schauder basis. Then
V' must be separable.

Contrary, if the provided Banach space V' is separable, it does not imply that it
has a Schauder basis. Counterexample was provided by P. Enflo [35] in 1973. It is
well-known fact that /., space does not have a Schauder basis.

We again start with arbitrary linear spaces V; and V5 and one-to-one operators
B e L(Dg,Vh), D C V; and A € L(Da, Vo), Da C V5 defined on them. Suppose
there exists a W < Dp which is a B-invariant subspace of V7, such that it allows
a Schauder basis W = {w,, : n € N}. It is not difficult to see that there exists
a bijective operator T' € L(B(W),W) such that T(w,) € W, for every n € N,
because B is assumed to be one-to-one. Now for every w € W define

[w] = {(TB)"(w) : n € Z}
and define binary operation -5 on [w] as
(Vn,m € Z)(TB)"(w) -p (TB)™(w) := (TB)"™™(w).

Lemma 4.1 yields that ([w],-p) is isomorphic to exactly one element from the set
{(Z,+),(Zy,+r), k € N}

Analogously, assume there exists a Z < D4 which is an A-invariant subspace
of V4, which allows a Schauder basis Z = {z, : n € N} and define the bijective
operator S € L(A(Z), Z) such that for every n € N it follows that S(z,) € Z. For
every z € Z, define [z] = {(ZA)"(z) : n € Z} and define -4 on every class [z] as

(Vn,m € Z)(SA)™(w) -4 (SA)™(w) := (SA)" T (w).

Lemma 4.1 yields that ([z],-4) is isomorphic to exactly one element from the set
{(Z,+),(Zy,+r), k € N}.

The following corollaries are immediate consequences of Theorem 4.1 and The-
orem 4.2, respectively.
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Corollary 4.3 (The shifted injective homogeneous equation). [16, Corollary 2.5.]
With regards to the previous notation, there exists X € L(Wy, Z) which is a weak
solution to the equation XTB = SAX, defined on

Wy = { Z AWy 2 Wy, € W, a,, € C,n €N and Z an X (wy,) converges in Z}.
neN neN

Corollary 4.4 (The homogeneous equation). [16, Corollary 2.6.] Let Vi and Vs be
gwen Banach spaces, B € L(Vy) and A € L(V3) closed operators, such that N'(B)
and N (A) are complemented in Vi, Va, respectively, i.e. Vi = N(B) @ V] and
Vo = N(A) @ V4. If 0,(B)No,(A) # 0 and the corresponding eigenvectors form
Schauder bases for some S1 < DpNV{ and Sy < Dy NVy, respectively, then the
homogeneous equation AX — X B = 0 has a non-trivial weak solution, defined on
some subset of Sy.

4.2. The inhomogeneous equation. In this section we provide weak solutions to
the inhomogeneous Sylvester equation (1.1), i.e. the case where C' # 0. The lemma
below illustrates how to reduce the inhomogeneous equation to the homogeneous
one.

Lemma 4.2. [16, Lemma 2.2.] Let Vi and V2 be Banach spaces, B, ¥, € L(V1),
A, ¥y € L(V3) closed operators and C € L(Vy,Va), such that for every uw € D(¥1)N
R(¥1) NDe we have C(u) € D(V3) and

(4.4) UyC(u) — CUy(u) = C(u).

Suppose D(V2)NDy # O and D(¥1)NDp # 0. Finally, we require that N'(A— ¥s)
and N (B — Uy) have topological complements and

(4.5) (0p(A—To)Noyp(B—Typ)) {0} #0.

Then for every Y € L(D(Y),R(Y)), DY) = D(¥1) N R(¥1) N D, R(Y) C
D(¥2) N Dy, which is a weak solution to

(4.6) U,Y — YU, =0,

the operator X :=Y +C is a weak solution to the inhomogeneous Sylvester equation
(1.1) iff it is a weak solution to the homogeneous equation

(4.7) (A= U)X — X(B—Wy) =0.

Proof. Assume there exists Y such that the equation (4.6) is satisfied. Put X :=
Y + C. By applying Theorem 4.2, we see that (4.5) yields that there exists a
non-trivial weak solution X to the equation (4.7). Finally, we verify that
(A-9)X —X(B-Ty)=0
S AX —XB =V X — XUy
& AX — XB=U,Y + 0,0 - YT, — O, = C. 0

Remark 4.4. Such ¥; and ¥, always exist, e.g. U5 = (a+ 1)1, ¥; = ol for any
aeC.
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Let V4 and V5 be Banach spaces, B € L(V;), A € L(V3) closed operators such
that A(B) and N(A) are complemented in V7 and V3, respectively (the com-
plements are denoted respectively by V{ and Vj). The projector from Vs to Vj
will be denoted as Py;. Let C € L(V1,V32) be such that Do N D # 0 and
C(Dc N Dp) C R(A). We assume that (0,(B) No,(A)) ~ {0} # 0 and label
such intersection as o = (0,(B) Nop(A4)) \ {0}.

Theorem 4.5 (The inhomogeneous equation). [16, Theorem 2.4.] With regards to

the previous notation, if o contains two disjoint families of different non-zero ele-

ments {;}jesU{\i}ier C o, where {y;}jes and {\;}icr have following properties:

(1) For every j € J letu; € DgNDcNVY such that Bu; = pju; and C(u}) = 0.

(2) For everyi € I, let u; € DpNDcNV] such that Bu; = Au; and C(u;) # 0,

C(u;) € R(A=NI) and C(u;) is linearly independent with the vectors from

{(A = M) Py Clug) yrer- We also require that {C(u;)}icr are linearly
independent different vectors.

Then there exists a weak solution to the inhomogeneous equation (1.1), defined on
(M(B)NDe) & (Lin({u]}jes)) ® (Lin({w; }ier))-

Remark 4.5. Notice that Lin({u}};es) N Lin({u;}ier) = {0}, where u} and u;
are eigenvectors for B which correspond to different eigenvalues p; and A; of B.
Therefore, the direct sum Lin({u}};cs) © Lin({u; }icr) exists. We now proceed to
prove the stated theorem.

Proof. Since B and A are closed operators, the corresponding null spaces are closed
subspaces in V1, Vs, respectively. The subspaces N (B) and N (A) have topological
complements, so Vi and Va2 can be split into direct sums. Let V3 = N(B) & V/
and Vo = N(A) @ V3§ as stated in the theorem. Put Vi(B) := V{ N Dp and
V2(A) := V§ N Dy. Define one-to-one operators By € L(Vi(B),V;) and A; €
L(V5(A), V2) like in the proof of Theorem 4.2. We now have o,(41) = 0,(A) \ {0}
and o,(B1) = 0,(B) ~ {0}.

Let u € N(B)ND¢. Since C(u) € R(A) = R(A;) there exists a unique v € Va(A)
such that C(u) = Ajv = Av. Put N(u) := v. It follows that

(4.8) AN(u) — NB(u) = AN (u) = A(v) = C(u),

for every uw € N(B) N D¢.

Now observe V{, Vy and B; and A;. We define closed one-to-one operators
v” e L(Lin({u}}jes), V1) and O € L(Lin({v}};es), Vo) such that U{"u/ :=
B, \I/é())v3 = G, for every j € J. Now {& };e; C oo (U)o, (W) £,
and p; = pj = i = j. Since N(\Ilgo)) = 0Oy, and N(‘Iféo)) = 0Oy,, then N(\Ilgo)) and
N (\Iléo)) have topological complements in V; and V3, respectively. Now Theorem
4.2 implies that there exists a non-trivial weak solution

y(©) ¢ L(Lin({u}}je ), Lin({v}};e7)),
such that
(4.9) \IjéO)Y(O) — y(O)\Ijgo) -0
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holds. Further, for every j € J we have YO (u}) = v} (see proof of Theorem 4.2).
Note that

0¢ {j/2}jes C op(Br — V") Mo (AL~ 0) # 0,
and {u}}jes and {v}};c; are the corresponding eigenvectors, respectively. Due to
the assumption 1. of the theorem, C(u);) = 0, so (YO 4 C)(u};) = v, for every
j € J. Since B; — \Ilgo) is one-to-one on Lin({u/};es) and A; — \I/go) is one-to-one
on Lin({v}};es), we can apply Theorem 4.2 and conclude that YO 4 C is a weak
solution to the injective equation (A; — TS X — X(B; — ¥{”) = 0, defined on
Lin({u}}jes). But then for every v’ € Lin({};e),

0= (4 — ¥ (YO +O)w) - (YO + ) (B — "))
= A (YO 1 O)W) - TPOvO ) — v cw)
- (VO + OB () + YO U () + 00 ()
=A (YO 1+ O)W) = (YO 4 OBy ()
— (YO —y Qe ) — (e 0 - v ()
=A YO +O)W) - YO+ 0B (u) - CW),

where we used (4.9) and \Ilgo)C(u’) - C’\Ifgo) (u') =0=C(u), v € Lin({u)}jes)-
Put X .= C +Y©,
Condition 2. of the Theorem yields the following. For every i € I, define
\Ill(uz) = %Bl(ul)

Then 0,(¥1) D {%}ig and {u;};cr are the corresponding eigenvectors. Also note
that {\;/2}ier C op(B1 — ¥1) and u; are the corresponding eigenvectors. Now
define

Further, since C(u;) € R(A — \I), there exists a unique v; € V4 N D4y such
that v, = (A1 - )\1[)71(0(1%)), that iS, (A1 - AlI)’Uz = C(ul) Since {C(ul)}ZGI
are linearly independent vectors, it follows that {v;};c; are linearly independent
vectors. Define

g
\Ilg(vi) = Evi + C(ui).

Since {C'(u;) }ier are linearly independent vectors with regards to {v; }icr, we con-
clude that Uy is well defined on Lin({C(u;)}ier) @ Lin({v; }ier). Now

i
\IJQ(’UZ' - C(ul)) = 5(’1}z - C(uz))
In other words, {3 }ie; C 0,(¥2) and v;—C'(u;) are the corresponding eigenvectors.
Also

by

(Ar = Wa)v; = Ay (i) — Ezvi = C(u;) = Ar(vi) — %vi — (A = NI, = As

2

Vs,
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so {Ai/2}ier C 0,(A1 — Uy) and v; are the corresponding eigenvectors. Now
{%}iel C O'p(Al — ‘112) N O'p(Bl — \Ifl)

Since N (A; — ¥y) = 0y, and N(By — ¥1) = Oy,, it follows that N'(A; — ¥s) and

N (B;1 — ¥1) have topological complements in V3 and V/, respectively, so (applying

Theorem 4.2) there exists an X (1), which is a weak solution to the equation (4.7),

and it is defined as X (M (u;) := v;, (see proof of Theorem 4.2). Put

Y (u;) = XD (u) — Cu;) = v; — Cluy).
We verify that (4.6) holds:

oY () — YU, () = Ua(v; — Clus)) — Y(%u)

- (1 + %)C’(ui) —Wy(Cluy)) = 0.
Finally, we verify that (4.4) holds:
(4.10)  WoC(u;) — Oy () — Clug) = (1 + %)C(ui) - %C(ui) — C(u;) = 0.

Put X = N @ X(© @ XM, Combining observations from (4.8) to (4.10), we see
that X is a weak solution to (1.1), defined on

(N(B)N Do) & (Lin({uj}jes)) & (Lin({ws }ier))- U

Remark 4.6. Once again, if 0,(4) No,(B) = {0} then the solution is provided by
the operator N from the equation (4.8).

Corollary 4.5 (The inhomogeneous equation). [16, Corollary 2.7.] Let Vi and V be
Banach spaces, B € L(V1), A € L(Va) closed operators such that N (B) and N (A)
are complemented in Vi, Va, respectively. In that sense, put Vi = N(B) @ V{ and
Vo =N(A) @ V3. Let C € L(V4, V) such that Dc N Dp # {0} and C(DcNDg) C
R(A). If
{r;}jen U{Aitien C (0p(B) Nop(A)) \ {0}
where {1, }jen and {\; }ien are disjoint families of different elements with following
properties:
(1) For every j € N letu); € DpNDcNVY such that Buj = pju; and C(u}) = 0.
Assume {u;}jen to form a Schauder basis for some S; < DpNDc N VY.
(2) For every i € N let u; € D N De NV such that Bu; = M\u; and
{u;}ien forms a Schauder basis for some S; < Dp N Dc NV{. Assume
that {C(u;) }ien are linearly independent different non-zero vectors, which
form a Schauder basis for some S¢ < R(A) N R(A — N\I), and vectors
{Py; (A=NI)"'C(ui) }ien to form a Schauder basis for some Sy < DaNVy,
such that Sc N Sy = {0}.
(3) We require S;NS; ={0}.
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Then there exists a weak solution to the non-homogeneous equation (1.1), defined on
N(B)NDc) @ (S1) @ (S1)-

4.3. A special case of self-adjoint operators on Hilbert spaces. As shown by
the previous results from this section, when we observe the unbounded singular
Sylvester equation (4.1) we only obtain weak solutions, which exist on the corre-
sponding eigenspaces of the shared eigenvalues. These results are “good enough”
if we are interested in some nice enough differential operators, like the Sturm-—
Liouville operators, where we are only interested in behavior of operators in the
observed eigenfunctions.

In this section we restrict to the case where V; and V, are separable Hilbert
spaces and A and B are self-adjoint operators. By doing so, we extend the weak
solutions obtained in the previous section to the largest amenable domains. We
briefly recap some results about self-adjoint operators which are relevant for the
paper, see [22,42,48] or [63]. To start, recall that if L is a self-adjoint operator,
then o(L) = 0app(L) = 0c(L) Uo,(L), where 0¢(L) = 0app(L) ~ 0p(L).

Theorem 4.6 (Spectral mapping theorem for self-adjoint operators). For a self-
adjoint operator L, densely defined on a separable Hilbert space V', there exists a
unique decomposition of identity, (Ex : X € R), consisting of orthogonal projectiors
Ey, such that

(1) The representation L = fj:s Ad Ey holds, where Dy, consists of those x €

V' such that the integral f:rOO: A2 d|Exz|? converges.

(2) The function A\ — E\ is strongly continuous from above. Furthermore,
points of discontinuity of the function are precisely the eigenvalues for the
operator L. In that case, if Ao is an eigenvalue of L, then Ey, — Ex,—o
is the orthogonal projector from V onto the eigenspace Wy, of L, which
corresponds to Ag.

(3) The operator L commutes with every E\. Furthermore, an operator S
commutes with L if and only if it commutes with every projector E).

Separability of the space V', as well as density of the domain Dy, play essential
roles in the proof: important consequences follow immediately, which are applied
in this paper as well.

Proposition 4.1. With respect to the previous Theorem, the space V allows an
orthogonal decomposition V.= @, V,,, where V,, is an L-invariant subspace of V,
such that L, := L(Dy, N'V,) is a bounded linear self-adjoint operator on V,, with
Dy, =D NV, In that case, L =@, Ly,

Proposition 4.2. Let V be a separable Hilbert space and let V = @, V,, be an
orthogonal sum of mutually orthogonal closed spaces V. If (Ly), is a sequence
of self-adjoint bounded linear operators, L, € B(V,), then there exists a unique
self-adjoint operator L densely defined in V', such that every V,, is L-invariant,
and that L restricted to V,, coincides with L,. The domain Dy, consists of those
vectors © € V such that the series 3.+ || Lyan||® converges, where x, = Py, x. If
sup{||Ln|| : n € N} is finite, then L is a bounded operator.
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Once again, we denote ) # o(A) N o(B) =: 0. Throughout this section, for
simpler notation, we assume that Dg C D¢.

We start with the simplest case, and that is when the spectral intersection occurs
at point spectra, that is ¢ = 0,(A) N 0,(B), The results obtained in this case are
remarkably similar to those obtained in Theorem 2.1. Recall notation from Section
2: let E3 := N(B—M\I) and E}} :== N (A—\I) whenever X € o. Different eigenvalues
generate mutually orthogonal eigenvectors, so the spaces E3 form an orthogonal

sum. Put Ep := ZA Eg. It is a closed subspace of V; and there exists Efg- such
that Vi = Eg & E]é. Take B = Br & By with respect to that decomposition and
denote Cy = C’PEé.

Theorem 4.7 (The point spectrum case). [10, Theorem 2.1.] For given separable
Hilbert spaces Vi and Vs, let A and B be densely defined self-adjoint operators on
Vo and Vi respectively, such that o(A) N o(B) = 0,(A) No,(B) = 0. Further, let
C € L(V1,V3) be an arbitrary densely defined linear operator, such that D C D¢.

(1) If the condition
(4.11) C(N(B— X)) C R(A—XI),

holds for every A € o, then there exist infinitely many solutions Xg to the
equation (4.1), defined on Dg

{u eEN(B-X): Me€o, ZPN(A_)\I)L(A — M) Cu converges }
A€o

(2) In addition, By is a densely defined closed self-adjoint operator as well,
By: Dp, — Ef. Assume that Dp, C D¢,, and that the following implica-
tion holds

0€a(A)Na(B1)=0¢€g,(A) Nop(B1),
(4.12) C(N(B1)) C R(A).

Then there exist infinitely many solutions X1 to the eq. (4.1), defined on
(with respect to inclusion) the largest subspace Dx, C Ep.

(3) The solutions X := Xg + X1, obtained in parts 1 and 2 of this theorem,
defined on their largest domains (with respect to inclusion) Dy + Dx,, are
unique in the quotient class of operators from

(4.13) L(Vi/(Ep + N(B1)),Va/(Ea + N(A))),
defined on the same domain.

Remark 4.7. This theorem is proved in a very similar manner in which Theorem
2.1 was proved. Furthermore, since B is self-adjoint, it follows that both Ep and
Ef_g; N Dp are B-invariant subspaces of Vi, thus the functional calculus for B and
B applies. In addition, Statement 3. and expression (4.13) naturally generalize
the characterization of matrix solutions obtained in the eigen-problem (2.7).
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Corollary 4.6 (Number of solutions). [10, Corollary 2.1.] With respect to the
previous notation, let all assumptions from Theorem 4.7 hold. Denote by X2 and 2
the sets of linear operators such that

S ={Ny: Ny =@, Nr, Nr € L(EY, E}), A€o},
Q= {No € LIN(B1), N(A)}.

Let S be the set of all solutions to (4.1), which are defined on the largest domains
possible. Then || - 3| = |S].

Proof. Proof follows directly from Theorem 4.7, because choices for solutions de-
pend solely on N, and Ny, whenever A € o. (]

Remark 4.8. Due to Corollary 4.6, the solution Xy, 4 n,) € S, with N, € ¥ and
Ny € €, can be referred to as a particular solution. Similarly to the matrix case,
these particular solutions are highly unstable to small perturbations, because they
depend on the choice of the corresponding eigenvectors.

We now investigate the general case, where the spectral intersection occurs in
the approximate point spectra of A and B. Let L € {A, B}, and assume that
A € Oapp(L), that is, there exists a sequence (x,) C Dp, such that ||z,| = 1 while
(L — AI)z,|| — 0 as n — co. The main idea is to construct a set which resembles
an approximate eigenspace with respect to A, in order to apply the same method
from the previous case.

To start, assume that L is a bounded normal operator on a Hilbert space V.
Then for fixed p and A € o,p,(L), there exist two normed sequences (x,) and
(yn), such that ||(L — AI)x,|| and ||(L — pl)y,|| simultaneously tend to zero as n
approaches infinity. Then for every n:

which tends to zero as n — +oo. This implies that approximate eigenvectors cor-
responding to different approximate eigenvalues tend to behave in an orthogonal
manner, similarly to the exact eigenvectors corresponding to the actual different
eigenvalues. This motivates the characterization of the approximate point spectrum
of all bounded linear operators L € B(V'), which goes as the following (see [4]). De-
note by £ (V) the space of all bounded sequences with values in V', equipped with
the sup —norm. The set of all sequences which converge to zero is denoted by ¢o (V).
It follows that co is, with respect to the relative topology inherited from ¢, (V),
a proper closed subspace, and defines a quotient space £ (V)/co(V) in a natural
way. What is left is to enclose this space, in a manner that ¢ (V)/co(V) forms a
complete inner product space, with inner product defined via the generalized limits
(called Banach limits) in £ (V) (see [4] for a more detailed construction). For a
sequence (), € £s(V), a bounded linear operator L € B(V) defines a bounded
linear map on £oo (V) as L' ((zp)n) := (LZpn)n € loo(V). Furthermore, it follows that
L'(xy,) € co(V), whenever (z,,) € co(V). Hence, L{: loo(V)/co(V) = Loo(V)/co(V)
defines a bounded linear operator, such that Lj((z),/co(V)) := (L' (zy))/co(V), for
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every (z,) € (V). This implies that |L|| = || Lj||, and that L extends contin-
uously to the entire space £ (V)/co(V), and that extension is denoted again by
L.

Theorem 4.8. [4, Theorem 1] For every L € B(V), Gapp(L) = 0app(Lj) = op(Lyp).

Combining the previous discussion with the spectral mapping theorem for self-
adjoint operators (Theorem 4.6), we modify Theorem 4.8 and apply it to our own
problem.

Lemma 4.3. [10, Lemma 2.1.] Let V be a Hilbert space and let L be a densely
defined bounded self-adjoint operator on V. Then there exists L{, defined in the
previous manner. For that Liy we have capp(L) = 0p(Ly) = capp(Lp)-

Theorem 4.9 (The general case). [10, Theorem 2.3] Let A € L(V;) and B € L(V2)
be closed densely defined self-adjoint operators on separable Hilbert spaces Vi and
Vo, with spectral resolutions of identities

“+o0o
(4.14) B= / wdF,, Vi=®&,Vi,, Bn: Vi, = Vi, is a bounded operator,

+oo
(4.15) A :/ A EN, Vo=&,Vo,, An: Vo, — Vo, is a bounded operator.

Assume that oapp(B) Noapp(A) =: 0 # 0 and let C € L(Vy,Va) be arbitrary densely
defined linear operator, such that D C D¢. For every n, let operators (By) and
(An)f be defined as in the previous paragraph and let (Cy){ be defined accordingly.
If operators (An)g, (Br)y and (Cy)g satisfy conditions (4.11)—~(4.12) from Theorem
4.7, then there exist infinitely many solutions to Ay Xy — X{Bl = C{, defined on
the largest subsets of Lo (V1) /co(V1) possible.

Proof. The first step is to apply spectral decomposition as in (4.14) and (4.15).
Now if 0 = 0,(A) N o,(B), then Theorem 4.7 applies. Otherwise, apply Lemma
4.3 to each B,, and A,, respectively. Then the problem is transferred to the first
case, that is, the spectral intersection occurs in the point spectra. If the conditions
(4.11)—(4.12) are satisfied, then Theorem 4.7 applies and the proof is complete. [

5. Lyapunov operator equations

Let V3 = Vo = H be a separable Hilbert space. For a (not necessarily bounded)
self-adjoint operator A, when B = —A and C' = I we get the symmetric Lyapunov
operator equation

(5.1) AX+ XA=1,

which is called symmetric because we are interested in finding symmetric solutions
X. This is a special case of the proper Lyapunov operator equation

(5.2) A X+ X"A=1,

where A is an arbitrary closed densely defined linear operator on H.

Similarly to the Sylvester equations, Lyapunov operator equation (5.1) is regular
if there exists a unique bounded, stable, symmetric solution X, and contrary, the
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equation is singular if it is not regular. Obviously, if the self-adjoint operator A
generates a Cp—semigroup of operators which is unifromily exponentially stable
(equivalently, if the spectrum of A is negative) then Theorem 1.6 applies and there
exists a unique bounded X which is a solution to (5.1). However, taking the Hilbert-
conjugate of the equation, we get that X*A + AX™* = I holds, thus X = X*. This
logic also applies to a more general Lyapunov operator equation

(5.3) AX + XA* = £1,

where A is an arbitrary closed operator. In this case, if the spectrum of A is
contained in the open left complex half-plane then Re(o(A)) is bounded from the
right by the imaginary axis. Consequently, A generates a uniformly exponentially
stable Cy—semigroup, and Theorem 1.6 states that there exists a unique solution
to (5.3). Taking the Hilbert-conjugate of the equation once again gives X = X*.

The equation (5.2) cannot explicitly be solved via Theorem 1.6, but the following
decomposition applies (see [12]). If A is a closed operator then A = U|A| is the
polar decomposition for A, where |A| = vV A*A and U is a partial isometry. In that
sense, the eq. (5.2) becomes

(5.4) JAJU*X + X*U|A| = 1.

If the equation |A|Y + Y |A| = I is regular, then there exists a unique solution Y =
14|71 and consequently X from (5.4) is precisely of the form X = UY. Notice that
the eq. |A|Y + Y |A| = I is regular if and only if N'(JA|) = {0}. Conveniently, the
polar decomposition A = U|A| uniquely determines U if we require N (U) = N (JA]).
That being said, since both Y and U are uniquely determined when |A|Y +Y|A| =T
is a regular equation, then so is X from (5.2) when that is a regular equation.

The previous analysis shows that when the equations (5.1) and (5.3) are regular
their solutions are symmetric, and when the equation (5.2) is regular, then its
solution is A—symmetric (meaning that X = UY, where Y a symmetric operator
and U is the partial isometry obtained from the polar decomposition of A). In
fact, this property is crucial for papers which concern regular Lyapunov operator
and matrix equations (see [6,17,60,66]) and consequently, for the papers which
concern Cauchy problems whose solutions are stable in the Lyapunov sense (see
[6,26,34,40,41,43,50,66]). This is exactly what motivates us to investigate behavior
of singular equations (5.1) and (5.2).

We start with obtaining a symmetric solution to (5.1) and then we work our
way up to find A—symmetric solutions to the equation (5.2). We also prove that
some of these results cannot be weakened. Notice that we can find infinitely many
solutions to (5.1) via Theorem 4.7, but this does not guarantee that a single one of
them will be symmetric. In order to find a symmetric solution to (5.1), we impose
a natural assumption for the self-adjoint operator A, which is by far less restrictive
than requiring it to be the infinitesimal generator of a Cy—semigroup:

Assumption 1. (A;(L)): Let L be a (not necessarily bounded) self-adjoint oper-
ator on the separable Hilbert space H. The set A := D2 NR(L) is assumed to
be dense in H, where R(L) is the image of L and D2 = {u € Dy, : Lu € Dr}.
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Theorem 5.1. [12, Theorem 3.1.] Let A be a self-adjoint operator such that A;(A)
holds. Then there exists a symmetric X: Ag — H which is a solution to the
Lyapunov operator equation (5.1) on Ay.

Proof. Let (Py)xecr be the spectral resolution for the self-adjoint operator A. Since
A and A2 commute on D s, it follows that A% commutes with every Py on Dys as
well. Now let Y be any finite real linear combination of such orthogonal projectors
Py (or any real summable family ¥ = 3", ay Py of the projections Py, where
(ax)r € L1(R)). It follows that Y commutes with A on Dy4. In addition, Y is a
symmetric operator on D4. Denote by Z the operator Z := AY + Y A — I, defined
on Dy. It follows that Z* = AY*+Y*A -1 DAY +YA—1 =7, thus Z is a
symmetric operator on D4. By construction, Z commutes with A on D 42.

Case 1. Assume that zero is a regular point for the operator A. Then every pro-
jector Py (from the spectral resolution of A) commutes with A=! and consequently,
so does the operator Y (restricted to R(A) N D4) and finally so does the operator
Z (on Dy2 NR(A)). Let X :=Y — 2A71Z be defined on Dx = Ay. Then X is
symmetric on its domain and for every u € A4 we have

(AX + XAyu= (AY = SZ+YA— 12 )u=(I+Z— Z)u=Iu.
Notice that X isinfact X =Y —2A71Z =Y -1y -1y + 1471 =14-1 Soin
this case, X is additionally bounded and self-adjoint on #.
Case 2. Now assume that zero is an eigenvalue for the operator A. Then N'(A) is
a nontrivial closed proper subspace of H and there exists an orthogonal projection
Qo which maps H onto N(A) parallel with N (A)*. It is noteworthy to see that
Qo = P, — Py_p and that we can choose the operator Y to commute with Q.
Respectively, Dy = QoDa @ (I — Qo)Da and A = 0® A;, where 0 = AQy and
Ay = A(I Qo). In that sense, there exists an operator A;': R(A) — (I —Qo)Da,
defined as
(Yu € Da) (u =11 Dug, uy € N(A), us € DyNN(A)L)
ATHAu) = AT Aug = ug.
This concludes that A7 A is the orthogonal projection I — Qg observed on Dg.
Analogously, for any u € R(A) there exists a v € D4y such that Av = w and
v = v1 @ vg, where v; € N(A) and vy € Dy NN(A)*. Then
AAT w = AAT Av = Avy = Av = u,
thus proving that AAT! = Iz (a). Decompose R(A) ND 42 into an orthogonal sum
R(A)NDaz = Qo(R(A) NDaz) & (I — Qo)(R(A) NDaz)
= (N(A)NR(A) @ (N(A)LNR(A) NDye).
Restricted to N(A)~ N R(A) N Dy, the mapping AA;' is the same as Iz,

which is on that particular subspace the same as I — QQg. Thus for every u €
N(A)* NR(A) NDy2 we have

0=(2Y(I - Qo) —2(I —Qo)Y)u= (2Y AAT" — 247 AY )u
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= (AYAT' + YAAT — A7 — ATTAY — ATMAY + AT
=((AY +YA-DA' —ATYAY + YA - D)u
= (ZAT' — AT Z)u.
Similarly as before, take X; :=Y — %Ale, with its domain Dx, = N(A)t N
R(A)NDy2. Then for every x € Dx, we have
(AX) + X1 A)u = (AY - %AAl‘lZ FYA- %A;le)u —(I+7Z-Z)u=Iu

To complete the proof, we conduct a similar methodology on N (A) N R(A). Let
u € N(A)NR(A). Then there exists a v € Dy such that u = Av and v = v1 ® va,
where v; € N(A) and vy € N (A)*. Then

(AX+XA)u=ue AXAv = Av & AX Avy = Av,.
Thus we take Xo := A] ', with its domain Dy, = R(A)NN(A). Then X := X1 X,

is an operator defined on

Dx = (N(A)TNR(A) NDy) @ (R(A) NN(A)) = Ay,

To verify that X is indeed symmetric on its domain, take arbitrary v and v € Ay.
Then u = u; ® up and v = v; O va, where uy, v1 € N(A)F NR(A) ND 4> while ug,
vy € N(A)NR(A). Then

(Xu, ’U> = <X1U1, (’Ul + U2)> + <XOU2, (Ul =+ ’U2)>
= <(Y — %Al_lZ)ul, (’Ul + U2)> + <A1_1U2, (1)1 + ’Ug)>

1, 1,
= (Vu,ur) + (Vur,o0) = 5 (A7 Z)ur, o0) = 5 (A7 Z)us, v2)
+ <A;1UQ,U1> + <A;1U2, ’1}2>.
Because Y is a symmetric operator, invariant under the decomposition H = N (A)&®
N(A)L (because it commutes with Qy), it follows that

<YU1,U1> + <Y’LL1,U2> = <U1,YU1>.

Further, since A7* and Z commute on N (A)* NR(A) N D42 and Z and A7 are
symmetric on their domains, we have

(AT Z)ur, v1) = ((ZAT Y ug, v1) = (A7 Du, Zvg) = (ug, (A7 Z)v).

Now recall that R(A;) € N(A)L, thus (A Z)ur,v2) = 0 = (A} ug, vs). Since
uz € N(A) NR(A), there exists an w € Dy such that Aw = Aw; = ug, where
w = w; ®wp and w; € Da NN (AL, wy € N(A). Then A;'uy = wy. In addition,
vy € N(A)L N Dy2 NR(A), thus there exists a z € Dy such that Az = Az = vy,
where z = 21 @ 22, 21 € Do N N(A)* while 2o € N (A). Then

(AT ug, v1) = (wr,v1) = (wy, Az) = (Awy, 2)

= (ug,2) = (ug, z9) = (AAfluz,z2> = (wq, Azg) = 0.
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This proves that

(Xu,v) = <u1, (Y — %A;lZ)vQ = (uy, Xjv1).
In the same manner, we have

(u, Xv) = (Xjuy,v1) = (ug, Xq0v1) = (Xu,v),
because X is symmetric by construction on its domain.

Case 3. If zero is in the continuous part of the spectrum of A then A is not a
regular operator, but it is injective from D4 onto R(A). In that sense, for every
z € R(A) there exists a unique w € D4 such that Aw = 2. Notice that the inverse
map z — w is not necessarily bounded, because A is not bounded from below.
Thus we define X pointwise on elements of Ay: X: z +— %w, where z € A4 and
w € D4 is unique such that Aw = z. It follows that X is well defined on Ay, and

though it is not bounded it is symmetric because A is self-adjoint. U

The assumption A; is clearly sufficient. Below we show that it is also necessary
when some natural conditions are imposed.

Theorem 5.2. [12, Theorem 3.2.] Let A be a self-adjoint operator and let X be
a densely defined symmetric operator, such that D := Dy = Dx, R(A) C D and
R(X)CD. If X is a solution to (5.1) on D then R(A) is dense in H.

Proof. Assume that (5.1) is solvable for a symmetric X and that R(A) # H. Then
there exists a non-trivial W such that H = R(A) @ W and W L R(A). If there
exists a sequence (wp)neny in W N D such that |w,| = 1 and Aw, — 0 when

n — 400, then
1 = {Wn, wn) = (AX Wy, W) +H(X Awp, wy) = (Awy, Xwy) = (wy, AXw,) =0
—_————

0
which is impossible. FErgo, A is bounded from below on W N D, injective and
R(A Twnp) is closed in R(A). In that case, for any w € WND we have w = Y Aw,
where Y is the inverse for A wnp, Y: R(4 [wnp) = W ND. Let u be arbitrary
from R(A lwnp). Then ||ul|? = (AYu,u) = (Yu, Au) = 0, which gives u = 0.
Consequently, A [ywnap= 0 [wnp, which is impossible by regularity of A on W. 0O

The following corollary immediately follows.

Corollary 5.1. [12, Corollary 3.1.] Let A be a bounded self-adjoint operator on H.
The following statements hold:
(a) If R(A) is dense in H then there exists a symmetric solution X to (5.1)
defined on R(A).
(b) There exists a bounded self-adjoint solution X to (5.1) if and only if A is
invertible on H. In that case, the solution X s also invertible on H.

Without loss of generality, if A is a bounded self-adjoint operator, then the
bounded self-adjoint solution X to (5.1) can be chosen to be X = $A~!. For any
unital C*—subalgebra A of B(H) which contains A, it follows that $A~! € A, thus
Gelfand-Naimark theorem proves the following statement.
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Theorem 5.3. [12, Theorem 3.3.] Let A be a unital C*—algebra and let a € A be
a self-adjoint element. There exists a self-adjoint x € A such that ax + xa =14 if
and only if a is invertible and in that case x is invertible as well.

We now return to the general equation (5.2). Recall the polar decomposition
for A by which we obtained the equation (5.4). If A is a closed densely-defined
operator in H then |A| := VA*A is a self-adjoint operator which is defined on the
same domain Dj4 = D4. In that sense, there exists a partial isometry U such
that A = U|A| and this representation is called the polar decomposition of A. If
we choose N (|A|) = N(U), then the partial isometry U is uniquely determined via
|A]. The following statements immediately follow.

Theorem 5.4. [12, Theorem 3.4.] Let A: Dy — H be a closed densely-defined
linear operator on H and A = UJA| be its polar decomposition. The following
statements hold:

(a) If |A| satisfies Ay1(|A|) then there exists a solution X to (5.2) defined on
A\, such that the decomposition X = US holds, where S is a symmetric
operator on A4 which solves |A|S + S|A| = I.

(b) Conversely, assume that there exists an X defined on Dy which solves the
equation (5.2) and in addition allows the decomposition X = US, where S
is a symmetric operator on D4, which solves |A|S + S|A| =1, R(S) C Da
and R(A) C Da. Then R(|A]) is dense in H.

Corollary 5.2. [12, Corollary 3.2] Let A be a bounded linear operator on H with
its polar decomposition A = U|A|. The following statements hold:

(a) If R(JA]) is dense in H there exists a solution X to (5.2) defined on R(|A|)
which allows the decomposition X = US where S is a symmetric operator
on R(|A|) which solves |A|S + S|A| = I.

(b) There exists a bounded solution X to (5.2), which allows the decomposition
X =US where S is a self-adjoint operator which solves |A|S + S|A| = I if
and only if A is invertible. In that case, the operator S is also invertible.

If a is an invertible element in a unital C*—algebra A then |a| := v/a*a is also an
invertible element in A. In that case, a = ala|~!|a| and ala|~! is a unitary element
in A. Thus a = ula|, where u = ala|~! is unitary, is the polar decomposition of a
in A, consult [62].

Theorem 5.5. [12, Theorem 3.5.] Let a € A and |a|] = Va*a. The following
statements are equivalent

(a) a is invertible in A.
(b) There exists a self-adjoint solution s € A to |a|s + s|a] = 1.
(¢) There exists a unitary u such that a = ula| and us solves the equation

(5.5) a*r 4+ a=14.

If any of these statements hold, the solution x = us to (5.5) is invertible in A.
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5.1. Abstract Cauchy problems. Below we show how Lyapunov operator equa-
tions help study stability of solutions to Abstract Cauchy problems. We start with
the simplest one

(5.6) u'(t) = Au(t), u(0) =wug € Dya

where u € C1([0,+00),H), u: t + u(t) € D for every t > 0, and A is a closed
operator densely defined on the separable Hilbert space H. Recall that any ACP
can be solved in the classical or in the mild sense, see [21]. A function u is a classical
solution to (5.6) if u(0) = ug and if it identically solves v/(t) = Au(t), t > 0. A
function w is said to be a mild solution to (5.6) if for every bounded linear functional
1 € H' the equality ¥(u(0) — ug) = 0 holds and ¥(u'(t) — Au(t)) = 0 when ¢t > 0.
Clearly every classical solution is also a mild solution, while the converse does
not hold in general (see [21] or [47]). Applying the Riesz representation lemma
(consult [21,48] or [63]), it follows that w is a mild solution to (5.6) if for every
w € H one has (ug — u(0),w) =0 and (v'(¢t) — Au(t),w) = 0 when t > 0.

A basic result in dynamical systems states (see [21,48] and [63]) that for any
initial ug € D4, the ACP (5.6) has a unique classical solution given as u(t) = Sug,
which continuously depends on ug, if and only if the operator A is the infinitesimal
generator of a Co—semigroup (St)¢>o on H. This remarkable result tells plenty in-
formation about the operator A itself, about the Cyo—semigroup (S;);>0 and finally,
about the solution u(t) to (5.6). In particular, the solution u(t) = Spug satisfies
the upper bound estimate

lu@ll < 1S - lluoll < M €™ Juoll,

where M > 1 and w is the semigroup growth limit. Consequently, (see [26,40,43,
66]) if o(A) is contained strictly in the left complex half-plane, then all solutions
to ACP (5.6) are stable in the Lyapunov sense, meaning that ||u(t)|| — 0 when
t — +oo, for any given ug € D4 (notice that in this case the operator equation
(5.1), (5.2) and (5.3) are all regular). Conversely, if there exists a A € o(A) such that
Re A > 0, then all solutions to the linear ACP (5.6) are unstable in the Lyapunov
sense, that is ||u(t)]] — +oo when ¢ — oo for any initial condition ug € Dgy.
For further results regarding Cy—semigroups and their applications to differential
and abstract differential equations, consult [6,21,26,34,40,43] and [66]. However,
not all ACPs can be solved in this manner: there are abstract Cauchy problems
which do not possess the classical infinitesimal generator for the corresponding
Co—semigroup of operators. An example can be found in [47], where the author
has shown that some functional stochastic differential equations are indeed solvable,
but the corresponding Cy—semigroup of expectations does not possess the classical
infinitesimal generator.

At this point we show, by assuming that A is a self-adjoint operator densely
defined on a separable Hilbert space H, that the asymptotic behavior on the unit
sphere of the expression (called the quadratic form)

<A u(t)  u(t)

7> when ¢t — +o00

w1 (@)l
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gives an asymptotic upper bound for the unstable solution u(t) to ACP (5.6). By
doing so we omit the classical Cy—semigroup approach and the requirement that
o(A) is bounded from the right. Consequently, the operator A need not be the
infinitesimal generator in the classical sense. Theorem 5.6 below is an extension of
a result obtained by Willimas in [66], where he had studied asymptotic behavior of
stable solutions to the ACP (5.6) via regular operator equation (5.1).

The symbol < stands for the asymptotic upper bound of given functions, i. e.
for complex-valued functions f and g defined on [0, 4+00), where g(t) # 0 for every
large enough ¢, by f(t) < g(t) we assume limsup,_, . |f(t)/g(t)] < 1.

Theorem 5.6. [12, Theorem 4.2.] Let A be a self-adjoint operator such that A;(A)
holds. Let u: [0,400) — H be a continuously-differentiable function with values
in Aa which is a solution to (5.6) in the mild or classical sense. If there exists a
non-decreasing real-valued function h: [0,4+00) — R such that

[(Au(t), u()] < h(t) - [u@®)]?, = +o0
then
(5.7) lu(t)|] S e "+
Proof. By Theorem 5.1, there exists an X defined on A4 which is a symmetric

linear operator and is a solution to Lyapunov operator equation (5.1). Define
f:]0,+00) = R+ iR as

F@) = (G + X)u(t), u(t)) = illu(®)]* + (Xu(t), u(t)).
It follows that |f(¢)| > |Im(f)(¢)| = ||u(t)||?. Differentiating f via t gives
F1#) = (G + X)u'(8), u(t)) + (I + X)u(t),u'(t))
= ((if + X)Au(t), u(t)) + ((i] + X)u(t), Au(t))
= 2i(Au(t), u(t)) + (AX + X A)u(t), u(t))
= 2i(Au(t), u(t)) + [lu(®)]]*.
Let In be the complex logarithm with a branch cut at (—oo,0]. Then (In(f(¢))) =

f'(®)/f(t), and

65 ()] = < o]0 O P T o]

4(Au(t), u(t))? _
= HAUO WOF o)) 721 Au(e), u())] + 1
@]
<2h(t)+1 t— +oo.
On the other hand we have

ln(f(t))ln(f(O))l—‘ [ s / (n(f(s)))] ds,
consequently,

| £(0)]] < [T f () — In f(0 /\ln )|ds <t sup |(n(f(s))]

0<s<t
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for every t > 0, so for sufficiently large ¢t we obtain

(5.9) w < 2h(t) + 1.

Combined with the previous assessments (5.8)—(5.9), we get
lu(®)* < [f(B)] S MOt — foo.
or equivalently |lu(t)|| < etM+1/2) O

Remark 5.1. Since the the function f is defined via scalar product, it really does
not matter if u is a solution to (5.6) in the classical or mild sense.

Example 5.1. [12, Example 4.1.] Let H = L?(R) and let (X (¢))¢>0 be a real-valued
random process with normal distribution:
1 2
X(t): N(¢,1), r) = ——e (@172, r €R.
( ) ( ) pt( ) m
Define (u(t))(z) := e’ /2py(z), z € R, t > 0. In that case ||lu(t)|l; = ¢'"/2 and
u(t)]|ls = —2= e!*/2, thus u(t) € L(R) N L} (R) for every t > 0. Naturally define

V2w

u: [0, +00) = L*(R) as u: t — u(t). We compute that

((0)(w) = 0=

therefore A is the sought self-adjoint operator, defined via Af(x) — xf(z), v € R,
f € L*(R), with Dy = {f € L2(R): xf(z) € L*(R)}. In addition we have

e~} — () (@) = (Au(t))(@),

1 +o0 t2
(Au(t), u(t)) 2y = € ﬂ/_m ze (0 dg = t;ﬁ = t||lu®)|
so h(t) = t. Theorem 5.6 gives the estimate (5.7): [Ju(t)|l2 < e!**+/2) which can
be considered fairly precise asymptotically speaking.

Corollary 5.3. [12, Corollary 4.1.] Let (X (t))i>0 be a random process over R™
(n € N) such that each random variable X (t) has its probability density p:. For
a measurable real-valued function ¢ € L*(R™), denote by M, the corresponding
self-adjoint multiplication operator in L*(R™), defined on

D, = {f € L*(R"): of € L*(R")}.

Let u: [0,+00) — L2(R™) be a continuously-differentiable mapping with the set of
values
R(u) = {u(t): t € [0,+00)} C Dy 2 NR(M,),

such that p; = ||u(t)||3%u(t)u(t). If there exists a non-decreasing real-valued func-
tion h defined on [0,400), such that |E(p(X(t)))] < h(t), t — +oo then the solution
to ACP

(') (x) = (x) - (ut))(z), =R,
(u(0))(x) = uo(x)

satisfies ||u(t)||2 < et MOFL/2) - for any initial data ug in Dz NR(My).
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An important generalization of ACP (5.6) is the inhomogeneous ACP of the
form
o' (t) = Au(t) + v(t),
U(O) =ug € Dy

where v,u € C1([0,4+00),H), u: t + u(t) € Da and v: t — v(t) € D4 for every
t > 0, and A is a closed operator densely defined on the separable Hilbert space H.
Classical and mild solutions to (5.10) are defined as they were for ACP (5.6).

One way of homogenizing the (5.10) was done in [41], under the premise that A
was the infinitesimal generator of a Cy—semigroup. In that paper, Roth’s removal
rule was applied and the ACP (5.10) was homogenized.

Under similar assumptions as before, we are going to derive an asymptotic upper
growth bound for the solution to (5.10) without the Cyp—semigroup theory. Again,
we assumme that A is a self-adjoint operator and the solution u(¢) to (5.10) is unstable
in the Lyapunov sense. Consequently, it is natural to assume that

[o@®F = o(lu@®)I)), & — +o0.

Recall that if zero is a regular point for A, then there exists a bounded inverse
A~!. In that case, notice that the symmetric solution X to (5.1) can be chosen to
be precisely %A*I, which is bounded and is defined on R(A). This motivates the
following assumtion

(5.10)

Assumption 2. (A): If X is a symmetric solution to (5.1), we assume that
v(t) from (5.10) is in Dy, ||v(t)]| = o(]|u(t)||) and that || Xv(t)|| = o(||u(?)||) when
t — +oo.

Theorem 5.7. [12, Theorem 4.3.] Let A be a self-adjoint linear operator such that
A1(A) holds. Let u,v: [0,400) — H be continuously-differentiable functions with
values in A 4, such that u is a solution to (5.10) (in the weak or classical sense) and
that Ay holds. If there exists a non-decreasing real-valued function h: [0,400) — R
such that [(Au(t), u(t))] < h(t) - [|u(t)|]?, t = 400, then |u(t)]| < etMO+1/2),

Proof. The proof is pretty much identical to the proof of Theorem 5.6. There
exists an X defined on A 4, which is a symmetric linear operator and is a solution
to Lyapunov operator equation (5.1). Again, define f: [0, +00) — R 4+ iR™ as
F@) = (] + X)u(t), ut)) = iut)]* + (Xu(t), u(?)).
It follows that
[F@)] = [Tm(f)(B)] = [lu(®)]]*.
Differentiating f via t gives
F1(t) = (G + X/ (), w(t)) + (I + X)u(t), ' (t))
= (i + X)(Au(t) +v(t)), u(t)) + (I + X)u(t), Au(t) + v(t))
= 2i(Au(t), u(t)) + ||u(t)]|* + 2i Re(v(t), u(t)) + 2Re(u(t), Xv(t)).
Let In be the complex logarithm with a branch cut at (—oo,0]. Then (In(f(¢)))’ =

f'(#)/f(t) and
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[(In(f(2)))'] =
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7]
[F(®)]
+ [[u®)| 72 (12 Re(u(t), v(£))] + [2(Au(t), u(t))]) < 1+ 2h(t) + o(1), t — +oo.

< a7 ()1 + 12 Refu(t), Xo(t))])

The rest of the proof is the same. O
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