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1. Introduction

Let X be a topological space and let P,, (n = 1,2,...) and P be probability
measures defined on the Borel sigma field generated by open subsets of X. We say
that the sequence {P,} converges weakly to P, in notation P, — P if

(1) Jim /X F(@)dPy(z) = /X F(@)dP()

n—-+oo

for every continuous and bounded real valued function f : X — R. In terms of ran-
dom variables, let X,, (n =1,2,...) and X be X-valued random variables defined
on a common probability space and let P,, and P be corresponding distributions,
that is, P,,(B) = Prob(X,, € B), where B is a Borel set in X. Then we say that the
sequence X, converges weakly to X and write X,, = X ifand only if P, = P.

As we shall see in Section 4, there are many stronger convergence concepts
than the introduced one. However, the weak convergence is a very powerful tool
in Probability Theory, partly due to its comparative simplicity and partly due to
its natural behavior in some typical problems. The weak convergence appears in
Probability chiefly in the following classes of problems.

e Knowing that P, = P we may replace P, by P for n large enough. A
typical example is the Central Limit Theorem (any of its versions), which
enables us to conclude that the properly normalized sum of random variables
has approximately a unit Gaussian law.

e Conversely, if P, = P then we may approximate P with P,, for n large
enough. A typical example of this sort is the approximation of Dirac’s delta
function (understood as a density of a point mass at zero) by, say triangle-
shaped functions.

e In some problems, like stochastic approximation procedures, we would like to
have a strong convergence result X,, — X. However, the conditions required
to prove the strong convergence are usually very complex and the proofs are
difficult and very involved. Then, one usually replaces the strong convergence
with some weaker forms; one is often satisfies with X,, — X.

e It is not always easy to construct a measure with specified properties. If we
need to show just its existence, sometimes we are able to construct a sequence
(or a net) of measures which can be proved to be weakly convergent and that
its limit satisfy the desired properties. For example, this procedure is usually
applied to show the existence of the Wiener measure.

The concept of weak convergence is so well established in Probability Theory
that hardly any textbook even mention its topological heritage. It, indeed, is not
too important in many applications, but a complete grasp of the definition of the
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weak convergence is not possible without understanding its rationale. The first
part of this paper (Sections 2 and 3) is an introduction to weak convergence of
probability measures from the topological point of view. Since the set of probabil-
ity measures is not closed under weak convergence (as we shall see, the limit of a
net of probability measures need not be a probability measure), for a full under-
standing of the complete concept, one has to investigate a wider structure, which
turns out to be the set of all finitely additive Radon measures. In this context we
present results concerning the Baire field and sigma field, which are usually omitted
when discussing probability measures. In Section 4 we consider weak convergence
of probability measures and present classical results regarding metrics of weak con-
vergence. In Section 5 we show that the set of probability measures is not closed
and effectively show the existence of a finitely, but not countably additive measure
in the closure of the set of probability measures. Section 6 deals with the famous
Prohorov’s theorem on metric spaces. In Section 7 we consider weak convergence of
probability measures on Hilbert spaces. Here we observe a separable Hilbert space
equipped with weak and strong topology and in both cases we give necessary and
sufficient conditions for relative compactness of a set of probability measures.

2. Weak convergence in topology

2.1. Topology induced by a subset of algebraic dual. Let X be a vector
space over a field F, where F' stands for R or C. Let X’ be the set of all linear
maps X — F (so called algebraic dual space). Let Y C X’ be a subspace such
that Y separates points in X, i.e., if p(x) = p(y) for all ¢ € Y then 2 = y. Define
Y-topology on X by the sub-base

{o (V) | ¢ €Y, V open set in F}

The base of Y-topology is obtained by taking finite intersections of sub-base ele-
ments. Equivalently, a base at zero for the Y-topology is consisted of sets

Opy...on ={z€X | pj(z) <1 forj=1,... ,n},

where {©1,...,pn} is an arbitrary finite set of elements in Y.

This topology is a Hausdorff one, since we assumed that Y separates point of
X. That is, if ¢ # y are points in X, then there is a ¢ € Y so that p(z) # ¢(y)
and consequently there are disjoint open sets V, and V, in F so that o(z) € V,
and ¢(y) € Vj,, hence o1 (V) Np=(V,) = 0.

The convergence in Y-topology may be described as

g — 1 <= @(xrg) — p(x) forallp ey,
where {d} is a directed set. It is important to know that Y-topology may not be

metrizable, even in some simple cases, as we shall see later. So, sequences must not
be used as a replacement for nets.
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If Y7 C Yo C X, then the Y7 topology is obviously weaker (contains no more
open sets) than the Y5 topology. Therefore, if ; — = in Ya-topology, then it also
converges in Y7 topology, and the converse is not generally true.

2.2. Weak topology. Now we observe only locally convex Hausdorff (LC)
topological vector spaces (TVS) X, i.e., those that have a basis for the topology
consisted of convex sets. Let X'* be the topological dual of X, i.e., the space of all
continuous linear functionals X — F'. By one version of the Hahn-Banach theorem,
X* separates points in X, if X' is a LC TVS. Then X*-topology on X is called the
weak topology. Since for every ¢ € X'* we have that

xq — @ in the original topology of X — ¢(z4) — =,

we see that the weak topology is weaker than the original (strong) topology of X.
The space X equipped with the weak topology will be denoted by X, .

2.3. Example. Let X be a real separable infinitely dimensional Hilbert space,
with the inner product (-,-) and the norm || - ||. Then z,, converges weakly to x if
and only if (y,z,) — (y,x) for any y € X. Let x,, = e, be an orthonormal base
for X. Then since ||y||?> = > (y, en)? < +00, we see that (y,e,) — 0 for any y € X
and so the sequence e,, converges weakly to 0. However, since ||e, — e,,[|? = 2, this
sequence does not converge in the norm topology of X'. [

On finitely dimensional TVS, the weak and the strong topology coincide. How-
ever, on infinitely dimensional spaces, the weak topology exhibits some peculiar
properties, as we shall see in the next subsection.

2.4. How weak is the weak topology? Let us firstly grasp some clues to
understand the weak topology. We start with kernels of linear functionals and we
prove the following theorem.

Theorem. If dimX > 1, then there is no linear functional ¢ € X’ with
ker o = {0}.

Proof. Suppose that ker o = {0} and let x1, x5 be arbitrary elements in X,
x1,22 # 0. Then let A = p(x1)/@(z2), which is well defined, since ¢(z2) # 0 by
assumptions. Let y = x1 — Aza. Then ¢(y) = (1) — Ap(x2) = 0, hence y = 0,
i.e., x1 = Azo. Since x1, o are arbitrary, the dimension of X is 1. [

Let sp A denote the set of all finite linear combinations of elements of the set

A.

2.5. Theorem. Let X be a vector space over F and let ¢1,... ,p, € X'
Then (i) and (ii) below are equivalent:

(i) ¢ € sp{p1,... ,on} (i) M-, ker ¢; C ker ¢

Proof. Suppose that (i) holds, that is, p(z) = Y, aupi(x). Then clearly,
wi(z) = 0 for all ¢ implies that ¢(x) = 0, which proves (ii). Conversely, assume
that (ii) holds. Define a mapping T : X +— F" by T(z) = (¢1(2),... ,on(2))
and define S(T'(z)) = ¢(x). Then S is well defined on the range of T, since if
T(x) = T(y) then = — y is in kerp; for all ¢, hence x — y is in ker¢ and so
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S(x) = S(y). Clearly, S is a linear map and its extension to F™ must be of the
form F(ty,...,t,) = a1ty + - - + ayty,, which means that

p(x) = S(p1(x), ..., on(x)) = rp1(z) + -+ + anpn (),

which was to be proved. [
From Theorem 2.5 we get an immediate generalization of Theorem 2.4:

2.6. Corollary. If X is an infinitely dimensional TVS and if ¢1,... ,p, are
arbitrary linear functionals, then (_, ker ¢; # {0}.

Proof. Suppose that (;_, ker¢; = {0}. Then for any ¢ € X’ we have that
{0} C ker ¢ and then, by Theorem 2.5, ¢ € sp {¢1,...,¥n}, which means that X’
is finite dimensional, and so is X', which contradicts the assumption. [J

The next theorem describes a fundamental weakness of the weak topology.

2.7. Theorem. If X is an infinitely dimensional T'VS then each weakly open
set contains a non-trivial subspace.

Proof. Let U C X be a weakly open set. Without loss of generality, assume
that 0 € U (otherwise, do a translation). Then U must contain a set of the form

Opi o ={z e X | @i(z) <1,...,0n(x) <1},

for some @1, ... , ¢, € X*. Then clearly |JI_, ker p; C Oy, ... . C U and according
to Corollary 2.6 |J!'_, ker ¢; is a non-trivial subspace.

2.8. Corollary. Let X be an infinitely dimensional normed space. Then an
open ball of X is not weakly open.

Proof. Let B be an open ball in X. If it were open in the weak topology,
then (by Theorem 2.7) it would have contained a nontrivial subspace, which is not
possible (for instance, it is not possible that ||az| < r for all scalars «). O

So, the next theorem may come as a surprise.

2.9. Theorem. Let X be a LC TVS. Then X and X,, have the same closed

convex sets. For each convex S C X we have that S¥ = S, where S™ is the closure
of S in the weak topology. [

2.10. Example. Let X be a separable metric space. Denote by Bs the
Borel sigma field generated by norm-open sets and let B,, be the Borel sigma field
generated by weakly open sets. Since any weakly open set is also norm-open, we
generally have that B,, C B, but not conversely. In this special case, each strongly
open set is a countable union of closed balls, which are, by Theorem 2.9 also weakly
closed. So, Bs; C By, which gives that, in a separable metric space, Bs = B,,. O

From Theorem 2.9 it follows that a closed ball in a normed space X is also
weakly closed. But from Theorem 2.7 we see that the weak interior of any ball in
an infinitely dimensional normed space is an empty set!

2.11. Weak star topology on a dual space. We are now going to introduce
a yet weaker than the weak topology. Let X be a LC TVS and let X* be its
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topological dual. Define a mapping ® : X — (X*) by ®,(¢) = p(z), where x € X
and ¢ € X*. This map is linear and one-to one (the one-to one property follows
from the fact that X'* separates points). Now we can observe the ®(X')-topology
on X*. It is customary to identify ®(X’) with X itself (especially in the case when
X is a normed space, since then the natural topologies on X and ®(X’) coincide).
So, the X-topology on X* is called the weak-* (weak star) topology. In fact, this
is the topology of pointwise convergence of functionals, since

wa—p (w—x) < pq(x) = p(x) forevery xz € X.

2.12. Three topologies on duals of normed spaces. Let X' be a normed
space. Then its topological dual X is also normed, with @]l = supj,<; l¢(z)].
This norm defines the strong topology of X*. Further, the weak topology on X'* is
defined as X**-topology and the weak star is X-topology on X*. Since X C X**,
the weak star topology is weaker than the weak one, which is in turn weaker than
the strong topology. Due to the order between topologies, it is not possible that a
sequence (or a net) converges to one limit in one of mentioned topologies and to
another limit in other topology. So, for instance, if a sequence converges to some x
in the, say, weak star topology, then in the strong topology it either converges to
x or does not converge at all.

2.13. Example. Let ¢y be the set of all real sequences converging to zero, with
the norm ||z|| = sup,, |z,|. Then it is well known that ¢ = {1 and ¢§* = I = I,
where [y is the space of sequences with the norm ||z||;; = > |zn| < 400 and o is
the space of bounded sequences with ||z||oc = sup,, |£,|. Linear maps are realized
via so called duality pairing (z,y), acting like inner products with one component
from X and the other one from X*. Observe a sequence in 1, x, = {z),} and let
y = {yxr} be an element in ;. Then x,, converges to y:

- Strongly, if ||z, — y|| = supy, |Tkn — yk| — 0 as n — +oo.
- Weakly, if (§,2n) = D1 EkTrn — D_p, Ekyn, for any € = {&i} € loo-
- Weak-star, if >, &eTpn — Y _p Ekyk, for any £ = {&} € co.

Now observe the sequence e, = (0,0,...,0,1,0,...) € [; (with 1 as the n-th
component). Then (£, e,) = &, and if £ € ¢y then (¢, e,) — 0, hence e,, converges
to 0 weak star. However, if £ € [, then (£, e,) need not converge, so e, does not
converge in the weak topology. Further, in the norm topology e,, does not converge
to zero, because ||e,|| = 1 for all n; therefore, {e,,} is not convergent in the strong
topology of ;.

2.14. Canonical injections. Let X be a normed space, let X* be its topo-
logical dual space and let X** = (X*)* be its second dual. If ||z|| is a norm on X,
then the norm on X™* is defined by |¢| = sup| ;<1 [l¢(2)[|. The norm on X** is
then defined by [|®|| = sup|, <1 [®(»)]. Observe the canonical mapping & +— X™**
which is defined, as in 2.11 by
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Then for each z € X, &, is a continuous linear functional defined on X'*, and so it
is a member of X** with the norm
@) )

I = sup [:(0)] = supf [ ()|l | 0 € 27, sup fota)] < 1} < o]

llell<1

On the other hand, by one version of the Hahn-Banach theorem, if X is a normed

space, for each © € X there exists o € X* with ||| = 1 and po(z) = |z].
Therefore,
(3) [@z] = sup [®4(0)] = Pulpo) = po(x) = [|2]-
llell<1
From (2) and (3) it follows that ||®,|| = ||z||. So, the canonical mapping = — @,

is bicontinuous, i.e.,
Ty =T = & — P,

Further, as we already observed in 2.11, this mapping is linear and one-to one
injection from X to A**. Since ®(X) is isomorphic and isometric to X, it can
be identified with & in the algebraic and topological sense. This fact is usually
denoted as X C X**. If ®(X) = X**, we say that X is a reflexive space, usually
denoted as X = A**.

2.15. Example. Each Hilbert space is reflexive. Due to the Riesz rep-
resentation theorem, any linear functional in a Hilbert space H is of the form
y(x) = (y,x), where y € H and also ||¢,|| = ||y||. Hence, we may identify ¢, with
y and write H* = H. This equality means, in fact, that there exists a canonical
injection (in fact, bijection) H +— H* realized by the mapping y — ¢,.

From H* = H it follows that H** = (H*)* = H, i.e., H is reflexive.

The space ¢y introduced in the example 2.13 is not reflexive, since ¢,
However, ¢y Cly. O

5=l

2.16. Inclusions. Now suppose that X} C X, are vector spaces with the same
norm || -||. Let ¢ be a continuous linear functional defined on Xy. Then clearly, the
restriction of ¢ to A] is a continuous linear functional on X; and therefore we have
that X3 C X}. For the second duals we similarly find that A7* C X5*. Hence,

X CXy = X DX = A" CAy”.

A paradoxical situation may arise if we have two Hilbert spaces H; C Hs. Then by
canonical injection we have H; = Hy and Hj = Hs, which would lead to Hy C H;!
This example shows that we have to be cautious while using equality as a symbol
for canonical injection.

2.17. Weak star compact sets. For investigation of convergence, it is im-
portant to understand the structure of compact sets. Let X be a normed space. It
is well known that a closed ball of X’ is compact in the strong topology if and only
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if X* is finitely dimensional. Since X* is also a normed space, the same holds for
X*. However, in the weak star topology, we have the following result.

2.17. Theorem (Banach—Alaoglu). Let X be an arbitrary normed space. A
closed ball of X* is weak star compact.

Proof. Without a loss of generality, observe a closed unit ball of X*, call it
B. Hence, B contains all linear continuous mappings ¢ from X to F such that
|p(x)] < ||z|| for all z € X. For any = € X, define D, = {t € F | [¢| < ||z||}
and K =[] .y Dz, with a product topology on K. If f is an element of K and
f(x) its co-ordinate in K, then f is a function f : X — F. The product topology
is the topology of pointwise convergence: fq — f if and only if fy(z) — f(x) for
any x € X. So, B with the weak topology on it is a subset of K. Since each D,
is compact, Tychonov’s theorem states that K is also compact, so we just need to
show that B is closed in K. To this end, let ¢4 be a net in B which converges to
some f € K. Then it is trivial to show that f must be linear; then by |pq(x)| < ||z]]
it follows that f is also continuous and that || f|] < 1. Therefore, f € B and B is
closed, hence compact. [

2.19. Remark. Tychonov’s theorem states that the product space [[, &; in
the product topology as explained above, is compact if and only if each of X; is
compact. The proof of Banach-Alaoglu theorem relies on Tychonov’s theorem, and
the proof of the latter, in the part which is used here, relies on the Axiom of Choice
(more precisely, Zorn’s lemma, cf. [9, 15, 35, 36]). O

This theorem implies that any bounded sequence in X* must have a convergent
subnet. Unfortunately, such a subnet need not be a sequence, since the weak star
topology on X* need not be metrizable. However, the next theorem claims that in
one special case we can introduce a metric.

2.20. Theorem. Let X be a separable normed vector space. Then the w —
topology on a closed ball of X* is metrizable.

Proof. Assume, without a loss of generality that B is the closed unit ball
(centered at the origin) of the dual X* of a separable normed vector space X. The
metrization of B can be realized, for instance, as follows. Let 1,92 € B, so

sup () <1,  i=1,2.
[EES!

Let {z,} be a dense countable set in the unit ball of X. Define

[p1(xn) — @2(zn)]
d(SDL @2) = Z - on “ .
n
Then |p1(x,) — w2(zn)] < |1 — @21 - |zn]] < 2 and the series converges, so d is
a well defined function (even on the whole space X*). It is now a matter of an
exercise to show that the d-topology on B coincides with the w — * topology.
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2.21. Corollary. Let X be a separable normed vector space and let X* be
its topological dual space. Then every bounded sequence {¢,} € X* has a weak
star convergent subsequence.

Proof. Every bounded sequence is contained in some closed ball B, which is,
by Theorem 2.18, weak star compact. By Theorem 2.20, the weak star topology
on B is metrizable, i.e., there is a metric d such that

va— ¢ (w—x) < d(pa,p) — 0.

In a metric space, compactness is equivalent to sequential compactness, so, any
sequence in B has a convergent subsequence. [J

2.22. Example. Let H be a separable Hilbert space. Since it is reflexive,
weak and weak star topology coincide. Define a metric

xy Z| y76n

where {e,} is an orthonormal base in H. We shall prove that this metric also
generates the weak topology on the unit ball of H. Suppose that z,, — = weakly,
i.c., (2n, ) — (,y) for any y € H, where ||z, ]| < 1, |z < 1. Since

(zn =2, e)| < flon =2 - flex] <2,

the series

K¢ xn,ek (z,er)]
dlan,@) =D

converges uniformly in n and so, by evaluatlng limits under the sum, we conclude
that
lim d(x,,z)=0.

n—-+o0o

Conversely, let d(z,,x) — 0 as n — 400, where ||z,|| < 1 and ||z|| < 1. Then it
follows that (z,, — x,ex) — 0 for every k. Now for any y € H,

<xn»y> - <£U,y> = Z<xn - x,ek)<y,ek>.

k
By Cauchy-Schwarz inequality,

+oo +oo
> =z yen)| < 3 Hwn =z en)l - [y, en)
k=m

:-‘:n +o0 1/2
< (Z n—T,ek) Z(y,€k>2)
k=m k=m
+oo
<ol (D tmen?)
k=m

I 1/2

< 2(2 (v, €k>2)

k=m



246 Merkle

and therefore, the series ), (x,, — z, ex)(y, ex) converges uniformly with respect to
n. Hence,

lim <xn,y> - <.’17,y> = lim <:En - $7ek><y7€k> =0.

n—-+oo . n—-+00

So, {x,} converges weakly to .

However, the metric described here does not generate the weak topology on
the whole H. To see this, let x, = ne,. Then d(z,,0) — 0 as n — o0, but
(Tn,y) = n{en,y), which need not converge.

3. Finitely additive measures and Radon integrals

3.1. Spaces of measures as dual spaces. In general, it might be very hard
to find the dual space of a given space, i.e., to represent it (via canonical injections)
in terms of some well known structure. We are particularly interested in spaces of
measures; it turns out that they can be viewed as dual spaces of some spaces of
functions. The functionals on spaces of functions are expressed as integrals:

o(f) = / F(8) dpu(t)

where p is a measure which determines a functional. Then by a canonical injection,
we can identify functionals and corresponding measures. There are several results
in various levels of difficulty, depending on assumptions that one imposes on the
underlying space X on which we observe measures. In this section we will present
the most general result [1] regarding an arbitrary topological space. It turns out
that finitely additive measures are the key notion in this general setting.

Although a traditional probabilist works solely with countably additive mea-
sures on sigma fields, their presence in Probability has a purpose to make mathe-
matics simpler and is by no means natural. As Kolmogorov [19, p. 15] points out,
“dots in describing any observable random process we can obtain only finite fields
of probability. Infinite fields of probability occur only as idealized models of real
random processes”. Finitely additive measures have recently arose an increasing
interest in Probability, so the exposition which follows may be interesting in its
own rights.

3.2. Fields and sigma fields. Let X be a set and F a class of its subsets such
that
1) X eF,
2) BeF = B'eF,
3) B1,Bs € F = B; U By € F Then we say that F is a field. If 3) is replaced
by stronger requirement
3) By,Bs,...€ F = ;2 B; € F, then we say that F is a sigma field.
It is easy to see that a field is closed under finitely many set operations of any

kind. Further, let F;, i € I, be fields on X. Then F = (,.; F; is also a field, where
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I is any collection of indices. This follows trivially by verification of conditions
1)-3) above.

Given any collection of sets A which are subsets of X, there is a field which
contains A: it is the family of all subsets of X. The intersection of all fields that
contain A is called the field generated by A. Obviously, a field F generated by
A is the smallest field that contains A, in the sense that there is no field which is
properly contained in F and contains A.

A sigma field is closed under countably many set operations. We define a sigma
field generated by a collection of sets in much the same way as in the case of fields.

3.3. Borel field. Let X be a topological space. The field generated by the
collection of all open sets is called the Borel field. Since the complement of an open
set is a closed set, the Borel field is also generated by the collection of all closed
sets.

Borel sigma field is the sigma field generated by open or closed sets. In sepa-
rable metric spaces, the Borel sigma field is also generated by open or closed balls,
since any open set can be expressed as a countable union of such balls.

Specifically, on the real line, Borel sigma field is generated by open and closed
intervals of any kind. However, Borel field is not generated by intervals, since an
arbitrary open set need not be represented as a finite union of intervals.

3.4. Baire field. Let X be a topological space and let C(X) be the collection
of all bounded and continuous real valued functions defined on X. The Baire field
is the field generated by the collection of sets

A={ZcX|Z=fC)

where f is any function in C(X) and C' is any closed set of real numbers.

Boundedness of functions in C'(X) is not relevant, but is assumed here for
the purposes of this paper. Indeed, for any continuous function f : X +— R, the
function g(x) = arctg f(z) is a continuous bounded function defined on X and the
collection of all g=*(C) coincides with the collection of all f=!(C), where C' runs
over closed subsets of R.

It is well known that for any closed set C' C R there is a continuous bounded
function go such that g;'({0}) = C (this is a consequence of a more general
result that holds, for instance, on metric spaces, see [6, Theorem 1.2]. For an
f € C(X) and a closed set C C R, define F(z) = go(f(z)). Then F € C(X) and
F=1({0}) = f~Y(C). Therefore, we may think of the Baire field as being generated
by sets of the form f~1({0}), for f € C(X).

Let us recall that f~1(AUB) = f~Y(A)Uf~Y(B) and f~1(ANB) = f~14)N
fY(B); also f~1(A’) = (f~1(A)) if the complement is taken with respect to the
domain of f. Hence, we have:

FTHCHUFHC) = fTHCIUC); (fF7HO) = fH(C)

and also X = f~1(R), for any f. Therefore, the Baire field is also generated by
the collection of the sets f~1(O), where O is an open set of real numbers and
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f € C(X). Further,
(f~HC)) = f71(0), where O = (" is an open set.

Now it is clear that if A belongs to the Borel field in R and if f € C(X), then
f71(A) belongs to the Baire field in X.

From now on, sets of the form f~!(C), where C is closed in R, will be called
Z-sets, and the sets of the form f~1(0), with O being an open set in R, will be
called U-sets.

Since the inverse image (with a continuous function) of any open (resp. closed)
set is again an open (resp. closed) set, we see that Z-sets are closed and U-sets are
open in X. Hence, the Baire field is a subset of Borel field; the same relation holds
for the sigma fields. The converse is not generally true, since a closed set need not
be a Z-set. With some restrictions on topology of X, the converse becomes true,
for instance, in metric spaces. In general, in normal spaces in which every closed
set can be represented as a countable intersection of open sets (so called Gs set),
every closed set is a Z-set (cf. [15, Corollary 1.5.11]) and so the Baire and the Borel
field coincide.

3.5. Theorem. The family of Z-sets is closed under finite unions and count-
able intersections. The family of U-sets is closed under countable unions and finite
intersections.

Proof. By 3.4, a set is a Z-set if and only if it is of the form f~1({0}) for
some f € C(X). So, let Z; = f{ *({0}), Zo = f5 *({0}). If g(x) = f1(x)f2(z), then
g 1({0}) = Z1 U Za, so the union of two Z-sets is again a Z-set. Let Z1, Za,...
be Z-sets. Then there are continuous and bounded functions fi, fs,... such that
Zn = f71({0}),n =1,2,.... Define the function

400 2
()
ﬂwszwxw
n=1

where || fn|| = sup,cx |f(z)|. Since the above series is uniformly convergent on
X, F is a continuous and bounded function; moreover, F(z) = 0 if and only if
fn(z) = 0 for all n > 1. Hence F~*({0}) = (), Z,, which proves that any
countable intersection of Z-sets is a Z-set.

Statements about U-sets can be proved by taking complements.

3.6. Measures and regularity. Let X be a topological space. Let p be a
non-negative and finitely additive set function on some field or a sigma field F of
subsets of X, with values in [0, +00] (allowing +oo if not specified otherwise). Such
a function will be called a measure.

We say that a set A € F is p-regular if

(4) u(A) = sup{u(Z) | Z C A} = mf{u(U) | A C U},

where Z and U are generic notations for Z-sets and U-sets respectively.
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If all sets in F are p-regular, we say that the measure p is regular.

Note that a prerequisite for regularity is that all Z-sets and U-sets must be
measurable, which is the case if F contains the Baire field. In the next theorem we
give alternative conditions for regularity.

3.7. Theorem. Let X be a topological space, F a field which contains the
Baire field and p a measure on F. A set A € F with u(A) < +oo is p-regular if
and only if either of the following holds:

(i) For each € > 0 there exists a Z-set Z. and an U-set U, so that

(5) Z. CACU. and p(U:.\ Z;) <e.
(ii) There are Z-sets Z1,Zs, ... and U-sets Uy, Us, ... such that
ZJ1CZyC---CAC---UyCU;

and
w(A) = lim w(Z,)= lim p(U,).

n—-+o0o n—-+o0o

Proof. (i) is straightforward, using properties of the infimum and the supre-
mum. (ii) Suppose that A is p-regular. Then for each n there is a Z-set Z such
that Z) C A and p(A) —1/n < w(Z}) < p(A). Let Z, = Z; U---U Z}, for
n=1,2,.... Then Z, are Z-sets by Theorem 3.5. Further, Z; C Zo C --- C A
and p(A) —1/n < p(Z,) < p(A), hence lim u(Z,,) = p1(A). The part regarding U,
can be proved similarly.

Conversely, if there exist Z,, and U, as in the statement of the theorem, then
for a fixed € > 0 there is an n such that Z, C A and 0 < pu(A4) — u(Z,) < €, hence
1(A) is the least upper bound for p(Z) over all Z-subsets of A. Similarly, it follows

that p(A) is the greatest lower bound for p(U), over all U-sets that contain A.

3.8. Remark. The previous theorem does not imply either the countable
additivity or continuity of p. Also it holds regardless whether p is defined on a
sigma field or just on a field.

3.9. Theorem. Suppose that u is a countably additive measure defined on
a sigma field F which contains the Baire field. Then a set A € F, u(A) < +o0, is
p-regular if and only if there are Z-sets Z1, Zs, ... and U-sets Uy,Us,, ... such that

Z1CZyC---CAC---UyCU;

and
+oo

,u(A\ Uzn) —0, u(ﬁoUn\A) —0.

n=1

Proof. By the previous theorem, A is p-regular if and only if pu(A) = lim p(Z,,)
= lim u(U,); by continuity property of sigma additive measures we have that
lim u(Z,) = w(U,, Zn) and lim p(Uy,) = p((),, Un), which ends the proof.
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3.10. Theorem Let X be a topological space and F a field which contains
the Baire field. Let p be a measure on F, with p(X) < +o0o. Then the family R of
all p-regular sets in F is a field.

Proof. Since X = f~}(R) and R is open and closed, it follows that both
conditions in (4) hold and so X € R.

Suppose that A € R. Then for a fixed ¢ > 0 there are sets Z. and U, such
that (5) holds. Taking complements we get

UlcAcZz, Z\U =UA~Z,

which implies that A’ is also p-regular.
Finally, suppose that Ay, As,... A, € R. By Theorem 3.7(i), for any given
€ > 0, there are Z-sets Z; and U-sets U; such that

Z; CA; CU; and [L(Ui\Zi)<€

217 ? » &y

Let A=, Ai, Z=U!_,Zi and U = |J;_, U;. Then Z is a Z-set and U is a
U-set and we have

(6) ZCACU and p(UNZ)<> pUiNZ)<e,

so AeR.

3.11. Theorem. Let X be a topological space, F a sigma field that contains
the Baire field. Let pu be a countably additive measure on F, with pu(X) < +oc.
Then the family R of all u-regular sets in F is a sigma field.

Proof. In the light of Theorem 3.10, we need to prove only that a countable
union of p-regular sets is p-regular.

Let Ay, Ao, ... be p-regular sets; for any £ > 0, there are Z-sets Z; and U-sets
U; such that

Z; C A; cU; and M(Ui AN Zl) < ;
Let A= ;o 4, Z=U;2, Zi and U = J;=, U;. Then U is a U-set (Theorem 3.5)
and Z can be approximated by a finite union Z(™ = U?=1 Z;, where n is chosen in
such a way that u(Z ~ Z(™) < ¢ (continuity of the countably additive measure).
So, we have that

w(UNZM) < (U 2) 4+ w(Z ~ ZM) < 2,

which ends the proof.
3.12. Theorem. Let X be a topological space, F the Baire sigma field and
i a countably additive measure on F, with ;1(X) < +o0o. Then p is regular.

Proof. By Theorem 3.11, all u-regular sets make a sigma field R. We need
to show that R = F, which will be accomplished if we show that each Z-set is
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p-regular. So, let Z be a Z-set. Then there is a function f € C(X) such that
Z = f~40). Let O, = (=1/n,1/n) and U,, = f~4O0,,). Then U; DUy D ---D Z
and (,,Un = Z. By continuity of countably additive measure p we have that
w(Z) = lim, u(U,), so the condition of Theorem 3.7(ii) holds (with Z, = Z for all
n), hence Z is p-regular.

3.13. Remark. Theorem 3.12 implies that only non-countably additive mea-
sures may be non-regular. The condition of regularity as defined here obviously
turns out to be natural for Baire fields. However, in Borel fields, one often uses
a different concept of regularity, which is the approximation by closed sets rather
than by sets of the form f~1(C). In spaces in which any closed set is G, any
countably additive measure is regular (on Borel sigma field) in the latter sense, cf.
[27].

3.14. Radon measures and Radon integrals. Let X be a topological space
and let F be the Baire field on X. Let M™*(X) be the set of all non-negative,
finite, finitely additive and regular measures on F. A generalized measure (or a
Radon finitely additive measure) is any set function on F which can be represented
as m(A) = my(A) — ma(A), where mi,ms € MT(X). The set of all generalized
measures will be denoted by M(X). It is a linear vector space; a norm can be
introduced by the so called total variation of a measure:

(7) m| =m™(X) +m~(X),

where m™(X) = sup{m(B) | B € F}, m (X)) = —inf{m(B) | B € F}. M(X)
with the norm (7) is a Banach space.

We are now ready to define an integral of a bounded function with respect to a
generalized measure. Let f be an F-measurable function and suppose that || f|| =
K < 4o00. Let Ay, Ag, ... , A, be any partition of the interval [— K, K] into disjoint
intervals (or, in general, sets from the Borel field on R) and let B; = f~1(4;). In
each A; choose a point y; and make the integral sum

Sdzzyim(Bi)a Whered:(Ala"' 7Anay17"' ayn)'
1=1

If we direct the set {d} in a usual way, saying that d; < ds if the partition in ds is
finer than the one in d;, then we can prove that S, is a Cauchy net, hence there is
a finite limit, which is the integral of f with respect to the finitely additive measure

m, [ f(z)dm(z).
3.15. Theorem (Aleksandrov [1]). For an arbitrary topological space X, any
linear continuous functional on C(X) is of the form

(8) o(f) = (f.m) = / f(@) dm(x),

Moreover,
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There is an isometrical, isomorphical and one to one mapping between the
space of all continuous linear functionals on C(X) and the space M(X); in that
sense we write C(X)* = M(X). O

In some special cases, C(X)* has a simpler structure. For example, if X is a
compact topological space, then C(X)* can be identified with the set of all Baire
countably additive R-valued measures on the Baire sigma-field of X. If, in addition,
X is a compact metric space, then C(X) is a separable normed vector space and
C(X)* is the set of all Borel R-valued countably additive measures on X.

4. Weak convergence in probability

4.1. Convergence of probability measures. Let now X be a metric space
and let B be the sigma field of Borel (= Baire) subsets of X. Let M;(X) be the
set of all probability measures on X. Then according to 3.15, M (X) is a subset of
the unit ball in C(X)*. The structure of the second dual C(X)** is too complex,
but it is well known that B(X) - the set of all bounded Borel-measurable functions
is a subset of C(X)**. So, we have the following inclusions:

Original space: C(X)
Dual space: M(X); M (X) C M(X)
Second dual: C(X) C B(X) C C(X)*".

Let (f, 1) be defined as in (8). On M(X) we may observe the following topologies:
e The uniform topology [struk], with the norm sup |{f, 1|, where the supremum

is taken over the unit ball in B(X).

e The strong topology, defined by sup |[{f, u)|, where the supremum is taken over

the unit ball in C'(X).

e The weak topology defined by (f, u), for f € M*(X) = C(X)**.
e The B(X)-topology, defined by (f, u), for f € B(X).
e The weak star topology, defined by (f, u), where f € C(X).

First four topologies are too strong, and they do not respect a topological
structure of X, as the following example shows.

Example. Let §,, §, be point masses at = and y respectively. Then (f,d,) —
(f,dy) = f(x) — f(y). If  and y are close in X, then f(x) and f(y) need not be
close unless f is continuous. So, in this example, the weak or B(X)-topology are
inadequate, but the weak star topology preserves the closedness of x and y. [

The convergence in the weak star topology is usually called the weak conver-
gence in the probabilistic literature. This does not lead to a confusion, since the
true weak convergence is never studied.

If pg converges weakly to u, we write g = p.

The weak star convergence of probability measures is well investigated. We
shall firstly give equivalent bases for weak star topology on the whole set M™(X).
So, the next theorem is not restricted to probability measures.

Let us recall that we say that A is a continuity set for a measure y on a Borel

algebra B if (0A) = 0, or, equivalently, if u(A) = u(A) = p(A°), where JA is the
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boundary, A is the closure and A° is the interior of A. On a Baire algebra we will
say that A is a continuity set for p if there is an U-set U and a Z-set Z such that
UCACZand u(Z~\U)=0.

4.2. Theorem [34, p. 56]. Let W be the weak star topology on M™(X),
where X is a topological space. Then the following families of sets make a local
base of W around some measure jg € MT(X):

Bo ={u | [{fi,m) = (fi,po)| <&, i=1,...k}, fi€C(X)

By ={p|pwF) <po(Fy)+e, i=1,...,k}, F;areZ-setsin X

By = {u| (Gi) > po(G;) —¢, i=1,... ,k}, G; areU-sets in X

By ={u| |n(A;) — po(4As)| <e, i=1,...,k}, A; are continuity sets for iy,

If X is a metric space, then we deal with the Borel algebra and so F; above
can be taken to be closed and G; to be open sets.

As a straightforward consequence, we get the following

4.3. Theorem. Measures with a finite support are dense in M*(X).
Proof. Let jgp € M*(X) and let B(uo) be its neighborhood of the form

B(po) = {p | u(Fy) < po(Fi) +e, i=1,... .k},

where F; are fixed Z-sets. The family of sets F; together with their intersections
and the complement of their union defines a finite partition of X. In each set B
of this partition choose a point x5 and define p;(xp) = po(B). The measure pq is
with a finite support (hence, countably additive!) and clearly p1(F;) = po(F3;); so
1 € B(po).

4.4. Theorem. Let piy be a net of measures in M (X) and let ug € M*(X).
The following statements are equivalent [6, 30, 34]:
(i) pra = po, Le., limg [ fdug = [ fduo, for each f € C(X).
(i) im pg(F) < po(F) for any Z-set F C X and lim p4(X) = po(X).
(iii) lim pqa(G) > po(G) for each U-set G C X and lim p1g(X) = po(X).
(iv) lim pg(A) = po(A) for each continuity set for pg.

In a special case when we have probability measures on a metric space X,
there is a richer structure that yields additional equivalent conditions. To proceed
we need some facts on semicontinuous functions.

4.5. Semicontinuous functions. Let X be a metric space. A function f :
X — R is called upper semicontinuous if lim f(z,,) < f(z) for each sequence {z,,}
such that z,, — x. The function f is lower semicontinuous if lim f(z,) > f(x) for
each sequence z,, — .

An important property of semicontinuous functions is that for each M € R
the set {x | f(x) < M} is open for an upper semicontinuous function and the set
{z | f(x) > M} is open for a lower semicontinuous functions.
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4.6. Theorem. Let uq be a net of probability measures on a metric space X
and let py be a probability measure on X. The following statements are equivalent
[6, 30]:

(i) pra = po, Le., limg [ fdua = [ fduo, for each f € C(X).
(i) limg [ f dpqa = [ f dpo for each f € C,(X) (uniformly continuous and bounded
functions).
(iii) lim pg(F) < po(F) for any closed set F C X.
(iv) lim pq(G) > po(QG) for each open set G C X.
(v) lim pq(A) = po(A) for each continuity set for .
(vi) lim [ fduq < [ fdpuo for each upper semicontinuous and bounded from above

function f : X — R.

(vii) im [ fdpq > [ f dpo for each lower semicontinuous and bounded from below

function f : X — R.

(viii) im [ f duaq = [ f duo for each po a.e. continuous function f: X — R.

4.7. Vague convergence. In [32], a concept of so called vague convergence
is introduced as follows. Let K(X) be the set of all continuous functions with a
compact support defined on X. Then we say that pg converges vaguely to p if
(fypa) — (f,u) for each f € K(X). This kind of convergence is clearly weaker
than the weak star convergence. For example, the sequence §, converges vaguely
to 0, although it does not converge in the weak star sense.

4.8. Metrics of weak convergence. By Theorem 2.20, the weak star topology
on the closed unit ball of M(X) is metrizable if C'(X) is a separable metric space,
which is the case if and only if X is a compact space. However, even if the weak
star topology of the unit ball of M is not metrizable, this topology on the set of all
probability measures may be metrizable; as a matter of fact, it probably is always
metrizable, as we shall see in the subsequent discussion.

4.9. Theorem. Let X be a separable metric space. Then the weak star
topology on M1 (X) is metrizable by the metric

(9)  d(P,Q)=inf{e >0[Q(B) < P(B%) +¢, P(B) < P(Q°)+e, BebBj,
where B¢ = {x € S | d(z, B) < ¢}, and B is the Borel sigma algebra. [

The metric (9) is known as Lévy’s metric or Prohorov’s metric [6, 30]. Al-
though the proof of Theorem 4.9 relies on separability of X, it has to be noted
that the metrizability of M (X) is related to the so called problem of measure [6,
12] and that the examples of non-metrizable M;(X) are not known. So, there is a
strongly founded conjecture that for any metric space X, the topology of the weak
star convergence on the set M;(X) is metrizable and one metric is given by (9).

Moreover, it is known that, if X is a complete separable metric space (Polish
space), then so is M;(X).

There is another metric of weak star convergence [30, p. 117], similar to the
one introduced in Theorem 2.20.

4.10. Theorem. Let X be a separable metric space. Then there is a countable
set {f1, fa, ...} of uniformly continuous bounded real valued functions with values
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in [0,1] so that the span of this set is dense in the set of all uniformly continuous
and bounded functions on X. Now define

“+o00
n=1

Then p is a metric on My(X), which is topologically equivalent to Prohorov’s
metric.

This theorem can be proved by noticing that the condition p(Py, Q) — 0 is
equivalent to the condition (ii) of Theorem 4.6 applied to P; and Q. Since the
condition (ii) holds (as an equivalent condition to weak star convergence) only for
countably additive measures, we conclude that the metric of Theorem 4.10 can not
generally be extended to the unit ball of M(X); hence, the unit ball of M(X)
generally is not metrizable.

5. Finitely, but not countably additive measures
in the closure of the set of probability measures

In this section we discuss topics of relative weak star compactness and closed-
ness of the set of all probability measures. We will show that in a non-compact
topological space X, under slight additional assumptions (say, if X is a metric s-
pace) the set of probability measures M is not closed under the weak star limits.
We actually show the existence of an additive, but not countably additive measure
in the closure of M;. The fact that M; is not closed is the main rationale for
Prohorov’s theorem, which will be presented in the next section.

5.1. Nets and filters. Nets and filters are introduced in Mathematics as
generalizations of sequences. Nets were defined and discussed in papers of Moore
[moore] in a context of determining a precise meaning of the limit of integral sums;
early developments of nets can be found in papers [8, 18, 25, 26, 33]. Filters were
introduced by Cartan [10, 11] in the second decade of 20th century. The theory of
both filters and nets was completed by the mid of 20th century. We will give here
a brief account of basic definitions and theorems, largely taken from [35, Sections
11 and 12].

A set D is called a directed set if there is a relation < on D such that

(i) e <zforallze D
(ii) fax <yand y < z then z < z
(iii) For any x,y € D there is a z € D so that x < z and y < z.

A net in a set X is any mapping of a directed set D into X, usually denoted
by x4, say, like sequences.

Let D and FE be directed sets and let ¢ be a function E — D such that:

(i) a <b = ¢(a) < @(b) for each a,b € E;
(ii) For each d € D there is an e € E so that d < ¢(e).

Then w ) is a subnet of the net x4; more often denoted by z, .

Let X be a topological space. We say that a net x4,d € D converges to some
point x € X if for each neighborhood U of x there is a dy € D so that z4 € U
whenever d > d.
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Let S € X. We say that x4,d € D is eventually (or residually) in S if there is
a dgp € D so that x4 € S whenever d > dy. Hence, a net x4 converges to x iff it is
eventually in every neighborhood of z.

A net x4 is called an wltranet if for each S C X it is eventually in S or eventually
in S’

Let S be any nonempty set. A collection F of non-empty subsets of S is called
a filter if

(i) SeF.
(ii) If By, By € F then By N By € F.
(111) If B € Fand By C By C S, then B; € F.

A subcollection Fy C F is a base for the filter F if F = {B C S| B D
By for some By € Fy}, that is, if F is consisted of all supersets of sets in Fy. Any
collection Fy can be a base for some filter F provided that given any two sets
A,B € Fy thereis a C € Fy so that C C AN B.

In a topological space X, the set of all neighborhoods of some fixed point z is
a filter, called the neighborhood filter. Its base is the neighborhood base at x.

A filter Fi is finer than the filter Fy if F; D Fo.

We say that a filter F in a topological space X converges to x € X if F is finer
than the neighborhood filter at x.

A filter F is called principal or fived if (\gor B # 0; otherwise it is called
non-pricipal or free.

A filter F on S is called an wltrafilter if there no filter on S which is strictly
finer than F. It can be shown [35, Theorem 12.11] that a filter F is an ultrafilter
iff for any B € S either B € F or B’ € F. For example, the family of all sets that
contain a fixed point x € X is an ultrafilter on X.

5.2. Relation between nets and filters. Both nets and filters are used
to describe convergence and related notions. In fact, there is a close relationship
between nets and filters.

Let z4,d € D be a net in X. The sets By, = {xq | d > dp} make a base for a
filter F; we say that the filter F is generated by the net 4.

Conversely, let F be a filter on a set S. Let D be the set of all pairs (z, F),
where F runs over F and x € F. Define the order by (1, F}) < (z9, Fp) <
Fy D F5. Then the mapping (x, F') — « is a net based on F.

5.3. Conditions for compactness. A topological space X is called compact
if every open cover has a finite subcover. The following conditions are equivalent
[35, Theorem 17.4]:

a) X is compact
b) each family of closed subsets of X with the finite intersection property has an
non-empty intersection,
for each filter in X there is a finer convergent filter,
each net in X has a convergent subnet,
each ultrafilter in X is convergent,
each ultranet in X is convergent.

- O A0

)
)
)
)
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5.4. Space of probability measures is not closed in M. Since M(X), the
space of generalized measures introduced in 3.14, is the dual space of the normed
space C'(X), by Theorem 2.18 its unit ball By = {m € M | |m| = 1} is compact
in the weak star topology. If M;(X), the space of all probability measures, were
closed in M(X), then it would have been also compact, being a subset of B;. Then
(at least if X is a separable metric space), since the topology on M (X) is metriz-
able, any sequence of probability measures would have had a weak star convergent
subsequence and Prohorov’s theorem and the notion of tightness (Section 6) would
not be of any interest. However, this is not generally true. For example, for X = R,
the sequence {P,} of point masses at n = 1,2,... clearly does not have any weak
star convergent subsequence. However, it must have a convergent subnet, and the
limiting measure is in M ~ Mj.

Here we give a rather general result [20] which proves the existence of a mea-
sure in the closure of M;(X), which is not a probability measure (not countably
additive). Before we proceed, we need a lemma concerning normal spaces. Recall
that a topological space X is called normal if for any two disjoint closed sets A
and B in X there are disjoint open sets U and V such that A C U and B C V.
Equivalently, a space X is normal if and only if for any two disjoint sets A and B
there is an f € C(X) such that f(A) = {0}, f(B) = {1} and 0 < f(z) < 1 for all
x € X (Urysohn’s lemma).

5.5. Lemma. Let X be a normal space which contains an infinite sequence
S = {x1,x2,...} with no cluster points. Then for any infinite proper subset Sy C S
there is a function f € C(X) such that f(x) = 0ifz € Sy and f(z) = 1 ifz € S\.S).

Proof. Let Sy be any infinite proper subset of S and let S; = S~.Sy. Then Sy
and S are closed sets (no cluster points), hence by normality, the desired function
exists.

5.6. Theorem. Let X be a normal topological space and suppose that it
contains a countable subset S = {x1,x2,...} with no cluster points. Let P, be
point masses at x,, that is, P,(B) =1 if z, € B and P, (B) = 0 otherwise. Then
there exists a w — * limit of a subnet P,,, of the sequence of point masses P,,. Any
such limit 1 satisfies:

(i) For any set B C X it holds either )(B) =0 or ¥(B) = 1, with ¥(S) = 1.
(ii) + is a finitely (but not countably) additive set function
(iii) For every finite or empty set B C X, ¢(B) = 0.

The corresponding subnet ng is the net based on the filter of sets of 1)-measure

1.

Proof. From the previous considerations it follows that {P,} has a cluster
point. Clearly, we must have a directed set D and a net x4 € S such that

(10) lim f () = / f() di(z),

for some measure ¢ in the unit ball of M(X) and for all f € C(X). Then %
is additive; further, it is a straightforward consequence of (10) that v has to be
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concentrated on S, i.e., ¥(S) = 1 and also that ¢(B) = 0 for any finite set B
(otherwise, one could modify f in such a way that the right hand side of (10)
changes without affecting the left hand side). Since ¥(S) = 1 and ¢(z,) = 0 for
each n, 1 is not countably additive. Hence, (ii) and (iii) are proved. It remains to
show that ¢(B) must be 0 or 1 for any B. Suppose contrary, that there exists a set
B with ¥(B) = ¢, 0 < ¢ < 1. Then SN B is neither a finite nor a cofinite set. For
a dy being fixed, infinitely many x4 with d > dy belong either to B or to B’. By
Lemma 5.5, there is an f € C(X) which takes value 1 at SN B and 0 at SN B'.
Then the right hand side of (10) equals (B) = ¢ and for any ¢ > 0 there is a dj
so that for each d > dy, |f(x4) — ¢q| < e. Now suppose that B contains infinitely
many x4's for d > dy, then we’d have |1 — ¢| < e; otherwise |¢| < &£ which are both
impossible.

Therefore, we proved that any @ which is a w — x limit of a subnet {P,}
satisfies conditions (i)—(iii). An analysis of the construction of Radon integral with
respect to v, in 3.14, reveals that the subnet of convergence is the net based on the
ultrafilter F consisted of sets with ¢(B) = 1.

5.7. Remarks. In any at least countable set X there exists a measure
which satisfies conditions (i)—(iii). This can be shown using theory of filters and
the Axiom of Choice. The family of all sets B C X with ¢(B) = 1 makes a non-
principal ultrafilter. The existence of non-principal ultrafilters can be proved, but
there is no concrete example of such a filter.

Theorem 5.6 holds, for instance, in any non-compact metric space.

6. Tightness and Prohorov’s theorem

Although the notion of tightness can be defined in a more general context, in
this section we observe only probability measures on metric spaces. Hence, X will
denote a metric space, B a Borel sigma field and M;(X) the set of all probability
measures.

6.1. Definition. Let P be a set of probability measures on X. We say that
P is tight if for any € > 0 there is a compact set K C X such that u(K') <e.

The notion of tightness makes sense even if P is a singleton. In this case we
have the following result.

6.2. Theorem. If X is a complete and separable metric space, then each
probability measure is tight.

Proof. By separability of X, for each n there is a sequence A,,,A,,,... of
open balls of radii 1/n that cover X. Choose i,, so that

and let
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Since K C UKin A;, for each n, K is totally bounded set in a complete metric
space and hence K is compact. Further,

+oo , +oo 1
P(K") <§P((U Ani) ) <5;27 =,

i<in
hence P(K') < P(K') < e.

6.3. Definition. We say that a set P of probability measures is relatively
compact if any sequence of probability measures P, € P contains a subsequence
P, which converges weak star to a probability measure in M;(X). O

A precise topological term for relative compactness would be relative sequential
compactness in My (X).

6.4. Remark. If X is compact, then from the previous section it follows
that any set of probability measures is relatively compact. Otherwise, we need
some conditions which are easier to check. One such condition is given in the next
theorem. The proof presented here relies on the material of the previous section
and departs from a classical presentation.

6.5. Theorem (Prohorov [28]). Let X be an arbitrary metric space and let
P be a tight set of measures. Then P is relatively compact.

Proof. Let X be a metric space and let P be a tight set of Borel probability
measures on it. Then for each n € N, let K,, be a compact subset of X such that
P(K,) >1—1/n for all P € P; we may assume that K; C Ko C ---. A unit
ball in any of spaces C(K,)* is compact and metrizable. For a given sequence
{Py} of probability measures in P, its restriction to a compact space K, has a
convergent subsequence. Then we can use a diagonal argument to show that there
is a subsequence Py such that

(11) Py — P™ onkK, n=12,...

for some measures P(™ on K,,. Since K, are increasing sets, the restriction of pm)
to K, _; must coincide with P("~1). Since P(™ is in the dual space of C(K,), it
is countably additive, and by (11), P (K,,) > 1 —«¢.

Now if B is a Borel subset of X, define

P(B)= lim P™(BNK,).

n—-+oo
The limit here exists because of
P™(BNK,)>P™(BNK,_,)=P" YBNK,_),

hence the sequence { P(") (BN K,)} is increasing and clearly is bounded from above
by 1. To show that P,r = P, we use the characterization of Theorem 4.6(iii).
Let F' be any closed set in X. From (11) we have that

im P (FNK,) < P™(FNK,) foreachn=1,2,...
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Further,
1
Pk/(F) < Pk/(FﬂKn) + ﬁ

and so 1 1
Iim Py (F) <Iim P (FNK,) 4+ - < PP(FNK,)+ —.
n n

Letting now n — 400 we get that
Tim P (F) < P(F),

that is, P,y — P.

6.6. Theorem. Let X be a complete separable metric space. If P is a
relatively compact set of probability measures on X, then P is tight.

Proof. By Theorem 4.9, the weak star topology on M; is metrizable, so
relative sequential compactness of P as defined in 6.3 becomes the topological
compactness of P, that is, any open cover of P has a finite subcover. Here we
understand that the closure of P is in the metric space M;. Without loss of
generality, we may and will assume that P itself is compact in M;.

Fixe > 0and § > 0. If P € P, then by Theorem 6.2 it is tight, so there is a
compact set K p such that P(Kp) > 1—¢/2. Being compact, K p is totally bounded,
that is, it can be covered with finitely many open d-balls Bp;, i =1,2,... ,kp. Let
Gp = Ufjl Bp,;. By Theorem 4.2, there is a neighborhood of P (in the weak star
topology of M(X)) of the form

Up ={n|u(Gp) > P(Gp) —/2}

The family {Up} pcp makes an open cover of P and hence there is a finite subcover,
say Up,,...,Up,, . Then let K5 = U;"Zl Gp;. For any Q € P we have that

Q(Gp) > P(Gp)+¢/2> P(Kp) —e/2>1—¢,

which implies that also Q(K5) > 1—e¢. Let now K be the closure of the intersection
of all Ky,; it is a closed and totally bounded set, hence compact, and we have that
Q(K)>1—c¢cforal PeP.

7. Weak convergence of probability measures on Hilbert spaces

In this section we firstly review basic fact related to the weak convergence of
probability measures on finite dimensional vector spaces. The simple characteristic
function technique which is usually applied there, becomes more complex on infinite
dimensional Hilbert spaces.

7.1. Weak convergence of probability measures on R*. On finite dimen-
sional spaces, the notion of weak convergence of probability measures coincides
with the notion of convergence of distributions (see [6], for example). If F,, and
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F' are distribution functions of k-dimensional random variables X,, and X respec-
tively, and if lim F},(z) = F(x) in each point & € R* where F is continuous, then
we say that the corresponding sequence X, converges to X in distribution. This
occurs if and only if P, = P, where P, and P are probability measures on R"
- distributions of X,, and X respectively.

A useful tool for investigation of weak convergence is the notion of a character-
istic function. If P is a probability measure on RF, then its characteristic function
is defined by

(12) o(t) = /R ) et qp(x)

where

k
T = (21, 2), t=(t,....t), (t@)=) tz.
i=1

It is a well known fact (Bochner’s theorem) that a function ¢ defined on R*
is a characteristic function of some probability measure if and only if it is positive
definite, continuous at origin and (0) = 1.

It is also a basic fact that P, = P if and only if lim,, ¢, (t) = ¢(t), where ¢,
and ¢ are the corresponding characteristic functions. This is indeed a very strong
result, since it says that it suffices to test the condition (1) with only two (classes
of) functions, x +— cos(t, ) and x +— sin(t, x).

7.2. Positive definite functions. Let X be any linear vector space. A
complex valued function ¢ defined on X is said to be positive (or non-negative)

definite if for any finite A = (ay,...,a,) € C™ and z = (z1,... ,2,) € X" the
following holds:

ZZaﬂj@(mi — mj) > 0.

i=1 j=1

Positive definite functions have some interesting properties, which can be
proved directly from the above definition, using an appropriate choice of A and
x. We list some of these properties (see [21] for proofs):

(1) (0) 20
(if) p(x) = ()
(ii) [p(z)] < ¢(0)
(iv) lo(2) = o(y)* < 20(0)(¢(0) — Rep(z — y))
(v) ¢(0) = Re p(27) < 4(p(0) — Re p())
From (iv) it immediately follows that a positive definite function is uniformly

continuous on X with respect to any metric topology if and only if its real part is
continuous at zero.
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7.3. Characteristic functions on Hilbert spaces. Let H be a real separable
Hilbert space. Let (-,-) and || - || be the inner product and the norm which defines
the topology on H and let {e;} be an orthonormal basis.

Let P be a probability measure on H. The corresponding characteristic func-
tion is defined formally in the same way as in finite dimensional spaces:

(13) olz) = /H ¢@) aply),  we H.

A characteristic function uniquely determines the corresponding measure [27].

It is easy to see that the function defined by (13) is positive definite and
continuous at zero (with respect to the given norm). However, these properties are
not sufficient for a function to be a characteristic function, as in finite dimensional
cases. In order to proceed further, we need some facts about Hilbertian seminorms.

7.4. Hilbertian seminorms. A real valued function p defined on a vector
space X is called a Hilbertian seminorm if for all z,z1,z2 € X and a € R:

(i) p(z) =0
plaz) = lalp(z)

Due to (v), for a Hilbertian seminorm p one can define the corresponding inner
product:

(14 p(e.y) = (6@ + 22) — (s — 22)).

Let now H be a Hilbert space. Besides its norm, one can define various Hilber-
tian seminorms on H. One such seminorm is, for example,

(15) pn(x) = n € N,

where {e;} is an orthonormal basis with respect to the original norm. The inner
product which corresponds to the seminorm (15) is given by

n

pn(xvy) = Z<w7 ei><y7 ei>'

i=1

Let IT denotes the set of all Hilbertian seminorms p that satisfy

(16) p(x) < C|lz|| for some C >0

+oo
(17) Zpg(ei) < +00,
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for an orthonormal (with respect to the original norm) basis {e;}. It can be shown
that the quantity in (17) does not depend on the choice of an orthonormal basis in
H (see [22] for the proof and more details). Seminorms p,, defined by (15) belong
to I1, since p,(z) < ||z|| and > p2(e;) = n.

It is easy to see that

(18) pell = cpell foranyc>0
and
(19) pl,-~-,pn€H=>\/p¥+p%+---+p;ieﬂ.

Now denote by Z a topology on H defined by the following basis of neighbor-
hoods at zero:

{.’E €H | pl(x) <E€1,--.. 7pn(x) < 6n}7
where py,... ,p, € II, n € N, g; > 0. Equivalently, by (18) and (19), a basis of
neighborhoods at zero for the Z-topology is given by

{r e H|p(x)<ce}, pecll, > 0.

Then a sequence {x,} converges in the Z - topology to « if and only if lim,, p(z, —
x) = 0 for any p € II. The Z-topology is stronger than the norm topology. If a
function ¢ defined on H is continuous in the Z-topology it must be norm continuous,
but the converse does not hold.

7.5. Theorem. Let ¢ be the characteristic function of a probability measure
P on H. Then for any € > 0 there is a seminorm p. € Il such that for all x € H,

(20) 1 —Rep(x) < pg(x) +e

and  is Z-continuous on H.

Proof. Since H is a complete separable normed space, by Theorem 6.2 the
probability measure P is tight. That is, for a given € > 0 there exists a compact
set K. C H such that P(K’) < ¢/2. So, we have that

1—Rep(z) = /(1 — cos{z,y)) dP(y) < / (1 —cos(z,y))dP(y) + ¢

KE

<3 [ @vrarw e

Since K. is compact and y +— (z,y)? is a continuous function, then it is bounded
on K. and we may define

(21) De = (%/K (z,y)? dP(y))l/Q.
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It is now easy to show that p. is a Hilbertian seminorm which satisfies (16) and
(17), hence (20) is proved. From the inequality (iv) in 7.2 and (20) we have that

lp(x) — p(y)]* < 2% (x —y) +¢),

which implies the uniform continuity of ¢ in Z topology.

7.6. Example. Consider the function f(z) = e=l#1°/2 1t is norm con-
tinuous and f(0) = 1. Using Schoenberg’s theorem [5] it can be shown that f
is a positive definite function. Suppose that f is Z-continuous. Then the norm
is also Z-continuous, which implies that there is a p € IT and a § > 0 so that
p(xr) < § = |jz|| < 1/2. For such a p we have that > p?(e;) < +o0, hence there
is an e; such that p(e;) < ¢ and so ||e;|| < 1/2, which is a contradiction.

By Theorem 7.5, f is not a characteristic function on H. [

The next theorem is proved by Sazonov [29].

7.7. Theorem. A function ¢ : H — C is the characteristic function of a
probability measure if and only if it is positive definite, Z-continuous at zero and

©(0) = 1.

7.8. Weak convergence on H via characteristic functions. Contrary to
finite dimensional cases, the convergence of characteristic functions alone is not
sufficient for weak convergence of probability measures. Here is where relative
compactness of probability measures plays a key role.

Theorem. Let {P,} be a sequence of probability measures on H and let ¢,, be
the corresponding characteristic functions. Let P and ¢ be a probability measure
and its characteristic function. If P, == P then lim,, p,(x) = ¢(z) for allx € H.

Conversely, if a sequence P,, of probability measures on H is relatively compact
and lim,, v, (z) = @(x) for all x € H, then there exists a probability measure P
such that  is its characteristic function and P, = P.

Proof. Since the mapping z — €“*¥ is norm-continuous, we have that
P, = P implies ¢, (z) — ¢(z) for all € H. To show the converse, assume that
{P,} is relatively compact and that lim, ¢,(x) = ¢(x) for all z € H, but {P,}
does not converge weakly. Then there are two subsequences { P, } and {P,~} with
different limits, P(Y) and P, Then characteristic functions ¢, and ¢, converge
to different limits (i.e., to characteristic functions of P() and P respectively),
which is a contradiction to the assumption that {¢,} is a convergent sequence.

7.9. Example. Let P, be point masses at e,. The corresponding charac-
teristic functions are ¢, (x) = ", where z,, = (z,e,). Then for every z € H,
lim,, ¢, (z) = 1 and 1 is the characteristic function of the point mass at zero, Pj.
But clearly, { P, } is not a weakly convergent sequence, assuming that H is equipped
with the norm topology. To show that exactly, note that if P, = P in the norm
topology, then P can only be Py because of convergence of characteristic functions.
Now since H is a normed space, there is an f € C(H) such that f(B;,4) = 1 and
f(Bj)y) = 0, where B, is the ball centered at zero with the radius r. For such a
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function we have
[ H@)aPi@) = flen) =0 and [ f(@)dFo(z) = £0) =0,

so P, does not weakly converge to P.

7.10. Weak convergence on H with respect to strong and weak topology.
In this item, we observe H with the strong (norm) topology (H;) and with the weak
topology as defined in 2.2 (H,,). Although, by 2.10, the Borel sets are the same in
both cases, there is a difference in the concepts of weak convergence of measures,
arising from the fact that C(H,,) is in general a proper subset of C(H,). Hence,
if b, = P in H,, we need some additional requirements to conclude that
P, — P in H,, unless H is finite dimensional, in which case H,, = H,. In the
next two theorems we show that an additional necessary and sufficient condition is
“uniform finite dimensional approximation”, expressed by (22) below.

7.11. Theorem. Let {P,} be a sequence of probability measures on H. If
P, =— P in H,, and for all ¢ > 0,

—+oo

(22) lij{fnstrllp Pn(;v@v, e)? > s) =0,

then P, — P in H,.

Proof. By Theorem 4.6(ii), it suffices to show that, under the above assump-
tions,

(23) / f(2) dPy () — / f(x) dP(x),

for every uniformly norm continuous and bounded function f. The idea of the
proof is to approximate f by a function which is continuous and bounded in H,,.
For x € H let gn(z) = Zf\;}l(x,ei)ei. Then gy is a linear operator H — H,
lgn (@) < (N — D)z for all @ € H and hence [lgn (@) — gx W)l < (N — Dl — yl,
so gy is uniformly continuous. Let now f be any norm continuous real valued
function on Hy, with || f|| = M. The function z — f(gn(x)) is continuous in H,,.
Consider the difference dy(z) = f(z) — f(gn(x)) and fix a § > 0. By uniform
continuity of f, there is an € > 0 so that

+oo
ldn(2)] <6 whenever ||z — gn(2)]? = Z(m,ei>2 <e.
i=N

By (22), for such an & we can find Ny so that for each N > Ny we have

“+oo
(24) P,(ANn) < d for every n, where Ay = {x eH ‘ Z(m,ei>2 > 5}.
i=N
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Now for any N > Ny we have

’/f )dP,( /ng ) dP,( ’f’/dN ) dPy (x ’

(25) ’/ dy () APy ( ’/ dy () dPa( )‘
/ An
<(5—|—2Mf5—5(1+2Mf

Further, by continuity of f, the fact that gy (2) — 2 as N — oo and the dominated
convergence theorem, for N > N; we have

(26) [ fov@)dr@) - [ f@)apa

Finally, since f(g(-)) € C(H,), we have that

27) [ fow@)apy(@) - [ fon(@)aP)] <

where N > max(Ny, N1). The weak convergence of P, in Hy follows now from
(25)—(27).

7.12. Theorem. Any weak star convergent sequence of probability measures
{P,} in Hj satisfies (22).

Proof. Suppose that P, = P in Hs. For an ¢ > 0, let Ay be defined by
(24). Since Ap is closed in the norm topology, by Theorem 4.6(iv) we have that,
for any fixed N,

(28) lim P, (An) < P(Aw).

Since {Ax} is a decreasing sequence of sets with ()12 Ny An = 0, by continuity of
probability measures we have that

(29) Jim P(4y) =0,

Now fix a ¢ > 0 and choose Ny large enough so that P(Ay,) < 6 for N > Ny. By
(28), there are only finitely many measures, say Py, ,... , Py, such that P,,(An,) >
g; however, by continuity, there is an integer N1 > Ny such that P,,(Ay) < ¢ for
all N > Nj. Hence, for N > N; we have that

sup PH(AN) < 57

which is equivalent with (22).
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7.13. Theorem. Let P be a relatively compact set of probability measures
in H,,. Then it is relatively compact in H if and only if

+oo

(30) lim sup P(Z(x, e)? > 5) =0,

N pep =N

for any € > 0.

Proof. By Theorem 7.11, (30) is a sufficient additional condition for relative
compactness in H,. Conversely, suppose that P is relatively compact in Hg but
(30) does not hold. Then there is an € > 0 and a A > 0 such that for each n there
isan N >n and P, € P so that

—+oo

(31) Pn(z<x,ei>2 > 5) > A

i=N

By weak compactness in Hy, there is a weakly convergent subsequence of {P,},
which together with (31) contradicts Theorem 7.12. Therefore, (30) holds.

7.14. Theorem (Prohorov’s theorem in H,,). Forr =1,2,..., let B, = {x €
H | ||z|| < r}. A set of probability measures P is relatively compact on H,, if and
only if for every € > 0 there is an integer r > 1 such that P(B]) < ¢ for all P € P.

Proof. A key point in the proof is the observation that H,, may be represented
as the union of balls B, = {z € H | ||z|| <r}, r =1,2,..., which are compact sets
in the weak topology (Theorem 2.18) and the weak topology on B, is metrizable.
So, the proof of the “if” part goes in the same way as the proof of Theorem 6.5.

For the converse, it suffices to prove that if P, is a weakly convergent sequence
in H,, then for each € > 0 there is a ball B, such that P, (B,.) < ¢ for all n. Indeed,
assuming that we proved such a claim, suppose that P is relatively compact and
that there is an € > 0 such that for each positive integer n there is a measure P,, € P
with P(BJ,) > e. Then there is a subsequence P,,; which is weakly convergent in H,,
to some probability measure P, and we have that P,/ (B),) > . Since n’ — 400,
this is a contradiction with the assumed claim.

So, let P, = P in H,, where P, and P are probability measures. Then
by continuity of P, for any ¢ > 0 there is a ball B, such that P(B,) > 1 —¢/2.
Consider now the open sets (in fact, U-sets) in H,:

k
1
G(T):{ H‘E D2 < 2 —} kom=1,2,...
kom HAS i:1<$,e> <r +m ) , » 4y

Then it is easy to see that the sets G

v are decreasing as k and m increase.
Moreover,

+oo +o0

B, =) G0

k=1m=1
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By Theorem 4.4, for each k£ and m we have
lim P, (G{)) > P(GY) ) > 1 - %

hence there is an ng such that
Pn(Gl(;?n) >1—¢ foralln>ng.
For a fixed n, letting here k¥ — +o00 and m — 400, we get
P,(B,) >1—¢ forall n > ny.

Now, for each of measures P; (1 < i < ng — 1) there is a ball B,, such that
P,(By,) >1—e¢. Let R =max{r,r1,72,... ,7ny—1}. Then P,(Br) > 1 —¢ for all
n > 1, which was to be proved.

7.15. Example. Let P, be unit masses at e,, as in Example 7.9. We will
show that P, is relatively compact in H,,. Indeed, all P, are concentrated in By,
hence by Theorem 7.14, the sequence {P,} is relatively compact. Moreover, since
e, — 0 in the weak topology (Example 2.3), then f(e,) — f(0) for any f € C(Hy).
Hence, [ f(z)dP,(z) = f(en) = [ f(x) dPy(x), where Py is the unit mass at 0. So,
{P,} is a weakly convergent sequence in H,,, P = Py, which is also consistent
with Example 7.9.

7.16. Relative compactness via characteristic functions. In the next two
theorems, we give conditions for relative compactness in H,, and Hy in terms of
characteristic functions. Recall that by Theorem 7.5, to each characteristic function
¢ and an € > 0 there corresponds a Hilbertian seminorm p. such that (20) holds.
Let P = {P,} be a set of probability, where « belongs to an index set A. A
seminorm which corresponds to the characteristic function ¢, of a given P, with
an € > 0 in the sense of (20), will be denoted by p,.. Let us note that p, . are not
uniquely determined. One natural choice is given by (21).

In the proofs of the next two theorems, a key role is played by the integration
of a Hilbertian seminorm with respect to a finite dimensional Gaussian measure.
Let p be a Hilbertian seminorm and p(-,-) a corresponding inner product as in
(14). Suppose G is an N-dimensional Gaussian measure which is concentrated on
RY spanned by {ei,ez,...,en}, as a product of N coordinate measures A (0, o2).
Then

/ 2(z) dG(z / (leez,Zx]eJ dg(z
_2122/ ziz;p(e;, e;) dG(x)

= .’£2 €;, €4 x
—Z/R 2p(er,e0) dG ()

(32) =02 ZpQ(ei).
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7.17. Theorem A set of probability measures P = {P, | a € A} is relatively
compact in H,, if and only if for every e > 0 there is a set of seminorms {pu.c}aca
such that

+oo

33 su > c(ei) < +oo.
(33) S D7

Proof. By Theorem 7.14, we need to show that the condition (33) is equivalent
to the condition that for any € > 0 there is a ball B, such that

(34) P,(B))<e forall P, €P.

For a given € > 0, assume that (34) holds for £/2 in place of € and with some
B,.. Then, as in the proof of Theorem 7.5, we show that

1 —Repa(x) < pae+e,

where ¢, is the characteristic function of P, and

(3) Lelw) =5 [ @arara)

"

Then we have that

Zma@— /nmw<> 2,

0 (33) holds.
Conversely, fix an € > 0 and assume that (33) holds for some family of semi-
norms {pq.e}. Let

N
AN = {y €eH ‘ Z<y7ei>2 > 7,2}7 N=1,2,...
i=1
Note that A,; C A, 2 C -+ and U;iol A, N = B, so

(36) lim P,(A,n)= P.(B))

N—+oc0

For an y € A, y we have that

1 & 1
1—exp( —ZZ Y, ei) ) 6_1/2>§
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and so, for every P, € P,

N
-P,(AN) < /AT N(l—exp(—%?;y?))dPa(y)
| X
(37) < 1—/Hexp(—ﬁ2yi2) dP,(y).

Let G be a Gaussian measure on RY, defined as the product of coordinate Gaussian
measures N(0,1/r?). Its characteristic function is y exp(— >N yf/2r2) and

we have

N

39 [ eo(—gaw)anw=[ | p(ﬁ:y:ﬂ) AP (y) dG ).

i=1
Let

N
Ya,n(z) = /HeXpGZyixZ) dP,(y).

For z = Zfil x;e; we have that o v (2) = pa(x) and so Re o, v (2) > 1—p2 () —
. Then from (38) we get

/ exp(—;iyf) WPo) =1~ [ 1 (w)dG(a) ¢
1=1 1 N
(39) =1= 5D phele) - =

From (37) and (39) we find that

N
3
P,(ArN) < = Zpis(ei) + 3e.
i=1
Now let N — 400 and use (36) to get
3 X
PuB) < 530 o) + 3.
i=1
which proves that (33) implies (34).

7.18. Theorem. Suppose that P = {P, | « € A} is a relatively compact set
of probability measures in H,,. Then the following conditions are equivalent:
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(i) For any € > 0 there is a choice of {pqy.c}aca so that

lim su g e;) =
N4>+ooa€g pae IL 7

(ii) For any ¢ > 0,
“+oo

lim sup P, (Z(z,ei>2 > 5) =0.

N—+ooneca =~

Proof. Assume that (i) holds. From (20) it follows that

Re/exp(i(x, y)) dPs(z) > 1 — ¢ —p2 (y).
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Put here y = Zf: ~ @je; and integrate with respect to the product of coordinate

Gaussian N(0,1) measures to get

S

s
1
/exp(—§ Z x,e;) ) )>1l—e— Zpi’a(ej).
j=N

Jj=N

Now letting S — 400 and using the monotone convergence theorem, we obtain

+oo

1 =
(40) Jexo(=5 X te.e?) dPate) 2 1= Y- 5 (e
. 2

Introduce the notations:

S

1
Zpasej ’ 52:[6] -

j=N

Then for any A > 0, (40) yields:

1—e-—8

X(N) <A+ e Py(X(N) >\
)

(X
(1= e M) Pa(X(N 2)

wherefrom we get

< €+ sup, Sa,e(N)
1—e A

(4
V< [ et
/ exp(~X (N /Nme"p X(N)) dPa(z)
< P,
=1-
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Letting here N — 400 and then € — 0 and assuming that (i) holds, we obtain (ii)
(with 2\ in place of €). Note that this part is independent of the assumption that
P is relatively compact in H,,.

To prove the opposite direction, assume that P is relatively compact in H,,
and that (ii) holds. Let p, . be seminorms defined by (35). Then we have

“+o0 +oo “+o0
23 phle) = [ Do (o) dPale) <A+ Pa(3 (e 2 0).
i=N Br =N i=N

Taking the supremum with respect to «, letting N — +o0o0 and A — 0, we obtain
().

7.19. Theorem. A set P = {P, | a € A} of probability measures on Hy
is relatively compact if and only if for every € > 0 there is a set of seminorms

{Pa.ctaca, related to P, as in (20), such that the following two conditions hold:

(i) For every e > 0,
+oo

sup Zp?m(e,;) < 4o0.
ac€A T

(ii) For every ¢ > 0,
“+o0
lim sup Zpiﬁ(ei) =0.

N—+o0oqecA =~

Proof. Directly from theorems 7.13, 7.17 and 7.18.

7.20. Remarks. Let us remark that if the above conditions on seminorms
hold for one choice of the family p, ., they need not hold for some other choice. For
instance, suppose that o« = 1,2,... and let p, . be a family of seminorms related to
characteristic functions via (20) and satisfying (33). Then the family of seminorms
. defined by g2 .(x) = np? . (2)/ S22 17 (e also satisfies (20), but not (33).

Theorem 7.19 is proved in [27] by different means. The analysis of a rela-
tionship between weak convergence on H,, and Hy is adopted from [23]. Separate
conditions in H,, may be useful since they are easier to check.

Acknowledgements. My understanding of the material presented in Sec-
tion 5 is much improved after communications with Sheldon Axler [3] and several
mathematicians of the Internet based Real Analysis group [14]. The presentation in
Section 2 is influenced by Sheldon Axler’s brilliant lectures of Functional Analysis
at Michigan State University [2].
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