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Preface

The theory of stochastic differential equations, as a part of the general theo-
ry of stochastic processes, began to develop in the fifties in the discussions of I.I.
Gikhman, and independently of him, K. It6. The accepted terminology, however,
derived from It6. In his papers [15], [16], [17], for special classes of stochastic
processes he introduced the notion of the stochastic integral and of the stochas-
tic differential equation with respect to a Wiener process. Following the classical
theory of ordinary differential equations, he proved the fundamental theorem of
the existence and uniqueness of solutions and also the Markov property of solu-
tions. From then on this theory has developed in several aspects, mostly induced
by mathematical abstractions or by many applications in technical practice, hav-
ing in mind that a Gaussian white noise could be mathematically interpreted by a
Wiener process.

One of the most important moments in the development of the theory of stochas-
tic integrals and stochastic differential equations was the introduction of the notion
of a martingale by Doob (7] and the subsequent establishment of the notion by
Meyer {34], [35], [36]. In this way the fundamental supermartingale-decomposition
theorem of Doob-Meyer [36] and the basic inequalities for martingales were estab-
lished.

It is necessary to emphasize the notion of a stochastic integral with respect to

a second-order martingale, introduced and studied by Kunita and Watanabe [27],

- which generalizes the stochastic It6’s integral. In fact, many properties of the Itd’s
integrals remain valid for this class of stochastic processes.

Later on, the theory of stochastic integrals and stochastic differential equations
relative to other types of martingales and stochastic measures was developed ([6],
[29]). Concurrently with it, the appropriate theory for a larger class of stochastic
processes-semimartingales was introduced by Doléan-Dade and Meyer [6], and later
essentially studied by Jacod [22] and Gikhman and Skorokhod [11].

The theory of stochastic differential equations had a permanent development
with a large number of innovations, including some nonstandard constructions of
stochastic integrals [12]). However, the Itd-calculus remains essential because several
phenomena in technical, biological and social sciences can be modeled and described
by stochastic differential equations of the Ité type. In fact, this theory is now
applied in many diverse fields, which proves the flexibility of its application.
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This paper represents an introduction to the study of the Ito-type calculus,
as the initial information about the general theory of stochastic differential equa-
tions. Section 1 contains the basic theory of stochastic It6’s integrals, stating some
important properties of stochastic indefinite integrals, introducing the stochastic
differential and giving a differential formula known as the It6’s formula. In Section
2 the basic theory of It6-type stochastic differential equations is established. The
basic existence and uniqueness theorem, the Markov property and the continuous
dependence on parameters of solutions are considered. Some simple examples are
given to illustrate the preceding theoretical considerations.

There is a number of papers about stochastic differential equations. In the
References some monographs and historically important papers are also given.

We shall restrict ourselves to the one-dimensional case for notational simplicity.
The extension to the multidimensional case is not difficult in itself and it can be
treated analogously.

1. lto-type stochastic integrals

1.1. Definition of the Itd-type stochastic integral. Throughout the paper
we suppose that all random variables and processes considered here are defined on
a complete probability space (Q, F, P). Let w = (w,t € R) be an one-dimensional
standard Wiener process, adapted to the increasing family of sub-o-algebras (F;, t €
R), i.e., for all s < t random variables w, are F;-measurable, F;, C F, for ¢, < tp
and w; — w, is independent on F, for all ¢ > s. Further on, from this fact w is
usually marked with w = ((w;, F),t € R).

Having in mind the definition of w, let us recall some of its more important
properties: w(0) = 0 a.s.; w; — w, : N(0, |t — s|); it has independent increments;
sample functions are continuous, but nowhere differentiable and they are of un-
bounded variation in every finite interval; it is a Markov process; w; — w; = w;—,;
w = ((wy, Fi),t € R) is a martingale, i.e., E{w;|F,} = w, a.s. for t > s.

Moreover, because ((w? — t,F:),t € R) is a martingale, w is a second-order
martingale with the quadratic variation t. Indeed, for all £ > s,

E{w? - tlf,} = E{wi + (w — ws)z + 2wa(wt —w,)|Fs} —t

=w? + Blw —w,): —t =w? —s.

Exactly, the martingale characteristics of the Wiener process play an important
role in the construction of the It6-type stochastic integrals.

In this section we shall define the It6-type stochastic integral

b
I() = / o(t) du(t) 1)

where ¢ = (p(t),t € R) is a stochastic process, and we study its basic properties.
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Since w is neither differentiable nor of the bounded variation, it is impossible
to define (1) as an integral in the ordinary sense, i.e., as a Riemann-Stieltjes or a
Lebesgue-Stieltjes integral. Recall that if y is a nonrandom function, then (1) can
be treated as a second-order stochastic integral (see, for example, [27], [28], [30],
[31], [39], [45]). In this case only the fact that the Wiener process has orthogonal
increments is used. The problem arises if ¢ is a random function, i.e., a stochastic
process. Then the construction of the integral (1) depends on martingale properties
of the Wiener process.

Furthermore, we shall suppose that the stochastic processes ¢ and w are inde-
pendent.

Denote by M, the class of stochastic processes with following properties: if
@ € Ma, then

(i) ¢ is a measurable process, i.e., the function (w,t) - ¢(w,t) is measurable
with respect to F in w and Lebesgue measurable in ;

(ii) ¢ is adapted to the family of sub-o-algebras (¥;,t € R), i.e., for each t,
p(w, t) is measurable with respect to Fy;

(i) [ Elp(t)|? dt < oo.

When (i) and (ii) hold, we say that ¢ is nonanticipating with respect to (F;,t €
R).

Note that every deterministic function ¢ is a nonanticipating function. Also, if
 is a nonanticipating function, every product-measurable function g(t, ), defined
on (R x C) into C, is nonanticipating.

We are now in a position to define the stochastic integral of a process ¢ € M,
relative to w, following the ideas of It6 [15]. We shall do this gradually, in two
phases. In the first phase we define the stochastic integral for step functions in Ms;
in the second phase we extend this definition to the entire set Mj, approximating
an arbitrary process from M, with the sequence of step functions (see [1], {8], [9],
[10], [28], [30], [45]).

Definition 1. A stochastic process ¢ € M; is called a step function if there
exists a decomposition a =t5 < t; < t3--+ <t = b, independent of w, such that

o(w,t) = p(w,t,) as., t, <t<ty4, v=0,1,... k-1

Definition 2. The stochastic integral of the step function ¢ € M, with respect
to w is the random variable
b k-1
[ et duw,) 1= Y (e t) (e tosn) — 0, )]
e v=0
The following theorem makes it possible to define the stochastic integral for
every v € M.

Theorem 1. Let w = ((w¢, F:), t € R), be a standard Wiener process and
¢ € Mao. Then:
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(a) There exists a sequence of step functions {¢n,n € N} such that

b
llo = oall® = / Elo(t) - on(H)2dt =0 as n— oo;

(b) If a sequence of step functions {yn,n € N} approximates ¢ in the sense
ll¢ — ¥n = 0 asn — 0 and if I(p,) is defined as in Definition 1, then the sequence
of random variables {I(iy),n € N} converges in q.m. as n = oo;

(¢c) If {on,n € N} and {p},,n € N} are two sequences of step functions such
that [lp — ¢all = 0, i — ¢all = 0 asn — oo, then
. - . ’
q.m. nll)ngo I(pn) = q.m. nl_gxgo I(¢7,)-

Proof. (a) If ¢ € M3, but not obviously bounded a.s., we form the sequence
of stochastic processes { fn,n € N} such that
_ [ o(t), |Rep|<n, Imyp|<n,
falt) = .
n, otherwise
By the dominated convergence theorem it follows that [ : Elp(t) — fa(®)2dt = 0
as n — 00. So, further on we can always assume ¢ to be bounded a.s..

Suppose that ¢ is q.m. continuous. Then an approximating sequence of step

functions {¢n,n € N} can be constructed by an arbitrary decomposition of the

segment [a,b]: a = t((,") < tgl) <o < ti") = b, such that for t{” < t < t,(,'_‘,,)1

we have pn(t) = p(t™) as. and ma,x.,[tf,'_',?1 — ] = 0 as n — oo. Since ¢ is
q.m. continuous, then Elp(t) — pn(t)]? =+ 0 as n — oo for every t € [a,b]. By the
dominated convergence theorem it follows

b
j Elp(t) — pa(t)Pdt >0 as n - oco.
a

If ¢ is bounded a.s., but not obviously q.m. continuous, we shall define the
sequence of stochastic processes {gn,n € N}, where

gn(t) = /ooo e"'tp(t - _;r;) dr.

1t is easy to conclude that g, € M3, n € N and q.m. continuous on [a, b]. Since

/a " Eloo(t) — ga()? dt = / b | /o T o) - (¢ - )] d7'|2 dt
_<_/ab/0°°e"'d1/0°°e“"E p(t) —cp(t— %)lzdrdt

and since f: le(t) — ¢ (t— Z) |2dt = 0 as n — 0o whenever ¢ is a.s. bounded and
Lebesgue measurable, then

b
/ Elo(t) — ga()|2dt 50 as n— .
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Now it is clear that we can construct indirectly a sequence of step functions ap-
proximating ¢ by sampling q.m. continuous stochastic processes gn,n € N at the
partition points of the segment [a, b], such that the partitions go to zero as n — oo.

(b) Suppose that {¢,,n € N} is a sequence of step functions such that ||y —
¢nll = 0 as n = oco. Using Definition 2, let us define I{g,) by

b
Iow) = [ onl®)du(t) := T p(t) [0 - wi)]

Denote by A{Pw = w(t{™,) — w(ti™). Then
ElI(pa)? = 31 3 Ele(t)e(tl”) AP waw).
v
Since E[APw A w] = EAMw EAMw =0 if v # p, we get

E|(pa)? = 3 Elp() BlA wf?
b
= 3 Blp(t) (), — ) = / Elga(t)P dt.

Also, E|I(ipn)|? < 00. Since I(pntm) — I(n) = I(@n+m — ¢n) and Ynim ~ ¢n is
again a step function, it follows

b
El(pnim) ~ I@n)? = E(gntm — en)t = [ Elnim(®) = pn(t)]? dt

b b
< 2/ Elontm(t) — o(t)? dt + 2/ Elp(t) ~ en(t)?dt =+ 0, as n - co.

Hence, {I(yy),n € N} converges in q.m. because every Cauchy sequence of random
variables is also q.m. convergent. It means that there exists a random variable I(y)
such that E|I()]? < co and

E|I(¢) = I(pn)? 0 as n— oco. @)

(c) Let {¢n,n € N}i {¢),,n € N} be two sequences of step functions approxi-
mating o, i.e., |l — @n]l 2 0, llo — @il = 0 as n — oo. Because

lon — @all < V2 (llpn — ol +llo — Ll2)E =0 as n -+ oo,
then ,
BMl(ga) ~ 10 = [ Bloal) =0 dt 50 as n- oo,

Therefore, q.m. lim,_,00 I{pn) = q.m. limp—o0 [(¢],). Thus the theorem is com-
pletely proved. 0O
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Summarizing the results of the preceding theorem, we conclude that the stochas-
tic integral I(y) can be defined as q.m. limit of the sequence of random variables

{I(‘pﬂ)an € N}, i.e.,

b b
I6)= [ e dv = am. lim [ pa(t)due).

This limit is in q.m. sense uniquely determined and independent of the choice of
the sequence of step functions {y,,n € N} for which (2) holds.

Note that if @ and b are not finite, the stochastic integral is defined as q.m. limit
asa — oo or b — co.

The next theorem summarizes some of the more important properties of the
stochastic integral.

Theorem 2. Let p,% € M, and a, 8 be arbitrary numbers. Then:

(3) I(op + Bo) = al(y) + BI(Y);
(b) El{p) =0;

(©) EIQ)I[®) = [, Bpt)¥(@) dt.

Proof. (a) This part follows immediately from the construction of the stochastic
integral of step functions.

(b) The proof is obvious if ¢ € M is a step function. If not, let {yn} be a
sequence of step functions approximating ¢ in q.m,, i.e., Elp(t) — pn(t)]? = 0 as
n — oo on [a,b]. Since by Theorem 1b

0 < (EI(p) ~ EI(pn))® < El(p) = I(pn)* =0 as n - oo,
then EI(p) = 0.
(c) It is enough to prove that E|I(p)|? = [, : E|p(t))? dt because
EI@)TE) = 3 EMl(p + ) ~ Bll(p - 4)P’]

+ LBl (~ip + ) ~ ElI(~ip ~ $)"].

If v is a step function, the proof directly follows from the proof of Theorem 1b. If
not, let {yn,n € N} be a sequence of step functions approximating ¢ in q.m. Then

ElI((p)|2 = E|I(p — pn) + I(‘/’ﬂ)l2
= E{I(p — ¢a)|* + 2Re EI(p — pn)I(pn) + E|I(pn)[’,

and therefore

b
B = Jim BlI(en)f = lim [ Blpnc)

b b
_ : 2 g 112
= [ Jim BleaP ée= [ Bl e 0
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The notion of the stochastic integral of the It type can be introduced under
some weaker conditions (see, for example, {1}, [8], [10], {28}, (30], [39], [45]). Thus,
denote by P a class of stochastic processes, measurable and adapted to the family
of sub-g-algebras (F;,t € R), satisfying the condition

P{ /: le(®)|?dt < oo} =1.

Theorem 3. Let ((w;,F:),t € R) be a standard Wiener process and let ¢ € P.
Let also ¢, be defined by

on(t) = { o), J le®)Pdt <n,

0, otherwise

Clearly, M2 C P.

and let I(p,) denote the stochastic integral I(p,) = [°@n(t)dw(t). Then
{I(¢n),n € N} converges in probability as n — oc.

Proof. Let ¢, be defined as the above. Then ¢, € M, and I(p,) is well
defined. Now for arbitrary m,n € N and for any w € Q, such that

[ 1ot @ < mingm, ),

we obtain sup;q,4) l¢n(t) — @m(t)| = 0. So, I : pn(t)dt = f: ¢m(t) dt as. For every
€ > 0 it follows that

b
P{iH(on) ~ o)l 2 ¢} < P{ [ lo(®)Pat > min{m,n} } 0 a5 m,n — o,
a
which implies in turn that {I(pn),n € N} converges in probability since every

Cauchy sequence of random variables also converges in probability. O

Therefore, under the conditions of the preceding theorem there exists a random
variable I(¢) such that I(pn) —+ I(¢) in probability as n — co. In other words, we
can define the stochastic integral

I{¢) :=p- lim I(pn).

The notion of the It6-type stochastic integral can be analogously generalized
to the (n X m)-matrix valued stochastic process ¢ = [pijlnxm, Where p;; € M2
or ¢;; € P, with respect to the m-dimensional standard Wiener process w =
((we, Ft),t € R), we — w, : N(O, |t — s|I). The matrix ¢ has the norm

o 2\1/2 —11/2
ol = (2 leusl )" =g 2.
i=1 j=1

Clearly, in this case I(p) is the n-dimensional random variable.
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1.2. The stochastic indefinite integral. Denote by Ij,<s), 6 < 8 <t < b,
an indicator of the set [g,¢] which is obviously F;-measurable. This fact gives a
possibility to introduce a notion of a stochastic indefinite integral.

Definition 3. The stochastic indefinite integral of the process ¢ € M is the
stochastic process z = (z(t), ¢ € [a, b]), defined by

b ' t
a(t) = [ Lcaple)du(®) = [ o(e)du(s), tefad]

Having in mind the construction of the Itd-type stochastic integral T (p), the
indefinite stochastic integral possesses the following important properties:

(i) z is defined uniquely up to the stochastic equivalence with its separable and
measurable modification (Doob’s theorem - see [7], [45]);

(i) z(t) is Fi-measurable for every t € [a, b};

(iii) z(a) =0as,;

(iv) z(t) —z(s) = f: o(u) dw(u), t,s € [a,b].

Using the results of Theorem 2, for every ¢ € [a, b] it follows:
(v) Ez(t)=0;

(i) Els(t)? = J; Elp(s)P ds.

Theorem 4. Ifp € M,, then ((z:,F),t € [a,b]), is a martingale.
Proof. Let ¢ be a step function and 8 <#; <tz <--- <tn <t. Then

t
2(0) ~2(6) = [ plu) du(w)
= @(8)[w(t1) — w(s)] + (t1)[w(t2) — w(tr)] + - - - + @(tn)w(t) — w(tn)].
Therefore, by successively taking conditional expectations, we obtain

E{z(t) ~ 2(s)| o} = B{E{: -- E{z(t) — 2(s)|Fta HFtuos H -+ Frs HFo}
=+ = E{z(t) — =(s)| %>} = Ep(s) E(w(s) — w(s)) =0.

In the following part of the proof we use the well-known convergence property of
conditional expectation (see [45)): for v > 1 if the sequence of stochastic variables

X, "3 X as n = oo, then E(X,|F) "5 E(X|F) as n — .

If ¢ is not a step function, let {pn,n € N} be a sequence of step functions
approximating ¢. Denote by z,(t) = f: @n(8) dw(s). Then for every t € [a,b] we
have E|z(t) — z,(t)]> = 0 as n = oo, and therefore E{z(t) — z.(t) |Fs} - 0 as
n = oo. Now forallt > s

E{z(t) - z(s)|Fs}
= E{z(t) ~ zn ()| Fs} + E{zn(t) — z(s)|Fs} 0 as n—o0. O
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Moreover, one can be show that ((zy, 1), t € [a,8]), is ¢ second-order martingale
with the quadratic variation

H
u(t) = / lp(u)? du.

In order to do this, recall an important property of second order martingales.

Let ((z¢, F¢),t € [a,b]) be a sample continuous second-order martingale. Then by
the supermartingale-decomposition theorem of Doob and Meyer (see [36], and also
[10], [11], [30], [31], [34], [35]), there exist both a sample continuous martingale
((m¢, F¢),t € [a,d]) and a sample continuous increasing process ((u¢, Fe,t € [a, b))
— called the quadratic variation, with u(a) = 0 a.s. and Eu(b) < oo, such that

22(t) - u(t) =m(t) as, te€lq,b)

Also, the following inequality, defined first by Doob [7], and in different variations
by Meyer [36] and others, holds: for 1 < a < o0,

E{ s 01} < (525 =) Blze)le.
For a = 2 and ¢ € M3 we get
b
sup Elz(t)}? < E{ sup Iz(t)lz} < 4/ Elp®)]? dt < co.
te(a,b] telab a

Next, u(t) is F;-measurable for every ¢ € [a,}], non-negative and increasing a.s.,
u(a) = 0 a.s. and Eu(t) < Eu(b) < co. For all t > s we obtain
A

B0 -woi =E{( [ ¢(u)dw(u))* 7}~ [ P

= 5{( / o(w) du(w)” } - B{ / 2(u) du

+E{(/: plu) dw‘(u))2 |.7-', - E{ /a ©*(u) du I}',} = z2(s) — u(s).

So, u(t) is the quadratic variation of the martingale ((z;, %), t € [a, b]).
Recall that for ¢ € Mj the inequality

/,, t ols)ds|} < 4 / * Blo(o)? 3)

fs

E { sup
t€(a,b]

is also known as Doob’s inequality for It6-type integrals.
Ezample: The formal application of the classical rules for the integration by
parts yields

t
-;- /0 ws) du(s) = wi(2).
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Clearly, it is not correct because for ¢ > g
E{w(t)|F,} = wP(s) — t + 5 # w?(s),

and therefore w?(t) is not a martingale.

Also, it can be proved (see, for example, [8], [11}, [25]) that if ¢ € M3 and 7 is
a stopping time with respect to (F;,t € [a,b]),i.e,a <r<bas. and {r <t} € F;
for all t € [a, b], then the process

TAL
[ e, astso,

is 2 martingale and E [T p(s) dw(s) =

Theorem 5. If ¢ € My, then z = (z(t),t € [a,b]) is a continuous process.
Proof. Let ¢ be a step function with a decomposition a < t; <ty--- < t, < t.
Then
z(t) = p(a)[w(ts) — w(a)] + -+ + o(ta)[w(t) — w(tn)).
Obviously, a.s. continuity of = follows from a.s. continuity of the Wiener process.
If ¢ is not a step function, let {yn,n € N} be a sequence of step functions

approximating ¢, i.e., f: Elp(t) ~ pn(t)?dt = 0 as n — co. By Chebyshev’s
inequality and Doob’s inequality (3), it follows that

P{ swp | [ piorduts) - [ puinta)] > e} < 5 [ Blote) - ntot .

t€fa,b)

Next, we can choose € > 0 such that ¢z — 0 as n — 00, and {nt,k € N} in such
a way that n; 2 if k = oo, (for example, ¢ = 2~k ng = k~2), for which

> = / E|p(8) ~ ¢n,(8)|* ds < 0.
k=1 kJa

Since

ZP{ sup | [ 001206 ~ [ pma(0)a0(e)] > a4} <o,

tefa,b]

the Borel-Cantelli’s lemma. implies that

sup
t€fa,b)

for all t € [a,b] if & > ko(w), i.e.,

<€ as.

¢ t
/a (s) du(s) - / Can (5) du(s)

sup -0 as n—oo.

t€fa,b]

t i
/ o(s) duw(s) - / on(s) duw(s)
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Therefore, the integral [ : ¢(s) dw(s) is a.s. uniform limit on [a, ] of the sequence
of a.s. continuous stochastic processes { f: Pn(s)dw(s),t € [a,b,ne M } and, be-
cause of that, it is itself a.s. continuous.

Moreover, = has a.s. continuous sample functions (see [1], [8], [10]). O

Analogously to the stochastic indefinite integral for a process ¢ € My, it is
possible to define the It5-type indefinite integral for ¢ € P with

b t
o) = [ oMy dute) = [ ple)duls).

In this case the process z = (z(t),t € [a, b]) is measurable, adapted to the family of
sub-c-algebras (F¢,t € [a,b]), a.s. continuous, but in general it is not a martingale.
It can be shown that it is a local martingale (see, for example, [25], [30], [31], first
of all [27]). Remember that if we denote by 7, the stopping time

r=mjn{ [ lo(0ds 2},

then since 7, /' b as n — o0, it can be proved that ((z,(t A 75), F¢),t € [a,b]) is a
martingale for every n € N. By definition ((z¢, F:),t € [a,b]) is said to be a local
martingale.

1.3. The Itd’s formula. In order to determine effectively some classes of
stochastic indefinite integrals and to obtain explicit solutions of some types of
stochastic differential equations, it is necessary to use the Ité’s formula, so called
the Ito’s differential rule.

Let (a(t),t € [a,b]) and (b(t),t € [a,b]) be measurable processes adapted to the
family of sub-o-algebras (%3, t € [a, b]), such that

b b
/ la(®)]dt < o0 a.s., / )2 dt < o as.

Then the stochastic process

z(t) = z(a) + /t a(u) du + /u b(u) dw(u)

a

is called the Ité’s process. It is measurable, adapted to (F;,t € [a,b]) and as.
continuous. Here z(a) is a random variable, F,-measurable and independent of
w(t) —~ w(a) for all £ > a.

Definition 4. If for every s,t such that a < s<t<b,

z(t) — z(s) = /t a(u) du + [t b(u)dw(u) a.s.,

8

then the stochastic process = has the stochastic differential dz(t) on [a,b], given by
dz(t) = a(t) dt + b(t) dw(t).
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One can easily conclude that z(t) is measurable, adapted to (F;,t € [a,}]) and
a.s. continuous.

Theorem 6. (The Itd’s formula) Let dz(t) = a(t)dt + b(t) dw(t) and let
f(t,z) be a nonrandom function defined on [a,b] x R, continuous together with its
derivatives f{, f;, fa.. Then the process f(t,z(t)) has the stochastic differential,
given by

d(6,2(0)) = ilt,5(0) de+ F1(8,2(0) d(t) + 5 5206, 2(8) *(0)

For the proof see {1], (8], [9], [11], [28], [30], for example, and first of all [17].

In this formula the surprise is the last term because by the standard calculus
* formula for total derivatives the term 1 f1' (¢, z(t)) b?(t) dt would not appear. This
correction term arises from the nondifferentiability of the Wiener process. Since

df(t,z) ~ f(t+dt,z +dz) — £(t,3)
S fi(6,2) db + f1(6,2) di + 3 f1u, ) (da)
and }L‘wz(t) = t, we obtain (dw(t))? = dt. So,
(dz(t))? = [a(t) dt + b(t) dw(t) ]* =~ b*(t) dt.

Note that the Itd’s formula asserts the two processes: f(t,z(t)) — f(a,z(a)) and

t t
J U206+ £, 2060 ale) 3 Fulora(e) Vo) ds+ | £, 2(6)) b)),

which are stochastically equivalent.

Now we are in a position to find the integral j: w(s) dw(s). Since w(t) has the
stochastic differential for a = 0, b = 1, applying the Ité’s formula to the function
f(z) = 22, we have dw?(t) = dt + 2w(t) dw(t). Thus we obtain

t 1 1
/0 w(t) dw(t) = sz(t) -3t

which is a martingale.

The Itd’s formula can be used to estimate some types of stochastic integrals.
Thus, for a process ((¢¢, Ft),t € [0,7T]), such that |p(t)] < K as. for all ¢ € [a, }],
by applying the It6’s formula to the function f(z) = z>™, m € N, we obtain (see

8], (30) , 2
E( / p(s)du(s) < K™@m— 1)1,
(4]

If ¢ is unbounded as., but f: Ep?™(t) dt < oo, then (see (8], [28], {30])

E( /‘; t o(s) dw(s)) ” < [m(2m - 1)J™t™? /0 t Ep®™(s)ds.

|
|
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The It4’s formula can be easily generalized to a function f(¢,z1,z2,... ,Zys), de-

fined on [a,b] x R", continuous together with its derivatives fi, f;,, fapzyp 1 <

k,j < n. Ifdn(t) = ar(t)dt + bi(t)dw(t), 1 < k < n, then the process
F(t,z1(2), ... ,za(t)) has the stochastic differential .

&t 2(t) = =) dt + 3 11, (6, 2(0) dax (2

k=1
+ ;— Z z f;,l.z,' (t’ m(t)) by (t) bj (t) dt,
=1 j=1

where z(t) = (z1(¢), z2(t), ... ,zn(t)) (see earlier cited references).

Thus, if the stochastic processes z;(t) and z4(t) have the stochastic differen-
tials dz;(t) = ai(t)dt + b;(t) dw(t), i = 1,2, then the product z1(f)z2(t) has the
stochastic differential

d(z1(t)z2(t)) = 71 (2) dz2(t) + z2(2) dz1(2) + bo(2) b2(2t) a2 4)
= [xl (t) az(t) + 2 (t) ay (t) +b (t) bz(t) ] dt + [21 (t) bg(t) + .’L'z(t) b (t) ] dw(t).

The most important role of the Itd’s calculus is that it can be generalized to
a stochastic integral, replacing the Wiener process by a more general one. For
example, let ({2, F:),t € [a,b]) be a sample-continuous second-order martingale.
Then by the supermartingale-decomposition theorem of Meyer (see [36]) there ex-
ists a sample-continuous a.s. increasing process ((us, F¢),t € [a,b]) with u(a) =0
a.s., such that for a stochastic process (p(t),t € [a,b]), measurable, adapted to
(Ft,t € [a,b]) and

/ b () dult) < o as.,

analogously to the procedure in Theorem 1, the Itd’s integral (see [27])
b
16) = [ wltd(t)
a

can be defined with the help of step functions ¢,, as

Hgn) := Y 0t 2(t5) — 2(¢5)],

where I(ipn) 5 I(p) as n = oc.

The stochastic indefinite integral z(t) = f: ¢(8) dz(s) can be defined adequately.

If the process z(t) has the stochastic differential dz(t) = a(t) dt + b(t) dz(t), then
the analogue Itd’s formula, first proved in [27], has the form

df (t,2(t)) = £, (¢, 2(t)) dt + f7(t,z(t)) dz(t) + % fa(t,2(2)) 07 () du(t).
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2. Stochastic differential equations

2.1. Definition of the Ité-type stochastic differential equation. The sto-
chastic differential equation (shorter SDE) of an unknown n-dimensional process
z = (z(t),t € [to, T]) with the initial value 7 is given by

dz(t) = a(t,z(t)) dt + b(t, z(t)) dw(t), z(te) =n as, te€[t,T], (5)

where w = (w,t € R) is an m-dimensional Wiener process,  is an n-dimen-
sional random variable, stochastically independent of w in the sense that random
variables w, and 7 are stochastically independent for all t, and a : [to, T}x R® — R™,
b: [to,T] x R* = R™ x R™ are non-random functions, Borel-measurable on their
domains. :

Because of simplicity, we shall confine ourselves to the one-dimensional case. So,
z, w and 7 are one-dimensional, and @ : [to, T} X R+ R, b: [to,T) x R —+ R.

Denote by F; the o-algebra generated by 1 and w;, i.e. the smallest o-algebra
with respect to which 7 and the random variables w,, s < t, are measurable, such
that w; — w, is independent on F, for all ¢ > s. Thus the Wiener process w is
adapted with respect to the increasing family of sub-g-algebras (F,t € [to,T}),
and 75 is F;,-measurable.

Denote by P the space of stochastic processes ¢ = (¢(t),t € [to, T]), measurable
and adapted to (F, t € [to, T]), such that :

P{[Twmﬁ#<m}=L

"Definition 5. The measurable stochastic process z = (z(t),t € [t5,T]) is a
strong solution of the SDE (5) if:

(i) =z(t) is Fi-measurable for each t € [to, T;
(i) a(t) = a(t,z(t)), b(t) = b(t,z(t)), such that
T T _
mmﬁ<m,/|wwa<m as.;
to to
(i) z(to) =n as;
(iv) the equation (5) holds a.s. for each t € [to, T').
Since dz(t) = a(t) dt + b(t) dW (t) a.s. for all t € [to, T7], this is, therefore, the
stochastic differential of the process z.
The SDE (5) has the equivalent integral form

t t
z(t) =17 +/t a(s,z(s)) ds +/t b(s, z(s)) dw(s), t € [to,T]- (6)

Because of (i) and (ii) from Definition 5, the integrals on the right-hand side
of (6) are well defined: since b € P, then j;i b(s) dW(s) is the Ito-type stochastic
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integral; since @ is measurable and absolutely integrable random function adapted
to (F,t € [to, T1), fti a(s) d(s) exists as the Lebesgue integral with the parameter w.
Both integrals are defined uniquely up to the stochastic equivalence and therefore
the solution z is also determined up to the stochastic equivalence.

Moreover, since both integrals in (6) are a.s. continuous, then z is a.s. continuous.
For this, by Doob’s theorem [7] we shall always assume that we have chosen a
measurable, separable and a.s. continuous version of the strong solution.

Definition 6. The SDE (6) has a unique strong solution if for any two strong
solutions z; and z,,

P{w:z,(t) = za(t), t € [to,T] } = 1.
This is equivalent to P{sup;c, 1 1z1(t) — z2(t)] > 0} = 0.
Ezample. Solving formally the SDE
dz(t) = z(t) dw(t), =z(0)=1n as, t2>0,
as an ordinary differential equation, we obtain z(t) = ne*(!). By applying the Itd’s
formula, we get

da(t) = ne™® dhu(t) + 1+ ne® dt # a(t) du(®)

Therefore, the solution must have some other form. We shall express as z(t) =
nev®+¢(®) where  is an unknown function. Using again the It&’s formula, we
obtain

dz(t) = ne?@+e®) o/ (t) dt + e O+e®) duyy(s) + .;_ nev®+e(®) gy
= z(t)[¢'(t) + 1/2])dt + z(t) dw(t).
So, ¢'(t) +1/2 =0, i.e., p(t) = —1/2+ ¢, ¢ = const. The initial condition easily
gives ¢ = 0. Thus, z(t) = ne¥®-t/2 ¢ > 0.

2.2. Existence and uniqueness of a solution. Following the ideas of It6 [16]
we give the basic existence and uniqueness theorem of a solution of the SDE (6).

Theorem 7. Let w = (wy,t € R) be a standard Wiener process and 1 be a
random variable, independent of w. Let alsoa : [to, T} X R~ R and b: [to,T] x R
— R be Borel-measurable functions, satisfying the Lipschitz condition and the
condition on the restriction on growth on the last argument respectively, i.e. for
all (t,z), (t,y) € [to,T] x R there exists a constant L > 0 such that

la‘(t7 :E) - a(t1 y)l + Ib(taz) - b(t’ y)l < le - yl: (7)
la(t, )1 + [b(t, 2)? < L*(1+2%). (8

Then there exists a unique a.s. continuous strong solution of the SDE (6).
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Proof. The theorem can be proved by Picard-Lindel6f method of iterations,
modeled after the corresponding proof for ordinary differential equations (see, for
example, (1], (8], (9], [14], [16], [30], [45]). For the proof here we shall apply the
Banach fixed point theorem (see [10]).

First, let us suppose that Eln|?> < co. Denote by B a space of measurable pro-
cesses z, defined on [to, T}, adapted to the nondecreasing family of sub-o-algebras
(Fi,t € [to, T]), satisfying the condition sup, <;<7 E|z(t)[? < co. Then B is the
Banach space with the norm

1/2
lell=( sup_Ela(e)?) .
to<t<T

Let us define an operator S such that for z € S,

t t .
Solt) =n+ / a(s, o(s)) ds + / bs,2(s)) dw(s), tEfto, T  (9)
to to

Since a and b are Borel-measurable functions and z is a measurable process, adapted
to (Ft,t € [to,T]), it follows that the processes @(t) = a(t, z(t)) and d(t) = b(t, z(t))
also have these properties. Moreover, Schwarz inequality and (8) imply

T 2
/ a(s, z(s)) dsI

to

E

T
<(T~to) / Ela(s,z(s))2ds <a+ B8 sup Elz(t)f < oo;
to to<t<T

sup El/tt b(s, z(s)) dw(s)l2

to<t<LT
t
= sup [ Elb(s,z(s))]>ds <vy+8 sup Ez(t)|® < oo,
to<t<T Jto te<t<T

where o, 8,4, 6 are some constants depending on L,%; and T'. Accordingly, since
a%,b € P, the integrals in (9) are well defined.

Let us prove that S : B — B. If z € B, then Sxz(t) is a measurable process,
Fi-measurable for every ¢ € [ty, T] and a.s. continuous. Also,

EIS#(0)F < 3Blnl* + 30 ~t) [ Blals, ()P do-+3 [ Ils,a(e)P d
to to

t
< 3Elf + 3(T — to + 1)L? / (1 + Bla(s)[2) ds
to
< 3E? + 3(T — to + VLA(T — to)(1 + |jz||?) = M.
Thus, ;
1/2
|Sz]| = ( sup EISz(t)lz) < 00,
o <t<T

by
i
i
i
H
i
i
!
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and therefore S : B — B.

In the next step of the proof we shall show that there exists a unique fixed point
of the operator S. Indeed, for every z;,z2 € B we have

E|Sz,(t) — Sza(t)|?

¢ 2
<2E / [a(s,z1(8)) — a(s, z2(8))] dsl +2E
to

/tt[b(s,zl(s)) — b(s, z2(8))) dws ?

¢ t
< 2T - to)I2 / Elz1(s) — z2(s)[* ds + 22 / Elz1(s) — 22(s)[? ds
to to

< Kljzy — z,|? (¢ - to), : ’
where K = 2(T — to + 1)L2. Now it is easy to prove by induction that

t
EIS"zy(t) - S*za ()2 < K / BIS™ 121 (s) — ™z (s)|ds
to

K™t —to)™
5---5——(7—‘2-||z1-z2|12, telto,T] neN,

such that KT = to)"

15" 21 = 8"zll* < === lz1 ~ zll?, neN.

Since K™(T' —to)™/n! — 0 as n — oo, then there exists ng € N such that K™ (T —
to)™ /ng! = ¢ < 1. Thus S™ is a contraction. By one version of the Banach fixed
point theorem it follows that the operator S has a unique fixed point z € B, i.e.,
z = Sz. On the other hand,

¢ ¢
z(t) =19 +/ a(s,z(s))ds +/ b(s, z(s))dw(s) a.s., t€ [to,T].
to to

Since z(to) = n a.s., from Definition 5 holds that z is a unique strong solution of
the SDE (6), moreover satisfying sup;, <;<r E|z(t)|? < 0c. Also, it is easy to show
that

sup E|z(t)]* < 3E|n|2e3X(T=t0),

<t<T

to

Let us prove now the existence of a solution of the SDE (6) without the as-
sumption E|n|* < co. Denote by I = Ij,<ny and 7%V = nIY. Obviously, Y
is a random variable, independent with respect to w and F;,-measurable. Since
E|nV|?2 < N? < o0, the SDE

¢ ¢

@) =" + [ alsa(@)ds+ [ HesV@)duls), telnT] (10
to to

has a unique solution. For N’ > N it follows that

V() -2V =0 -V + / t[a(S,zN'(S)) —a(s,z"(s))] ds
to

+ [ Blo,2 (4 ~ b, N N W ).
to
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Since (nN' ~ g™M)IN =N IV — gNIN = 0, we obtain

2
N’ N N

sup (2" (&) -z (t)) I

toS‘%"( ( ) ( )) d

<2 sup (I /t t[a(s,x”’(s))—a(s,zN(‘s))]ds)')

to<tLu

+2 sup (I,I,v / [b(s, =" (s)) - b(s, = (8)] dw(s))2

t
to<tLu to

<2(T -tg) ‘/tlu I,’,vla(s, 2™’ (5)) — a(s,zV (s))|? ds

¢ , 2
+2 sup | [ 16,5 (9) - bla,a¥ ()] du(s)]

taStLu ' Jig
By applying the Lipschitz condition (7) and Doob’s inequality (3), we finally get

k1)
E sup lzN' (I a:N(t)IzI,f" <2AT~to+4)L* | E sup l:t:N' (v) — 2V (v)|%ds.
to<t<u tp toSv<

Now we need the well-known Gronwall’s lemma: if u : {a,b] - Rand v : [a,b] =
R are non-negative integrable functions and L = const > 0, then
u(t) <v(t) + L/t u(s)ds => u(t) < v(t)+ L‘/t elt=2)y(s)ds, t € [a,b].
Especially, if v(t) E::onst = u(a), then ’
u(t) < u(a) + L/t u(s)ds == u(t) < u(a)eX®%), tela,b)

If u(a) = 0, then u(t) = 0 for all ¢ € [a, b)].
By applying the preceding lemma, it follows that

E sup |z (t) - N ORI =0,
teLt<T

which implies P{sup,,<r<; |z" (t) — z" ()| = 0} = 0. Now,
P{ sup [z (@) —zV®)> >0} < P{In|>N} =0 as N',N = oo.
to<t<T
Therefore, {z™(t)} is a Cauchy sequence converging in probability for all ¢ €

[to,T). So, there exists Fi-measurable process (z(t),t € [to,T]), such that
SUD;,<¢<T |¥ (£) — z(t)] "= 0 as N ~ co. Since

T T
[ 1oto,2(6) ~als, ¥ @) ds+ [ (o, a(s)) ~ b, (51 ds

T
<2I? / sup |z(u) — 2N (u)|® ds
t

o toSu<ls
<2L3T —to) sup |z@)~zVN@O2 B0 as N - oo,
to<t<T
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then for every fixed ¢ € fto, T),

¢ t
/ a(s,zV(s))ds B / a(s,z(s)) ds,
to to

¢ ¢
/; b(s, z™ (s)) dw(s) 3 /t b(s, z(s)) dw(s).

holds. The limits in probability on both sides of the equation (10) show that z(t)
satisfies the SDE (6) a.s. and, therefore, it is its strong solution.

It remains to prove a uniqueness of a solution of the SDE (6) if E|n|? < oo does
not hold.

Let z; and z2 be two solutions of this equation. Then for every ¢ € [to,T],

z1(t) — z2(t) = /t t[a(s,zl (8)) — a(s, z2(s))] ds + /t t[b(s,zl (8)) — b(s, z2(s))] duw(s)
holds a.s. Denote
v = {

Since In(t)In(3) = In(t) for all s < ¢, then

17 lzl(s)l < Na l$2(3)| < Nr s€ [t01t]’
0, otherwise

In(@)[z1(t) — z2(2)] = In(2) /z t In(s)[a(s,z1(8)) — a(s,z2(s))]ds
+In(t) /tt In(s)[b(s, z1(8)) — b(s, z2(8))] dw(s).

Thus
In(s)|a(s,z1(s)) — a(s, z2(8))| < IN(s)L|z1(s) — z2(s)] < 2LN, as.,
and analogously for b. If we apply the dominated convergence theorem, we obtain

EIn(t)|z1(t) — z2(t)

t
<2t -to) | BIN(lale,21(6) - als,za(e))} d
+2 /t " B{In(5)[b(s,21(5)) — b(s, 22(s))*} ds

t
< 2T —to + 1)L /t E{In(s)|z1(s) — z2(s)[*} ds.

Applying now the Gronwall’s lemma we get E{In(t)|z1(t) — z2(¢)]*} = 0 for all
t € [to, T, which implies P{In(t)z1(t) = In(t)z2(t) } = 1. From there we easily
conclude

P{z:(t) # z2(t)} < P{ sup [z1(s)] > N} + P{ sup [z2(s)]| > N}.
to<s<t to<s<t
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Since z, i z4 are a.s. continuous on [tg, T], they are a.s. bounded. It means that the
right-hand side of the last inequality goes to zero by taking N — oo and, therefore
P{z\(t) # z2(t)} =0 for all t € [, T, i.e.

P{ sup |z:1(t) — z2(t)| > 0} =0.
to<t<T

Thus the proof is complete. O

Clearly, Theorem 7 gives only sufficient conditions for the existence and unique-
ness of a solution of the SDE (6). Note that if the functions a and b are defined on
[to,0) x R and if the assumptions of Theorem 7 hold on every finite subinterval
[to, T] C [to, 00), then the SDE (6) has a unique solution, defined on the entire half-
line [tg, 00), called & global solution. Naturally, in some cases the SDE (6) could
have a local solution, particularly if the assumptions of Theorem 7 do not hold, as
in the following example.

Indeed, the coefficients od the SDE
dz(t) = —%e"z‘(‘)dt +e*Oduw(t), z(te) =nas, t>to,

do not satisfy any Lipschitz condition or any growth condition for z < 0. However,
there exists a unique local solution z(t) = In[w(t) — w(te) + €"), defined on the
random interval [y, 7), where the random variable 7 is determined with 7 = inf{¢ :
wy — wy, + €7 < 0} (see [1], [32]). Naturally, we use the It6’s formula to prove that
z(t) is the solution of this equation.

The next theorem, known as the local uniqueness theorem, plays a very important
role in the study of stochastic differential equations (see, for example, (1}, (8], [9]).

Theorem 8. Let the functions a; and b;, i = 1,2, satisfy the assumptions of
Theorem 7 and let there exist N > 0 such that a; (&, z) = a,(t, x), b1 (L, z) = ba(t, x)
for all (t,z) € [-N, N]. Let z;(t), i = 1,2, be a solution of the SDE

dz;(t) = ai(t, zi(t)) dt + bi(t, z:(2)) dw(t), =zi(to) =9 as, tE€[to,T).
Denote by 7; the first time, after to, such that z;(t) intersects R \ [~ N, N] if such
time t € [to, T exists, and 7; = T otherwise. Then ’

P{n=7m}=1 and P{ sup |zi(t)—=z2()[=0}=1
to<t<n

Proof: Denote by
P (t) = 1, supy<ect Zi()] S N,
' 0, otherwise,

Let ¥1(t) = 1. Then ¢1(s) = 1 for all t < s < t £ 71 and here ay(s,z1(s)) =
az(s, 21(8)) a.s., bi(8,71(s)) = ba(s, 21(s)) a.s.. From integral form of the SDE-s it
is easy to obtain

@) [z1(t) — 22 ()] < 2{ /t t ¥1(8) @a (8, 21 (8)) — az(s, 22(s))] a!s}2
0 . | .
+2{ [ h(o)t(o,51(6) - bals, (e du(s)}

i
b
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By applying the Lipschitz condition (7), it follows that

t
B(®) ) ~ma@F <¢ [ Buu()lmle) ~ as) P s,
. to
where ¢ is a constant depending on L, T and #,. Then from Gronwall’s lemma

E1(t) [z1(t) - z2() 2 =0, t€ [to,n],

holds. From that,
P{ sup |z1(t) —z2(t)| =0} =1,
to<t<n

and therefore z,(t) = z2(t) as. for t € [to,71]. Consequently, P{r; > n} = 1.
Analogously we get P{r; < 72} =1, which completes the proof. O

Theorem 8 makes it possible to express the next stronger existence and unique-
ness theorem.

Theorem 9. Leta: [to,T]x R = R, b: [to,T] x R - R be measurable
functions satisfying the assumptions:

(i) there exists a constant K > 0 such that for all (t,z) € [te,T] x R,
la(t,2)? + [b(t, 2)|* < L2(1 + |zI?);

(ii) for any N > 0O there exists a constant Ly > 0 such that for all (t,z),(t,y) €
[to,T) x [-N, N},

la(t: z) - a(t’ y)l + lb(ta 1:) - b(ta y)l < LNIz - y"

If a standard Wiener process w and a random variable 7; are independent and
E|n|? < oo, there exists a unique solution (z(t),t € [to,T]) of the SDE (6), satisfying
the initial value z(t¢) = 7 a.s.

The proof can be found in [9].

Let us give some important notions. Remark that Theorem 7 can be extended
to the SDE, similar to the SDE (6), in which the coefficients a : 2 x [to, T]XR = R
and b : Q x [to,T] x R = R are random functions, Borel measurable on their
domains, adapted to the family of sub-o-algebras (F¢,t € [to, T]) generated by w,
such that the stochastic integrals in this SDE exist in the sense of Definition 5-(ii).

Theorem 10. Let (7(t),t € [to,T]) be a stochastic process, independent of w,
adapted to (Fi,t € [to, T1), such that sup,gj;, 77 EIn(t)|> < co. Let also the random
functions a and b satisfy a.s. the Lipschitz condition (7) and the condition of the
restriction on growth (8). Then there exists a unique solution (z(t),t € [to,T]) of
the SDE

t t .
z(t) = n(t) +/ a(w, 3,z(s)) d3+/ b(w,s,z(s))dw(s), ¢ € [to,T],
to to
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with sup;epy, 71 E)z(t)]? < 00. Moreover, if the process 7(t) is a.s. continuous, then
. the solution z(t) is a.s. continuous.

A theorem analogous to Theorem 9 can also be proved.

Note that the approach given by Theorems 7, 8, 9 and 10 is appropriatelly
extended to analyze the existence and uniqueness problem for special classes of
stochastic differential equations, stochastic functional differential equations, sto-
chastic integral and integrodifferential equations containing the It4’s integrals (see
{31, [4], [5], (9], [11], [25], (26], [30], [37], for example, and many others).

Remember again that Theorem 7 gives only sufficient conditions for the existence
and uniqueness of the solution of the SDE (6). In fact, there is a number of papers
in which various sufficient conditions, essentially other than the conditions (7) and
(8), are considered. -Note that many new theorems present a direct extension of the
corresponding deterministic results (see, for example, (3], [4], [5], [9], [18], [22],
[28], {45], {46]). In many papers different kinds of contractions are used instead of
the Lipschitz condition, for example in [24], [38].

Naturally, the permanently current problem is the relationship between ordinary
and stochastic differential equations, especially for applications to stochastic control
problems and to stochastic filtering problems (see [30], [42], [43], [44], for example).

An important fact is that the problem of the existence and uniqueness of solu-
tions of the Itd-type stochastic differential equations can be extended to stochastic
differential equations with respect to martingales and stochastic measures (see, for
example, [6], (10}, {11}, [14], [25], [27], [29], [31)], [34)], [41], [47]), and also to
stochastic differential equations with semimartingales (see [22], [33], [47]).

One of the most important problems in qualitative analysis of solutions for dif-
ferent classes of stochastic differential equations is the stability problem, including
the asymptotic behavior of solutions when ¢ — o0 and the existence of singular
solutions (see (1], [2], [3], [4], [5], [13], [14], [37], [46)], for example). By using
the concept of Lyapunov function and the theory of stochastic and deterministic
inequalities, several comparison theorems are developed in many papers and books
(see, for example, [9], [13], [14], [28], [46]).

2.3. Stochastic differential equations depending on parameters. Now we
give the basic theorem which describes the stochastic differential equation of the Ité
type depending on a parameter a € A, where A is a parameter set. This theorem
shows that the change in the solution can be made arbitrarily small by making the
change in the parameter sufficiently small.

Theorem 11. Let the random functions 5, Ga, b. satisfy the assumptions of
Theorem 10 for any parameter o € A, with the same constant L in (7) and (8). Let
also the process (14(t),t € [to,T]) be a.s. continuous and sup,eg, 1) Elna@®P < ¢
for all a € A, ¢ =const.. Suppose that for any N > 0, a9 € A, e > 0 and t € [ty, T},
lim P{ sup [|aa(w,?,Z) — Gag (0, 1, Z)| + |ba(w,t, Z) — bag (w, t,2)]] > €} =0

jz|<N

Q=g
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and ,
lim sup Elﬂa(t) = Ny (t)|2 =0

a—rag tG[to,T]

If (z4(2),t € [to,T)) is a solution of the SDE

t t
To(t) = na(t) + /to aa(w,8,Za(s)) ds + ft ba(w, 8,Ta(8)) dw(s), t € [to,T], ()

then limea — @o SUPsr,, 71 ElTa(t) — Tao (1)I? = 0.

Proof. Denote
20(0)  200(8) = £a() + [ [aa(018,50(6) = 3, 200(e) 1
¥ /t ba(us 3, 7a(5)) = balu 8, Zao (5)) | du(),
where
£a(6)= 1a() = (8 + [ 100018, 0u(8) = 80,8, 2205}
[ 150l ) =B, ) ).

Using the Lipschitz condition (7) on the first identity and applying the usual sto-
chastic isometry, we easily obtain

t
Blza(t) = 20O S 3al®) + K [ Eloa(s) - zas(s)ds,
to
where K = 3(T — to + 1)L2. By Gronwall’s lemma it follows that
¢
El|za(t) — Tao (O)° < 3BEa(t)f® + K / "= Ejga(s)|* ds.
to
Therefore, it follows from the last inequality that the theorem will be proved if we
show that sup,eqy,,7) E|ta(t)|? - 0 as a = ap.
Since

E

| (0008, 200 6)) = 8,8, 70 ) 1 5]
< (t - tO) /t El aa(w’ 8, Tayg (3)) - aao(wa 8, zao(")) |2 ds,
to

by applying the condition (8) we obtain that the last integrand is bounded by
2L2(1 + |24, (t)[?). Since E f:;(l + | ()2 dt < 00, it follows from the conditions
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of the theorem that this integrand also converges to zero in probability, as a = ay.
So, by the Lebesgue bounded convergence theorem we conclude

t 2
[a’a(“)s 8, Zaq (3)) — Gaq (wr 8y Zag (s)) ]ds

sup E
t€(to, T

to
T
<(T- to)/ E|aa(w, 8,Tag(8)) — Gag(w, 8, Tay(8)) 2ds 50 as a — ap.
to

Similarly, using Doob’s inequality (3) and the previous arguments, we have

B oup { [ 18005, 200(6) ~ baor, 7o (oD J0(6)}

iE[to,T] 0

T
< 4/ E| ba(w, 8, Tay(8)) = bao (W, 8, Tao (8)) [2ds - 0 as a — ag.
to

This completes the proof, because sup,e(s,, 71 Elfa(t) — 7ag B =0asa—-ae. O

Note that there are suitable versions of the preceding theorem for different classes
of stochastic differential equations. So, for the SDE (6) one can state a theorem
which ensures the continuous dependence of the solution on the initial value (to,7)
(see [9], [24]).

The more important application of Theorem 11 is for a discrete parameter set,
ie,if A={an,n=0,1,...} and a; = @ as n = 0. Then the following theorem
holds:

Theorem 12. Let the random functions nn(t), an(w,t,z), ba(w,t,z), n =
0,1,2,..., satisfy all conditions of Theorem 11 for n and 0 instead of a and g
respectively. If (zn(t),t € [to,T)) is the solution of the SDE

t t
Zn(t) = T (®) + /t Gn (0, 5,Tn(s)) ds + /t b1, 8, (8)) du(s), ¢ € [to, T}, )

then
lim sup Elzn(t) — zo(t)|2 = 0.
te[top,T] \ n( ) 0( )l

From purely theoretical point of view, and much more from the point of view of
various applications, this theorem gives a possibility to study the solution zq(t) of
the SDE (12) for n = 0 by finding at least an approximate solution z,(t) of the
SDE (12) for n = ny.

This theorem enables the construction of some iterative methods for solving
the SDE (6), or the SDE (12) for n = 0, and to estimate an error of the n-th
approximation of the solution of the original equation. There is a number of papers
in which various sufficient conditions of closeness of the random or non-random
functions ng, ag, b with the functions 9y, a,, b, respectively, are given, such that
Zo(t) = z(t) as n — oo in probability or in p-th mean sense or with probability
one (see, for example, (3], [9], [11], [23], [26], [45]).

|
{
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2.4. The Markov property. Now we describe in short one of the most important
properties of the solutions of the SDE (6), known as the Markov property.

Having in mind that a solution z(t) of the SDE (6) must be F;-measurable, it can
be interpreted as a stochastic process determined by non-random functions a and
b and by random elements 7 and w,,s < t. So, z(t) depends on 7 and w,,s < t.
Moreover, the construction of z(¢), especially the construction of a solution by
Picard-Lindel6f method of iterations, shows that it depends only on w, — w;, for
to < s <t (see [1], [8]). Thus, z(t) can be expressed as a functional

z(t) = f(n;ws — w0 < 8 L 8).

This fact makes possible a description of the Markov property of the solution of
the SDE (6).

Definition 7. The stochastic process (z(t),t € [to,T]) is said to be a Markov
process with respect to (F;,t € [to,T]) if for all g < 8 < ¢ < T and for any set
AeB

P{z(t) € A|F,} = P{z(t) € A|z(s)} as.

holds.

Theorem 13. Let the conditions of Theorem 7 hold with E|n|? < oo and let
(F¢,t € [to,T]) be the increasing family of the sub-c-algebras generated by n and
w. Then the unique solution ( z(t),t € [to,T)) of the SDE (6) is a Markov process
with respect to (Fi,t € [to, T)).

For a detailed proof see [8], for example. We give only a short survey of the
proof.

Together with the SDE (6) we consider the same equation, now on an interval
[s,T] C [to, T, i-e., for t € [s,T] we have

z(t) =z + /t a(u,z(u)) du + /ot b(u,z(u)) dw(u), z(s)=z as. 0

For the given initial value z(s) = z a.s., let (z,,2(t),t € [s,T]) be a solution of the
SDE (13). From the fact that the SDE (6) has a unique solution (z(t),t € [to, T]),
it follows that z(t) = z,.(t) as. for all t € [s,T]. Also, for ¢t € [s,T], z,,2(t) is
completely determined as a functional z, z(t) = f(z; wy —ws,u € [s,T]). Moreover,
since z(s) is F,-measurable and increments wy, — w,, u € [s,t], are independent on
Fs, for any set A € B it follows that P{z(t) € A|F,} = P{z(t) € Alz(s)} as..
Therefore, the solution of the SDE (6) is a Markov process.

For ty < s <t < T and for any set A € B, the function
p(s,z;t,4) = P{z(t) € Alz(s) = z}

is called the transition probability function. Clearly, considering s and z fixed,
p(s, z;¢, A) is precisely the distribution of the solution z, »(¢) of the equation (13).
Also, p(s,z;t,A) has the following properties: it is Borel measurable in z for fixed
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s,t, A; it is a probability measure in A for fixed s,z,¢; the function p satisfies the
Chapman~Kolmogorov equation: forall z € Rand s<u <t

o0
p(s,z;t, A) = / 2(s, 74, dy) plu, y;t, A)

-0
holds.
Recall that a Markov process is said to be homogeneous if the transition proba-
bility functions are stationary, i.e., p(s, z;t, A) = ¢(t — 3,z, A).
It is easy to see that if the SDE (6) is autonomous, that is a(t,z) = a(z),
b(t,z) = b(z), then its solution will be a homogeneous Markov process.

Moreover, in addition to the conditions of Theorem 7, if the functions a(t, z) and
b(t, z) are supposed to be continuous, then a solution of the SDE (6) is a diffusion
_process, i.e., a stochastic process with continuous sample functions whose transition
probability functions p(s, z;t, A) have certain infinitesimal properties as t — s (see,
for example, (1], 8], [9], (10], [45]).

The density function of the transition probability function is called the transi-
tion density function. Under some very strict conditions of differentiability of the
functions a and b, beginning from the Chapman~Kolmogorov equations one comes
to the well-known backward and forward parabolic equations, alternatively called
diffusion equations, whose solutions are transition density functions. Note that the
forward equation is also known as the Fokker-Planck equation. Naturally, the solu-
tion of the SDE (6) is completely described if the transition probability functions,
i.e., the transition density functions, are known.

Emphasize an important fact that the theory of diffusion processes is applied to
study several phenomena in physics, astronomy, biology, etc. The modern theory of
the Markov processes, primarily a semigroup theory, is engaged in the studies of the
solutions of diverse classes of stochastic differential equations, which are diffusion
processes.

2.5. Solvable stochastic differential equations. We say that the SDE (6) is
ezplicitly solvable if its solution can be represented by quadratures, i.e., in terms of
ordinary {Lebesgue) and Itd’s stochastic integrals.

I. Just as with ordinary differential equations, a lot of theory is developed to
describe solutions of linear It3-type stochastic differential equations, first of all an-
alytic properties of the solutions, including the overall behavior of sample functions
on the interval [tg,00). Now we give the procedure to obtain explicit solutions of
homogeneous and non-homogeneous linear stochastic differential equations.

Let a: [tp,00) =+ R and b: [tp,00) =+ R be Borel-measurable bounded
functions. Then the equation

dz(t) = a(t)z(t) dt + b(t)z(t) dw(t), =z(to) = n =const. a.s., t>tg.
is said to be the homogeneous linear SDE. If = 0 a.s., this equation has a trivial

solution z(t) = 0 a.s. Since the conditions of Theorem 7 hold, then there exists a
unique solution such that z(t) > 0 a.s. for > 0 as.; z(t) <0 as. for n < 0 as.
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If we put y(t) = Inz(t) for n > 0 a.s., or y(¢) = In(—z(t)) for n < 0 a.s., by Itd’s
formula we have

dy(t) = ;(Lt). dz(2) + %(— -Z—ZB)V(t)z(t) dt

ie.,
1
dy(t) = [a(t) - 5bz(t)] dt +b(t)dw(t), ylto) =lny as.
Thus we obtain the stochastic differential of the process y(t) and, therefore

y(t)=lnn+/t [a(s)—%bz(s)]dsf/t:b(s)dw(s), t> to.

to

From that the homogeneous linear SDE has the solution
t N 1 t
z(t) = nexp {/ [a(s) - —bz(s)] ds + / b(s) dw(s)}, t > to.
to 2 to )

Especially, the Langevin SDE
dz(t) = —az(t)dt + fdw(t), z(0)=nas., t>0,

where a > 0 and 3 are constants, has the solution

z(t) = et [17 + /ot e*’s dw(s)] , t2>0.

For normally distributed or constant 5, the solution z(t) is a Gaussian process, the
so-called Ornstein—Uhlenbech velocity process (see [1], [8]).

The non-homogeneous linear SDE

dz(t) = [a(t) + a(t)z(t) ] dt + [ B(t) + b(¢)z(t) | dw(t), (14)
z(to) =n as., 21y,

can be solved analogously, putting y(t) = ®~1(¢) z(t), where ®~1(t) is a particular
solution of the corresponding homogeneous linear SDE with the initial value $(¢p) =
1. So,

] 1 t
+7 () = exp{ - / [a(s) — 2b%(s)] ds — / b(s) du(s) }.
to 2 to
Applying the It6’s formula we have
a8 (t) = & (){ a(s) - %b?(s)']ds ~ b(s) du(s) }.
Applying again the It6’s formula on the product &~ (¢)z(t), from (4) we obtain

dy(t) =d (@7'(2) z(t) )
= &71(t) dz(t) + z(t)d@~1(t) — [B(t) + b(t)z(2) ] @1 (2)b(2) dt.
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By replacing dz(t) and d®~1(t) with the corresponding differentials, we obtain

finally
dy(t) = 27 (t){[ a(t) — B)B()] + B(t) dw(t)}
and, therefore

t t
y(t)=n+ /t 31(s) [a(s) — B(s)b(s) ] ds + /t 31 (s)B(s) du(s).

Thus the explicit solution of the non-homogeneous linear SDE (14) is given as
¢ gt
2(t) = #(0) [1+ [ #7(s)ale) ~ B ds + [ 87 (6)(s) du()]-
to to

IL. In general, in order to transform the SDE (6) on a solvable form, we introduce
a change of variables y = h(t,z), where a smooth function h(t,z) has an inverse
k(t,y), such that h(t, k(t,y)) = y, k(t, h(t, z)) = =.
According to the Ito’s formula, the process y(t) = h(t, z(t)) satisfies the SDE
dy(t) = f(t, y(t)) dt + g(ta y(t)) dw(t)r y(to) = h(to,ﬂ) a.8.,

where
F(69) = [H+ ahl + 3 8K | (6, kew), (15)

9(t,y) = [bh; ](t, k(t, ¥))- (16)

The SDE (6) is said to be reducible if such a function h can be found so that
the functions f and g, given by (15) and (16) respectively, are independent of y.
Thus, the change of variables y = h(t, z) perrmts the explicit representation of the
solution z(t) of the SDE (6) as

z(t) = k(t, y(2)),
where

y(t) = hto,) + [ f(s)ds + /t o(s) du(s).

In other words, the SDE (6) is reducible if a sufficiently smooth invertible function
h(t,z) and functions f(t) and g(t), exist, such that

2
[Z’: tal 2t ’;] (t2) = £(0), a7)
[b 5;} (t,z) = g(t). - (18)

Under the assumptions that b # 0 and a and b possess the indicated derivatives, one
can obtain the necessary and sufficient conditions so that the SDE (6) be reducible.
Indeed, differentiating (17) with respect to z gives

2 2 :
8%h 6{ oh lbzﬂ}zo.

azot T3 1%8z 720 52 (19)
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Since from (18) we get
Oh(t,z) _ 9(t)

9z = b3 (20)
then the following derivatives hold
& _ bit,2)g/(t) = o) Bb(t,2)/0t O _ _g(t)Ob(t,2)/0z
otdz b2(t,z) ' 822 T b2(t,z)
By substituting the appropriate derivatives into (19), we obtain finally
rogp| L0 qay 1877
9“9"[b2 5~ 5 (3) * 25| =O (21)
Since the left side of this identity is independent of z, then
7] 18 8 fa 18%7) _
AU R AGR =/} R @)

If (22) holds, the function g, g # 0, can be found as a solution to the ordinary
differential equation (21). The function A, which is at least locally invertible since
Oh/dz # 0, can be determined from (20), and the function f from (17). Then
(21) is equivalent with (19) and thus the functions f and g are independent of z.
Therefore, the SDE (6) is reducible if and only if f and g satisfy (22).

Let us suppose that (22) holds. Then:
(i) If g =1, then h(t,z) = f:’; 31%'3’ o =const.;
(ii) If f = 0, then h must be a solution of the partial differential equation
R} + ahl, + 1bRY, =0;
(iii) If the SDE (6) is autonomous, i.e., a(t,z) = a(z), b(t,z) = b(z), then it is
reducible if and only if
T, ay! _ _
b[Eb - (3)] =¢, c¢=const.
From (21) and (18) we obtain g(t) = e, h(t,z) = e :o ﬁ% respectively.

Note that, in general, linear SDE-s are not reducible. For the SDE (14) the
reducibility condition becomes

BV (2) — [a(t)b(t) — a(t)B() + B'(t)] b(2) = O,

until the homogeneous linear SDE is always reducible.

III. Let us present now a very strict type of reducibility, illustrated by the
autonomous SDE. The fact that the linear SDE (14) is solvable motivates us to
find an invertible transformation y = h(z), such that the transformed equation be
linear with constant coefficients. In other words, we require the existence of the
constants e, 8,7,6, § # 0, such that the conditions (15) and (16) become

a(z)h'(z) + % b (z)h"(z) = a+ Bh(z),  b(z)h'(z) =+ 6h(z). (23)
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If we assume b # 0, then h(z) is a solution of the linear ordinary differential equation
b(z)h' — 6k = 7. Thus,
h(z) = ce?B) — /5,

where B(z) = [ ’0 ;‘{—:—:5 and zg and c are some constants. The substitution of h(z)

x

into (23) gives finally

az) 1. 1o g\ 486 = &Y =88
([5G -zv@]o+ g0 -pfer=2E,
Replacing A(z) = %g} — 3 V'(z) in the last identity and differentiating results, we
have ; 1
~6% — —_— ! §B(z) —
{[A(z)6+ 26 ﬂ] ) +A(z)}6e =0.
Differentiating again we finally obtain

5 A'(z) + (b(z) A'(z))' = 0.

A'(Z).EO or ((—b(%,‘—‘(l;—:()i)—)’-)l =0 (24)

follows. Conversely, if the last condition in (24) is satisfied, then the transformation

From that

h(z) = ceJB(z)’ where &= _%ﬂ)_',

reduces the autonomous SDE to the linear form. Also, for § = 0 the simple choice
h(z) = vB(z) + ¢ leads to the reducibility condition

(b(z) A'(z)) =0.

At the end, let us indicate briefly how to apply the foregoing results to find the
explicit solution of the autonomous nonlinear SDE

dz(t) = )a:(t)(l -~ f-iﬂ) dt + pz(t) dw(t), z(0)=nas, t>0,

where ), k,u are constants. This equation is reducible in the previous sense,
because thé condition (24) is valid. It is easy to conclude that § = —p, h(z) = 1/z,
and from (23) that @ = Ak, B8 = =X+ p?, v = 0. So, the original SDE is
transformed to the linear form

A -
dy(t) = [£ + (A +uy(t)] dt - ) dw®), O =n"as, t20.
Now it is easy to obtain the explicit solution of the original equation,

1 exp {(A — p2/2)t + pu(?) }
yt) g4 %fotexp {(A = p2/2)s + pw(s)}ds’

z(t) =

L
i
i
¢
i
|
f
|
i
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