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ТНЕ SPECTRAL GEOMETRY 
OF RIEMANNIAN SUBMERSIONS 

Peter В. Gilkeyt, John V. Leahy and Jeong Hyeong Parkt 

Abstract. We study the spectral geometry of а Riemannian submersion 
11" : Z ~ У. We give necessary and sufficient conditions that 11"* preserve the 
eigenforms of Ље Laplacian. We show that if the pull-back of an eigenform is an 
eigenform, then the eigenvalue can only increase. If G јз а compact, connected Lie 
group with Hl (G; JR) :f= О, we give examples of principal G bundles over homogeneous 
manifolds where the pull-back of an eigenform from the Ьазе is an eigenform оп the 
total space with different eigenvalue. 

§О Introduction 

0.1 Mathematical Physics. Berard Bergery and Bourguignon [2] discuss the 
Laplacian of а Riemannian submersion and provide an application to quantum 
physics. They note: "Recently, there has been а renewed interest in classical 
physics for non-bijective canonical transformations (see [3, 26]). This very gen­
eral expression should not Ье taken literally, but more in the sense that certain 
interesting maps between configuration spaces turn out to Ье non-linear and non­
bijective. From а mathematician's point of view, these maps are in fact extremely 
nice (namely, coverings or Hopf fibrations in the examples that we detail later). 
When going to the quantum level, one has to describe how the spectrum of the 
quantum operators are related. Once more, the quantum operators ате not the 
most general operators, but very natural ones related to the Riemannian geometry 
of the situation (for example the Laplace operator of а Riemannian metric plus а 
potential for the energy)." 

М. Boiteux [3Ј studies the Coulumb potential~in two and three dimensions 
and shows that nonbijective transformations require а fiber bundle formulation of 
mechanics. Не shows that the Hopf fibration leads to an inverse harmonic oscillator 
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problem. Boiteux notes "in quantum mechanics, those transformations connect 
operators with different spectra which as such сan not Ье deduced from опе another 
Ьу unitary transformations." Kibler and Negada [23] extend the work of Boiteux 
to discuss the Kustaanheimo-Stiefel transformation for the Hydrogen atom and to 
discuss the Stark and Zeeman effects јп hydrogen ions. For other related work оп 
non-bijective canonical transformations, we refer to Asorey, Carinena, and Ibort 
[1], Cerdeira [5], Dehghani and Sobouti [6], Gracia-Bondfa [19), Kibler Ronveaux 
and Negadi [24], and to Кibler and Winternitz [25]. We also refer to Euguchi et а! 
[7] for а general discussion of gauge theory from the point of view of mathematical 
physics. 

In these brief notes, we will present воте results concerning the spectral 
geometry of Шетаппјап submersions. Despite the fact that much of the motivation 
јэ from mathematical physics, we shall not мвите апу knowledge of the relevant 
physics and shall concentrate оп the mathematical underpinnings of the theory. 

0.2 Notational conventio~s. We assume that аН manifolds are compact, соп­
nected, smooth, without boundary, and Riemannian. Let 7r : Z ~ У Ье а smooth 
surjective тар where dim(Y) < dim(Z). We вау that 7r is а subтersion if pushfor­
ward 7r* : TzZ ~ T1rzY јэ surjective for аН z Е Z. Let Х := 7r-1 (yo) Ье the fiber of 
7r оуе! the basepoint Уо of У. If 7r is а submersion, then we сап find а neighborhood 
Оу of апу point у Е У so that 7r-1 (СЏ = х х Оу and so that 7r(X, у) = у is projec­
tion оп the second factorj this means that 7r defines а fiber bundle. Let V := ker 7r * 

and 11. := Vl... If 7r јв а submersion, then V and 11. are smooth complementary 
distributions of Т Z caHed the vertical and horizontal distributions. Furthermore 
7r. : 11.% ~ T".zY is an isomorphism. If 7r* : 11.% ~ T".zY is ап isometry for аН z, 
then 7r .. is called а Rieтannian subтersion. 

We shall иве capitalletters for tensors оп У and lower сме letters for tensors 
оп Z. Let Pv and p1i Ье orthogonal projection оп V and 11.. Let V* and 11.* Ье 
the dual co-distributions of Т· Z. We вЬаll иве indices i, ј, and k to index local 
orthonormal frames {ei}, and {ei} for V and V" ј we ВЬal} use indices а, Ь, and с to 
index local orthonormal frames {Ја}, {Ја}, {Fa}, and {Fa} for 11.,11.*, ТУ, and 
Т·У. We вЬаll adopt the Einstein convention and вит over repeated indices. 

Let ext(~) and int(~) Ье exterior and interior multiplication Ьу а covector ~. 
We extend int and ext to Ье ring-homomorphismsj thus iпtЊЛ6) := int(6) int(6). 
Let Г Ье the Christoffel symbols of the Levi-Civita connection. Let 

(0.3) 

():= -gZ([еi,!а],еi)!а = Zriia!a, -

(јЈаЫ := gz(ei, [Ја, !ь])/2 = (zr аЫ - zrbai )/2, 

Е := "'-'аЫ extz(e i
) iпtz(Г) intz(fb)j 

() is the unnormalized теan curvature co-vector of the fibers of 7r, W is the curvature 
of the horizont.al distribution, and Е јв an endomorphism of the exterior algebra. 
ТЬе fibers of 7r are minimal {::::} () = о {::::} 7r is а harmonic mар. ТЬе horizontal 
distribution 11. is integrable {::::} w = о. Pullback 7r" defines а natural тар from 
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сооу to СОО Z. Let АР = dд + бd Ье the Laplacian оп the space of smooth р forms. 
The eigenvalues of АР ате non-negative. For л ~ О and џ ~ О, let Е(л, Av) and 
Е(џ, A~) denote the eigenspaces of the Laplacians. 

0.4 ТИЕОRЕМ. Let 71" : Z --t У Ье а теmanпјan submersion. 

(1) A~7I"* - 71"* AV = {dz(intz(8) + &) + (intz(8) + &)dz }71"*. 

(2) IfO i ф Е Е(л, Av) and if7l"*Ф Е Е(џ, A~), then л ~ џ. 

(3) Let р = О. If О -# ф Е Е(л, A~) and јЕ 71"* Ф Е Е(џ, A~), then л = џ. ТЬе 
following conditions ате equivalent 

i) A~7I"* = 1Г* A~. 
ii) ТЬе fibers оЕ 71" ате тiniтal. 

(4) If 1 ~ р ~ dim У, then the following conditionВ ме equivalent: 

i) A~7I"* = 71"* AV' 

ii) '<:ј).. ~ О, 3џ(л) ~ О so 71"* Е(л, Av) с Е(џ(л), A~). 

Ш) ТЬе fibers оЕ 71" ме тјпјтal and 11. is integrable. 

Theorem 0.4 (1) for р = О and Theorem 0.4 (3) was proved Ьу Watson [32]; 
Theorem 0.4 (1) for р> О and the equivalence of (i) and (Ш) in Theorem 0.4 (4) 
was proved Ьу Goldberg and Ishihara [18]. The remaining assertions of Theorem 
0.4 were proved Ьу Gilkey, Leahy, and Park [12] and Ьу Gilkey and Park [14Ј. 
We note that Furutani [10, 11] proved that maps which intertwine elliptic pseudo­
differential operators are necessarily Riemannian submersions. Fuglede [8, 9], and 
Ishihara [22] have characterized maps which preserve local harmonic functions. 
Bergery and Bourguignon [2] gave а careful discussion of the relationship between 
the complete spectrum of A~ and A~ if the fibers of 71" ате totally geodesic. We 
also refer to Burstall [4], Gudmundsson [20], Park [29], and Watson [33] for related 
work оп this subject; Gud~undsson [21] has compiled an excellent bibliography of 
harmonic morphisms which contains additional related references. 

0.5 The Bochner Laplacian. Let Vy Ье а smooth vector bundle over У which 
is equipped with а positive definite fiber metric and а Riemannian connection 'V. 
Use the connection 'V оп Vy andthe Levi-Civita connection оп the tangent bundle 
to define the second covariant derivative 

'V2 
: СОО (Vy ) --t СОО (Vy i8) Т* М i8) Т* М). 

The Bochner Laplacian is defined Ьу Dy := - Тr('V2 ). It is а non-negative operator 
which arises in manу contexts. For р > О, the Weitzenb6ch formulas show that the 
difference between the Bochner Laplacian and the Laplacian АР оп the space of 
smooth р forms is given Ьу curvature; the Lichnerowicz formula shows that the 
difference between the Bochner Laplacian and the spin Laplacian оп the space of 
smooth spinors is given Ьу the scalar curvature. 



The spectral geometry of Riemannian submersions З9 

If 11" : Z -+ у is а Riemanniari submersion, we сan give the pull-back bundle Vz 
the pull-back connection and pul1-back metricj we use these structures to define the 
Bochner Laplacian D z. Pull-back induces а natural тар 11"* : СОО (Vy) -+ СОО (Vz ). 
The following result was proved Ьу Gilkey and Park [17]: 

0.6 ТИЕОRЕМ. Let 11" : Z -+ у Ъе а Юеmanпјan submersion. Let D y Ъе the 
ВосЬnет Laplacian оует У and let Dz Ъе the induced ВосЬпет Laplacian over z. 
по =1- ф Е Е(>', Dy) and if 11"* Ф Е E(f.1., Dz), then>. = f.1.. ТЬе following assertions 
аге equiva1ent 

(1) DZ 1l"* = 11"* Dy . 

(2) ТЬе flbers оЕ 11" аге mЈnЈmа1. 

The scalar Laplacian ~ 'lt- is defined Ьу the flat connection оп the trivialline 
bundle over М. Thus Theorem 0.4 (З) is а special case of Theorem 0.6. 

0.7 Principal bundles, sphere bundles, and Hat SL submersions. We say 
11" : Р -+ У is а principal G bundle if G is а compact Lie group which acts оп Р 
without fixed points and if 11" is the projection to the quotient P/G. We choose 
а bi-invariant metric оп G. If the metric оп Р is G invariant, if the fibers of 11" 

ате isometric to G, and if 11" is а Riemannian submersion, then 11" : Р -+ У is а 
Riemannian principal G bundle. This implies the fibers of 11" ате totally geodesic. 

Let 11" : V -+ у Ье а real vector bundle over У. We assume V is equipped 
with а smooth positive definite fiber metric and let S(V) Ье the associated unit 
sphere bundle. Let v,\? Ье а Riemannian connection оп V. We use v'\? to split the 
tangent space of the total space of V into horizontal and vertical distributions and 
to define а Riemannian metric оп V. We restrict this metric to the sphere bundle 
S{V); the induced projection 1I"S : S(V) -+ у is а Riemannian submersion with 
total1y geodesic fibers. 

We say that а submersion r : Z -+ у is fiat if the horizontal distribution is 
integrable. This means that the transition functions of the fibration сап Ье chosen 
to Ье local1y constant, ј.е. are flat. We say а flat submersion 11" has structure group 
SL if the transition functions сап Ье chosen to preserve some volume element оп the 
fibers or equivalently if there exists а measure v оп the fibers so the Lie derivative 
.с н v = О for every horizontal lift. 

0.8 Rigidity of eigenva1ues. Generically, the риll back of ап eigenform will 
not Ье ап eigenform; it is quite а special situation when О =1- ф Е Е(л, ~v) and 
1I"*Ф Е E(f.1.,~i). We say eigenvalues change if л =1- f.1.. Theorem 0.4 shows that 
eigenvalues сan not change if р = о. Furthermore, if р> о and if all the eigenforms 
are preserved, then eigenvalues сап not change. There ате other circumstances 
under which еуеп а single eigenvalue сап not change; the eigenvalu es are rigid. 
Assertion (1) of the fol1owing theorem was proved in Gilkey, Leahy, а nd Park [IЗ], 
assertion (2) was proved јп Gilkey, Leahy, and Park [12], assertion (З) was proved 
in Gilkey and Park [15J, and assertion (4) was proved јп Park [ЗОЈ. Let Hk(M; IR) 
Ье the de Rham cohomology groups of а manifold М. 
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0.9 ТИЕОRЕМ. Let 1f' : Z -t У Ье а. тетa.nnia.n subтersion, let О i- ф Е Е(л, 6o~) 
a.nd let 1f'*'Ф Е Е(џ, 6o~). 

(1) If 1f' : Z -t У is fla.t with structure group 8L, then л = џ 
(2) Н 1f' : Z -t У is а. ргјпсјра.1 G bund1e with Н1 (а; IR) = О, then л = џ. 
(З) Н 1f' : Z -t У is а. sphere bund1e оЕ fiber diтension r ~ 2, then л = џ. 
(4) Н the fibers оЕ 1f' ате тinјта.1 a.nd јЕ р = 1, then л = џ. 

The eigenvalue л = О is distinguished; the Hodge de Rha.т theorem permits us 
to identify Е(О, 6ott) with the cohomology groups НР(М; IR). Assertion (1) under 
the additional assumption that the fiber was connected in the fol1owing theorem 
was proved in Park [ЗО]; assertion (2) was proved in Gilkey and Park [16]. The 
crucial point is that there is по condition оп the metric; we do not assume the 
submersion is Riemannian in the fol1owing theorem. 

0.10 ТИЕОRЕМ. Let 1f' : Z -t У Ье а. subтersion, let О i- ф Е Е(О,6оИ a.nd let 
1f'*Ф Е Е(џ, 6o~). 

(1) ЈЕр = 1, then џ = О. 
(2) Н the fiber оЕ 1f' is a.n еуеп dimensiona.1 sphere, then џ = О. 

0.11 Submersions where eigenvalues change. Muto [27, 28] gave exa.тples of 
Riemannian principal 81 bundles where eigenvalues change. The following essen­
tially follows from calculations of Muto. 

0.12 ТИЕОRЕМ. Let L\J Ье а. unita.ry connection оп а. сотрlех line bund1e оуег У 
with a.ssocia.ted curva.tиre 2-Еогт;: = :F(L\J) and associa.tedprincipa.1 сјтсlе bund1e 
8 = 8(L). Let Ф Е Е(Л,6оИ. Assuтe tha.t dуФ = О, that dy iпtу(:F)Ф = О, a.nd 
that - exty(:F) iпtу(:F)Ф = €~ Еон consta.nt. ТЬеп 1f'*Ф Е Е(л + 10, 6o~). 

We сa.n use this Theorem to construct examples where eigenvalues cha.nge. 

О.lЗ ТИЕОRЕМ. Let У Ье а hoтogeneous тa.nifold with H2(Y;IR) i- О. ТЬеге 
exists а сотрlех line bundle L оуег У and а. unita.ry connection L\J оп L such that 
10:= 1:F12 18 consta.nt, 8UСЬ that О i-:F Е Е(О, А}), and 8UсЬ that 1f's:F Е E(€,601). 

This phenomena of changing eigenvalues also appears in complex geometry. 
Let L Ье а holomorphic line bundle over а complex ma.nifold У. We say that L 
is positive if the curvature :F of L is the Kaebler form of а Hermitian metric оп 
У; there is а possible sign convention which plays norole in оиr development. For 
exa.тple, the hyperplane bundle Н is а positive line bundle over complex projective 
space срп and the associated metric is the Fubini-Study metric. More generally, 
if У is а holomorphic submanifold of срJl for some l/, then the restriction of Н 
to У is а positive linе bundle over У and the metric оп У is the restriction of the 
Fubini-Study metric to У. Conversely, if У admits а positive line bundle L, then 
there exists а holomorphic embedding а : У -t срJl for some l/ and а positive 
integer k so that L®k = а* Н. We say У is а Hodge manifold if У admits а positive 
line bundle; we тау identify the set of Hodge manifolds with the set of smooth 
algebraic varieties. 
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0.14 ТИЕОRЕМ. Let:F Ье the curV'ature ofapositive lјпе bundle L over а сотрlех 
manifold У оЕ геal dimension 2n. Let 11' : S -t У Ье the associated Sl ргјпсјрal 
bundle. ТЬеп О:ј; :FP Е Е(О, ~;r) and 11'* FP Е Е(Р(n + 1- р), ~'1) foг 1 ~ р ~ n. 

ТЬе following result shows that the hypothesis Hl (С; IR) :ј; О јп Theorem 0.9 
(2) was essential, а special саве was proved in Gilkey, Leahy, and Park [12]. 

0.15 ТИЕОRЕМ. Let Ф Е Е(>', ~И [ог >. :ј; о sati8fy Iфl2 = а Ј8 cOn8tant and 
dуФ-= О. Let С Ье а compact connected Lie group ,,'ith Нl (С; IR) :ј; О, and let 11' 

Ье projection оп the second factor of Р := С х У. Рог anу е > О, Његе exists а 
metric gp(e) оп Р so that 11' : Р -t У is а ЮеmanпЈап principal С bundle and so 
that 11'* (Ф) Е Е(л + €2a, ~J,). 

0.16 Remark. То see that Theorem 0.15 is non-trivial, we could take У to Ье the 
unit quaternions S3. If е is апу non-vanishing left invariant covector оп У, then 
Ф = de Е Е(4, ~~3) and Iфl2 is constant. 

0.17 Remark. We сап construct examples where eigenvalues change for р > 2 Ьу 
taking appropriate Riemannian products in Theorems 0.12 and 0.15 аЬоуе. We do 
not know of апу examples where eigenvalues change if р = 1; if eigenvalues change 
for р = 1, the fibers сап not Ье mјпјmа! Ьу Theorem 0.9 (4). Ву Theorem 0.4 (3), 
eigenvalues do not change if р = О. 
0.18 Contents. Here is а brief guide to the paper. 

§1 ТЬе equations of structure (ТЬm. 0.4 (1». 
§2 Fiber products (ТЬm. 0.4 (2). 
§3 ТЬе Bochner Laplacian (Thms. 0.4 (3) and 0.6). 
§4 ТЬе Laplacian оп р forms (ТЬm. 0.4 (4)). 
§5 Riemannian submersions where eigenvalues are rigid (ТЬт. 0.9). 
§6 Topological considerations (ТЬm. 0.10). 
§7 Riemannian submersions where eigenvalues do change (Thms. 0.12-0.16). 

§1 Equations of structure 

In this-section, we prove Theorem 0.4 (1). Let 11' : Z -t У Ье а Riemannian 
submersion. Let {Ра } Ье а local orthonormal frame for ТУ and let {Ја} Ье the 
horizontal1ift; {Ја} is а local orthonormal frame for 11.. Let ei Ье а local orthonor­
та} frame for V. Let уг and ZГ Ье the Christoffel symbols of the Levi-Civita 
connections УУ' and zV'. 

1.1 LEMMA. If / and] аге the horizantallifts afvector fields F and F Егат У to 
Z, then 11'* [Ј, Ј] = [Р, Р]. Н/е hюrе Zг аЬс = 11'* (уг аЬс), dy = exty(Fa)YV' Рс ' and 
бу = -iпtу(Fа)УVF,,. 
Proo/. Let 'l/;(t), ф(t), Ф(t), and Ф(t) Ье the flows of the vector fields /, ], Р, and 
Р. Since 11'./ = F and 11'*] = Р, 1I''l/;(t) = Ф(t)1I' and 1I'ф(t) = Ф(t)1I'. Let 

h(t) := 'Ф( -v'i)ф( -Vt)'l/;( Vt)-ф( Vt)(zo) 

H(t) := 1I'h(t) = Ф(-Vt)Ф(-Vt)Ф(Vt)Ф(Vt)(1I'Zо) 
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for Zo Е Z. As k(O) = [f,j](zo) and JГ ... k(O) = Л(О) = [F,F](JГZo)j the first 
assertion now follows. Since 1г is а Шетаппјan submersion and since the Ја are 
the horizontallifts о! the Fa , we тау use the first assertion to prove the second Ьу 
computing: 

zr аЬс = {gz([fa, Јь], Јс) - gz«(fb, Јс], Ја) + gZ«(fc,!a], Јь)} /2 

= {gy( 1Г*[Ја, Јь], 1Г .. Је) - gy( 1Г*[Јь, Је], 1г ... Ја) + gy(JГ .. [Је, Ја], 1г .. јь)} /2 
= {gy([Fa, Fb], Fc ) - gy ([Fb , Fc], Fa) + gy([Fe , Ра], Fb)} /2 = уг аЬс· 

The following operators are invariantly defined: 

Ју := exty(Fa)YV'F
a 

: СОО(ЛРУ) -4 СОО (лР+1у), 

бу:= -iпtу(Fа)УVр,, : СОО(ЛРУ) -4 соо(лр-1у). 

Furthermore, dy = Ју and бу = бу if the metric оп У is fiatj these two operators 
have the saтe leading symbol. Thus dy - Ју and бу - бу аге invariantly defined 
oth order operators which аге linear јп the Christoffel symbols; this means that they 
аге endomorphisms of the exterior algebra. Since we сan always choose а frame 80 

УГ(УО) vanishes at а single point, these oth differences must vanish identically. О 

Since dzJГ* = JГ*dy, Theorem 0.4 (1) wШ follow from the following Lemma. 

1.2 LEMMA. Н 1г : Z -4 У js а Шеmannјan submersjon, tben 

Proo/. Let FA := FG 1 Л ... Л рйр where А = (1 ~ al < ... < ар ~ dim(Y)) is 
а multi-index. The {рА} for IAI = р form а local orthonormal frame for ЛРУ. 
Expand Ф Е СОО ЛРУ јп the form Ф = ЕIАI=РФ АрА. Since 1г is а Шетаппјап 
submersion, extz(fa)JГ* = 1Г" ехtу(FЙ) and intz(fa)JГ* = 1Г* iпtу(РЙ). Then 

we тау expand ZVФ similarly. We use Lemma 1.1 to вее: 

(1.3) 

(1.4) 

(1.5) 

(1.6) 

(1.7) 

(1.8) 

бz1Г*Ф =БZ1Г*(ФА)fА 

= - iпtz(еi)еi(1Г*ФА)fА 

- intz(ei)Zriab extz(fb) iпtz(fа)1Г*Ф 

- intz(ei)Zriaj extz(ej) intz(fЙ)1Г* Ф 

- iпtz(fа)fй(1Г*ФА)fА 

- iпtz(fЙ)ZГ йЬс extz(fC) intz(ЈЬ)1Г* Ф 

- intz (fЙ)ZГ йЬ; extz( ei
) intZ(fb)JГ* Ф. 
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Since horizontal covector fields areannihilated Ьу intz(ei), the terms in (1.3) and in 
(1.4) vanish. Furthermore in (1.5) we must have i = ј. Ву definition, () = -ZГiаiЈа 
so the terms in (1.5) yield intz(()· Since УГаЬс = zrabc , the terms in (1.6) and 
(1.7) yield 1I"*бу . Note that 

- intz(Ja) extz(ei ) intz(i) = extz(ei
) intz(Ja) intz(Jb) 

= - extz(ei ) intz(Jb) intz(Ja). 

Thus we тау anti-symmetrize to see the terms in (1.8) yield 

§2 Fiber products 

Јп this section, we use fiber products to prove Theorem 0.4 (2). We adopt the 
following notational conventions. Let 1I"И : И ~ У and 1I"v : V ~ У Ье Riemannian 
submersions with horizontal and vertical distributions 1iи, 1i v, Vи, and Vv. Let 

W:= {w = (u,v) Е И х V: 1I"и(и) = 1I"v(v)}. 

We риll back Т(U) and T(V) from И and V to И х V and identify Т(U х V) with 
Т(U) ЕВ T(V). We embed T(W) in Т(U х V). Let 

1I"W(w) := 1I"и(и) = 1I"v(v) : и-r ~ У, 

Vw(w) := Vи(и) ЕВ V\/(v) , 

1iw(w) := ((~,ТJ) Е 1iи(и) ЕВ 1iv(v) : (1I"И)*~ = (1I"v)*ТJ}. 

We define а пеw metric оп W Ьу requiring that 1iw, Vи, and VV are orthogonal, 
that the metrics оп Vи and VV are induced from the metrics оп И and оп V, and 
that (1I"W(w»* : 1iw(w) ~ TY(1I"(w» is an isometry. ТЬе metric оп 1iw differs 
from the subspace metric Ьу а factor of 1/-../2; the diagonal in а right equilateral 
triangle has length -../2. Let 1I"1(U,V) = и and 1I"2(U,V) = v. Then 11"1 : W ~ И, 
11"2 : W ~ V, and 1I"W : W ~ У are Riemannian submersions. 

Let ЈаД and Ja,v Ье Ње horizontallifts of Fa with respect to the submersions 
1I"и and 1I"V· ТЬеп Ja,W := Ја,И+ fa,v is the horizontallift of Fa with respect to 1I"W; 
Ja,W is also the horizontallift of ЈаД with respect to 11"1 and of Ja,v with respect to 
11"2. Let {еiД} and {ео:, v} Ье local orthonormal frames for the vertical distributions 
of 1I"И and 1I"v and let {ei, w, ео:, ~v} Ье natural extensions to W. Then ei, W is the 
horizontallift of еi,И under 11"1 and eo:,w is the horizontallift of eo:,v under 11"2' We 
have that {ei, w, ео:, w} is а local orthonormal frame for the vertical distribution 
of 1I"W, that {ei, w} is а local orthonormal frame for the vertical distribution of 11"2, 
and that {ео:, w} is local orthonormal frames for the vertical distribution of 11"1. 
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2.1 LEMMA. 

(1) We ha.ve Bw = 1ГiВи +1Г2'Вv. 
(2) We ha.ve t'w1Гw = 1Г~t'U1Гi; + 1Г2't'v1ГV. 
(3) Н Ф Е Б(л,~?), if 1Гi;Ф Е Б(л + €и, ~iт), and if 1Гv Ф Е Б(л + €v, ~~,), 

then 1ГwФ Е Б(л + €и + €v, ~~). 

Proof. We use Lemma 1.1 to prove assertions (1) and (2) Ьу computing: 

Bw = -{gw(ei,w, [ei,W, !a,W]) + gw(ea,W, [ea,w, !а,W])}1Гw (ра) 

= -{gu(ei,u, [ei,U, !а,и]) + gv(eo:,V, [еау, !a,V]) } 1ГИ. (ра) 

= 1Г~Bи + 1Г2'Вv , 

"-'Wiab = gw(ei,w, [Ja,W, !b,w])/2 = gu(ei,U, [Ја,и, !ь,и])/2 = "-'Uiab, 

"-'Waab = gw(ea,w, [!a,W, !b,w])/2 = gv(ea,v, [!a,V, !b,v])/2 = "-'Vaab· 

We use assertions (1) and (2) and Theorem 0.4 (1) to compute: 

(€и + €V)1ГwФ =1Гi {~iт1Гё; - 1Гi;~?}Ф + 1Г;{~t1Г'" - 1Гv~?}Ф 

=1Г~ ((intu(Bu) + [и )du + du (intu (Ви ) + [и) }1Гi;Ф 
+ 1Г2' ((intv(Bv) + t'v)dv + dv(intl,(B\/) + t'V)}1Г\,Ф 

= ((intw (Bw) + t'w)dw + dw(intlV(Bw) + t'lV)}1ГwФ 
=(~fv1Гw - 1ГЙr~? )Ф. о 

We сап now complete the proof of Theorem 0.4 (2). Let 1г : Z -7 У Ье а 

Riemannian submersion. Let О i= Ф Е Б(л, ~И and let 1Г*ф Е Б(л + 10, ~i). 
Let Zo = Z and inductively let Zn = W(Zn-l,Zn-l) Ье the fiber product of 
Zn-l with itself. Let 1Гn : Zn -7 у Ье the associated projection. Ву Lemma 2.1, 
1Г~ Ф Е Б(л + 2n

€, ~~n). Since the Laplacian оп Zn is а non-negative operator, 
л + 2n

€ ~ о. Since this holds for аН п, 10 ~ О as desired. О 

§3 ТЬе Bochner Laplacian 

In this section, we prove Theorem 0.4(3) and Theorem 0.6. Let 1г : Z -7 У 

Ье а Riemannian submersion. Let О i= Ф Е Б(л, ~~) and let Ф = 1Г*Ф. Suppose 
Ф Е Б(џ, ~~). Ву Theorem 0.4 (1), (џ - л)ф = iпtz(В)1Г* dуФ. Choose Уо БО Ф(Уо) 
is maximal. Then dуФ(уо) = О БО (џ-л)Ф(Zо) = о where 1ГZо = Уо. Ву replacing Ф 
Ьу -Ф if need Ье, we тау assume the m~imal value of Ф is positive and conclude 
л = џ. If В = о, then Theorem 0.4 (1) implies ~~1Г* = 1Г* ~~. Conversely, if this 
identity holds, then intZ(В)1Г*dу = о. Since В is а horizontal co-vector, this implies 
В = о. ТЫБ completes the proof of Theorem 0.4 (3). О 

I 
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We generalize this argument to prove Theorem 0.6. We first genera1ize ТЬе­
orem 0.4 (1) to the context of the Bochner Laplacian: 

3.1 LEMMA. We Ьауе Dzn* -1Г* Dy = intz(B)n*V'y. 

Ртоој. Since the calculations are local, we тау assume V is trivial. Decompose 
Ф Е COO(V) into its components; thus we Ьауе Ф = (Ф1 , ... , Фr). Let {ра } Ье а 
local orthonormal frame for ТУ. We define the vector valued derivative of Ф Ьу 
differentiating the components; this means that Fа(Ф) := (Fа (Ф 1 ), ••• , Fа(Фr». Let 
у А Ье the connection 1-form of V'y; we тау expand у А := у Аара where у Аа is 
an r х r matrix. We then expand 

V'уФ := Ф;а 18) ра , V'irФ:= Ф;аЬ 18) ра 18) рЬ , 

Ф;а := FаФ + у АаФ, Ф;аЬ := FьФ;а + у АЬФ;а + УГЬеаФ;е, 
DуФ:= -(FаФ;а + у АаФ;а + УГасаФ;с). 

Let Ф = 1Г*Ф. Note that z А = 1Г*У А. Thus V' zФ = 1Г*V'уФ. Since the verti­
са! covariant derivatives Ф;i = О and since Ьу Lemma 1.1, zrabe = 1Г*УГаЬе, we 
compute 

Dzф = -(fаФ;а + z АаФ;а + zr аеаФ;с + ZГiсiФ;е) , 

DZn* - 1Г* Dy = -ZГiсiФ;с = intz (В) (У' zФ) = iпtz(В)1Г*V'УФ. О 

We сan now prove Theorem 0.6 using the same argument used to prove ТЬе­
orem 0.4 (3). Let О f Ф Е E(>.,Dy) and Ф Е Е(р, Dz). ТЬеп (Р->')Ф = 
iпtz(В)1Г*V'УФ. Since V' is а Riemannian connection, we тау take the inner prod­
uct with Ф to see 

(р - >,)/ф/ 2 = intz (В)1Г* (V'уФ, Ф) = iпtZ(В)1Г*d/ф/2/2 = (В,1Г*d/ф/ 2 )/2. 

Choose Уо so /Фј2(уо) is maximal. Then d/ф/ 2 (уо) = О so (р - >,)/ф/ 2 (zо) = О where 
JГZo = уо. Since /ф/ 2 (zо) = /ф/ 2 (уо) f о, we conclude >. = р. 

If В = о, Lemma 3.1 implies DZn* = 1Г* Dy. Conversely, suppose Dz n* = 
1Г* Dy. Then intz(B)n*V'y = о. Since В is а horizontal differential form, В = о. о 

§4 Тће Laplacian оп р forms 

In this section, we prove Theorem 0.4 (4). Let 1г : Z -+ У Ье а Riemannian 
submersion and let р > о. Theorem 0.4 (1) shows that (4-Ш) implies (4-i); it is 
immediate that (4-ј) implies (4-Н). We suppose that (4-Н) holds. This means that 
for anу >. Е IR. there exists €(>.) so that 1Г* Е(>', L\.~) с Е(>' + €(>.) , L\.i). Let p1i Ье 
orthogonal projection from АР Z to АР1{. If Ф Е Е(>', L\.И, we use Theorem 0.4 (1) 
to see 

0= €(>')(1 - Рll)1Г*Ф = (1 - Pll)(dz(intz(B) + &) + (intz(B) + Е)dz)1Г*Ф. 
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Since the span of the eigenspaces Е(л, ~~) is dense in соо ЛРУ, we have 

(4.1) (1- p1l)(dz (intz (8) + &) + (intz(8) + &)dZ)JГ* = О оп СОО ЛРУ. 

Fix а point Zo Е Z and let уо = JГZo. Choose F Е СООУ so that Р(Уо) = о. Let 
~ := dF(yo). Since intz(8) + & is а Oth order operator, we apply equation (4.1) to 
FФ and evaluate at Zo to see 

Since О = (1- P1l){extz(JГ*~)intz(8) +intz(8)extz(JГ*~)}JГ*, and since & always 
introduces а vertical covector, we conclude 

We set 7Г* ~ = ЈС to see that for any с we have 

о =lJJabi{ extz (ЈС) extz(e i
) intz(Ja) intz (ЈЬ) + extz(e i

) intz(Ja) intz(Jb) extz (ЈС)} 

=lJJabi extz(ei){ - extz(JC) intz(Ja) intz(Jb) + intz(Ja) intz(Jb) extz(JC)} 

=lJJabi extz(ei){intz (Ја) extz(JC) intz (ЈЬ) + intz(Ja) intz(Jb) extz(JC) 

- дас intz (ЈЬ)} 

=lJJabi extz(ei){ - intz(Ja) intz(Jb) extz(JC) + intz(Ja) intz(Jb) extz(JC) 

- дас intz(Jb) + 8ь~ intz(Ja)} 

= - 2IJJсы extz(ei) intz(Jb). 

Since р ~ 1, this implies IJJ = О so 11. is integrable. 

We now recall а bit of the geometry of Riemannian submersions with inte­
grable horizontal distributions. 

4.2 LEMMA. Let Х Ье the ЈЉет оЕ а lliemannian submersion 7г : Z -t У. AS8ume 
the horizonta1 di8tribution оЕ 7г is integrable. ТЬеп we can find 10са1 coordinate8 
z = (х, у) оп Z 80 7Г(х, у) = У and 80 ds~ = gij(X, y)dxi о dx j + hab(y)dya о dyb. If 
we 8et gx := det(gij )1/2, then 8 = -dy ln(gx). 

Proof. Choose local coordinates у = (уа) defined оп а neighborhood () of some 
point уо in У. Let Ја Ье the horizontal lift of the coordinate vector fields a~ 
from У to Z over 7Г- 1 «())ј this is not ап orthonormal frame. We use Lemma 
1.1 to see 7г * [Ја,јь) = [ах, a~) = о. Since 11. is integrable, [Ја ,јь) Е 11. so we 
see [Ја, Јь] = о. Choose local coordinates х = (x i ) for the fiber Х = 7Г- 1 (уо) 
near Zo and use the Frobenius theorem to extend х to а system of coordinates 
z = (х, w) оп а neighborhood of Zo so that Ја = а:;:. The projection of the 
integral curves of the vector fields а:;: are the integral curves of the vector fields 
ag. Therefore у = JГ(X,w) = W and 7г is projection оп the second factor. Since 
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V = ТХ = span{8n is perpendicular to 1-1. = ТУ = span{8:} and since 71"" is an 
isometry from 1-1. to ТУ, the metric locally has the form given in the first assertion. 

If М is а Riemannian manifold with ds~ = grsdur odu8
, let gM := det(grs) 1/2 . 

Then A~ = -9-;}аr9мgrS8s . Express the metric оп Z locally as in the first 
assertion. Then intz«(I)dZ7l""ф = A~7I"" -71"" A~ = - intz(gxldY9X )dz7l"" Ф for any 
Ф Е СОО(У) so () == -dy ln(gx). О 

We continue the proof that Theorem 0.4 (4-ii) implies (4-Ш). Let dx denote 
exterior differentiation along the fiber. We set & == О and use equation (4.1) to вее 

(4.3) 0= dx intz«(I)7I"* оп СОО ЛРУ. 

This implies () is constant оп the fibers so () == 1Г" 6 is the pull back of а globally 
defined 1-form оп the Ьаэе. Since 1-l is integrable, we use Lemma 4.2 to give а 
local decomposition of Z so that we have () = 71"*6 = -dy ln(gx). Let 1јЈ(у) Ье the 
volume of the fibers. Let dv; Ье the EucIidean measure. Then 

dy1jJ(y) ==dy Јх gx(x, y)dv; = Jx(9x9x1dY9X )(х, y)dv; 

= - Јх 9Х(Х, у)(I(х, y)dv; = -6(у) Јх gx(x, y)dv; 

= - 6(у)1јЈ(у). 

Thus () = -1Г* dy ln 1јЈ where 1јЈ Е СОО (У) is globally defined. 

Let g(t)z = 1jJ2tds~ + ds'it define а conformal variation of the metric оп the 
vertical distribution and leave the metric оп the horizontal distribution unchanged. 
Then 1г : Z(t) -t У is а Riemannian submersion with integrable horizontal distri­
bution. We use Lemma 4.2 to see ()(t) = (1 + tdim(X»6 and thus 

Ai(t) 71"* - 1Г* A~ = (1 + tdim(X»(dz intz«() + intz«()dz )1Г* 

= (1 + t dim(X»(Аi1Г* - 1Г* A~), 

1Г" Е(л, A~) с Е(л + (1 + t dim(Х»€(л), Ai(t». 

Since the Laplacian is а non-negative operator, л + (1 + t dim(Х»€(л) ~ О. Since 
t is arbitrary, €(л) = О. Thus (dz intz«() + intz(6)dz )1Г" == О so (1 = О. This 
completes the proof of Theorem 0.4 (4). О 

§5 Riemannian submersions where eigenvalues are rigid 

In §5.1, we wШ"рrоvе Theorem 0.9 (1), in §5.2, we will prove Theorem 0.9 
(2), in §5.3, we will prove Theorem 0.9 (3), and in §5.8, we will prove Theorem 0.9 
(4). 

5.1 Flat Riemannian submersions with structure group SL. Let 1Г: Z -t У 
Ье а Riemannian submersion with integrable horizontal distribution. Assume there 
exists а measure v оп the fibers so the Lie derivative LHV = О for all horizontal 

I 
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lifts Н. Expand dvolz = е"'II7Г*dvоlу to define а smooth function о: Е COO(Z). We 
apply Lemma 4.2 to choose а local decomposition of Z so that 

ds~ = 9ij(X, y)d,xi о dxj + hab{y)dyO о dyb. 

Expand 11 = еiЗ(Х'У)II; where 11; is Euclidean measure. Since Lд:1I = о and since 
Lд~ 11; = О, (з is independent of у. We expand 

dvolz = gХII~7Г*dvоlу = еiЗ+OtIl~7Г*dvоlу. 

This shows УХ = еiЗ+'" so () = -dy ln(gx) = -dу((З + 0:) = -dy(o:). Suppose 
О =f. ф Е Е(л, АИ and 7Г*ф Е Е(л + 10, A~). As in the proof of Theorem 0.4 (4) 
given in §4, we consider the canonical variation dS~(t) = e2tDlds~ + ds~ and see 
7Г*ф Е Е(л + 10(1 + tdimX), A~(t)). This shows 10 = О and completes the proof of 
Theorem 0.9 (1). G. 

5.2 Principal О bundles. Let О Ье а compact Lie group with а bi-invariant 
metric. Assume Нl(О; 1R) = О. Let 7г : Р -+ У Ье а principal Riemannian О 
bundle. Let ~ Е Те(О) and let g(t) Ье the 1-parameter subgroup ofO with 9(0) =~. 
Multiplication Ьу g{t) defines а flow оп Р which is an isometry. Let ~ Ье the 
associated Killing vector field; ~ has constant length since the fibers have the ы­
invariant metric. Consequently the integral curves of ~ are geodesics; this implies 
that the fibers of 7г are totally geodesic so () = о and only the curvature enters. Let 
О =f. ф Е Е{л, A~) and let 7Г*ф Е E(fJ, A~). Ву replacing Ф Ьу dуФ if necessary, we 
тау assume without loss of generality that dуФ = О. Expand Ф = ~IАI=рФАFА 
and &7Г*ф = ~IАI=р-2 extp (јЈА) !А . The (ЗА are vertical co-vectors which are О 
invariant. Since dуФ = О and () = О, 

(fJ - Л)7Г*ф = ,6.~7Г* - 7Г* A~ = dр&7Г*Ф 

has по vertical dependence. Thus the vertical derivative of the restriction of (3 А 
to the fibers vanishes. Since Нl(О; 1R) = О and since the (ЗА are о invariant, this 
implies the restriction of the (3А to the fibers vanishes and ћепсе (ЗА = О for аН 
multi-indexes А. This implies л = fJ and completes the proof of Theorem 0.9 
(2). О 

5.3 Тће geometry of sphere bundles. Let V Ье а real vector bundle of rank 
r ~ 3 over У. We assume V is equipped with а fiber metric and let S(V) Ье the 
unit sphere bundle. We use the Riemannian connection v\7 оп the bundle V to 
split T(V) = V ffi 11.. We use this splitting to define а Riemannian metric 9v so 
7г : V -+ У is а Riemannian submersion. The restriction of 7г t~S(V) defines 
а projection 7Гs : S(V) -+ У which is а Riemannian sub..D1ersion. We begin the 
proof of Theorem 0.9 (3) Ьу developing some of the Riemannian geometry of this 
situation. Let у = (уа) Ье local coordinates оп У and let S = (s;) Ье а local 
orthonormal frame for V. The тар (х, у) -+ Si(y)X i introduces local coordinates 
оп V. Let V\7Si = Aaij(y)dyasj; Aaij is the connection 1-form of v\7 relative to 
the given local frame. Let ау and a~ Ье the coordinate frames for the tangent 
bundle ofthe total space V. 
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5.4 LEMMA. 

(1) gv(a~, af) = gy(aa, аь) + xixj AaikAbjk, gv(a~ ,аn = Aajixj , and 
gv(af, ал = dij. 

(2) тrs: 5(V) -+ У јз а Riema.nnian вuЬmегзјоп with total1y geodesic fibers. 

(3) If Ја := a~ - хј Aaji8f, Њеп Ја јз the horizonta1lift оЕ a~. 
v . 

(4) Let Rabij Ье the curvature оЕ \7. Then 2ЦЈаЫ = -RаЬјiХЗ. 
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Proof. Let Ј : о -+ O(r) define а local gauge transformation s = Ј(у)в. Fix 
уа Е у and choose Ј so that f(Уо) = 1 and dJ(yo) = -А(уо). Then В(Уо) = в(уо) 
and v\7s(yo) = о. Let (х,у) Ье the new system of local coordinatesj the identity 
xis i = i:isi implies уа = уа and хј = iiJij. Thus at а point Zo Е тr-1(yo) we have: 

(5.5) ах - ах d ау - ау А·· iax 
i - i ап а - а - а.з х ј. 

Since v\7s(yo) = о, 1i(zo) = span{ag} and V(zo) = span{af}. Therefore 

gv(ag,af)(zo) =gy(a~,an(yo), 
(5.6) 

gv(ag,af)(zo) = О, and gv(af,aj)(zo) = Oij. 

Assertion (1) now foIIows from equations (5.5) and (5.6). То prove assertion (2), 
normalize the choice of coordinates оп У so the 1-jets of the metric vanish at уа 
and choose the frame so v \7 В(Уо) = о. Then the 1-jets of metric оп V vanish at 
(Х,Уо). Thus the curve 'Y(t) = (х + tx,yo) is а geodesic јп V and the fibers of V 
аге totally geodesic. Let ~ Е 50. Since orthogonal projection of Т(, Vo оп Т(,5 is 
contained јп 50, 50 is а totally geodesic submanifold of 5 so (2) follows. Since 
gV(Ja, a'k) = о and since {ап span the vertical space, Ја is the horizontallift of 
a~ and (3) foIIows. We choose s so А(уо) = О and compute 

2UJabi(X, Уо) =gV([JaJb] , ei)(x, Уо) = (а: Аај; - a~Abji)(YO)xj 

=Rbaji(YO)~ . 
Since UJ and R аге tensorial, (4) folIows. О 

We сап now complete the proofTheorem 0.9 (3). Let О:ј:; Ф Е Е(л,АУ) and 
let тr*Ф Е E(f..t, A~). Since () = о, (л - f..t)тr*Ф = (dz& + &dz)тr*Ф. Ву replacing Ф 
Ьу dуФ if necessary, we тау assume without 10ss of generality that dуФ = о. Let 
dv := pvds Ье the vertical exterior derivative. We apply (1 - P1i) to see 

(5.7) exts(dv(xjdxi»Rabij ints(fa) iпts(fЬ)тr*Ф = о. 
If we llormalize the coordinates so А(уо) = о, then dv(xjdxi ) = dxj 1\ dxi . Since 
the fiber dimension of V is at least 3, the dimension of the fiber spheres is at least 
2 and equation (5.7) implies ЛаЫј ints(fa) iпts(fЬ)1Г*Ф = О for аЈl i, ј. This shows 
&тr*Ф = О and hence л = f..t. This completes the proof of Theorem 0.9 (јј. О 

5.8 One forms. Let О :ј:; Ф Е Е(л,АИ, and let 1Г*Ф Е Е (f..t , Ak)· Suppose that 
() = О. Then 

(л - f..t)тr*Ф = (dz& + &dz)тr*Ф = &dzтr*Ф. 
Since &dz1Г*Ф llas vertical dependence, it must vanish. .This shows л = f..t and 
completes the proof of Theorem 0.9 (4). О 
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§6 Topological constructions 

In this section, we use methods of a1gebraic topo10gy to prove Theorem 0.10ј 
we refer to Spanier [31Ј for detai1s concerning the results which we wi1l use. 

6.1 Тће pull back о! harmonic 1-forms. Let М Ье а connected manifo1d. 
Тће Abelianization of the fundamental group 71"1 (У) is first integer homo10gy group 
H1(Mj'1..). Ву the universa1 coefficient theorem, H 1(MjJR) = Hoт(H1 (Mj'1..)jJR). 
Thus Н1(Мј JR) = Hoт(7I"1 (М)ј JR). We сan interpret this isomorphism geometri­
сш1у as follows. Let [Ф1 Е Н1(Мј JR) represent а de Rham cohomo10gy c1ass and 1et 
[0:] Е 71"1 (М) represent an e1ement ofthe fundamental group. Then (Ф,о:) ~ Ја Ф 
extends to а well defined тар Х: Н1(Мј JR) х 71"1 (У) ~ JRj the тар [Ф] ~ I([Ф],.) 
provides the isomorphism from Н1(Мј JR) to Hoт(7I"1 (М)ј JR). 

Let 71" : Z ~ У Ье а fiber bund1ej we impose по restrictions оп the metric. 
Suppose that О f- Ф Е Е(О, D.~)j Ьу the Hodge decomposition theorem, [Ф1 is а 
non-trivia1 e1ement in Н1 (У ј JR). If Ја Ф = О for ш1 c10sed paths 0:, we сan define 
the potential function р(у) := Јј3 Ф where (3 is аnу path from уо to у. Then dF = Ф 
So [Ф] is trivia1 in Н1 (У ј JR). This contradiction shows that there exists а c10sed 
curve о: in У so that Ја Ф f- о. For х Е х, 1et 1lxO: Ье the horizontallift of о: to 
Z with 1lx O:(O) = х. Let [х] Е 7I"o(X) denote the мс component of Х to which 
х be10ngs. Тће тар х ~ [1lxo:(1)] extends to а well defined bijective тар д[а] of 
7I"o(X) which on1y depends оп the c1ass [0:] in 71"1 (У). Since Z is compact, 7I"o(X) is 
finite. Thus there exists an integer v so д[а] is the identity. Let [а] = v[o:] in 71"1 (У). 

Since д[а] = д[а] = id, х and 1lxa(1) ме in the saтe мс component of Х. Choose 
а curve (3 from 1lx a(1) to х. Let "( Ье the concatenation of 1lx a and some curve (3 
from 1lx a(1) to х which lies in Х. Then"( is а c10sed curve in Z and [71""(1 = [0:] in 
vo: in 71"1 (У). Then [71"* Ф 1 is а поп trivia1 cohomo1ogy c1ass in H 1 (Z ј JR) since 

f 71"* Ф = f Ф = v r Ф f- о. 7 1<7 Ја 

Suppose 7I"*Ф Е Е(џ, D.1). Since Ф is harmonic, dуФ = О so dZ7l"*Ф = о. 
Suppose џ f- о. Since D.Z7l"*Ф = Џ7l"*Ф and since dZ7l"*Ф = О, 7I"*Ф = џ-1dzдZ7l"*Ф 
be10ngs to the image of d so [7I"*Ф1 is trivia1 in the de Rham cohomo10gy grOUp 
Н1 (Zj JR). This contradiction comp1etes the proof of Theorem 0.10 (1). О 

6.2 Sphere bundles. Let 71" : S ~ У Ье а sphere bund1e with fiber dimension 
v - 1 where v is odd. Let О f- Ф Е Е(О, D.~) and 7I"*Ф Е Е(џ, D.~). As in 
the proof given in §6.1 of assertion (1) of Theorem 0.10, we suppose џ f- о so 
71"* : НР(Уј JR) ~ HP(Sj JR) is not injective. Ву passing to а suitable double cover 
'1..2 ~ У ~ У and Ьу considering the associated sphere bund1e 71" : S ~ у if 
necessary, we тау assume without 10ss of generality that the bund1e S)s orientable. 
The Gysin sequence gives rise to а 10ng exact sequence 
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Iп this equation, Ue denotes сир product with the Euler form, 11"* is the риll back, 
and € is the connecting homomorphism. The crucial point here јв that the Еи­
ler form е vanishes with IR coefficients since v is odd. Thus 11"* is injectivej this 
contradiction completes the proof of Theorem 0.10 (2). О 

§7 Riemannian submersions where eigenvalues do change 

7.1 Тће geometry of principal 81 bundles. Let L Ье а complex line bundle 
over У. We виррове that L is equipped with а smooth fiber metric and а unitary 
connection L-y. Let 11" : 8(L) -+ У. Then 11" defines а Riemannian principal 81 
bundle; this is also the circle bundle of the underlying real 2-plane bundle. 

7.2 LEMMA. Let s Ье а lоса1 orthonorma1 8ection to L. Let L-y s = AAss define 
the norma1ized connection 1-Еогm A s . Let (t, у) I--t е..Г-Тts(у) give lоса1 coordinate8 
(t,y) to 8 = 8(L). 

(1) The JiЬeГ8 оЕ 11" аге totally geode8ic. 
(2) We have at 18 ап invar1antly defined unit tangent vector 8panning V. 

(3) Л s = е"г-тФ s, then at = at, дХ = дЙ - дХФдt , and .Аа = Аа + dуФ. 
(4) The horizonta1lift оЕ а vector field "[1 оп У ј8 given Ьу 1l"[l := "[1- As("[I)at . 
(5) We have Х := dt + 11"* Аа Ј8 dua1 to at and 8раП8 V*. 
(6) The norma1ized curvature:F:= dyAs ј8 invaг1antly defined. 
(7) We have dsX = 1I"*:F and Е = - extS(X)1I"* inty(:F). 

ProoJ. The How v -+ е..Г-Тtv for v Е 8(L) and t Е IR is invariantly defined; at is 
the associated unit vertical Killing vector field. Assertions (1) and (2) now followj 
(1) also follows from Lemma 5.4. Since L-y is unitary, A s is а real 1-form. Н 
s = е..Г-Т ф s, then (fj Ј) = (у, t - Ф) ј assertion (3) now follows. We show that 1l јв 
invariantly defined Ьу computing: 

дК - As(aK)at = ag - дКФдt - As(aK)at = ag - As(aK)at . 

Fix Уо Е У and choose Ф во (Аа + dуФ)(уо) = о. Since Ал(уо) = о, the дЙ are 
horizontal. Thus at Уо, НдХ = дЙ јв horizontal. Since 1lф is invariantly defined, 
1lф is the horizontallift. Since х(НФ) = о fo1' шl "[1 and since X(dt) = 1, Х is the 
vertical projection of dt and is invariantly defined. Ву (3), dyA.; = dyAs во the 
curvature :F јв invariantly defined. Clearly dX = 1I"*:F. We compute: 

Е := exts(x)gs([1laK, 1laf] , at)1I"* inty(dya) inty(dyb)j2 

= extS(X)1I"* {-дКАь + д% Аа } inty(dya) inty(dyb)j2 

= - extS(X)1I"* inty(:F). О 

ProoJ о! Theorem 0.12. We apply the previous Lemma and Theorem 0.4 (1). Since 
() = О and since dуФ = о, 

Д~1I"*Ф-1I"* Д~Ф = dsЕ1I"*Ф = -ds{x л 11"* (iпtу(F)Ф)} 

= - 11"* {exty(:F) int у (Т) Ф } = €1I"*Ф. О 
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7.3 Тће Chern class. If L\l is an arbitrary connection оп а complex Нпе bundle 
L over У, let Cl(L\l) := -:F(L\l)/21Гј this is ап invariantly defined real closed 2 
form оп У. If L'\7 is another connection оп L, there exists а 1 form Ф оп М so that 
L\l = L'\7 + v'-fФ. Thus :F(L'il) = :F(L'\7) + dФ so the cohomology class (cl (L\l)] 
is independent of the connection chosen. 

Let Н2(Уј Z) Ье the integer cohomology groups of а compact manifold У. 
We use the universal coeffi.cient theorem to see Н2(Уј JR) = Н2 (Уј Z) ®z JRj see, 
for example, Spanier [31]. This gives а natural тар к,: H2(YjZ) -? H2(YjJR). 
Опе сап define cl(L) Е H2(YjZ) topologically во that [Cl(L\l)] = ""cl(L). Let 
Vect1 (У) Ье the set of isomorphism classes of complex Нпе bundles over У. We use 
tensor product to give Vect1 (У) the structure of ап АЬеНan group. ТЬеп Cl is an 
isomorphism from Vect1(y) to H2(YjZ). 

Suppose that Нl(Уј JR) i= О. Choose L Е Vect 1(y) so that О i= ",,(c1(L)) in 
Н2 (у; JR). We иве the Hodge decomposition theorem to find О i= Ф Е Е(О,6.И во 
that [-Ф/211"] = ",,(c1(L)) in Н2 (У; JR). Let L'\7 Ье anу unitary connection оп L. 
ТЬеп [:F(L'\7)] = [Ф] in Н2(Уј JR). ТЬив we сап find а smooth l-form Ф оп У so 
that Ф = :F(L'\7) + dФ. Let L\l := L'\7 + v'-fФ Ье а пеw unitary connection оп L. 
ТЬеп :F = :F(L\l) = Ф is harmonic. 

Ргоо/ о/ Theorem 0.13. Let У Ье homogeneous with Н2(Уј JR) i= О. We argue 
as аЬоуе to find а unitary connection L\l оп а complex Нпе bundle L over У 
such that О i= Ф := :F(L\l) Е Е(О,6.И. Let О i= € = IФI2 = - iпtу(:F)Фј 
- exty(:F) iпtу(:F)Ф = €Ф. Since Ф is harmonic, dуФ = О. Ву Theorem 0.12, it suf­
fices to show dy€ = О or equivalently that € is constant to show that 11"* Ф Е E(€, 6.~). 
Let Q Ье the .connected component of the identity in the isometry group of У. Риll­
back induces а natural action of Q оп the de Rham cohomology groups Н2 (У; JR). 
Since Q is connected, the homotopy axiom for cohomology implies this action is 
trivial. We identify Н2 (У; JR) with Е(О, 6.И to вее Е(О, 6.И is fixed Ьу this action 
of Q. Thus Ф О'Ф = Ф for апу 'ф Е Q and thus IФI 2 is fixed Ьу Q. Since У is а 
homogeneous space, Q acts transitively оп У. This shows IФI 2 is constant. О 

Ргоо/ о/ Theorem О. Ц. Let L Ье а positive line bundle over а holomorphic manifold 
У. Let :F Ье the curvature of L. ТЬепТ is the Kaehler form ofthe metric оп У so 
:FP is harmonic for 1 ::; р::; п := dimc У. We Ьауе inty(:F).P = -(п + 1-р)тр- 1 

is harmonic and - exty(:F) inty(F).P = р(n+ l-р)FР. ТЬе Theorem now follows 
from Theorem 0.12. О 

7.4 Example: the Порf fibration. We сan illustrate both Theorems 0.13 and 
0.14 as follows. ТЬе circle В1 acts Ьу complex multiplication without fixed points 
оп the unit sphere В2nН С сnН; this defines а Riemannian principal В1 bundle 
11" : В2n+l -? ClP'n called the Hopf fibrationj В2nН is idTntified with the sphere of 
radius 2 јп JR2n to ensure the fibration is а Riemannian submersion. ТЬе unitary 
group U(n + 1) acts transitively оп в2n+l. Since this action commutes with the 
circle action, it descends to define а transitive action of U(n + 1) оп ClP'n. ТЬе 
associated Нпе bunclle L is called the сапопјсаl Нпе bundle. It inherits а natural 
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unitary connection \7. The curvature F of \7 is modulo а possible sign convention 
the Kaehler form of the Fubini-Study metric оп СЈРn • Note that FP generates 
E(O,д~n) for О < р ~ п so 

11"* Е(О, Д~п) С Е(Р(n + 1 - р), Д~n+l). 

We note that Ьу Theorem 0.9, this phenomena of changing eigenvalues does not 
generalize to the Hopf fibrations s4n+З -+ QJPn which have fiber В3. 

Prooj ој Theorem 0.15. Assume that Ф Е Е(л, дИ with л f. о and that dуФ = о. 
Let Х := л-1Јуф; dyX = Ф. We assume IФI 2 = а is constant. Then we have 
that iпtу(Ф)Ф = -IФI 2 = -а. Let G Ье а compact connected Lie group. Let 
{ei} and {ei} Ье orthonormal bases for the Lie algebra and the Lie co-algebra of 
G. Since H1(G; IR.) f. О, we тау assume е1 Е Е(О, д~). Let 11" b~ projection оп 
the second factor of Р := G х У. We define а metric ds],(€) Ьу requiring that 
1i(iJ!) := iJ! - €x(iJ!)el Ье the horizontal lift of iJ! and Ьу requiring that {еј} is 
ап orthonormal fraтe for V. The splitting is G equivariant and with this metric, 
11" defines а Riemannian principal G bundle. Note that {е1 + €x, е2 , ... } is the 
corresponding dual orthonormal fraтe for V*. We compute 

[Ра , рь] =иа, јь] - €!a(Xиь)) + €!ь(Xиa)) 
=(иа, !ь] - €X(иa, !Ь])ђ) - €dpX(fa, fь)el. 

Consequently Е1I"*Ф = - extp(e1 + €X)1I"* iпtр(€Ф). Since dуФ = О and since the 
fibers of 11" are minimal, we see 
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