11 YUGOSLAV GEOMETRICAL SEMINAR
Divéibare, 10-17 October 1996, 36-54

THE SPECTRAL GEOMETRY
OF RIEMANNIAN SUBMERSIONS

Peter B. Gilkeyt, John V. Leahy and Jeong Hyeong Parkj

Abstract. We study the spectral geometry of a Riemannian submersion
m: Z — Y. We give necessary and sufficient conditions that #* preserve the
eigenforms of the Laplacian. We show that if the pull-back of an eigenform is an
eigenform, then the eigenvalue can only increase. If G is a compact, connected Lie
group with H(G;R) # 0, we give examples of principal G bundles over homogeneous
manifolds where the pull-back of an eigenform from the base is an eigenform on the
total space with different eigenvalue.

80 Introduction

0.1 Mathematical Physics. Bérard Bergery and Bourguignon [2] discuss the
Laplacian of a Riemannian submersion and provide an application to gquantum
physics. They note: “Recently, there has been a renewed interest in classical
physics for non-bijective canonical transformations (see [3, 26]). This very gen-
eral expression should not be taken literally, but more in the sense that certain
interesting maps between configuration spaces turn out to be non-linear and non-
bijective. From a mathematician’s point of view, these maps are in fact extremely
nice (namely, coverings or Hopf fibrations in the examples that we detail later).
When going to the quantum level, one has to describe how the spectrum of the
quantum operators are related. Once more, the quantum operators are not the
most general operators, but very natural ones related to the Riemannian geometry
of the situation (for example the Laplace operator of a Riemannian metric plus a
potential for the energy).”

M. Boiteux [3] studies the Coulumb potential“in two and three dimensions
and shows that nonbijective transformations require a fiber bundle formulation of
mechanics. He shows that the Hopf fibration leads to an inverse harmonic oscillator
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problem. Boiteux notes “in quantum mechanics, those transformations connect
operators with different spectra which as such can not be deduced from one another
by unitary transformations.” Kibler and Négada [23] extend the work of Boiteux
to discuss the Kustaanheimo-Stiefel transformation for the Hydrogen atom and to
discuss the Stark and Zeeman effects in hydrogen ions. For other related work on
non-bijective canonical transformations, we refer to Asorey, Carinena, and Ibort
(1], Cerdeira [5], Dehghani and Sobouti [6], Gracia-Bondia [19], Kibler Ronveaux
and Négadi [24], and to Kibler and Winternitz [25]. We also refer to Euguchi et al
[7] for a general discussion of gauge theory from the point of view of mathematical
physics.

In these brief notes, we will present some results concerning the spectral
geometry of Riemannian submersions. Despite the fact that much of the motivation
is from mathematical physics, we shall not assume any knowledge of the relevant
physics and shall concentrate on the mathematical underpinnings of the theory.

0.2 Notational conventions. We assume that all manifolds are compact, con-
nected, smooth, without boundary, and Riemannian. Let 7 : Z — Y be a smooth
surjective map where dim(Y) < dim(Z). We say that = is a submersion if pushfor-
ward . : T2 Z — T, Y is surjective for all z € Z. Let X := n~!(yp) be the fiber of
w over the basepoint yp of Y. If 7 is a submersion, then we can find a neighborhood
O, of any point y € Y so that 77 (O,) = X x O, and so that 7(z,y) = y is projec-
tion on the second factor; this means that 7 defines a fiber bundle. Let V := ker .,
and H := V+. If 7 is a submersion, then V and H are smooth complementary
distributions of T'Z called the vertical and horizontal distributions. Furthermore
e : H, = Tn.Y is an isomorphism. If n, : H, = T».Y is an isometry for all z,
then m, is called a Riemannian submersion.

We shall use capital letters for tensors on Y and lower case letters for tensors
on Z. Let py and py be orthogonal projection on V and H. Let V* and H* be
the dual co-distributions of T7*Z. We shall use indices ¢, j, and k to index local
orthonormal frames {e;}, and {e'} for V and V*; we shall use indices a, b, and ¢ to
index local orthonormal frames {f,}, {f*}, {Fa}, and {F°} for H, H*, TY, and
T*Y. We shall adopt the Einstein convention and sum over repeated indices.

Let ext(£) and int(€) be exterior and interior multiplication by a covector £.
We extend int and ext to be ring-homomorphisms; thus int(£§; A&) := int(&; ) int(&;).
Let T" be the Christoffel symbols of the Levi-Civita connection. Let

0 := —gz([ei, o), €)f* = Tuaf®, ~
(0.3) wabi = 9z(€i, [fa, £o])/2 = (PTabi — “Tsai) /2,

£ := wap; extz(€’) intz (£*) intz (f°);
6 is the unnormalized mean curvature co-vector of the fibers of 7, w is the curvature
of the horizontal distribution, and £ is an endomorphism of the exterior algebra.

The fibers of 7 are minimal <=> # =0 <= = is a harmonic map. The horizontal
distribution # is integrable <= w = 0. Pullback n* defines a natural map from
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C®Y to C*Z. Let AP = dj + 8d be the Laplacian on the Space of smooth p forms.
The eigenvalues of AP are non-negative. For A > 0 and p > 0, let E()\, A}) and
E(u, AY) denote the eigenspaces of the Laplacians.

0.4 THEOREM. Let 7 : Z = Y be a Riemannian submersion.
(1) A%ﬂ’* -7 A = {dz(intz(8) + £€) + (intz(6) + E)dz ).
(2) If0# ® € E(\,AY) and if *® € E(u, AY), then A < p.

(3) Letp=10. If0 # ® € E(\,AY) and if r*® € E(u,A%), then A = p. The
following conditions are equivalent

i) A =n*A).
it) The fibers of = are minimal.
(4) If1 < p< dimY, then the following conditions are equivalent:

i) AR =n*AL.
ii) VA > 0,3u()) > 0 so m*E(A, AY) C E(s()), AR).
iii) The fibers of m are minimal and H is integrable.

Theorem 0.4 (1) for p = 0 and Theorem 0.4 (3) was proved by Watson [32];
Theorem 0.4 (1) for p > 0 and the equivalence of (i) and (iii) in Theorem 0.4 (4)
was proved by Goldberg and Ishihara [18]. The remaining assertions of Theorem
0.4 were proved by Gilkey, Leahy, and Park [12] and by Gilkey and Park [14].
We note that Furutani [10, 11] proved that maps which intertwine elliptic pseudo-
differential operators are necessarily Riemannian submersions. Fuglede [8, 9], and
Ishihara [22] have characterized maps which preserve local harmonic functions.
Bergery and Bourguignon [2] gave a careful discussion of the relationship between
the complete spectrum of A% and AY if the fibers of 7 are totally geodesic. We
also refer to Burstall (4], Gudmundsson [20], Park [29], and Watson [33] for related
work on this subject; Gudmundsson [21] has compiled an excellent bibliography of
harmonic morphisms which contains additional related references.

0.5 The Bochner Laplacian. Let Vy be a smooth vector bundle over Y which
is equipped with a positive definite fiber metric and a Riemannian connection V.
Use the connection V on Vy and the Levi-Civita connection on the tangent bundle
to define the second covariant derivative

V2 :C®(Vy) = C®(Vy @ T*M @ T* M).

The Bochner Laplacian is defined by Dy := — Tr(V?). 1t is a non-negative operator
which arises in many contexts. For p > 0, the Weitzenboch formulas show that the
difference between the Bochner Laplacian and the Laplacian AP on the space of
smooth p forms is given by curvature; the Lichnerowicz formula shows that the
difference between the Bochner Laplacian and the spin Laplacian on the space of
smooth spinors is given by the scalar curvature.
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Ifr : Z - Y is a Riemannian submersion, we can give the pull-back bundle V
the pull-back connection and pull-back metric; we use these structures to define the
Bochner Laplacian Dz. Pull-back induces a natural map 7* : C®(Vy) — C®(V3).
The following result was proved by Gilkey and Park [17}:

0.6 THEOREM. Let # : Z — Y be a Riemannian submersion. Let Dy be the
Bochner Laplacian over Y and let Dz be the induced Bochner Laplacian over Z.
If0# ® € B(\,Dy) and if n*® € E(u,Dz), then X\ = u. The following assertions
are equivalent

(1) Dzﬂ'* = W*Dy.
(2) The fibers of m are minimal.

The scalar Laplacian A9, is defined by the flat connection on the trivial line
bundle over M. Thus Theorem 0.4 (3) is a special case of Theorem 0.6.

0.7 Principal bundles, sphere bundles, and flat SL submersions. We say
7 : P > Y is a principal G bundle if G is a compact Lie group which acts on P
without fixed points and if = is the projection to the quotient P/G. We choose
a bi-invariant metric on G. If the metric on P is G invariant, if the fibers of «
are isometric to G, and if 7 is a Riemannian submersion, then 7 : P -5 Y is a
Riemannian principal G bundle. This implies the fibers of = are totally geodesic.

Let # : V — Y be a real vector bundle over Y. We assume V is equipped
with a smooth positive definite fiber metric and let S(V) be the associated unit
sphere bundle. Let V'V be a Riemannian connection on V. We use V'V to split the
tangent space of the total space of V' into horizontal and vertical distributions and
to define a Riemannian metric on V. We restrict this metric to the sphere bundle
S(V); the induced projection wg : S(V) — Y is a Riemannian submersion with
totally geodesic fibers.

We say that a submersion = : Z — Y is flat if the horizontal distribution is
integrable. This means that the transition functions of the fibration can be chosen
to be locally constant, i.e. are flat. We say a flat submersion 7 has structure group
SL if the transition functions can be chosen to preserve some volume element on the
fibers or equivalently if there exists a measure v on the fibers so the Lie derivative
Lyv = 0 for every horizontal lift.

0.8 Rigidity of eigenvalues. Generically, the pull back of an eigenform will
not be an eigenform; it is quite a special situation when 0 # ® € E(A,A%) and
m™® € E(u,A%). We say eigenvalues change if X # p. Theorem 0.4 shows that
eigenvalues can not change if p = 0. Furthermore, if p > 0 and if all the eigenforms
are preserved, then eigenvalues can not change. There are other circumstances
under which even a single eigenvalue can not change; the eigenvalu es are rigid.
Assertion (1) of the following theorem was proved in Gilkey, Leahy, a nd Park [13],
assertion (2) was proved in Gilkey, Leahy, and Park [12], assertion (3) was proved
in Gilkey and Park [15], and assertion (4) was proved in Park [30]. Let H*(M;R)
be the de Rham cohomology groups of a manifold M.
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0.9 THEOREM. Letw:Z — Y be a Riemannian submersion, let 0 # & € E(\, A})
and let 7*® € E(u, AY).

(1) If 7 : Z =Y is flat with structure group SL, then A = 1

(2) Ifn: Z - Y is a principal G bundle with H'(G;R) = 0, then \ = p.
(3) If n: Z =Y is a sphere bundle of fiber dimension r > 2, then A = p.
(4) If the fibers of 7 are minimal and if p =1, then A = p.

The eigenvalue A = 0 is distinguished; the Hodge de Rham theorem permits us
to identify E(0, A%,) with the cohomology groups H?(M;R). Assertion (1) under
the additional assumption that the fiber was connected in the following theorem
was proved in Park [30]; assertion (2) was proved in Gilkey and Park [16]. The
crucial point is that there is no condition on the metric; we do not assume the
submersion is Riemannian in the following theorem.

0.10 THEOREM. Let w : Z — Y be a submersion, let 0 # & € E(0,A},) and let
™ € F(u, AL).

(1) Ifp=1, then p=0.
(2) If the fiber of 7 is an even dimensional sphere, then p = 0.

0.11 Submersions where eigenvalues change. Muto [27, 28] gave examples of
Riemannian principal S! bundles where eigenvalues change. The following essen-
tially follows from calculations of Muto.

0.12 THEOREM. Let LV be a unitary connection on a complex line bundle over Y
with associated curvature 2-form F = F(¥V) and associated principal circle bundle
S = S(L). Let ® € E(\,A}). Assume that dy® = 0, that dy inty (F)® = 0, and
that — exty (F) inty (F)® = €® for € constant. Then 7*® € E(\ + ¢, A%).

We can use this Theorem to construct examples where eigenvalues change.

0.13 THEOREM. Let Y be a homogeneous manifold with H*(Y;R) # 0. There
exists a complex line bundle L over Y and a unitary connection 'V on L such that
€ := |F|? is constant, such that 0 # F € E(0,A%), and such that n5F € E(e, AL).

This phenomena of changing eigenvalues also appears in complex geometry.
Let L be a holomorphic line bundle over a complex manifold Y. We say that L
is positive if the curvature F of L is the Kaehler form of a Hermitian metric on
Y'; there is a possible sign convention which plays no role in our development. For
example, the hyperplane bundle H is a positive line bundle over complex projective
space CP™ and the associated metric is the Fubini-Study metric. More generally,
if Y is a holomorphic submanifold of CP” for some v, then the restriction of H
to Y is a positive line bundle over Y and the metric on Y is the restriction of the
Fubini-Study metric to Y. Conversely, if Y admits a positive line bundle L, then
there exists a holomorphic embedding a : Y — CP” for some v and a positive
integer k so that L® = o*H. We say Y is a Hodge manifold if Y admits a positive
line bundle; we may identify the set of Hodge manifolds with the set of smooth
algebraic varieties.
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0.14 TueoreEM. Let F be the curvature of a positive line bundle L over a complex
manifold Y of real dimension 2n. Let 7 : S — Y be the associated S principal
bundle. Then 0 # FP € E(0,A}) and *F? € E(p(n+1-p),A%) for 1 <p < n.

The following result shows that the hypothesis H'(G;R) # 0 in Theorem 0.9
(2) was essential, a special case was proved in Gilkey, Leahy, and Park [12].

0.15 THEOREM. Let & € E(), A%) for A # 0 satisfy |®|*> = a is constant and
dy®= 0. Let G be a compact connected Lie group with H*(G;R) # 0, and let
be projection on the second factor of P := G x Y. For any ¢ > 0, there exists a

metric gp(€e) on P so that # : P = Y is a Riemannian principal G bundle and so
that ©*(®) € E(A + €%a,A%).

0.16 Remark. To see that Theorem 0.15 is non-trivial, we could take Y to be the

unit quaternions S®. If e is any non-vanishing left invariant covector on Y, then
® =de € E(4,A%) and |®|? is constant.

0.17 Remark. We can construct examples where eigenvalues change for p > 2 by
taking appropriate Riemannian products in Theorems 0.12 and 0.15 above. We do
not know of any examples where eigenvalues change if p = 1; if eigenvalues change
for p = 1, the fibers can not be minimal by Theorem 0.9 (4). By Theorem 0.4 (3),
eigenvalues do not change if p = 0.

0.18 Contents. Here is a brief guide to the paper.
§1 The equations of structure (Thm. 0.4 (1)).
82 Fiber products (Thm. 0.4 (2)).
§3 The Bochner Laplacian (Thms. 0.4 (3) and 0.6).
§4 The Laplacian on p forms (Thm. 0.4 (4)).
85 Riemannian submersions where eigenvalues are rigid (Thm. 0.9).
§6 Topological considerations (Thm. 0.10).
§7 Riemannian submersions where eigenvalues do change (Thms. 0.12-0.16).

81 Equations of structure

In this-section, we prove Theorem 0.4 (1). Let n : Z — Y be a Riemannian
submersion. Let {F,} be a local orthonormal frame for TY and let {f,} be the
horizontal lift; {f,} is a local orthonormal frame for H. Let e; be a local orthonor-
mal frame for V. Let YT and 4T be the Christoffel symbols of the Levi-Civita
connections ¥V and ?V.

1.1 LEMMA. If f and f are the horizontal lifts of vector fields F and F from Y to
Z, then m,[f, f] = [F, F]. We have 2T gy = n*(¥ape), dy = exty (F*)Y VF,, and
Sy = — inty(F")Ych.

Proof. Let 9(t), ¥(t), ¥(t), and ¥(t) be the flows of the vector fields £, f, F, and
F. Since m,f = F and m. f = F, 7(t) = ¥(t)7 and 7p(2) = ¥(t)7. Let

h(t) = Y(=VOP(—VOUVID(VE)(20)

H(t) :=7h(t) = (=) T (V) T(VE) T (V1) (r20)
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for z0 € Z. As h(0) = [f, fi(20) and m.h(0) = H(0) = [F,F)(rz); the first
assertion now follows. Since 7 is a Riemannian submersion and since the f, are
the horizontal lifts of the F,, we may use the first assertion to prove the second by
computing:

Zrabc = {gZ([faafbly fc) - gZ([.fbyfc]afa) + gZ([fCafa],fb)}/2
= {gY("r*[fmfb]y'"*fc) - gY('"'*[fb»fc]: W*fa) +9Y(7r*[fc:fa];7r*fb)}/2
= {gY([Fa;Fb]a Fc) - gY([Fbs Fc]aFa) + QY([Fm Fa]:Fb)}/z = Yrabcv-

The following operators are invariantly defined:

dy = exty (F,)Y Vr, : C®(APY) - C®(AP*1Y),
By = —inty (Fa)¥ Vi, : C®(APY) = C®(AP1Y).

Furthermore, dy = dy and 8y = &y if the metric on Y is flat; these two operators
have the same leading symbol. Thus dy ~ dy and 8y — by are invariantly defined
O order operators which are linear in the Christoffel symbols; this means that they
are endomorphisms of the exterior algebra. Since we can always choose a frame so
YT(yo) vanishes at a single point, these 0! differences must vanish identically. O

Since dzx* = n*dy, Theorem 0.4 (1) will follow from the following Lemma.

1.2 LEMMA. If 7 : Z = Y is a Riemannian submersion, then

dzn* — %y = (intz(8) + &)™,
Proof. Let FA := F91 A ... AF% where A = (1< a; < ... < g, < dim(Y)) is
a multi-index. The {F4} for |A| = p form a local orthonormal frame for APY.
Expand & € C®APY in the form & = Z4=,@4F4. Since & is a Riemannian
submersion, extz(f*)n* = n* exty (F'®) and intz{f*)n* = «* inty (F*). Then
YUR® = Fo(®4)FA + Y Dope exty (F°) inty (F*)&;

we may expand ZV® similarly. We use Lemma 1.1 to see:

5z7r*fp =6z1r*(§A)fA

(1.3) = —intz(e')e;(n" @) fA

(1.4) —intz(e*)?T 0s extz (f®) intz(f2)7* @
(1.5) — intz(e")?Ta5 extz(e?) int 7 (f*)n* @
(1.6) —intz(f*)fa(x*@4) F4

(1.7) — intz(f*)?Tape extz () intz(f*)n* @

(1.8) ~intz(f*) 2T s extz(e?) intz(f*)7* &.

‘
i
{
i
i
i
i
ff
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Since horizontal covector fields are annihilated by intz(e*), the terms in (1.3) and in
(1.4) vanish. Furthermore in (1.5) we must have i = j. By definition, § = —2T';,; f°
so the terms in (1.5) yield intz(6). Since Y[z = 2T, the terms in (1.6) and
(1.7) yield #*&y. Note that

_ intz(f“) extz(ei) intz(fb) = extz(ei) intz(fa) intZ(fb)
= — extz(ei) intZ(fb) intZ(fa)'

Thus we may anti-symmetrize to see the terms in (1.8) yield

extz(€')(ZTapi — ZTbai) /21t z(f*) intz(f*)n* = €. O

§2 Fiber products

In this section, we use fiber products to prove Theorem 0.4 (2). We adopt the
following notational conventions. Let 7y : U — Y and 7y : V' — Y be Riemannian
submersions with horizontal and vertical distributions Hy, Hy, Vu, and Vy. Let

W= {w= (u,v) €U xV :7y(u) = my(v)}.

We pull back T(U) and T(V) from U and V to U x V and identify T(U x V') with
T({U)® T(V). We embed T(W) in T(U x V). Let

mw(w) :=ayu) =av(v) : W =Y,
Vw(w) = Vy(u) & Vv (v),
Hw(w) = {(¢,n) € Hu(u) ® Hy (v) : (1r)+€ = (1v)un}.

We define a new metric on W by requiring that Hw, Vy, and Vy are orthogonal,
that the metrics on Vi and Vy are induced from the metrics on U and on V, and
that (mw(w))s : Hw(w) = TY (x(w)) is an isometry. The metric on Hy differs
from the subspace metric by a factor of 1/+/2; the diagonal in a right equilateral
triangle has length v/2. Let 7;(u,v) = u and ma(u,v) = v. Then m : W — U,
7w : W =V, and mw : W = Y are Riemannian submersions.

Let fo,r and fo v be the horizontal lifts of F, with respect to the submersions
wy and wy. Then f, w := fa,u + fo,v is the horizontal lift of F, with respect to mw;
fa,w is also the horizontal lift of f, ¢z with respect to m; and of f, v with respect to
ma. Let {ei, v} and {eqs,v} be local orthonormal frames for the vertical distributions
of 7y and my and let {e; w,eq,w} be natural extensions to W. Then e; w is the
horizontal lift of e; ¢y under m; and eq,w is the horizontal lift of e, v under m. We
have that {e;w, €s,w} is a local orthonormal frame for the vertical distribution
of 7w, that {e;w} is a local orthonormal frame for the vertical distribution of =2,
and that {e,,w} is local orthonormal frames for the vertical distribution of ;.
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2.1 LEMMA.
(1) We have 8w = 710y + 736y
(2) We have Ewnyy = wiluny; + m3€vTy.
() 2 € E(\AY), ifrjy® € E(\+ ey, A]), and if 73,® € E(A + ey, A%,
then 3, ® € E(A + ey + ey, AY).

2

Proof. We use Lemma 1.1 to prove assertions (1) and (2) by computing;:

bw = —{gwleiw,leiw, fow]) + gwlea,w, [€a,w, fo,w])}miy (F?)

= —{gu(eiv,leiv; fau]) + gv(eav,(eav, fov]) }miy (F*)

= w8y + 736y,
wwiab = gw (e w, [fa.w, fow])/2 = gu(eiu, [fou, fo.u]) /2 = wuic,
Wwaas = 9w (€a, W [fo, W fo,w])/2 = gv(€a,v, [fa,v, fo,v]) /2 = wVaas-

We use assertions (1) and (2) and Theorem 0.4 (1) to compute:

(ev + ev)miy @ =ni {ALny — 7p AL} @ + n3 {AYny — np AL}
=m {(th (eu) + &y)dy + dy (inty (GU) + g(j)}ﬂ’{;@
+ w3 {(inty (Bv) + Ev)dy + dy (inty (By) + )}t @
={(intw (ew) + gw)dw + dw (intw (Gw) + Ew)}ﬂ‘av‘ﬁ
—(AWWW — 7rWA 1. O

We can now complete the proof of Theorem 0.4 (2). Let 1 : Z — Y be a
Riemannian submersion. Let 0 # ® € E()\ A}) and let 7*® € E()\ + ¢, A}).
Let Zg = Z and inductively let Z, = W(Zn_l, n—1) be the fiber product of
Zn—1 with itself. Let m, : Z, = Y be the associated projection. By Lemma 2.1,
Th® € E(XA+ 2%, A} ) Since the Laplacian on Z, is a non—negatlve operator,
/\ + 2" > 0. Since thxs holds for all n, € > 0 as desired. O

§3 The Bochner Laplacian

In this section, we prove Theorem 0.4(3) and Theorem 0.6. Let 7 : Z = Y
be a Riemannian submersion. Let 0 # @ € E(X\, AY) and let ¢ = 7*®. Suppose
¢ € E(p, A}). By Theorem 0.4 (1), (41— A)¢ = intz(6)7*dy ®. Choose yo so ®(yo)
is maximal. Then dy ®(yo) = 0 so (11— A)¢(z) = 0 where 7zp = yo. By replacing &
by —® if need be, we may assume the maximal value of ® is positive and conclude
A= p. If § =0, then Theorem 0.4 (1) implies A}#n* = 7*AY. Conversely, if this
identity holds, then intz(8)m*dy = 0. Since 4 is a horizontal co-vector, this implies
6 = 0. This completes the proof of Theorem 0.4 (3). O
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We generalize this argument to prove Theorem 0.6. We first generalize The-
orem 0.4 (1) to the context of the Bochner Laplacian:

3.1 LEMMA. We have Dzn™* — n*Dy = intz(6)7*Vy.

Proof. Since the calculations are local, we may assume V is trivial. Decompose
® € C=(V) into its components; thus we have & = (®1,...,9,). Let {F,} be a
local orthonormal frame for TY. We define the vector valued derivative of ® by
differentiating the components; this means that Fo(®) := (Fy(®1), ..., F,(®,)). Let
¥ A be the connection 1-form of Vy; we may expand ¥ 4 := ¥ 4, F° where ¥ 4, is
an r x r matrix. We then expand

Vyd:=9,0F%, Vid:=0,,Q F°Q F?,
D, :=F,®+ YAaQ, c:D;ctb = Fp®,, + Y-Abé;a + Yrbcaé;ca
Dy® := —(F®,0 + Y As®,0 + YT0a®,c).

Let ¢ = n*®. Note that 24 = 7*Y 4. Thus Vz¢ = 7m*Vy®. Since the verti-
cal covariant derivatives ¢,; = 0 and since by Lemma 1.1, 2T, = 7Y g4, we
compute '

Dz = ~(faio + “Aatia + “Tacadic + “Ticitrc),
Dzm* — "Dy = —?Ticip,c = intz(6)(Vz¢) = intz(6)n*Vy®. O

We can now prove Theorem 0.6 using the same argument used to prove The-
orem 0.4 (3). Let 0 # ® € E(\,Dy) and ¢ € E(u,Dz). Then (u — A)¢p =
intz(8)7n*Vy ®. Since V is a Riemannian connection, we may take the inner prod-
uct with ¢ to see

(1 = A)|¢? = intz(8)x*(Vy ®, ®) = intz(6)7"d|®|?/2 = (8, 7*d|®|?)/2.

Choose yg so |®|?(yo) is maximal. Then d|®|?(yo) = 0 so (1 — A)|¢|?(20) = 0 where
7zo = yo. Since |¢|?(20) = |®|?(y0) # 0, we conclude A = p.

If 8 = 0, Lemma 3.1 implies Dzn* = 7*Dy. Conversely, suppose Dzn* =
w*Dy. Then intz(#)x*Vy = 0. Since 8 is a horizontal differential form, § =0. O

§4 The Laplacian on p forms

In this section, we prove Theorem 0.4 (4). Let 7 : Z — Y be a Riemannian
submersion and let p > 0. Theorem 0.4 (1) shows that (4-iii} implies (4-i); it is
immediate that (4-1) implies (4-ii). We suppose that (4-ii) holds. This means that
for any A € R there exists €()) so that 7*E(), A}) C E(A + €(A),A%). Let py be
orthogonal projection from A?Z to APH. If & € E(\,AY), we use Theorem 0.4 (1)
to see

0=¢e(A)(1 - pp)7*® = (1 — p)(dz(intz(0) + &) + (intz(8) + E)dz)n* ®.
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Since the span of the eigenspaces E(), A},) is dense in C*APY’, we have
(4.1) (1= pu)(dz(intz(0) + &) + (intz(0) + £)dz)n* = 0 on CPAPY.

Fix a point zp € Z and let yo = mzp. Choose F € C®Y so that F(yo) = 0. Let
€ := dF (yo). Since intz(#) + £ is a 0" order operator, we apply equation (4.1) to
F'® and evaluate at zg to see

0= (1- pu){extz(x*€)(intz(0) + &) + (intz(0) + &) ext z (7" &) }7*B(yo).

Since 0 = (1 — py){extz(n*€) intz(#) + intz(8) extz(w*€)}x*, and since £ always
introduces a vertical covector, we conclude

0 = {extz(7"§)E + Eextz(n*E)}n™.
We set 7*& = f€ to see that for any ¢ we have

0 =wapi{extz(f¢) extz () intz (f*) intz (f°) + extz(e’) intz (f*) intz () extz(f°)}
=wapi extz (€*){— extz () intz(f*) intz (f°) + intz (f*) intz (f*) extz (f°)}
=wapi extz (e*){intz (f*) extz(f) intz (f°) +intz(f*) intz (f*) extz(f°)
— bacintz (%)}
=wapi extz (e'){— intz (f*) intz () extz(f°) +intz (f*) intz (f°) extz(f°)
= 8acintz (f°) + Spcintz (%)}
= — 2wy extz(ef) int 7 (f°).

Since p > 1, this implies w = 0 so H is integrable.
We now recall a bit of the geometry of Riemannian submersions with inte-
grable horizontal distributions.

4.2 LEMMA. Let X be the fiber of a Riemannian submersion n : Z —+ Y. Assume
the horizontal distribution of 7 is integrable. Then we can find local coordinates
z = (z,y) on Z so w(z,y) =y and so ds% = g;;(z,y)dz* o dz? + hqp(y)dy® o dy®. If
we set gx := det(gi;)'/?, then § = —dy In(gx).

Proof. Choose local coordinates y = (y*) defined on a neighborhood O of some
point yo in Y. Let f. be the horizontal lift of the coordinate vector fields i
from Y to Z over n~1(0); this is not an orthonormal frame. We use Lemma
1.1 to see m.[fa, fs] = [0Y,8Y] = 0. Since H is integrable, {fs, fo] € H so we
see [fa, fs) = 0. Choose local coordinates = (z*) for the fiber X = 7~ (yo)
near zp and use the Frobenius theorem to extend z to a system of coordinates
z = (z,w) on a neighborhood of zy so that f, = 0Y. The projection of the
integral curves of the vector fields 9% are the integral curves of the vector fields
9Y. Therefore y = w(r,w) = w and = is projection on the second factor. Since
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V =TX = span{df} is perpendicular to H = TY = span{d¥} and since =, is an
isometry from A to T'Y, the metric locally has the form given in the first assertion.

If M is a Riemannian manifold with ds, = g, du”odu®, let gas := det(g,,)!/2.
Then AY, = —g;;a,gMg"as. Express the metric on Z locally as in the first
assertion. Then intz(0)dzn*® = AYn* — 7*AY = —intz (g% dygx)dz7*® for any
¢ c C°°(Y) s0 0 = —dy ln(gx). ]

We continue the proof that Theorem 0.4 (4-ii) implies (4-iii). Let dx denote
exterior differentiation along the fiber. We set £ = 00 and use equation (4.1) to see

(4.3) 0 = dyx intz(6)7* on C°AFY.

This implies 8 is constant on the fibers so § = 7*© is the pull back of a globally
defined 1-form on the base. Since H is integrable, we use Lemma 4.2 to give a
local decomposition of Z so that we have 8 = 7*0 = ~dy In(gx). Let ¥(y) be the
volume of the fibers. Let dv¢ be the Euclidean measure. Then

dy¥(y) =dy [y 9x(z,9)dvs = [y (9xg% dygx)(z,y)dve
= - [x 9x(z,y)0(z,y)dvi = ~O(y) [ g9x(2,y)dvg
= — O(y)¥(y)-

Thus 6 = —7*dy Iny) where ¥y € C*(Y) is globally defined.

Let g(t)z = ¢**ds3, + ds?, define a conformal variation of the metric on the
vertical distribution and leave the metric on the horizontal distribution unchanged.
Then = : Z(t) = Y is a Riemannian submersion with integrable horizontal distri-

bution. We use Lemma 4.2 to see 8(t) = (1 + tdim(X))# and thus

AL 7 —m*AY = (1 + ¢ dim(X))(dz int7(0) + intz(0)dz) 7"
= (1 + tdim(X))(A%x* — 7*AD),
T E(), AY) C EQ\+ (1 + tdim(X))e(N), A% ).

Since the Laplacian is a non-negative operator, A + (1 + ¢ dim{X))e(\) > 0. Since
t is arbitrary, e(A) = 0. Thus (dzintz(d) + intz(f)dz)n* = 0 s0 8 = 0. This
completes the proof of Theorem 0.4 (4). O

§5 Riemannian submersions where eigenvalues are rigid

In §5.1, we will prove Theorem 0.9 (1), in §5.2, we will prove Theorem 0.9
(2), in §5.3, we will prove Theorem 0.9 (3), and in §5.8, we will prove Theorem 0.9

(4).

5.1 Flat Riemannian submersions with structure group SL. Letn: Z =2 Y
be a Riemannian submersion with integrable horizontal distribution. Assume there
exists a measure v on the fibers so the Lie derivative Lxv = 0 for all horizontal
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lifts H. Expand dvolz = e®vr*dvoly to define a smooth function a € C*(Z). We
apply Lemma 4.2 to choose a local decomposition of Z so that

ds% = gij(z,y)da’ o dz¥ + hoy(y)dy® o di’.

Expand v = e#(#:¥)1¢ where v¢ is Euclidean measure. Since Lsyv = 0 and since
Layvg =0, B is independent of y. We expand

ﬁ+o:Ve

dvolz = gxvin*dvoly = e Satduoly .

This shows gx = €®+® 50 8 = —dyIn(gx) = —dy(8 + @) = —dy(a). Suppose
0# @€ E(\AY) and 7*® € E(X +¢,A%). As in the proof of Theorem 0.4 (4)
given in §4, we consider the canonical variation ds,, = e**ds}, + ds}, and see
™® € E(A + €(1 + tdim X), A’é(t)). This shows € = 0 and completes the proof of
Theorem 0.9 (1). 3

5.2 Principal G bundles. Let G be a compact Lie group with a bi-invariant
metric. Assume H(G;R) = 0. Let # : P — Y be a principal Riemannian G
bundle. Let £ € T.(G) and let g(t) be the 1-parameter subgroup of G with g(0) = &.
Multiplication by ¢(¢) defines a flow on P which is an isometry. Let & be the
associated Killing vector field; £ has constant length since the fibers have the bi-
invariant metric. Consequently the integral curves of £ are geodesics; this implies
that the fibers of  are totally geodesic so @ = 0 and only the curvature enters. Let
0# &€ E()\AY) and let 7*® € E(u, A}). By replacing ® by dy @ if necessary, we
may assume without loss of generality that dy® = 0. Expand ® = ¥j4)=,® AFA
and %@ = L)aj=p_2extp(Ba) fA. The B4 are vertical co-vectors which are G
invariant. Since dy® =0 and ¢ =0,

(p=Nr*® = Aha* — 7* A} = dp&n* @

has no vertical dependence. Thus the vertical derivative of the restriction of 84
to the fibers vanishes. Since H'(G;R) = 0 and since the B4 are G invariant, this
implies the restriction of the 84 to the fibers vanishes and hence 84 = 0 for all
multi-indexes A. This implies A = u and completes the proof of Theorem 0.9
(2. O

5.3 The geometry of sphere bundles. Let V be a real vector bundle of rank
r > 3 over Y. We assume V is equipped with a fiber metric and let S(V) be the
unit sphere bundle. We use the Riemannian connection V'V on the bundle V to
split T(V) = V @& H. We use this splitting to define a Riemannian metric gv so
7w : V - Y is a Riemannian submersion. The restriction of = tg S(V') defines
a projection ng : S(V) — Y which is a Riemannian subersion. We begin the
proof of Theorem 0.9 (3) by developing some of the Riemannian geometry of this
situation. Let y = (y*) be local coordinates on Y and let s = (s;) be a local
orthonormal frame for V. The map (z,y) — s;(y)z’ introduces local coordinates
on V. Let YVs; = Auij(y)dy®sj; Agij is the connection 1-form of V'V relative to
the given local frame. Let 8} and 87 be the coordinate frames for the tangent
bundle of the total space V.
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5.4 LEMMA.
(1) gv(8Y,8)) = gy(8a,0) + 2'27 AairAsjk, gv(0Y,0%) = Aqjiz?, and
gv(6§,07) = &i;.
(2) ws: S(V) =Y is a Riemannian submersion with totally geodesic fibers.
(3) If fo := 8Y — 27 A,;:07, then f, is the horizontal lift of 8Y.
(4) Let Rgyij be the curvature of V'V. Then 2wap; = —Rapjit?.

Proof. Let f : © — O(r) define a local gauge transformation § = f(y)s. Fix
Yo € Y and choose f so that f(yo) = I and df(yo) = —A(yo). Then 5(yo0) = s(yo)
and VVs(yo) = 0. Let (Z,7) be the new system of local coordinates; the identity
st = 'S5 implies y° = y and zf = % f,J Thus at a pomt 20 € 77 (yo) we have:

Since YV3(yo) = 0, H(z) = span{ag} and V(zo) = span{d%}. Therefore
gv(8%,87)(z0) = gv(8Y,6}) (o),

g9v(0%,07)(20) =0, and gv (87,85)(z0) = 6y;.

Assertion (1) now follows from equations (5.5) and (5.6). To prove assertion (2),
normalize the choice of coordinates on Y so the 1-jets of the metric vanish at gq
and choose the frame so ¥ Vs(yo) = 0. Then the 1-jets of metric on V vanish at
(z,y0). Thus the curve ¥(t) = (z + tZ,10) is a geodesic in V and the fibers of V'
are totally geodesic. Let £ € Sp. Since orthogonal projection of T¢Vy on T¢S is
contained in Sy, Sp is a totally geodesic submanifold of S so (2) follows. Since

gv( fa,a,f) = 0 and since {67} span the vertical space, f, is the horizontal lift of
0¥ and (3) follows. We choose s so A(yo) = 0 and compute

2wabi(z; o) =gv([fa, fol, €)(x, %0) = (8} Aaji — 0¥ Asji)(y0)a?
=Rpaji(yo)z’.
Since w and R are tensorial, (4) follows. O

We can now complete the proof Theorem 0.9 (3). Let 0 # & € E(\,A}) and
let 7*® € E(u, A%). Since § =0, (A — p)7*® = (dz& + £dz)n*®. By replacing ®
by dy ® if necessary, we may assume w1thout loss of generality that dy® = 0. Let
dy := pydg be the vertical exterior derivative. We apply (1 — py) to see

(5.7) exts(dy(2/dz’)) Rapij ints(f°) ints(f0)n*& = 0.

If we normalize the coordinates so A(yg) = 0, then dy(z?dz?) = dz? A dz*. Since
the fiber dimension of V' is at least 3, the dimension of the fiber spheres is at least
2 and equation (5.7) implies Rqpij ints(f2) ints(f®)nr*® = 0 for all 4, j. This shows
En*® =0 and hence A = p. This completes the proof of Theorem 0.9 (3). O

5.8 One forms. Let 0 # & € E(A,A}), and let 7*® € E(u,A}). Suppose that
6 = 0. Then

(5.6)

A=-p)m*® = (dzE + Edz)n*® = Edzn* P
Since £dzn*® has vertical dependence, it must vanish. .This shows A = px and
completes the proof of Theorem 0.9 (4). O
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86 Topological constructions

In this section, we use methods of algebraic topology to prove Theorem 0.10;
we refer to Spanier [31] for details concerning the results which we will use.

6.1 The pull back of harmonic 1-forms. Let M be a connected manifold.
The Abelianization of the fundamental group m (V) is first integer homology group
H;(M;Z). By the universal coefficient theorem, H!(M;R) = Hom(H,(M;Z);R).
Thus HY(M;R) = Hom(m (M); R). We can interpret this isomorphism geometri-
cally as follows. Let [®] € H'(M;R) represent a de Rham cohomology class and let
[} € m1 (M) represent an element of the fundamental group. Then (®,a) = [ &
extends to a well defined map 7 : H'(M;R) x 7;(Y) — R; the map [®) = I([Q] )
provides the isomorphism from H*(M;R) to Hom(m (M); R).

Let m# : Z = Y be a fiber bundle; we impose no restrictions on the metric.
Suppose that 0 # & € E(0,Al); by the Hodge decomposition theorem, [®] is a
non-trivial element in H(Y; ]R.) If f & =0 for all closed paths o, we can define
the potential function F(y) := [, 5 & where § is any path from yo to y. ThendF = &
so [®] is trivial in H!(Y;R). This contradiction shows that there exists a closed
curve o in Y so that fa ® # 0. For z € X, let H,a be the horizontal lift of & to
Z with H,a(0) = z. Let [z] € mo(X) denote the arc component of X to which
z belongs. The map = — [H,a(1)] extends to a well defined bijective map §jq) of
mo(X) which only depends on the class [a] in m,(Y'). Since Z is compact, m(X) is
finite. Thus there exists an integer v so g, is the identity. Let [&] = v[o] in m (Y).
Since §j) = ) = id, = and H,a&(1) are in the same arc component of X. Choose
a curve 3 from H.&(1) to z. Let -y be the concatenation of H,a and some curve 3
from H,a(1) to z which lies in X. Then v is a closed curve in Z and [rvy] = [¢] in
va in m1 (Y). Then [r"®] is a non trivial cohomology class in H!(Z;R) since

[ire=[_®=v[ 2#0.

Suppose 7*® € E(u,AL). Since & is harmonic, dy® = 0 so dzx*® = 0.
Suppose p # 0. Since Azn*® = um*® and since dz7n*® =0, 1*® = p~ldzz7* @
belongs to the image of d so {7*®] is trivial in the de Rham cohomology group
H'(Z;R). This contradiction completes the proof of Theorem 0.10 (1). O

6.2 Sphere bundles. Let 7 : S — Y be a sphere bundle with fiber dimension
v — 1 where v is odd. Let 0 # & € E(0,A}) and n*® € E(p,A%). Asin
the proof given in §6.1 of assertion (1) of Theorem 0.10, we suppose p # 0 so

: HP(Y; R) = H?(S;R) is not injective. By passing to a suitable double cover
Z2 — Y — Y and by considering the associated sphere bundle 7 : § — ¥ if
necessary, we may assume without loss of generality that the bundle S js orientable.
The Gysin sequence gives rise to a long exact sequence

HP (V5 R)-2 HP (Y R) -2 HP(S; R) =5 HP~/+1(Y; R)...
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In this equation, Ue denotes cup product with the Euler form, n* is the pull back,
and e is the connecting homomorphism. The crucial point here is that the Eu-
ler form e vanishes with R coefficients since v is odd. Thus #* is injective; this
contradiction completes the proof of Theorem 0.10 (2). O

§7 Riemannian submersions where eigenvalues do change

7.1 The geometry of principal S! bundles. Let L be a complex line bundle
over Y. We suppose that L is equipped with a smooth fiber metric and a unitary
connection £V. Let 7w : S(L) = Y. Then 7 defines a Riemannian principal S!
bundle; this is also the circle bundle of the underlying real 2-plane bundle.

7.2 LEMMA. Let s be a local orthonormal section to L. Let LVs = /=1 A,s define
the normalized connection 1-form A,. Let (t,y) — eY=Tts(y) give local coordinates
(t,y) to S =S(L).

(1) The fibers of w are totally geodesic.

(2) We have 8, is an invariantly defined unit tangent vector spanning V.

(3) If 5 = eV~1%s, then 8, = &;, Y = 67 — 3Y®8,, and A, = A, + dy®.

(4) The horizontal lift of a vector field ¥ on Y is given by H¥ := ¥ — A (T)0;.

(5) We have x := dt + 7* A, is dual to 8; and spans V*.

(6) The normalized curvature F := dy A, is invariantly defined.

(7) We have dsx = n*F and £ = — extg{x)n* inty (F).

Proof. The flow v — eV~ for v € S(L) and ¢ € R is invariantly defined; &, is
the associated unit vertical Killing vector field. Assertions (1) and (2) now follow;
(1) also follows from Lemma 5.4. Since £V is unitary, 4, is a real 1-form. If
§=eY~1%s, then (#,%) = (y,t — ®); assertion (3) now follows. We show that # is
invariantly defined by computing:
0¥ — As(8Y)0; = 8Y — 8Y98; ~ As(8Y)8; = 8Y — A3(0Y)6;.
Fix yo € Y and choose & so (A, + dy®)(yo) = 0. Since A;(y0) = 0, the 67 are
horizontal. Thus at yo, HOY = &Y is horizontal. Since H¥ is invariantly defined,
H P is the horizontal lift. Since x{H¥) = 0 for all ¥ and since x(dt) = 1, x is the
vertical projection of dt and is invariantly defined. By (3), dy.As = dyA; so the
curvature F is invariantly defined. Clearly dy = n*F. We compute:
€ :=exts(x)gs((HOY, HOY], 0)n" inty (dy°) inty (dy")/2
=exts(x)m* {~0YAs + 8Y A, } inty (dy®) inty (dy®) /2
= —exts(x)n* inty (F). O
Proof of Theorem 0.12. We apply the previous Lemma and Theorem 0.4 (1). Since
8 = 0 and since dy® =0, P
ARm*@—n* AL ® = ds€n*® = —ds{x A 7*(inty (F)3)}
= —n*{exty(F)inty(F)®} = ex*®. O
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7.3 The Chern class. If £V is an arbitrary connection on a complex line bundie
Lover Y, let ¢;(!'V) := ~F(L'V)/2x; this is an invariantly defined real closed 2
formonY. If L is another connection on L, there exists a 1 form ¥ on M so that
LV =LV 4+ /=1®. Thus F(£V) = F(£V) + d¥ so the cohomology class [c; (V)]
is independent of the connection chosen.

Let H?(Y;Z) be the integer cohomology groups of a compact manifold Y.
We use the universal coefficient theorem to see H2(Y;R) = H%(Y;Z) ®z R; see,
for example, Spanier [31]. This gives a natural map « : H*(Y;Z) - H*(Y;R).
One can define ¢;(L) € H*(Y;Z) topologically so that [c;(¥V)] = sci(L). Let
Vect! (Y) be the set of isomorphism classes of complex line bundles over Y. We use
tensor product to give Vect!(Y) the structure of an Abelian group. Then ¢; is an
isomorphism from Vect!(Y) to H2(Y; Z).

Suppose that H(Y;R) # 0. Choose L € Vect!(Y) so that 0 # &(c;(L)) in
H%(Y;R). We use the Hodge decomposition theorem to find 0 # & € E(0,A%) so
that [-®/27] = &(c;(L)) in H*(Y;R). Let LV be any unitary connection on L.
Then [F(EV)] = [®] in H2(Y;R). Thus we can find a smooth 1-form ¥ on Y so
that ® = F(L'V) +d¥. Let LV := 'V + /=1¥ be a new unitary connection on L.
Then F = F(¢V) = & is harmonic.

Proof of Theorem 0.13. Let Y be homogeneous with H2(Y;R) # 0. We argue
as above to find a unitary connection £V on a complex line bundle L over Y
such that 0 # ® := F(!V) € E(0,AL). Let 0 # ¢ = |82 = ~inty(F)P;
~exty (F) inty (F)® = ¢®. Since & is harmonic, dy® = 0. By Theorem 0.12, it suf-
fices to show dye = 0 or equivalently that e is constant to show that 7*® € E(e, A%).
Let G be the connected component of the identity in the isometry group of Y. Pull-
back induces a natural action of G on the de Rham cohomology groups H*(Y; R).
Since G is connected, the homotopy axiom for cohomology implies this action is
trivial. We identify H2(Y; R) with E(0, A%) tb see E(0, A%) is fixed by this action
of G. Thus ® o1 = & for any ¢ € G and thus |[®|% is fixed by §. Since Y is a
homogeneous space, G acts transitively on Y. This shows |®|? is constant. O

Proof of Theorem 0.14. Let L be a positive line bundle over a holomorphic manifold
Y. Let F be the curvature of L. Then F is the Kaehler form of the metricon Y so
FP is harmonic for 1 < p < n:=dimc Y. We have inty (F)F? = —(n+ 1 —p)FP~!
is harmonic and — exty (F) inty (F)}FP? = p(n+1—p)FP. The Theorem now follows
from Theorem 0.12. 0O

7.4 Example: the Hopf fibration. We can illustrate both Theorems 0.13 and
0.14 as follows. The circle S! acts by complex multiplication without fixed points
on the unit sphere $2"+1 ¢ C*!; this defines a Riemannian principal S! bundle
7 : §2ntl 5 CP™ called the Hopf fibration; S?7+! is id;ntiﬁed with the sphere of
radius 2 in R?” to ensure the fibration is a Riemannian submersion. The unitary
group U(n + 1) acts transitively on $?**!1. Since this action commutes with the
circle action, it descends to define a transitive action of U(n + 1) on CP™. The
associated line bundle L is called the canonical line bundle. It inherits a natural
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unitary connection V. The curvature F of V is modulo a possible sign convention
the Kaehler form of the Fubini-Study metric on CP™. Note that F? generates
E(O,Ag’,n) for0<p<nso

™ E(0,A%.) C E(p(n+1-p),A%, ).

We note that by Theorem 0.9, this phenomena of changing eigenvalues does not
generalize to the Hopf fibrations S***3 — QP™ which have fiber S3.

Proof of Theorem 0.15. Assume that & € E(\,A%) with A # 0 and that dy® = 0.
Let x := A~10y®; dyx = ®. We assume |®|?> = a is constant. Then we have
that inty(®)® = —|®|? = —a. Let G be a compact connected Lie group. Let
{e;} and {e‘} be orthonormal bases for the Lie algebra and the Lie co-algebra of
G. Since HY(G;R) # 0, we may assume e! € E(0,AL). Let 7 be projection on
the second factor of P := G x Y. We define a metric ds%(e) by requiring that
H(T) := ¥ — ex(¥)e; be the horizontal lift of ¥ and by requiring that {e;} is
an orthonormal frame for V. The splitting is G equivariant and with this metric,
7 defines a Riemannian principal G bundle. Note that {e! + ex,e?,...} is the
corresponding dual orthonormal frame for V*. We compute

[Fa, Fb] =[fa, fo] — efa(x(fs)) + €fo(x(fa))
=([fa, fs] = ex((fa, fo))e1) — edpx(fa, fo)es.

Consequently En*® = —extp(e! + ex)n* intp(e®). Since dy® = 0 and since the
fibers of m are minimal, we see

(ALn* — *AL)(®) = €dp(x|®]?) =a?®. O
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