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1. Basic facts about Ые groups and Ые algebras 

1.1. Ые groups and Ые algebras. Functor Lie. Reca1l that а Lie group 
is а smooth manifold G together with structure of а group such that the group 
operations 

џ: G х G --+ а, (91,92) t-+ 91·92 

i : G --+ а, 9 t-+ 9-1 

ше smooth mappings. Here we will assume that either аН objects are rea1 and 
then G is а real Lie group, or аН objects ше complex and holomorphic, then G 
is а complex Lie group. An example of Lie group is the genera1 linear group 
GL(V) = Aut(V), i.e. the group of a1l automorphisтs of а finite dimensional vector 
space V :=:::! IRn or СП. If V is the arithmetic vector space kn, k = IR or С, then the 
group GL(kn) is denoted also Ьу GLn(k) and it is ca1led the genera1 mc:.trix group. 
Any closed subgroup G of GL(V) is а Lie group, called а linear group. Exaтple of 
linear groups are the following classica1 Lie groups. The group 

SL(V) = {А Е GL(V), detA = 1} 

of uniтodular transforтations and the group 

Aut(V, Ь) = {А Е GL(V), А· Ь := Ь(А·, А·) = Ь} 

of automorphisms of а nondegenerate bilinear form Ь. Jf Ь = I.J.) is skew-symтetric, 
then the group Aut(V,I.J.) = Sp",(V) = Вр/(С), V = C21 is ca1led syтplectic group 
and it is connected. For V = kn , п = 2т, the standard notation for symplectic 
group is SPm(k). If Ь = 9 is а symтetric forт, then the group Autg(V, 9) = Og(V) 
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is caHed the orthogonal group. Тће connected component of the unity is denoted 
Ьу SOg(V) = {А Е Og(V), det А = 1} or Ьу ВОn(С), if V = СП. 

Lie algebra (real or complex) is а vector space (over k = IR, С) with а bilinear 
operation 

, 9 х 9 3 (Х, У) ~ [Х, УЈ Е 9 

which satisfies the ЈасоЫ identity 

[Х, [У, ZJJ + [У, [Z,XJJ + [Z, [Х, УП = О, Х, У, Z Е g. 

Let G Ье а Lie group. Denote Ьу L the left action of G оп а, that is the 
homomorphism 

L: G -t Diff(G), 9 ~ L g, L g91 = 991, 9,91 Е а. 

The space 

9 = LieG:= X(G)La = {Х Е Х(С), L;X = Х, 9 Е а} 

of аН La-invariant vector fields оп G is а subalgebra of the Lie algebra Х(С) of 
vector fields (with respect to the Lie bracket (Х, У) ~ [Х, УЈ = Х о У - У о Х; 
here vector fields ые considered as derivations of the algebra СОО (С) of smooth 
functions оп G and о means the composition of derivations). Lie algebra of а Lie 
group G is called the tangent Lie algebra 9 of а. 

Any La-invariant vector field Х is defined Ьу its value Хе in the point е Е С: 

Хи = Хе ·9 := (Rg ). Хе 9 Е а, 

where Rg91 = 919 is the right multip1ication. (Јп the case of а 1inear Lie glOUp 
а, Хи = Хе ·9, where dot stands for matrix multiplication). The тар Х ~ Хе 
defines isomorpblsm X(G)La -t теа wblch allows identify the tangent Lie algebra 
X(G)La with the tangent space теа. Н G с GL(V) is а linear Lie group, then the 
Lie bracket оп 9 = теа is the commutator: 

[Х, УЈ = Х . У - У . Х, Х, У Е 9l(V) = End V. 

The шар G ~ 9 = Lie G defines а functor from category of Lie groups to category 
of Lie algebras. It is called Lie functor and is very closed to Ье an isomorphism 
of categories. Indeed, anу Lie algebra 9 is the tangent Lie algebra of some simply 
connected Lie group а, defined ир to an isomorphism. Any Lie group а1 with 
tangent Lie algebra 9 is isomorphic to the quotient G јГ of G Ьу а central discrete 
subgroup Г of а. АН Lie groups with the same tangent Lie algebra ые locally 
isomorphic, i.e. they have the same group operations in some neighborhood of the 
unity. Мanу properties of а Lie group G сan Ье described in terms of properties of 
the tangent Lie algebra g. . 
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For example, Lie group G is solvable, nilpotent, coттutative iff the tangent 
Lie algebra 9 is solvable, nilpotent, coттutative. Lie group G is siтple (ј.е. has 
по nondiscrete normal subgroup), seтisiтple (i.e. has по nondiscrete commuta­
tive normal subgroup), reductive (i.e. has а normal semisimple subgroup S with 
commutative quotient G / S) iff the tangent Liealgebra 9 is siтple (has по proper 
ideal), seтisiтple (has по proper commutative ideal) or reductive (is а directsum 
of commutative and semisimple Lie algebras). 

There is 1-1 correspondence between subalgebras (resp., ideals) of а Lie al­
gebra 9 and virtual subgroups (resp., virtual norтal subgroups) of а Lie group G 
with Lie G = g. Subgroup Н of а Lie group G is called virtual if it is an immersed 
submanifold of а. Such subgroup Н has а structure of Lie group, but Н is not 
necessary а closed subgroup of G (even if it is simple). 

Exercise. Prove that the classical Lie groups SL(V), SOg(V), Sp",,(V) have 
tangent Lie algebras 

sl(V) = {А Е gl(V), tr А = О}, 
SOg(V) = {А Е sl(V) g(Ax, у) = g(x,Ay) = О, Ух,у Е V}, 

sp",,(V) = {А Е sl(V), (.с.Ј(Ах, у) + (.с.Ј(х, Ау) = О, Ух, у Е V}. 

Prove that аН of them are simple with the exception SOg(V), where V = с4 or 
V = Ја4 and 9 has signature (4,0), (2,2) or (0,4). 

1.2. Basic results about structure of Ые groups and Ые a1gebras. 
We coHect here some useful general results about Lie groups and Lie algebras. 

(1) (Levi-Maltsev theorem). Апу Lie algebra 9 сan Ье decomposed into а 
sum 

9 = 5 + t, 5 П t = О 

оЕ а mахјmal semisimple subaIgebra 5 and the radicaI t (mахЈmal solvaЫe ideaI). 

Апу two тахјтal semisimple subalgebras аге conjugated Ьу an automorphism 
of g. 

Апу connected Lie group G сan Ье decomposed into а product G = S . R 
of а maximal semisimple subgroup S and the radical R (i.e. the тaxiшаl solvable 
normal subgroup), such that S П R is а discrete subgroup of а. Апу two тахјтal 
semisimple subgroups of G аге conjugated Ьу an automorphism of а. 

(2) Апу semisimple (respectively, reductive) Lie aIgebra 9 is а direct sum оЕ 
noncommutative simple ideals: 

9 = gl + ... + gk. 

(respectively, simple ideals and the center). 

Апу simply connected semisimple Lie group G is а direct product of simple 
connected normal subgroups: 
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Any simply connected connected reductive Lie group G is а direct product of simple 
Lie groups Gi , i > О and the connected component of the center of connected Lie 
group Zo(G) :::: IRP х TQ, where 

is the q-torus G = Zo(G) х а1 Х .•. Х Gk. 

(3) (Ado theorem). Апу Ые algebra 9 (оуег IR, С) admits exact linear герге­
sentation, that is а homomorphism р : 9 -7 91 (V) into general linear Ые algebra 
91(V) = End V with trivial kernel. 

For апу simply connected connected Lie group а, there exists а discrete 
central subgroup Г such that G /Г admits ап exact Нпеаг representation р : G /Г -7 

GL(V) (monomorphism into GL(V)). 

Let G Ье а Lie group and denote Ьу Ad the natural homomorphism of G into 
the group Aut( а) of automorphisms of G given Ьу Adg 91 = 9919-1, 9,91 Е а. 
Since anу automorphism of G preserves the unity е, the group Ado с Aut(G) acts 
оп the tangent space 9 = теа Ьу Нпеаг transformations and this action preserves 
the Lie bracket оп g: 

[Adg Х, Adg У] = Adg [Х, У] , 9 Е а, Х, У Е ТеМ. 

If G с GL(V) is а Нпеаг Lie group, 

where . denotes the matrix multiplication. We get а representation 

Ad : 9 t-+ Adg Е Aut(g) с GL(g), 

which is called the adjoint representation of а Lie group а. It induces the adjoint 
representation ad of the tangent Lie algebra 9 = Lie G Ьу derivations of g: 

ad : 9 -7 Der(g), Х t-+ adx, adx У = [Х, У] Х, У Е g. 

Remark that the kernel of Ad coincides with Z(G) (the center of а) and kerad = 
Z(g) (the center of g). 

Define а symmetric bilinear form В оп а Lie algebra 9 Ьу 

В(Х, У) = tradx ady, Х, У Е g. 

It is called the КiШn9 !orт. The adjoint action of а Lie group G with Lie G = 9 
preserves В: 

(1) B(AdgX,AdgY)=B(X,Y), 9Еа, X,YEg. 
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In terms of the adjoint action of the Lie algebra this condition сan Ье written as 

(2) В (adzX, У) + В (X,adz У) = О Х, У, Z Е g. 

This condition follows from previous relation if we remark that anу vector Z Е 9 
generates an 1-parametric subgroup gt = ехр tZ of G with tangent vector Z at 
е: dgt/dtlt=o = Z. Then to get (2), it is sufficient to differentiate (1) with 9 = gt 
with respect to t and put t = О. 

The following useful criterion of solvability and semi-simplicity of а Lie algebra 
9 is due to Cartan. 

(4) А Lie a1gebra 9 is solvable јЕ the commutant 

[g, gJ = span {[Х, УЈ, Х, У Е g} 

is јп the kernel оЕВ, ј.е. 

В ([Х, УЈ, Z) = о УХ, У, Z Е g. 

А Lie a1gebra 9 is semisimple if the Killing foтт В is nondegenerate. 

1.3. Structure of complex semisimple Ые algebras. 

1.3.1. Cartan decomposition of а semisimple Ые algebra. Let now 
9 Ье а semisimple Lie algebra. Since Z(g) = О, the adjoint representation ad : 
Х ~ adx, adx У = [Х, УЈ is exact, and we сап identify 9 with linear Lie algebra 
adg с der(g) с gl(g). Remark that the connected group of automorphisms AdG = 
Aut(g)o has 9 as Lie algebra. It is called the adjoint group. 

Define а Cartan subalgebra ~ of 9 as а таЮтаl subalgebra such that the 
linear s,ubalgebra adl) с ad 9 is diagonalizable, ј.е. with respect to some basis of 
9 аН the endomorphisms from adl) are represented Ьу diagonal matrices. Cartan 
subalgebra ~ always exists and coincides with its normalizer 

Ng(~) = {х Е g, [x,~J с ~}, 

and апу two Cartan subalgebras are conjugated b~l ап automorphism of g. 

А linear form а оп Cartan subalgebra ~ is caHed а root if the corresponding 
root space 

gO< = {х Е g, adh х = a(h)x, Yh Е ~} 

is not zero. А nonzero vector from gO< is called а root vector. Denote Ьу R the 
(finite) set of аН roots. Then we have the following Cartan decomposition of 9 into 
direct sum of subspaces: 

The тајп properties of such а decomposition are: 
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1) [9а, 911] С 9а+l1, where 9а+.8 = О if о: + {3 f/. R. 
2) В (ђ, 9а) = О, В (9а, gp) = о if о: + {3 =1 о. 
3) R =-R 
4) BI~ is nondegenerate and define isomorphism 

В : ђ* t-+ ђ, о: t-+ иа = в-1 оо: 

5) Put Е = (R) = spanR R, ђ (IR) = в-1 Е. Then ђ = bllR) + iQ(IR) and BI~(IR) 
is positively defined. We will denote the corresponding scalar product оп Е 
and Q(IR) Ьу (., .). 

6) dimga = 1. 

Choose а vector Еа Е ga for аН о: Е R such that В (Еа , Е_а) = 2/(0:,0:) and 
put На = [Еа , Е_а]. Then [На, Е±а] = ±2Е±а and g(o:) = СНа + ga + g-a is а 
subalgebra isomorphic to Sl2 (С). The isomorphism is given Ьу 

На t-+ (~ ~1)' Еа t-+ (~ ~), Е_а t-+ (~ ~). 
There is some freedom in choice of root vector Еа . Using this freedom, one can 
choose Еа , о: Е R, such that the foHowing commutation relations hold: 

7) [Е Е] = {О, ifо:+{Зf/.R 
а,,в ±(р + l)Еа+,в, ifo: + {3 Е R, 

where Р ~ О is the maximal integer such that {3 - ро: Е R. Moreover, there exist 
an algorithm for determination the sign ± in this formula [Tits]. 

As а corollary we have 

PROPOSITION. ТЬе system оЕ roots R оЕ а semisimple Lie a1gebra 9 determines 
9 uр to an isomorpblsm. 

1.3.2. Cartan decomposition and root system of classi~al complex 
Lie algebras. Now we describe the Cartan decomposition of the classical Lie 
algebras 

А! = SllH(C), В! = S021H(C), С! = SPl(C), D l = SD2l(C) 

which are tangent Lie algebras of the classical groups 

Al ) Denote Ьу ei, i = 1, ... , l + 1 the standard basis of the vector space V = 
ClH and identify the Lie algebra gl (V) of endomorphisms with V @ V*. Тће Lie 
algebra А! = SllH (С) consists of all traceless endomorphisms. The subalgebra 

1+1 

ђ = { h = L Xiei @ ei, L Xi = о} 
. i=1 
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of аН diagonal (with respect to the basis {ei}) elements of А, is а Cartan subalgebra 
of А/. Set Ец = ei ® еј and denote byei Е ђ* the linear form оп ђ defined Ьу 
ei(h) = Xi. Then R = {ei - еј, i i:- ј} is the system of roots and Ец is the root 
vector with root ei - еј. ТЬе Cartan decomposition of А, is given Ьу 

А, = ђ + L:CEij • 

i"f.j 

в" С" D,). То describe the Lie algebras в" С" D, in а unified way, we denote 
Ьу Ь а nondegenerate ЫНnеш form in the space V = СП which is either symmetric 
(Ь = у), or skew-symmetric (Ь = "-') and Ьу 

aut(V, Ь) = {А Е gl(V), Ь (А·,·) + Ь (., А·) = О} 

the Lie algebra of endomorphisms which preserve Ь. ТЬеn 

We choose а basis ео, ei, e-i, i = 1, ... ,1 of СП for п = 21 + 1 and а basis ei, e-i, 
i = 1, ... ,1 of СП for п = 21 such that the form Ь is given Ьу 

, 
В, : Ь = 9 = ео ® ео + L: е; V e~i 

i=l , 
С, : Ь = w = L е; л e~i 

i=l 

I 

D, : Ь = 9 = L е; V e~i 
i=l 

where е; is the dual basis of V* and 

Х Л У = Х ® у - у ® Х, Х V у == Х ® у + у ® Х 

are wedge and symmetric product. Such basis is called the standard basis of V. 
We identify the dual space V* with V Ьу means of the ЫНnеш form Ь: 

V ~ V*, Х t-+ Ьх = Ь (х,·) Х Е V. 

ТЬеn the Lie algebras в/, D, ше identified with the space л2V of bivectors and 
С, with the space v2V of symmetric (2,O)-tensors. For example, а decomposable 
bivector Х Л У defines the endomorphism z t-+ (Х Л у) z = у(у, z)x - у(х, z)y which 
belongs to aut(V,g). 
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Тће set of аН diagonals with respect to the standard basis elements forms а 
Cartan subalgebra ђ о! aut(V, Ь). More precisely, we ћауе . 

1 

В, : ђ = {h = L Xi . ei Л e-i }, 
i=l 

1 

С, : ђ = {h = 2: Xi . ei V e_i}' 
i=l 

1 

D, : ђ = { h = 2: Xi . ei Л e_i}' 
i=l 

Тће corresponding Cartan decomposition is given Ьу 

1 

В, = ђ + 2: Cei Л е_ј + 2: Cei Л еј + 2: Ce-i Л е_ј, 
i,j=O O~i<j O~i<j 

1 1 1 

С, = ђ + 2: Cei Ve_j + 2: Cei Vej + 2: Ce-i Ve_j, 
i,j=l i,j=l i,j=l 

1 

D, = ђ + L Ce i Л е_ј + L Cei Л еј + L Ce-i Л е_ј. 
i,j=l O<i<j O<i<j 

Denote Ьу ei, i = 1, ... , 1 the standard basis of ђ*, defined Ьу ei(h) = Xi. Then the 
roots and corresponding root vectors are given in the following table. 

9 roots oots vectors 
ei -еј, i,j > О, i =lј ei Л е_ј 

В, ±ei, i > О ео Л e±i 
ei+ej, i,j > О, i <ј ei Л еј 
-ei - еј, i,j > О, i < ј e-i Л е_ј 

ei - еј, i =1 ј ei V е_ј 
С, ei + еј, i =1 ј ei Vej 

±2ei e±i Ve±i 
-ei - еј, i =1 ј e-i Уе_ј 
ei -еј, i =lј ei Л е_ј 

iD, ei+ej,i=lj ei Л еј 
-ei - еј, i =1 ј e-i Л е_ј 

1.3.3. Root systems. Let R С Е = spanR R с ђ* Ье the system of roots of 
а semi-simple Lie algebra 9 with respect to а Cartan subalgebra ђ. Denote Ьу а(а) 
the 3-dimensional subgroup 9 of the automorphism group Aut(g) associated with 
the' Lie subalgebra g(a) = СНа + ga + g-a, а Е R. Studying the adjoint action of 
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this group оп root vectors, оnе сзп establish the following fundamental properties 
ofthe set R: 

i) Уо:, Р Е R, (Plo:) := 2(::ј) Е Zj 

Н) Уо: Е R, SaR = R, where Sa : р t-+ Р - (Plo:}o: is the reflection with respect 
to hyperplane О:Ј.. in Еј 

Ш) 0:,).0: Е R for ). Е JR implies ). = ±1. 

Definition. А finite set R of vectors in Euclidian space Е is called an (abstract 
reduced) root system, if R generates Е and satisfies i)-iii). 

From the definition оnе сan derive the following two additional properties of 
root system R. 

1) Let о:,Р Е R Ье roots such that 'РI ~ 10:1 and (о:,Р) :5 о. Denote Ьу () the 
angle between о:,Р. Тћеn аЈl possibilities for (), (o:IP), (Plo:), IP1 2 /10:1 2 аге given in 
the following table. 

() (o:IP) (Plo:) IPI:.I /10:1:.1 
1r/2 О О 

~1r/3 -1 -1 1 
~1r/4 -1 -2 2 
'(j1r/6 -1 -3 3 

Let 0:, Р #- ±о: Е R. Тће o:-series of roots, containing р is defined as the set 
of аЈl roots of the form р + ko:, k Е Z. 

2) o:-series of roots containing р ћав the form {Р + ko:, -Р:5 k :5 q} where 
р, q ~ о and р- q = (Plo:). In particular, if (Р, 0:) < о, then р + о: Е R, if Р - о: f/. R 
and р + о: Е R, then (Р,о:) < о. 

We associate with а semisimple Lie algebra g а root system R. Two natural 
questions arise: 

1) Are two semisimple Lie algebras with isomorphic root system isomorphic? 

2) Is it true that anу abstract root system R is the root system of some 
semisimple Lie group? 

Тће answer for both questions is positive. 

ТИЕОRЕМ. 1) Let g resp. g' аге semisimple Lie a1gebras and R, resp. R' is 
root system оЕ g, resp. g' with respect to а Cartan suba1gebra ~, ~'. ТЬen anу 
isomorphism оЕ Eudidean vector spaces (R), (R') which maps R onto R' сan Ье 
extended to an isomorphism g ~ g' оЕ Lie a1gebras. 

2) Аnу abstract root system R is isomorphic to the root system оЕ some 
semisimple Lie a1gebra. 

Тће semisimple Lie algebra g with given root system R С Е тау Ье соn­
structed as follows. Let вс Ье the complexification of the vector space Е and 
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ђ = (ЕС) * the dual vector space. Consider direct sum of vector spaces 

where Еа is а basis of 1-dimensional vector space СЕа associated with а root а Е R. 
g Ьесоте а sernisimple Lie algebra with Cartan subalgebra ђ and root system R, 
if the Lie bracket is defined Ьу: 

[ђ,ђ] = О, 
[h, Еа] = a(h)Ea , h Е ђ, а Е R 

{ О ifа+,вstR 
[Еа , Е.в] = ±(р + l)Еа+.в if а +,в Е R 

where a-series of roots, сопtaining,в is given Ьу {,в - ра., .... ,,в + qa}. An algorithm 
for determination of the sign ± is given in [Tits]. 

1.3.4. System о! simple roots. The classification of root systems сan Ье 
reduced to the classification of some special bases of the Euclidean vector space Е. 

Definition. Let R Ье а root system in Euclidean veetor space Е. А set 
П = {Ђ, ... , 'Yl} of roots is called а basis of R or а system of simple roots if П is 
а basis of Е and anу root а Е R has integer coordinates with respect to П of the 
same sign: 

l 

а = L kiai, ki Е Z 
i=l 

where either ki ~ О, or ki ~ О for i = 1, ... , l. Н ki ~ О (resp., ki ~ О), then the root 
а is called positive (resp. negative). 

Hence, а basis П defines а decomposition Н = R+ U R- of the root system 
into disjoint sum of positive roots R+ and negative roots R- = - R+. 

То construct а system of simple roots, we define the set Е;е! = Е* \ 
{UaER(a = О)} of regular elements in Е* as the set of vectors from Е* оп which 
all roots take nonzero values. А connected component С of Е;е! is called а Weyl 
chamber. Any Weyl chamber С is defined Ьу inequalities С = {al > О, ... ,а! > О}, 
where ai ые some roots. These roots form а basis П = {аl' ... ' al} of R and anу 
basis of R сan Ье obtained in such а way. Тће finite group W = (Sa, а Е R) 
generated Ьу refl.ections Sa (the Weyl уrouр of а root system R) acts simply tran­
sitively оп the set of Weyl chambers and, hence, bases of R. А practical way for 
constructing а basis of R is the following: 

Choose а regular elementO h Е Е;е! and define the set of positive roots R+ as 
the set of roots which have positive value оп h: 

R+ = {а Е R, a(h) > О}. 
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А positive root а Е R+ is called simple if it is not а sum of two positive roots. The 
set П = {аl, ... , al} of simple roots is а basis of R. 

Due to the formulap-q = (,вlа) for a-series ofroots {,в + ka, -р:::; k :::; q}, а 
root system R сan Ье reconstructed from simple root system П inductively, starting 
from simple roots. At first we determine all the roots which aresums of two simple 
roots, then the roots which аге sums of three simple roots etc. 

Similar to root systems, опе сап give an intrinsic characterization of а simple 
root system as follows. А basis П = {аl"", al} of the Euclidean vector space El 
is called а simple root system if 

is а nonpositive integer for апу i =1 ј. The matrix А = Ilaijll, aij = (аilщ), is 
called the Сапаn matrix of the simple root system П. It determines П ир to an 
isometry and is characterized Ьу the following properties: 

i) aij Е Z, ан = 2, aij :::; О for i =1 ј; 
ii) aij = О <=> Щi = О; 
Ш) mij = aijaji = О, 1,2,3 for i =1 ј; 
iv) The matrix а(А) = 119ijll, gii = 1, gij = -~y'mij, i =1 ј is positively defined. 

The last property follows from the fact that а(г) is the Graт matrix of the 
basis {ai/llaill}. 

А nice way for visualization of а simple root system П and its Cartan matrix 
А was proposed Ьу Е.В. Dynkin. Не associates with П а graph Г = г(П), which is 
called Dynkin graph, Ьу the following rules: 

Апу simple root а; Е П is represented Ьу а vertex of г; 

Two verteces ai, ај аге jointed Ьу тij = aijaji = (аilај)(ајlад lines; 

If lail > Iщl, and (ai, щ) =1 О (and hence, aij о': (аilщ) > Щi = (ajla;)), 
then we draw arrow which indicate the direction from long root а; to short root 
ај. 

The Dynkin diagram determines simple root system ир to isometry. 

Remark that if R' С Е', R" С Е' are root systems in spaces Е', Е", respec­
tively, then R = (R' + О) U (О + R") is а root system in the space Е = Е' ffi Е". Such 
system R is called decomposable and it corresponds to а semisimple Lie algebra 
which is а direct sum of two semisimple ideals. Root system is indecomposable iff 
the associated Dynkin graph is connected. It is equivalent to the condition that the 
associated Lie algebra is simple, or, in terms of Cartan matrix А, that the Cartan 
matrix А is indecomposable, i.e.; it" сan not Ье transformed into block diagonal 
form Ьу means of а permutation of rows and the saтe permutation of columns. 

The classification of indecomposable Cartan matrices leads to the following 
result. 
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CLASSIFICATION THEOREM. Besides the root systeтs А/, Bl, Cl, Dl оЕ сlав­
sica1 сотрlех Ые a1gebras 8l1+1 (С), 8021+1 (С), 8Р21 (С), 8021 (С) there exist опlу 5 
indecoтposable root systeтs а2 , ћ, Еб , Е7 , Е8 • 

The low index indicate the rank of the system, i.e. the dimension l of the 
corresponding Euclidean space Е/. These root systems and the corresponding Lie 
algebra are called exceptional. The exceptional rbot systems are described in the 
foHowing table taken from [G-O-УЈ. 

rrype ldimG R П, t5 W 
(}i - ei - ei+1, l < 8 

ei - еј 
Е8 248 

±(ei+ej+ek) 
(}8 = еб + е7 + е8 AutR 

t5 = е1 - eg 
(}i - ei - еН1, l < 7 

Е7 133 
ei - еј 

(}7 = е5 + еб + е7 + е8 AutR 
ei+ej+ek+ e/ 

t5 = -е7 + ев 
ei - еј, ±2е 

(}i - ei - ei+1, l < б 
AutR= 

Еб 78 
ei +еј +ek +е 

(}б = е4 + е5 + е6 + е 
W х {±1} 

t5 = 2е 
(}1 - (е1 - е2 - ез - е4) /2 

±ei±ej;±ei 
(}2 = е4 

Р4 52 
(±е1 ± е2 ± ез ± е4)/2 

(}з = ез - е4 AutR 
(}4 = е2 - ез 

t5 = е1 + е2 
(}1 - -е2 

а2 14 ei - еј, ±е; (}2 = е2 - ез AutR 
t5 = е1 - ез 

The foHowing notations are used in this table. For Р4 , ei, (i = 1,2,3,4) 
is an orthonormal basis of the 4-dimensional Euclidean space Е4 • For аН other 
exceptional root systems of rank l, е1, ... , е/+1 is the standard basis of the Euclidean 
vector space ]R1+1 restricted to the hypersurface 

In particular, 

Fot Еб , е is the vector with (е,е) = 1/2, orthogonal to all vectors ei· 
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We indicate the dimensionof the corresponding exceptional Lie algebra g, 
system of simple roots П = {(};1, ... , (};/} and the maximal root б and give а descrip­
tion of the Weyl group W. For completeness, we also give а similar description for 
classical root system. Here we indicate also the root vectors. 

~pe dimg ~ 
Root Root 

П 9 systemR 
W 

vectors 
1+1 

АI Sll+l«(:) l(l + 2) 
LXiei®ei е; ® еј 

еј - еј а; = еј - еј+l Вl+1 1 i=/:j 
iLxi=O 

е; Л е_ј еј - еј 
а; = е; - еј+1 1 е; Л еј еј +еј 

ВI ~02I+l(C) (2l + 1) .Е Хје; Ле_i i = 1, ... ,1- 1 BI'Z~ 
=1 е_; Л е_ј - е; - еј 

е_; Л еј ±ei 
а/ = еl 

1 е; V е_ј ei - еј а; - еј - еН1 

СI ~P2I+l«(:) (21 + 1) .Е Xiei Ve_i ei Vej еј +еј i=l, ... ,I-l BI'Z~ 
=1 

е_; Vei аl = 2еl - е; - е' 

1 ei Л е_ј ei - еј а; = еј - еј+1 

DI S021(C) (21 - 1) .Е Xiei ле_i ei Л еј еј +еј i = 1, ... ,1- 1 ВI ZI-1 l' 2 
=1 e_i Л е-ј -ei -е' аl = el_1 + еl 

1.4. Real forms of а complex semisimple Lie algebra 

Classification of real semisimple Lie algebras reduces to description of real 
forms of complex semisimple Lie algebras. Recal1 that anу real Lie algebra t сan 
Ье naturally extended to а complex Lie algebra 9 = t ~ С which is called the 
complexification of t. Тће real subalgebra = t of the Lie algebra 9 is cal1ed а 
real !orт of the complex Lie algebra g. Remark that the complex conjugation of 
the space 9 with respect to the real subspace t is ап antiholomorphic involutive 
automorphism а of 9 and the real form t сan Ье reconstructed as the fixed point 
set gO' of а, 

Апу complex semisimple Lie algebra 9 admits unique ( ир to а conjugation 
Ьу an automorphism of g) compact real form. It is the fixed point set gT of the 
canonical antiholomorphic involutive automorphism т of g, defined as fol1ows. 

Let 

Ье а Cartan decomposition of 9 and ђ(1R) = в-1 < R > the real form of ђ. Тћеп 

тlђ(1R) = -1, тЕа = Е-а. 

More precisely, 

gT = iђ(1R) + L spanlR(Ea + Е_а, i(Ea - Е_а))' 
aER+ 
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1.5. Parabo1ic subalgebras of complex semisimple Ые algebra. 

1.5.1. Regular subalgebra. Let 9 = ђ + LaER СЕа Ье а Cartan decom­
position of а complex semisimple Lie algebra 9 

Definition. 1) Subalgebra t of 9 is called to Ье regular if [ђ, t] С t. 
2) Subset Q с R is called to Ье closed (or а root subsystem) if (Q + Q) п R с 

Q, i.e., а,fЗ Е Q, а + f3 Е R ~ а + f3 Е Q. 

3) Subset Q С R is called to Ье symmetric (resp. asymmetric) iff Q = -Q 
(resp., Q п (-Q) = 0). 

Апу Q с R can Ье decomposed into а disjoint sum Q = QS u Qa, where 
QS = Q п (-Q) (resp., Qa = Q \ QS) are symmetric and asymmetric parts of Q . . 

LEMMA. Л Q is closed, Њеп QS, Qa are dosed. 

РRОРОSIТЮN. А closed set Q с R defines а regular suЬa1geЬra 

g(Q):= ([Ea,E-а] = На,а Е QS) + L СЕа = QQ + L СЕа · 
aEQ aEQ 

Its Levi-Ma1tcev decomposition is g(Q) = g(QS) Е9 g(Qa). 

Conversely, anу regular Lie a1geЬra t оЕ 9 Ьаэ the Еогm t = ђ' + g(Q), where 
ђ' is а suЬa1geЬra оЕ ђ and Q is а closed suЬset оЕ R. 

Exaтple. А system ofpositive (respectively, negative) roots R+ (resp. R-) is 
closed and asymmetric. Тће corresponding Lie algebras ь± = ђ + g(R±) are Borel 
subalgebras, that is, maximal solvable subalgebra of g. Апу two Borel subalgebras 
are conjugated Ьу an automorphism of g. 

LEMMA. А тахјта1 asymmetric closed suЬset Q оЕ R is the set оЕ аll positive 
roots with respect to some Weyl сЬamЬег. 

1.5.2. Parabolic subalgebras. А parabolic subalgebra Р is а subalgebra 
which contains а Borel subalgebra Ь. 

Construction оЈ parabolic subalgebras. Let П is а basis of R, R = R+ U R- is 
the corresponding decomposition of R and ПО С П is а subset. Define 

[ПО] = (ПО) П R, [ПО]± = (ПО) П R±. 

Тћеп R' = Rпо = [ПО]_ U R+ is а closed set. Moreover Ro = Rпо = [ПО] and 
R&o = R+ \ [ПО]+. Непсе, 

РПО = ђ + 9 (Rпо ) = 3 + 9 ([ПО]) + 9 (R&o) 

is а parabo1ic subalgebra (РПо ~ ь+ = ђ + g(R+)) with the radical 3 + g(R&J and 
semisimple part 9 ([ПО]). Here 3 is the B-orthogonal complement to the Cartan 
subalgebra ђо = (На, а Е Ro) of 9 ([по]) in ђ. We ћауе . 

[3, 9 ([ПО])] = О, [3 + g([По]), 9 (R&o)] с 9 (R&o) . 
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Moreover, з+g ([по]) is а maximalreductive subalgebra of g and g(R&o) is а regular 
nilpotent subalgebra of go 

PROPOSITION о Апу parabolic 8uba1gebra ј8 conjugated to а 8uba1gebra оЕ Ње 
foгт РПоо 

Ртоојо Тће proof is immediateo Let t Ье а parabolic subalgebra of go Since 
аnу two Borel subalgebras are conjugated, we тау assume that t contains the Borel 
subalgebra ь+ = ђ + g(R+)o Тћеn t = ђ + g(R'), where R' :Ј R+ is а closed subset 
of Ro This implies that R' = Rпо for some subset ПО of По 

Remark that аnу subset ПО of П defines а decomposition of the Lie algebra 
g into sum of three subalgebras 

g = g( -R&o) + t + g(R&o)' 

where t = ђ + g ([по]) = 3+ g ([по]) is а reductive subalgebra and g(±R&o) ые 
nilpotent subalgebraso This decomposition is called generalized Gauss decomposi­
tiono 

Remark also that the center 3 of t is always different from zero and t coincides 
with the centralizer of 3: 

11. Homogeneous manifolds 

А homogeneous manifold is а manifold М together with а transitive action of а 
Lie group G оп Мо Тransitivity means that for anу х, у Е М there exist 9 Е G such 
that gx = уо In other words, G has only оnе orbit оп Мо А homogeneous manifold 
М тау Ье identified with the coset space G/K, where К = {g Е G,go = оЈ is the 
stabilizer (or, stability subgroup) of а point о Е М о It is clear that К is closed, 
but not necessary connected subgroup of Go Conversely, anу closed subgroup К of 
а Lie group G defines а homogeneous manifold G / К о There exist unique smooth 
structure оп G / К such that the natural action of G оп G / К is smootho 

Assume, for simplicity, that the homogeneous space М = G / К is reductive, 
that is Lie subalgebra t = Lie К of g = Lie G admits Adk-invariаnt complement m 
such that g = t + m is аn Adk-invаriant decompositiono It is always the case if К 
is compacto Тћеn we саn identify m wiф the tangent space ТоМ Ьу 

m Э Х ++ dd (exptX) 01 ' 
t t=o 

where exptX is the 1-parametric subgroup of G, generated Ьу Хо 

Under this identification, the isotropy representation ј of К is identified with 
the restriction of the adjoint representation AdK Ig to т: 

ј(К) = Ad Klmo 
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Many geometrical questions about homogeneous manifold М тау Ье reformulated 
in terms of the pair (а, К) of Lie group and then in terms of the corresponding 
pair (g = Lie а, t = Lie К) of Lie algebras. For example, the classification of а­
invariant tensor fields of given type (Р, q) reduces to the description of (Р, q) tensors 
of the tangent space ТоМ, which are invariant under isotropy representation 

ј: К ~ GL(ToM) 

of the stabilizer. Recall that ј is defined Ьу 

where '"Yt is а curve with '"Уа = О. 
Hence, the classificationof G-invariant tensor fields of type (р, q) reduces to 

а description of the space Tf(т)AdK of AdK-invariant tensors of type (р, q) оп т. 

If the group К is connected (this is the case if G is connected and М is simply 
connected), then 

T:(m)Ad K = Т:(т)Зd!, t = ЫеК, 
where Tf(m)3d! = {А Е Tfm, adx А = О, ТlX Е t}, and the problem reduces to а 
description of tensors оп тn. invariant under the adjoint action of Lie algebra t. 

For example, а homogeneous space М = G / К admits G-invariant Riemann­
ian metric g, almost complex structure Ј or almost symplectic structure I.J,) iff the 
representation Ad Klm is orthogonal (ј.е. preserves an Euclidean metric оп т), соm­
plex (commute with а complex structure Ј) or, respectively, symplectic (preserves 
some nondegenerate skew-symmetric 2-form). 

Remark that any linear representation of а compact Lie group К is orthog­
onal. Hence, any 1!omogeneous manifold М = G / К with compact subgroup К 
admits an invariant Riemannian metric. 

It is not difficult to express the condition of integrability of an invariant almost 
complex structure Ј or an invariant almost symplectic structure I.J,) оп а homoge­
neous manifold М = G / К in terms of Lie algebras {Ј, t. Recall that an almost 
complex structure Ј (ј.е. field of endomorphisms Ј with Ј = -id) is integrable iff 
the corresponding complex eigendistribution 

т1О М = {v Е ТС М = Т М ® С, Jv = iv} 

of Ј with eige~value +i is involutive, ј.е. tЪе space of sections of Т1О М is closed 
under Lie bracket. 

Let М = G / К Ье а reductive homogeneous manifold with reductive decom­
position 9 = k + т. Then we ћауе natural identification T.f М = тС• Let Ј м Ье an 
invariant almost complex structure оп М = G / К and Ј = Ј м 10 the corresponding 
complex structure оп ТоМ = т. Denote Ьу т1О and тО! the eigenspaces of Ј оп 
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тС with eigenvalues +i and -i, respectively. They аге AdK-iпvariапt and define 
invariant eigendistributions TlO М and TOl М of Ј М. Опе сan easity check that al­
most complex structure Ји is integrable iff g+ = еС + mlO is а complex subalgebra 
of Ље complex Lie algebra gC = 9 18) С. 

Now we assume for simplicity, that G is connected compact semisimple Lie 
group and describe аll homogeneous spaces G / К which admits an invariant sym­
plectic structure LV (i.e. nondegenerate closed 2-form). Let 9 = t + m Ье а reductive 
decomposition. The value ЦЈо of LV at о = еК is Adk-iпvагiant nondegenerate 2-form 
оп т,ЦЈо Е (Л2т*)АdК • It тау Ье considered as 2-form ЦЈО оп 9 with КегЦЈо = е. 
The closedness of LV means that ЦЈо is closed in the сотрlех Лg* of exterior forms 
оп the Lie a1gebra g: 

Шџо(Х, У, Z) = cyclLVo([X, УЈ, Z) = О, Х, У, Z Е g, 

where сусl means the вит of сусНс permutations. It is known that Hl (g, 1R) = О for 
semisimple Lie a1gebra g. Тп other words, anу closed 2-form ЦЈо is exact: ЦЈО = d~, 
where ~ Е g* is 1-form and ~(X, У) = ~([X, УЈ), Х, У Е g. This 1-form ~ is 
canonica1ly defined. Using nondegeneracy of Кil1ing form В we сап write ~ (Х) as 

~(X)=B(ho,X), XEg, 

where ho јв воте element of Lie a1gebra g. Непсе, 

ЦЈо(Х, У) = B(ho, [Х, УЈ) = B([ho, ХЈ, У), Х, У Е 9 

and 
е = kerLVo = Zg(ho) := {Х Е g, [ho, ХЈ = О}. 

This imp1ies that К contains the centralizer Za(ho) = {g Е G, Adg ho = ho} Ье­
- cause this centra1izer is connected. Since element ho Е 9 is canonica1ly defined Ьу 

ЦЈо , it is invariant under AdK. Thus К с Za(ho). ВоЉ inclusions imply equa1ity 
К = Za(ho). We have 

ТИЕОRЕМ (Кiri1l0v-Kostant-Souriau). Let М = G/K Ье а homogeneous 
manifold оЕ compact semisimple Lie gж·оир G with invariant symplectic structure 
ЦЈ. ТЬеп К = Za(ho) is the centralizer оЕ воте element ho Е 9 = LieG and 
Ьепсе, М сan Ье identified with the adjoint orblt 111 = (Ad G)ho оЕ this element. 
Могеоуег, the уalие LVh оЕ the symplectic foгт LV at а point h Е 111 = (Ad G)ho is 
given Ьу LVh (Х, У) = В (h, [Х, УЈ), Х, У Е Th1l1 с g. 

COROLLARY. ТЬеге exists 1-1 correspondence between invariant symplecUc 
structures оп а homogeneous manifold М = G I К оЕ а compact веmјвјтрlе Lie 
group G and elements h Е 9 v.rith the stabllizer К јп G. 

Such elements have the orbit isomorphic to G / К. 
Homogeneous manifolds G / К of compact semisimple Lie group G \'\--mch аге 

G-diffeomorphic to adjoint orbits of G аге called ftag manifolds. 



20 D. У. Alekseevsky 

111. Flag manifolds as homogeneous spaces 
оС а complex semisimple Lie group 

111.1. Flag manifolds оС classical groups SLn(C), ВОn(С), Врn(С). 

Now we describe the manifolds of complex flags and complex isotropic flags and 
identify them with coset spaces of classical Lie groups modulo parabolic subgroups. 

Let V = СП Ье а complex vector space and ј5 = (Рl, ... ,Pr) an r-tuple of 
natural numbers such that О < Рl < ... < Pr < n. 

Definition. А flag of type ј5, or p-flag, is а system 1 = (Vi, V2, ... , Vr) of 
subspaces of V such that vi с Vi+1 and dim vi = Pi. 

The unimodular group SLn(C) = {А Е GL(C), detA = 1} acts transitively 
оп the set Fp(V) of аН p-flags. Let еl, ... , ei, ... , еn Ье the standard basis of V = СП. 
We will denote Ьу (еl' ... , ek) the complex subspace of V spanned Ьу еl, ... , ek. The 
p-flag 

10 = «еl' ... , ерЈ, (еl, ... , ер2 ), ... , (еl, ... , ерЈ) 

is called the standard p-flag (or p-flag associated with the standard basis). Its 
stabilizer Рр in SLn(C) consists of all upper block-triangular matrices with the 
blocks of size Рl,Р2 - Рl,РЗ - Р2, .... Hence, we тау identify Fp(V) with the coset 
space SLn(C)/Pp• 

А flag of type (1,2, ... , п - 1) is caHed а fuH flag. Remark that the stabilizer 
Р12. .. n-l of the standard fuH flag 10 associated with the standard basis is the 
subgroup В of all upper triangular matrices иот SLn(C), that is а Borel subgroup 
of SLn(C). The stabilizer Рр of the standard flag of anу type ј5 contains В. 

Now we describe the manifolds of isotropic flags which are homogeneous 
spaces of other classical Lie groups ВОn(С), Врn(С). 

Assume that а nondegenerate bilinear form Ь in V = СП is given, symmetric 
(Ь = у) or skew-symmetric (Ь = (.0)). Last саэе is possible only if п = 21. The classical 
groups ВОn(С), ВРnј2(С) are defined as the connected component Aut(V, Ь)О of the 
group Aut(V, Ь) of automorphisms of V, which preserve Ь. As in 1.3.2, we identify 
the Lie algebras SOg(V) and sPw(V) with the space л2V of bivectors and with the 
space y2(V) of symmetric 2-tensors. 

We will щ а basis ei, e-i i = 1, ... , 1 of V for п = 21 and ео, ei, e-i, i = 1, ... ,1 . 
for п = 2l + 1 such that b(ei, е_ј) = бiј,Ь(ео, ео) = О and аН other products are 
zero. In such standard basis, the form Ь is given Ьу 

п = 2l: 

п = 2l + 1: 

Ь = 9 = L e-i у ei, Ь = (.о) = L e-i Л ei 

Ь = 9 = ео ® ео + L e-i у ei· 

Definition. А flag 1 = (V1, ... , Vr) of type ј5 = (Рl, ... , Pr) in the space (V, Ь) is 
called isotropic if blv. = о. 
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In this case r :::; 1 = [I]. The group Aut(V,b) acts transitively оп the 
manifold IFp(V) of isotropic p..flags, р = (Pl, .. ·,Pr)· Moreover, its connected 
component Aut(V, Ь)О acts оп IFp(V) transitively if Ь = С...Ј or Ь = g and п = 21 + 1, 
or Ь = g, п = 2l and Рт < 1. In the СаБе Ь = g, п = 21, Pr = 1, the group 
Aut(V,g)o = S021(C) = DI has two ореп orbits S021(С)Јо, S021(C)Jl, where 
Јо, Л, are flags associated with the standard basis el, ... , el, e-l, ... , e-l and the basis 
e-l, е2, ... ,el, el,e-2, ... ,e-l оп the manifold IJp(V) offlags of type р = (Pl' ... ,Рт = 
1), see [G-O-V]. 

Denote Ьу Јо = ((el' ... , ерЈ, (ђ, ... , ер2 ),.· . , (ђ, ... , ерЈ) the standard isotrop­
ic p-flag in (V, Ь), associated with the standard basis ei, e-i, (ео). 

Exercise. Describe the stability subalgebra р 10 of the point Јо. For example, 
for Dl-case (Ь = g, п = 21) it is given Ьу 

III.2. Flag manifolds of а complex semisimple Lie group. Now we 
define flag manifolds associated with апу connected complex semisimple Lie group 
с. Recall that а subgroup Р of G is called parabolic if it contains а Borel subgroup 
(i.e. а maximal solvable subgroup) В of G . 

Definition. А flag manifold of а complex semisimple Lie group G is the quo­
tient М = G / Р of G Ьу а parabolic subgroup Р. 

It is known that а parabolic subgroup Р of G is always connected and coin­
cides with its normalizer Na(P) = Р. This implies that а flag manifold М = С/Р 
is simply connected complex manifold. Moreover, М = С/Р сan Ье realized as 
а closed (hence, compact) orbit of G in the projective space PV, associated with 
some linear representation G ~ GL(V) ofG (more precisely, the orbit ofthe highest 
weight vector). 

Flag manifolds of the classical Lie groups are exactly the manifolds of p-flags 
or isotropic p-flags, described аЬоуе. 

Lie algebra р of а parabolic subgroup Р is а parabolic subalgebra. Непсе, we 
сan write 

The generalized Gauss decomposition 

induces а decomposition of some ореп subset Greg of G into product of the corre-
sponding subgroups: . 
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where LieK = t, LieN± = 9 (±Ri1o)' Moreover, Р = К· N+. This decomposition 
shows that the nilpotent subgroup N _ acts simply transitively оп the open dense 
subset M reg = Greg/P ofthe flag manifold М = а/р. Hence, any complex coordi­
nates оп N_ (for example, independent matrix elements of а matrix representation 
of N _) define local complex coordinates оп М. In the сме of Grassmannian, such 
coordinates are standard local complex coordinates of the Grassmannian. 

Remark that any chain of subsets 

ПО = 0 с Љ с П2 С ... С Пk = П 

of а system П of simple roots of the Lie algebra 9 = Lie G defines а tower of 
holomorphic G-equivariant fiberings 

а/в ~ G/Рп1 ~ G/Рп2 ~ .,. ~ G/Рп = {point}, 

where Рпi is the parabolic subgroup with tangent Lie algebra 

In particular, if Пi = Пi- 1 U {Q;i} = {(:ђ, ... , Q;i} then we have the tower 

All fibers Р{Сђ, ... ,О/..}/ P{Dil"",o/'O-l} can Ье identified with а primitive flag manifold, 
i.e. the quotient of а simple Lie group Gi modulo а maximal parabolic subgroup 
ћ which corresponds to the Dynkin graph of Gi with one deleted root Щ. 

111.3. The action of а maximal compact subgroup of G оп а flag 
manifold 'м = G / Р. Recall that а flag manifold М = G / Р of а connected 
complex semisimple Lie group G is simply connected and compact. Then, Ьу 
Mostow theorem, а maximal compact subgroup ат of G acts оп М transitively. 
From the exact sequence of homotopy groups of the fibration ат ~ М = ат /а;,' 
one can derive easily that the stabilizer а; of а point х Е М is а connected subgroup 
of ат. Hence, it is determined Ьу the Lie algebra 

g~ = gT n\)= \)т = {х Е р, 'г Х = Х}, 

where gT = LieGT is the Lie algebra of the maximal compact subgroup ат of а, 
that is the fixed point set of the standard antiholomorphic involution 'г. We can 
write 

\) = LieP = Ј + g([По}) + 9 (Ri1o) = t+ 9 (RПо )· 

Since the subalgebra t = Ј + 9 (Rпо ) is invariant under the antiholomorphic invo­
lutionr and 
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we get 
g; = рТ = tT = ЈТ + 9 (Rпо)Т о 

Непсе, the stabi1ity subalgebra g; is а compact form of the subalgebra t = Zg (Ј) о 
Јп particular, g; = Zg~ (ЈТ) is the centralizer of а commutative subalgebra ЈТ of gT о 
This subalgebra Ј generates а torus Т in а compact connected semisimple Lie group 
СТ о At is known that the centralizer of а torus in а connected compact semisimple 
Lie group is connectedo This imp1ies 

where to Е ЈТ is ап element generating а dense l-parametric subgroup of the torus 
То We get 

РRОРОSIТЮN о Апу flag manifold М = G / Р сал Ье identНied with the quo­
tient СТ / КТ оЕ а веmјвЈmрlе compact Lie group СТ С G modu1o the centra1izer 
КТ = ZG~(to) оЕ ал element to Е gT = LieGT алd, hence, with ал adjoint orbit 
(AdG~ )too 

ЈУ. Flag manifolds as а quotient of а compact Lie group 

ЈУ.!. T-roots, T-chambers and T-Weyl group of а flag manifold. 
Let М = G / Р Ье а flag manifold of а complex semisimple Lie group G о We know 
that the Lie algebra р of Р has а semidirect decomposition 

р = рпо = t + п = (Ј + 9 ([по])) + 9 (R+ \ [по]+) о 

into а sum of а reductive subalgebra t and the maximal nilpotent ideal По It defines 
а decomposition Р = К о N of the Lie group Ро 

Denote Ьу Т the standard antiholomorphic involution of G which determines 
а compact form СТ of СО (СТ is the fixed point set of Т)о Then рТ = КТ is а 
compact form of Lie group К and we сan identify М = G / Р with СТ / КТ о We fix 
а Cartan subalgebra ~ of t = Lie К о It is also а Cartan subalgebra of 9 = LieG о 
We.will denote Ьу Ro (respo, R) the root system of (~,t) (respo, (~,g)) and set 
R' =R\Roo 

We сап write 
t = ~ + L СЕф = Ј + g(Ro), 

фЕRо 

where Ј = Z(t) is the center of t, 

т= L СЕао 
aER' 

We will identify m with the complexification Tf[ М of the tangent space ТоМ of 
М = ст / КТ at the point О = еКТ о Then тТ = {Х Е М, ТХ = Х} is identified 
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with ТоМ and the isotropy representation of КТ оп Tf' М is identified with the 
restriction to m of the adjoint representation Аdю· Ig. 

As before, we denote Ьу ђ(JR) the real form of the Cartan subalgebra ђ, 
spanned Ьу roots, 

ђ(JR) = B-1(R), 

and we put t = д П ђ(JR). Then дТ = it. Remark that roots from R are reallinear 
forms оп ђ(JR). 

Definition. The restriction а = o:l t of а root о: Е R' = R \ Ro to t is cal1ed а 
T-root. 

We will denote the set of аН T-roots Ьу RT. It is а finite set ofnonzero vectors 
in the Euclidean vector space t. In general, RT is not а root system. 

Definition. 1) Ап element t Е t is called to Ье regular, if апу T-root б has 
nonzero value оп t . 

.f) А connected component С of the set t reg = t \ (U&ERT {а = О}) of regular 
elements is called а Т -chamber. 

3) The subgroup W Ro = {w Е W,wRo = Ro} of the Weyl group W of R, 
which preserves Ro is cal1ed T-Weyl group. 

T-Weyl group WRo acts оп the set of T-chambers, but the action is not 
transitive, in general. 

IV.2. Realization of а flag manifold Ьу an adjoint orbit. We say 
that an element to Е gT defines а realization of the flag manifold ат / кт Ьу an 
adjoint orbit if it has stabilizer КТ in Ado~. Then we have canQnical identification 
of the flag manifold ат / КТ with the orbit (Ado~) to such that the point 0= еКТ 

is identified with to. 

PROPOSITION. 1) An element to Е gT defines а rea1ization оЕ the flag maniEold 
М = ст / кт iff ito Е t reg . 

2) Two ele~ents to, tl with stabilizer КТ belong to опе СТ -orbit iEthey belong 
to опе W Ro orbit: 

tl = wto, w Е WRo 

COROLLARY. ТЬе set оЕ adjoint orbits оЕ СТ isomorphic to М = GT / КТ is 
parametrized Ьу elements oftreg /W Ro . 

Proo/ о/ Proposition. 1) Let to Е gT has stabilizer КТ. Then tT = Zg~(to). 
Hence, to belongs to the center дт = Z (tT

) С ђТ С ђ of t T and 

Ro = {о: Е R, o:(to) = О} = Rntt, 

This shows that ito Е treg . 

2) Let to, tl Ье elements with the соттоп stabilizer КТ which belong to 
the same orbit. Then tl = Adg to, for some 9 Е No'" (КТ). The element Adg 
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preserves the center ЈТ of ет and transforms а Cartan suba1gebra ђТ = ЈТ + ђо of 
k T into а Cartan suba1gebra ђ' = ЈТ + ђl, w.here ђо, ђl ате Cartan subalgebras of 
the semisimple part [ет, ет] of ет. Using the fact that anу two Cartan suba1gebras 
of ет are conjugated, we сan change g to g' = ga, for some а Е КТ, such that 
Adgl preserves the Cartan subalgebra ђТ and its decomposition ђТ = ЈТ + ђо. Тћеп 
Adgl/ ђТ = W Е wRo . Оп the other hand, 

tl = Adg to = Adgl to = wto, 

ЈV.З. Closed invariant 2-forms оп а flag manifold. We now state the 
folowing proposition. 

PROPOSITION. Let М = ст / КТ Ье а fJ.ag manifold and ет = it + g(Ro) the 
decomposition оЕ Ње Lie aJgebra оЕ КТ into sum оЕ the center it and the semisimple 
ideaJ g(Ro). ТЬете exist naturaJ one-to-one correspondence between elements from 
t and closed invariant 2-forms оп М: 

where U)t 1S СТ -1nvariant 2-Еотm оп М, whose vaJuе at о = еКТ is g1ven Ьу 

Нете тТ is the Ad КТ -invariant complement to ет јп gT, identified with the tangent 
spaceToM, В 1s theKill1ngform оЕђ*, and d: g* -+ л2 ђ* 1S theexter10rdifferentiaJ 

d~(X,Y) = -~~([x,Y]) Х,У Е g, ~ Е g*. 

Мотеоует, symplectic (ј.е., nondegenerated) 2-forms U)t correspond to regular еlе­
ments t Е t reg . 

Тће proof is straightforward. Remark that а regular element to Е t reg defines 
an identification М = ст / КТ ++ Adar ito. Тће corresponding symplectic form u)to 
оп М = Adar ito is exactly the Кirillov-Kostant-Souriau form ofthe orbit Adar to: 

u)to (Х, У) = В (t, [Х, У]) , Х, У Е TtM с gT. 

ЈУ.4. Decomposition оС the isotropy representation into irreducible 
submodules. Now we fix а system of simple roots ПО of the root system Ro and 
denote Ьу Щ, Ro the corresponding systems of positive and negative roots. 

Definition. А root а: Е R' = R \ Ro is cal1ed К -simple, if а: - Ф ~ R for anу 
фЕ Rt· 
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PROPOSITION. ТЬеге exist natura1 one-to-one correspondence between 
T-roots, irreducible Adk,,-suЬmоdules оЕ the complexified tangent space т = 
EO:ERI СЕо: = (т1')С оЕ the f1ag manifold а1' /К1' and the set оЕ K-siтple roots 
Егот R' = R \ Ло, given Ьу 

RT Э о: {:::::::} та = 

where (О:) _ 1s the lowest weight оЕ irreducible AdK" -modu1e та. 

For proof see [Sieb], [AI-Per], [G-O-V]. 

IV.5. Invariant complex structures and Kahler metrics. А regular 
element to Е t defines а partial order in t*. We say that аТ -root о: is positive (resp., 
negative) if O:(to) > О (resp., o:(to) < О. А positive T-root о: is called siтple if it is 
not а sum of two positive T-roots. Тће set ПТ = {0:1, ... , O:m}of all simple T-roots 
is called а T-basis. It is а basis of t* such that·any T-root о: сan Ье written as linear 
combination о: = Е kiO:i with integer coefficients ki of the same sign (аН ki ~ О or 
аН k i ~ О). Тће T-chamber C(to) which contains to is defined Ьу inequalities 

C(to) = {0:1 > О, ... , О:т > О}. 

Denote Ьу 

~ 

the set of the corresponding K-simple roots. Тћеп П = по U П' is' а system of 
simple roots of R. It contains ПО and depends only оп T-chaтber C(to). 

PROPOSITION. [AI-Per] ТЬеге exist natura1 one-to-one correspondence Ье-
tween 

1) T-ЬasеsПт = {О:l, ... ,О:т}; 

2) T-сЬатЬегв С = {0:1 > О, ... , О:т > О}; 
3) systems П = {(0:1)-, ... , (О:т)-}UПО оЕвЈтрlе roots оЕ R which contain fixed 

system ПО оЕ simple roots оЕ Ro; 
4) decompositionR' = R,+UR'- оЕ R' = R\Ro into disjoint uпјоп оЕ asymmetric 

closed subsets R'+ and R'- = -R,+; 

5) invariant сотрlех structures оп f1ag manifold а1' / КТ (defined uр to а sign). 

Proof. Let ПТ = {0:1, ... ,О:т} Ье а T-basis. Тћеп С = {0:1 > О, ... ,О:т > О} is 
the associated T-chaтber. (Тће proof is the saтe as for ordinary Weyl chaтber). 
Now we put П' = {(а1)_, ... , (О:т)_}. It follows from the properties of weights of 
ап irreducible representation of semisimple Lie algebra, that П = по U П' contains 
а basis of t*. Using the formula for a-series of roots, опе сan prove that scalar 
product between different elements from П is nonpositive. This implies that П is а 
basis of R. 
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Denote Ьу R+ = [П]+, R- = [П]- the corresponding systems of positive 
and, respectively, negative roots and put R'± = R' п R± = R± \ [ПОЈ±. Then it 
is clear that R,+, R'- = - R'+ аге closed sets of roots and R' = R'+ U R'- is the 
disjoint sum. Now we define а decomposition of the complexified tangent space 
TfiM = т = т1О + тО1 , where т1О = g(R,+) , тО1 = g(R'-). 

Since the subspaces т1О , тО1 are Adkt-iпvaгiапt, they can Ье extended to two 
complex invariant distributions Т1О М and ТОl М. We define an invariant almost 
complex structure Ј оп М = ат / кт such that Т1О М and ТОl М are eigendistri­
butions of Ј with eigenvalues +i and -i, respectively. Since t + т1О is а subalgebra 
of g, Ј is integrable, see section 2. 

Conversely, any invariant complex structure Ј оп М = ат/кт defines а 
decomposition 

т = т1О + тО1 , тт1О = тО1 , 

of т into а sum of two Adkt-iпvагiant subspaces т1О , тО1 such that t + т1О is а 
subalgebra. Denote Ьу Q, resp., Q- the set of roots associated with root vectors 
from т1О , resp., mOl • Then Q- = -Q and R = Ro u Q u (-Q). Тће closed set 
Ro U Q is рагаЬоliс in the sense of Bourbaki, and hence it contains some system of 
positive roots R+, such that R+ :> Rt. Then it is clear that Q С R+. Denote Ьу 
П the system of simple roots from R+. Then П :> по and the restriction of roots 
from П' = П \ по to t defines а T-basis. О 

COROLLARY. There exists natural one-to-one correspondence between regular 
points to Е t aпd invariaпt Кahlег metrics 9to оп f1ag maпifold М = ат / кт. 
The metric 9to associated with point to is given Ьу 9 to = Wto (., Ј·), where Wto is 
the symplectic foгm associated with tO aпd Ј is the invariaпt соmрlех structure, 
associated with T-chamber С 3 tO. 

Reтark. If we chaпge Ј to complex structure Ј' associated with other Т­
chamber, then we get invariant pseudo-Kahler metric 9, i.e. а pseudo-Riemannian 
metric with Levi-Civita connection \19 such that \19 Ј' = о. 

IV.б. Invariant Kahler-Einstein metrics. Let ПО = {Ф1' ... ,фk} Ье fixed 
basis of the root system Ro and П = ПО U П', П' = {(ђ, ... , ат} is а basis of the 
root system R, which contains По. We wi1l denote Ьу аl, ... , ат the fundamental 
weights associated with simple roots а1, ... , ат i.e. 

The fundamental weights ai form а basis of the space t* dual to t (and isomorphic 
to t via Killing form). Тће natural isomorphism between t* and the space n2 (м)О'" 
of invariant 2-forms оп М is given Ьу 
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where "-'о: ате l-forms оп т, dual to Ео:, "-'о: (ЕiЗ) = бо:i3' Опе can check that "-'~ is 
Adk ... -iпvariant 2-form оп тТ = ТоМ. Непсе, it defines ап invariant 2-form "-'~ оп 
М = GT / КТ. Two-form "-'~ is integer, i.e. defines an integer cohomological class, 
iff the coordinates ki are integers. The l-form 

is called Koszul form. It is а Нпеат combination of weights ai with integer positive 
coefficients ni: 

m 

а = 2:niai. 
i=l 

The numbers ni are called Koszul numbers. 

PROPOSITION. [Al-Per] ТЬе 2-form "-'О' associated with Koszu1 form а is the 
invariant nondegenerate closed 2-form wblch represents Пrst Chern class оЕ the јп­
variant сотрlех structure Ј, associated wUh (П, по). Moreover, the corresponding 
metric gи = "-'0'(', Ј·) is an invariant Kahler-Einstein metric. 

IУ.7. Painted Dynkin graphs and classification оС flag manifolds. 
Definition. 1) Let 9 Ье а complex semisimple Lie algebra.and t а complex reductive 
Lie algebra which is isomorphic to centralizer of some element t Е g. The Dynkin 
graph Г of the root system R of а 9 with some vertices painted in black is called 
а painted Dynkin graph of type (g, t), if after deleting black vertices we get the 
Dynkin graph of the root system Ro of t. 

2) А bijection 1:: : П -t v(f) between):oots of some basis П of R and vertices 
V (Г) of Г such that Г becomes the Dynkin graph of П, is called an equipment of 
the painted Dynkin graph Г. о. 

We will denote' Ьу ПW and ПВ the subset of white and, respectively, black 
roots from П (i.e., the roots associated with white and, respectively, black vertices 
of Г). А painted Dynkin graph of type (g, t) with ап equipment defines а flag 
manifold М = GT / КТ, where GT is the compact form of the Lie group G with Lie 
algећга 9 and КТ is the subgroup of GT associated with the compact form t T of 
the Lie algebra t(Пw) = ђ + 9 ([Пw]). 

Remark that the Weyl group W of R acts оп the set of equipments of а painted 
Dynkin graph Г оп the right and equipments 1::, 1:: о W, W Е W define G-isomorphic 
flag manifolds. 

АББuте that there exist equipments of Г 

1:: : П -t v(f), 1::': п' -t v(f), 

which define nonisomorphic flag manifolds (that is the subalgebras t(Пw) and 
t(Пw ) generated Ьу white roots ате not conjugated). Changing 1::' to 1::' о W for 
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appropriate w Е W we тау assume, that П' = П. Then е' = Q о е, where Q is an 
automorphism of the underline Dynkin graph t of Г which is not ап automorphism 
of the painted graph Г (that is QП w :ј:. П w ). This is possible only when а connected 
component of t has type A1, DI or Е6 . We have 

PROPOSITION. Let Г Ье а painted Dynkin graph and t under1ined Dynkin 
graph. 

1) Н t Ьм по nontrivia1 automorphism ог anу automorphism оЕ t јв an 
automorphism оЕГ (i.e. it preserves the set ofwhite vertices), then а11 equipments 
оЕ Г deiine isomorphic flag manifolds. 

2) Let е : П --t V(r) Ье an equipment оЕ Г which deiines а flag manifold 
М and Q is an automorphism оЕ t which is not an automorphism оЕ Г. ТЬеп the 
equipment е' = Q О е : П --t V (Г) deiines а flag manifold nonisomorphic to М if 
Ње sets ПW, ПW оЕ white roots associated with е and Q о е ате not conjugated 
Ьу an element оЕ the Weyl group. Moreover, anу flag manifold associated with ап 
equipment оЕ Г сan Ье obtained Ьу this way. 

Remark. It is not difficult to give а necessary and sufficient condition that 
the set П w, ПW of white roots associated with equipments е, е' = Q О е ате not 
conjugated. For example, for t = АI this condition is that not аН white vertices of 
Г аге isolated. 

Examples. 1) The equipments 

012 02З "1-11 CI_1I С2З С12 
е--е ... е---е е--е ... е---е 

define nonisomorphic flag manifolds: projective space of 1ines and the dual projec­
tive space of hyperplanes. 

2) The equipments 

E'12 е23 \ ':1-11 EI-l1 Е2З Е'12 
е---е ... __ е---е ... __ 

define isomorphic flag manifolds .1"12 ... 1-2 (C1+1 ). 

Definition. Twopainted Dynkin graphs Г, Г' of the saтe type (9, е) аге caHed 
to Ье equivalent if there exist equipments е : П --t V(r), е' : П' --t V(r') which 
define isomorphic flag manifolds. 

LEMMA. Two painted Dynkin graphs Г, Г' ате equiva1ent ШЊеге exist equip­
ments е: П --t ~r(r), е' : П' --t V(r') with the saтe set ПW оЕ white roots. 

Proo/. It is clear that equipments Г, Г' with the saтe set П w of white roots 
define the same stability subalgebra t = t(пw) = ~ + 9 ([пw]) and hence the saтe 
flag manifold. 

Conversely, if the equipments е, е' define conjugated subalgebras е( Pi w ), 
t(пw), then there exists ап element п from the normalizer of the joint Cartan 
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subalgebra ђ of t(Пw) and t(пw) which transforms ПW onto ПW . Denote Ьу w 
the corresponding element of the Weyl group W = Nа(ђ)/Т where Т the maximal 
torus of G with associated Lie algebra ђ. Then the equipments €', € о W has the 
saтe set of white roots. О 

То state the тшп result which gives а classification of flag manifolds of а 
given compact semisimple Lie group ат, we need the following definition. 

Definition. Let G Ье а painted Dynkin graph of type (пl, е) for some е. We 
say that Г has class В (resp., WW в or WWW) if at least опе of the right-end 
vertices аl, Щ-1 is black (resp., аl, аl-1 are white, but аl-2 is black or, respectively, 
аl,аl-1,аl-2 are white). 

ТИЕОRЕМ. Two coпnected painted Dynkin graphs Г, Г' ме equiva1ent iff 
they have the saтe type (g, е) and, јп the саве 9 = пl, the saтe class. 

Proof. Due to Lemma, the proof reduces to the construction for anу two 
connected painted Dynkin graphs Г, Г' of the saтe type and class equipments 

€ : П -t V(f), €': П -t V(f') 

with the saтe set ПW = ПW of white roots. It was done Ьу Nishiyama [Nish]. О 

Exaтples. The painted graph Г 

, е , е е 

corresponds to two nonisomorphic flag manifolds ofthe form SU5 /T2 х SU2 Х SUз . 
They ые defined Ьу the following equipments of Г: 

~12 ~23 ~34 ~45 ~56 
, е , е е 

~56 ~45 ~34 ~23 ~12 
, е , е е 

Painted Dynkin graphs equivalent to Г ые the following: 

е , , е е , е е , е 

JV.8. Painted Dynkin graphs, T-chambers and Koszw numbers. 
Now we fix а flag manifold М = ат / кт and а Cartan decomposition 

9 = ђ + L СЕа , t = ђ + L СЕф 
aER фЕRо 

of the corresponding complex Lie algebras g, е. We fix also а basis ПО of the root 
system Ro. Let Г Ье а painted Dynkin graph of type (g, е). We say that ап 
equipment € : П -t Г is admissible if the white roots of П form the set по. Let 
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Denote Ьу сЂ, .... , ат the corresponding fundamenta1 weights: 

РRОРОSIТЮN. ТЬеге exists natura1 one-to-one correspondence between Т­
chambers of а flag manifold М = ат/кт and admissible equipments е : П --t Г. 
ТЬе Т -сЬатЬег associated with an equipment е : П --t Г is given Ьу 

т 

С = {t = LXib-1Qi, Xi > О}, 
i=l 

where В is the Кil1ing [огт and Qi аге fиndamenta1 weights associated to the black 
roots ai Е П \ ПО = ПВ. ТЬе corresponding 1nvaгiant сотрlех structure Ј is 
defined Ьу the decomposition оЕ Ње complexified tangent space 

T~M=т= 
o:ER'=R\Ro 

given Ьу т = m10 + m01, m10 = g(R~), m01 = g(R~), where R'± = R' п R±, 
R± = [П]±. ТЬе СЬегп foгт оЕ Ј 1s g1ven Ьу 

VJб = 2i1Г L (ala}VJO: л VJ-O:, 
O:ER+ 

where VJtr аге l-forms оп т, dua1 to Ео;, VJo:(E{3) = 80:{3, and 

т 

а= LniQi = L а 
i=l o:ER+ 

is the Koszul foгт and ni аге some natura1 numbers (Koszul numbers). 

If 9 is one of the classica1 Lie a1gebras Al, B l , Cl, Dl' then the Koszul numbers 
can Ье ca1culated as follows [AI-Per]: 

ni = 2 + bi, where bi is the number of white roots whic11 аге connected with 
the black root ai in the painted Dynkin graph Г Ьу а chain of white roots. 

In the саве 9 = Bl, the white long roots of the last right white chain аге 
counted with multiplicity two and last short root is counted with multiplicity one. 

In the саве 9 = Cl, white roots of the last right white chain are counted with 
multiplicity two. ' 

In the саве 9 = Dl, the last white chain which define the root system Dk is 
considered as а chain of length 2(k - 1). If one of the right end roots is black and 
the other is white, then the coefficient bi neaг the black root is equa1 2( k -1), where 
k is the number of white roots connected with the black root. ТЬе ca1culation of 



32 D. V. Alekseevsky 

Koszul numbers for flag manifolds of exceptional Lie groups is an ореп problem. 
We see that the Koszul numbers of an invariant complex structure do not depend 
оп equipment of а painted Dynkin graph Г, but only оп Г. 

ТЬе foHowing proposition gives an explanation of this рЬепоmепоп. 

PROPOSITION. Let с: : П -* Г, с:' = П' -* Г' Ье admissible equipments оЕ 
painted Dynkin graphs Г, Г' which define а f1ag manifold М = GT / КТ. Denote Ьу 
С, С' (resp., Ј, Ј') the associated Т -chambers (resp., invariant сотрlех structures 
оп М). ТЬеп the following conditions ате equiva1ent: 

Ј) the painted graphs Г, Г' ате 1somorphicj 

Ј1) т -chambers С, С' ате equiva1ent with respect to Т -Weyl group W Ro : 

С' = wC Еот some w Е WRo; 

Ш) the сотрlех structures Ј, Ј' ате G-diffeomorphic, Ј.е. there exists а diffeomor­
phism Ј оЕ М which commutes w1th G such that Ј* Ј = Ј'. 

Ртоој. Let Г Ье а painted Dynkin graph and с: : П -* V(r), с:' : П' -* V(r') 
two admissible equipments of Г which define а flag manifold М = ат / КТ. ТЬеп, 
using case Ьу case study of the root systems R for аН simple Lie algebras g, опе сап 
check that there exists an element w Е W Ro such that П' = wП. Непсе, admissible 
equipments с:,с:' ofr defines WRO-equivalent T-chambers С,С': 

C'=wC. 

Conversely, let С, С' = wC, w Е W Ro Ье two WRo-еquivаlепt T-chambers. Denote 
Ьу П = ПО u ПВ, П' = ПО u ПВ the corresponding systems of simple roots. ТЬеп 

п' = wП, ПВ = wпв , wПо = по· 

This shows that the corresponding painted Dynkin graphs are isomorphic. It re­
mains to show that WRO-equivalent T-chambers С,С' = wC correspond to а­
diffeomorphic invariant complex structures Ј, Ј' оп М = ст / КТ. 

It is known that а G-diffeomorphism of М which commutes with СТ is given 
Ьу 

п: укт t-+ уКТn = уnкт , укт Е ат /кт , 

for п Е NсТ'(tТ ). We тау assume that Adn preserves the Cartan subalgebra ђ of 
е. This means that the group NсТ'(tТ)/КТ of G-diffeomorphisms of М = ат /кт 
is identified with а subgroup of the Т -Weyl group 

Now the equivalency of ii) and Иi) follows from the fact that Т -Weyl chamber С and 
invariant complex structure Ј determine еасЬ other. If П = ПО u ПВ is the system 
of simple roots, associated with С, then т1О = 9 ([ПВ]) is the i-eigenspace for the 
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corresponding complex structure Ј. Conversely, if т1О is i-eigenspace for an invari­
ant complex structure Ј, then ПВ is the set of аН simple roots from asymmetric 
closed system R~ = {а Е R, Ео: Е т1О } and С = {t Е {, a(t) > О, Уа Е ПВ}. о 

Remark. It is not difficult to prove that two invariant complex structures 
Ј, Ј' оп а fl.ag manifold М = GT / КТ are diffeomorphic iff the corresponding Т­
chamber С, С' are Aut(R, Ло)-еquivаlепt, where Aut(R, Ло) is the group of аН 
automorphisms of R, which preserves Ло. 

1V.9. Some examples. Now we illustrate the general theory Ьу some 
examples. For simplicity, we will consider only fl.ag manifolds of the group of type 
Al . 

Апу painted Dynkin graph of type Al is equivalent to а painted graph Г of 
the foHowing type: 

__ ···~···e • е··· ···е • е···е • е···о 

Besides the left chaine of black vertices of length т 2:: о (which тау Ье absent), 
all other black vertices are isolated. Тће lengths of the chains of white vertices are 
n1 2:: n2 2:: ... 2:: nk), k 2:: о and l + 1 = 2: ni + m. 

Such а graph Г will Ье called standard. It defines two nonisomorphic fl.ag 
manifolds of the type 

if Г has по nontrivial automorphisms or not аН white roots are isolated (i.e. nl > 1). 
In other cases, Г define unique fl.ag manifold М. 

То describe аН equipments of the described standard graph and the graph 
equivalent to its, it is useful to change the notation for the vectors of the standard 
basis of the space жl+1 as foHows. We denote Ьу 

Ј: Ј: 1 1 k k 
иl,··· ,ит,еl'··· ,еn1 ,··· ,е1"" ,enk 

the vectors of the standard orthonormal basis of the space Жl+l, restricted to the 
hyperplane 

ђ(Ж) = {Х Е жl+1 , L Xi = о}. 
Тћеп the root system R of Al is given Ьу 

То simplify the notation, we also set еаЬ = e~a - e~. We define the standard 
equipment of the standard painted Dynkin diagram Г as follows. 
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Now we describe admissible equipments of all painted Dynkin graphs, repre­
senting the flag manifolds of the types 

and М = SU7/T2 Х S (и2 Х Uз). 

We consider only one of two such manifolds for each of the groups SUб and SU7 • 

The equipments associated with other manifold of such type can Ье obtained Ьу 
symmetry of Dynkin graph. 

Сме of the manifold М = SUб/Ul Х S (и2 Х Uз); 9 = As, t = С2 + A1 + А2 

Hence, оп the flag manifold М = SU6 /Ul Х S (и2 Х Uз ) there exist 6 distinct 
invariant complex structures. They are mutually non-G-diffeomorphic, but only 
three of them are mutually not diffeomorphic. 

Сме of the manifold М = SU7 / (U 1)2 х S (и2 Х Uз ); 9 = Аб, t = СЗ + A1 + А2 
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Other 10 admissible equipments ate obtained from described ones Ьу transposition 
(01, 02), which belongs to the Т -Weyl group. Непсе, we have 5 different painted 
Dynkin graphs, which corresponds to 5 mutually nondiffeomorphic invariant сот­
plex structures. ЕасЬ of these graphs has 4 admissible equipments. These four 
equipments determine four different but diffeomorphic invariant complex struc­
tures, which is devided into two pairs of G-diffeomorphic complex structures. ТЬе 
G-diffeomorphic complex structures is associated with two equipment of the graph, 
which are related Ьу the transposition (01,02). 
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