
3О0РНUК раиова Маiiiемаiiiuчкоi uнСiiiuiiiуша. Нова серија, КЊ. 3. (11). 1979. 
Recueil des travaux de 1'1nstitut MatMтatique, NOllvelle sirie, tome 3 (11), 1979. 

VЮ,ОСfI'У РARAМE'П:R GENERALIZAТION OF ШЕАIJ,У 
DISSOCIAТED GAS REСОМВINАТIОN 

Branko R. Obrovic 

1. Introductory discussioDS and stardng equаtiоп system 

In this work it is discussed about а laminar boundary layer оп the body of 
an arbitrary form, which moves at supersonic speed through the earth atmosphere, 
e.g. supersonic planes, rockets, space ships, Such high speeds lead to the so-called 
supersonic warming of the aircraft caused Ьу an intensive transition ofthe mechanic
al energy into the thermal one, in the impact wave itself, which is formed in front 
of the aircraft, as well as in the thin layer next to its surface and it happens оп 
account of the force of friction. Вecause of that high temperature are developed in 
the space of flow close to the aircaft surface which lead to thermochemical reac
tions of dissociation and recombination, that is they change the "homogeneous" 
air into а multicomponent mixture of gases: 02, О, N2, N, NO and Аг. It is to 
Ье remarked that the former thermochemical reactions are followed Ьу the process 
of diffusion, whereat it is possible that the material of the overflowed aircraft 
surface enters the chemical reactions with the mentioned component of the mixture. 

Taking into consideration the growth of the ith component mass оп account 
of chemical reactions among other components of the mixture, the heat caused 
Ьу the process of diffusion, as well аБ the heat resulted from chemical reactions 
(So-called latent heat), а complete equation system of laminar plane boundary 
layer for the сше of established flow of gases mixture followed Ьу chemical reactions, 
as it is known, says: 
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with the corresponding boundary conditions: 

и = v = О, С/ = C/w, at у= О, 

(2) 

и=ио(у), Сј = Сјо (у), Т= То (у) at х=хо . 

Тће following estabIished symbols in the theory of boundary layer, are 
used here: 

х - for longitudinal coordinate, 
у - for transversal coordinate, 
и - for longitudinal speed projection in the boundary layer, 
v - for transversal speed projection in the boundary layer, 
р - for density, 
(1 - for coefficient of dynamic viscosity, 
С - for mass concentration, 

• 
W - for the speed of mass forming during chemical reactions, 
D - for diffusion coefficient, 
Ср - for specific heat at constant pressure, 
Т - for the temperature 
л - for coefficient of thermal conductivity, 
h - for enthalpy, 
R - for gas constant, and 
R - for gas constant of the mixture. 

At the same time the following indexes mark: 
i - the component of mixture, 
q - the number of mixture components, 
W - conditions оп the surface of the overflowed body, 
е - conditions оп the external border of the boundary layer, and 
о - distribution of physical values in а given crossection of the boundary 

layer determined Ьу the abscissa х=хо. 
Вesides, in the same equations ћ/О represents the specific enthalpy of the 

·th {. 
1 component оrmаtюn. 
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2. Апаlоgоus (automodel) solutions and the parameter оС recombination velocity 

Equations of the system (1), as it is shown, represent nonlinear partial and 
simultaneous equations, whose result in а general case can not Ье determined in 
а closed form. 

According to analogy with other problems of the boundary layer theory, 
Fay and Riddel in [2] found the solution of the equations (2) bringing them to 
automodel form. In order to reduce the system of equations (1) to the system of 
common differential equations, they introduced the following transformations 
of variables: 

х у 

(3) ~ (х) = Pw Ilw ие Јх, "1Ј (х, y) ... ~. Р Ју, 
о о 

as well as the transformation of dependent variables: 

(4) 
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In that way the system of equations (1) is brought to the form: 
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where: 

Р _ џ.Ср _ ,- Prandtl's number, 
л 

Lewis's number, 



Velocity parameter generalization of idea1ly dissociated gas recombination 105 

<р - dimensionless function of flow, 
S - ratio of concentrations, and 
6 - dimensionless temperature. 
It is to Ье remarked that the automodel condition demands аН dependant 

variables (<р, S;, and 6) as weH as the members characterizing the forming of mass 
components оп account of chemical reactions to Ье exclusively the functions of 
the newly introduced transversal cOOJ"dinate 1). ТШБ, however, happens опlу next 
to the front critical point of the overflowed body [3]. In that case, namely, the 
system (5) is brought to: 

(6) 

Р!Ј. L ei dSi 

Pw!J.w Р, d1) 

d<p 2 
-

Р 

dS· 
+<р '+ 2 

d1) 

du 
е 

dx 1 

d6 
<р d1) - 2 

=0; 

• 
-1 W 

I _ О. ---'--- , 
Р ејЈ 

• 
-1 W L I 

I Р 

where аН values relating to the former critical point, for which Ue2~ћl, have 
index 1. 

The system of simple differential equations (6) was solved Ьу Fay and Rid
del [2] for the case of ideaIly dissociated gas flow (that is the air), supposing the 
dissociated air consists only of two components: the atomic А and the molecular 
А2 between which the reactions determined Ьу the scheme happen exclusively: 

А 2:о±А +А 

In that case the speed of the atom mass formation WA оп account of molecule 
dissociation is determined Ьу the expression [2]. 

(7) 
(l +0() (0(2_&:2) 

(1 - &:2) 
, 

where 
К1 - the constant of recombination velocity, 
М - the molecule mass, 

&: - Ље concentration of atom mass at the equilibrium dissociation. 

Ву means of dependance (7) Fay and Riddel tran~formed the members of 
equation system (6), which characterize the chemical reactions, to the form: 

(8) 2 
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where 

(9) 
2К р Т-З,S 

С _ 1 1 1 
1- R2 , 

-1 

is so-called р а r а т е t е r о f r е с о т Ь i п а t i о п v е 1 о с i t у, which re
presents the relation of the so-called "diffusion time" to the so-called "living time" 
of an atom in the sщrоuпdiпg of the front critical point of the aircafr [3]. 

Introducing into equations the parameter (9) Fay and Riddel at [2] solved 
the system (6), for the boundary values of this parameter Сl =0 (the case of the 
so-called "frozen" boundary layer) and С 1 = оо (the case of the so-called equili
brium dissociation), as well as for the case of final recombination velocity о:::;;; С 1 < оо, 
(what represents the general case of ideally dissociated gas flow). 

It is to Ье emphasized that the parameter of recombination velocity С 1 as 
wel1 as the determined solutions relate exclusively to the flow next to Ље front 
critical point of the overflowed body. In this work, however, the generalization of 
parameter (9) is done in the whole boundary layer region of dissociated gas. То 
do that we start from the basic general equation system (1) and Ље corresponding 
boundary conditions (2). 

3. Transformation оС initial equations 

Instead of physical coordinates х, у the variables s and z are introduced 
Ьу means of relations: 

у 

(10) 
1 

z(x, у)=-- Р dy, 
Рn 

о 

where index п marks the arbitrary known value of the considered physical value. 
Introducing into consideration the function Ф of flow Ьу means of relations: 

(11) 

the initial equation 
flow [1], states: 
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дz дЈ дz 

дф дос дф 
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system (1), written for the case of ideally dissociated gas 
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Ср - = - и +'.1 -- Ср + 
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with boundary conditions: 

(13) 

In the previous equations Sm marks Schmidt's number (Sm=џ./р D), while 
the function N is determined Ьу 

(14) N = рџ. , at the same time 
Pw џ.w 

N = 1 for z = О and N -+ Ре џ.е = N (s) for z-+ оо . 
Pw џ.w 

According to the ideas from the work [4], the following ttansformations are 
introduced into the system (12): 

(15) 

where 
BL 

Ф -

8=8, 
BL 1) = z, 
А** 

А** 
I/J (8, z) = ие u Ф (8, 1)), 

BL . 

- so-called standardizing Lojcjanskij 's cOn5tant, 
- dimensionless fl.ow function, 

т - dimensionless temperature, and 
А**- - the thickness of impulse 1055 determined Ьу the expression 

со 

(16) А**= 
и 1 - и dz= А** (S). 

о 

It is remarked, that according to [4], that is [1], we simply соте to impulse 
equation of this case of fl.ow, which can ье written in one of three following forms: 

(17) dZ** 
=-

ds и,,' 

F А**' и: F 
= . 

А** 2 ие! 

In this way we introduce into consideration the parameter form 

(18) 
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as wel1 as the following values: 

л**2 
Z **- и . - , 

Vn 

~= д(и{ие) ; 

д(Z!А**) w 

А* 
Н= . 

А** ' 
(19) 

оо 

F=2[~-(2+Н)Л; А*= Ре --и dz, 

о 

which are known from the oneparametar theory of boundary Iayer. 
Ву applying transformation (15), impulse equation (17) and corresponding 

values determined Ьу equations (18) and (19), the equation system (12) is brought 
to the foIlowing form: 
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with corresponding boundary conditions: 

дФ - --
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Ву dividing with Ср! the energy equation of the system (20) is brought to 
the dimensionless form during the transformation, wblle Ље relations of the spe
сШс h~ats are replaced with corresponding relations of dimensionless functions as 
fol1ows: 

(21) 
CpA-СрМ п* =--. 

С* ! 

Here are, according to [1], that is [3], those functions determined Ьу the expres-
• SlOns: 

2 --1 + -- е-(ТУ!Т)2 • 
7 ' 

2 -
1+·-е-Ту2 • 

7 ' 

п'= 3 ех _ 2 
7 7 

- -
е-(ТУ/Т)2. , 

-
ТуТу/Т!, 

in which the charcteristic temperature Ту, according to Fay and RiddeI, for the 
ideally dissociated air is Т у=800 К. 

4. Тhe introduction of velocity recombination generalized parameter 

In the equation system (20), which described the fiow in а plane stationary 
and laminar boundary layer for the common case of ideally dissociated gas, dif
fusion and energy equations consist of the members which characterize chemical 
reactions when they differ only in the constant factor h"/ Јер! Т!. That is why only 
the following member is further considered: 

Vn Pw!Lw Р 

wblch, taking the pattern (7), situation equation and proportionless temperature 
in consideration, says: 

that is 

W 
(ех2 - ех2) -T-3.S = g --'---_.'--- , 

(1 + ех)(l- сХ) 

where 

(23) Pn!Ln А**2 р,/ = g (s). 
Pw!Lw vn 
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Having in mind the transformation form (10), which introduces the 10ngi
tudinal variable s (х), and taking into account the expressions (18) and (19), the 
previous dimensionless parameter g (s) can ье written in the fol1owing form: 

() f 2К1 р/ 
g s = B

L
2 R2T~'s 

At the same time the value 

(24) 
2К р 2Т-Э,S 

С(х)= 1 ~2 1 

du. -1 

dx 

represents the parameter, which wi1l Ье marked Ьу the g е п е r а 1 i z е d р а r а
m е t е r о f r е с о m Ь i п а t i о п v е 1 о с i t у. It is, namely, for the case of 
ideal1y dissociated gas flow in the surrounding of the front critical point brought to: 

2К р 2Т-Э,S 

С(х)= 1 ~2 1 
1 

where С1 represents the 10саl parameter of recombination velocity which was 
introduced into literature Ьу Fay and Riddel in the expression (9). Since the para
meter С (х) contains in itself the distribution of pressure and veloc;ity оп the ех
terior border for the whole boundary layer range Ље proposed term suits it here 
completely. Now, the parameter of recombination velocity С1 is а specific case of 
the introduced generalized parameter of recombination velocity С (х). 

It is to Ье emphasized, at the end, that the way to complete the generalization 
of the equation system (20), which describes the general case of ideally dissociated 
gas flow, is opened Ьу the introduction of the parameter С (х). 
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