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TORSION OF А RECTANGULAR ROD WITH CRACКS 
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(Сошmuniсаtеd October 14, 1977) 

Тhe solution of the torsional problems can Ье reduced to the determination 
of the stress function 

(1) ф (х, у) 

which satisfies the differential equation in the region of the cross - section 

(2) 

and the condition 

(З) 

д2ф + д2ф = _ 2 G 6 
дх2 д у2 

Фk(Х' у)=О 

оп the boundary and along the edges of cracks. [1] 

We denote Ьу Фl the value of the function Ф (х,у) in the region 1-1-2-2 
(Fig. 1) and Ьу Ф2 its value in the region 2-2' -З-З'. Тhese functions must 
satisfy the differential equation (2) the boundary condition (З) and the condition 
of continuity оп the line 2-2'. 

If we take Ф 1 in the form of 

ос, 

Ф1 = G6 (а2 -х/) + 2 
1J~ 1, 3 .•• 

А Ch n7tY +В Sh n7tY 

п 2а п 2а 

(4) 
со 

2: 
n=l.З. о' 

n7tX1 cos • 
2а 

15 



16 У. Вasilevich 

this function satisfies the differential equation (2) and the boundary condition 
(З) a10ng the edges 1-2. The condition (З) along the edges 1-1 wiII ье satisfied 
if Фl =0 with у=Ь. 

у 
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Ь ф. • 
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h Фz Фz 
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Fig. 1 

(5) 

From the equation (5) it fol!ows: the coefficients Аn and Вn must satisfy the 
condition 

(6) 

(7) 

1 
1 

Аn = -G6 З2а2 
(_1)2(n-l) Сћ n 1':Ь _Вn Тћ n 1':Ь 

n31':3 2 а 2 а 

Taking Ф2 јп the form 
оо 

Ф2=G6(ах2 -х22)+ L: 
m=I,2 ... 

оо 

L: 
m= 1, 2 ... 

. m 1': Х2 Sln = 
а 

. m 1': Х'2 
sIП -----" 

а 

this function satisfies the differential equation (2) and the boundary conditions 
(З) along the edges 2- З and of crack 2' - З'. 

The condition (З) along the edges З-З' wi11 ье satisfied if Ф2=0 with 
у=-ћ. 

• 

(8) 
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From the equation (8) it folIows: the coefficients Ст and Dm must' satisfy 
the condition 

(9) Сm = _G6_
4a2 [1-(-оm] 1 +DmThmтr:h 
тЗ тг:з Ch m тr: h а 

а 

Along the line 2-2'-2 the value offunction ФI must coincide with the 
value of function Фz. 

This condition is satisfied if the multiplicator of the function Фz from (7) 

. m тr:x2 for -а<хЈ<О +sш 
а 

11 (хЈ) = 
. ттr:x2 for 0<Х1 < +а -sш 

а 

is developed in the following Fошiег's series 

(10) 
2т со 1 п Х 

!;.(х1)= ._(_l)m- 2: 'п 2 cos тr: 1 

тr: ,,=1.3 ... т2 _ 2 а 
2 

and Ьу substituting (10) јп (7). 

The сојпсјдепсе of the functions (фдll-О and (ФZ)II-О along the line 2 - 2' - 2 
gives the following equation 

оо 

2: 
,,=1,3 ... 

(11) 
со 

=- 2: 
m= 1, 2 ... 

1 -
(_1)2 <,,-1) +А" п тr: Х1 cos ---"-

2а 

п тr: Х1 
2COS 

2а 

From the equation (11) it fo110WS: the coeffi.cients Ап and Ст must satisfy 
the condition 

А =G6 32а2 

" з тr: 

1 
- (,,-1) 

(- 1)2 -

2 . 
( 12) 

2, 

2 Збори •• радо ... 
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EqualIy оп the line 2-2'-2 the value of the derivative of Фl must concide 
with the value of the derivative Ф2' 

Тhis condition is satisfied if the multiplicator of the function Ф2 from (4). 

n7tX 
f2(X2)=cos I for О<хl<+а 

2а 

ье developed in the foIlowing Fourier's series 

(13) 

2 
and Ьу substituting (13) in (4). 

Тhe coicidence of the derivative дФI and 
ду у=о 

along the line 

2-2' - 2 gives the folIowing equation 

_ ~ n7t В" 2 . т 7t Х2 SID = 
"=I,з .•. 2а 7t а 

2 
(14) 

оо 

L: 
m= 1,2 ••• 

mrc D . m7tX2 
т SlD -

а а 

From the equation (14) it follows: the coefficients Dт and ВN must satisfy 
the condition 

( 15) 

2 

Replacing in the expression (15) the index п Ьу i and vice versa, and in­
troducing (15) in (9) after (6) and (9) in (12), we obtain the folIowing system of 
Iinear equations 

(16) 

В,,+ 2 Cth nrcb ~ 
ао 

јВј L: 
7t2 2 а i=I,3 ... т= 1,2 ... 

nrcb ао 

L: 1 Cth 
2rc 2а m=I,3 ... m2 

1 СЬ n7tb _ 1 
- (11-1) 

(_1)2 2а 
-~--~---- --------~ 

n
3 Sh n7tb 

2а 

• 

m2 _ 

-
1 

m 2 _ 

.. 

mТћ m7th 
а 

2 П m2 _ 

2 
• .. 

1 -_.-
п 2 

2 

-• 2 l 

2 
• 

1 -
Сћ 

mrch 

а 
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Тhe coefficients Вn can Ье calculated from this system of linear equations. 
after which equations (6), (15) and (9) will determine explicitely the values of А", 
Dm and Ст. . 

Ву this the wanted stress function Фl and Ф2 are determined and conse­
quently also the stress shate as result of torsion in the cross section of the rod 
excepting in the region of point 2' of the crack in which the stress function has 
singularity. 

Тhe entire computation is ilIustrated Ьу the following ехатрlе: 

Let us take: а=4, Ь=4; h=4 

Тhe system of linear equations becomes 

- 0.06B1-О,08Вз + 1,91Bs-O,09B7-O,09B9= +0,48 G 6 

-0,04ВI-0,о6Вз-О,06Вs+1,93В7-0,07В9=+0,25 G6 

: :Ву solving with succ:essive approximation we obtain the values of the 
coefficients 

~ Вl=+5,65 G6 ; С1 =+0,90 G6 ; п, = + 1 ,26 G 6 ; 

Вз=+1,17 G6 ; С2 =-0,64 G6 ; п2 =-0,64 G6 ; 

Bs=+0,51 G6 ; С3 =+0,41 G6 ; Dз =+0,41 G6 ; 

В7=+0,30 G6 ; С4 =-0,32 G6 ; п4 =-0,32 G6 ; 

B9=+0,20G6; Cs =+0,33G6; D s =+0,33 G6 ; 

• 
Аl=-11,75 G6; Сб =-0,17 G6 ; Dб =-0,17 G6 ; 

п7 =+0,12 G6 ; 

As=-0,51 G6 ; С8 =-0,09 G6 ; п8 =-0,09 G6 ; 

С9 =+0,07 G6 ; п9 =+0,07 G6 ; 

п,о=-О,05 G6 . 
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Тће Fig. 2 gives the stress function 
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Fig. 2 

+а +Ь 

Тће torsional moment Юlт = 2 Ј Ј Ф, dxdy+4 
-а о 

I 
- (n-1) 

(- 1)2 А Sh nтсЬ В 
п + п 

2а n= I ,3.,. 

Сћ nтtb _ 1 
2а 

. . . 

+ 
, 

2 8 а2 ао 
+ G6a3 h+ . " 3 тt2 L.., 

l-Сћ mтtћ 
а 

=349 GO. 
m= ',3 ... 

The torsional moment for cross section with оиl crack 

Юlт = О, ]406 G6 (2а)4= 596 G6 

Тће reduction of' I'igidity 
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