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REPRESENTATION THEOREM FOR MINIMAL o-ALGEBRAS
Kanji NAMBA

The purpose of this paper is to state some properties of minimal separating
o-algebras and of c-compact topological spaces. Original motivation of this work
is to consider the problem of existence of a minimal separating c-algebra without
any singleton. This fine problem, comes from a problem of statistics, is proposed
by H. Morimoto who communicated me the following elementary but funda-
mental example of such a c-algebra which appears in [18]:

Let X be an uncountable set and x be an element of X, then the s-algebra
consisting of subsets 4 of X with the property that “x&A4 and A is co-coun-
table or x& A4 and A4 is countable” is minimal separating and does not con-
tain {x}.

In statistics, various o-fields are considered as mathematical expressions of
statistical experiments. In some special cases, one of the properties of the o-fields
with statistical relevance called *“pairwise sufficiency” reduces to their separating
property.

Existence of minimal pairwise sufficient o-fields is of interest and the o-field
given at the outset of this paper is one such example. It naturally leads to the
question as to whether any more examples exists and, further, how they are charac-
terized, and these are exactly the problem treated here.

Considering the structure of the above example, it is natural to imagine that
there are many other types of such c-algebras, and this is realized by considering
a natural correspondence between the notions of minimality of s-algebras and o-com-
pactness of related topological spaces, and that of o-complete 2-valued measures
and limit points of o-topological spaces.

The author wishes to express his thanks to Prof. H. Morimoto for his generous
support and encouragement.

* Work supported by Grant in Aid for Scientific Research 1977 section D 264054, section
A $234002.
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1. Definitions, notions and elementary properties

We begin with the notions and definitions of concepts needed for the des-
criptions and discussions below. A cardinal number k is called regular if it is not
a A sum of smaller cardinals for all A<k. A set B consisting of subsets of X is
called a k-algebra over X provided that it is closed under complementation and
A-union for all A<<k. w;-algebra is usually called a o-algebra, that is, closed under
complementation and countable union. k-algebra B is called a separating algebra
if for any distinct elements x, y of X, there is a set 4 of B such that x& 4 but
y& 4, in other words if

VACB(xEA=yc A)—>x=).
‘k-algebra B is called minimal if it is minimal in the sense of set inclusion. A subset
{G;:i€I} of k-algebra Bis called a generator of B if it is the smallest

k-algebra containing the subset. For a k-algebra B the following two properties
are equivalent:

(2) B is minimal separating,
(b) {G,:i€I} is a generator of B if and only if it separates the points of X.
Let {G,:icI} be a generator of separating k-algebra B over X, and put

GiO = Gi alld G‘l = X— Gi.

Then there is a natural correspondence j between X and a subset Y of 27 which
consists of functions with domain 7 and values in 2={0, 1} in such a way that

J (@) ()=k=x€EGy.

By this correspondence j, the set X may be considered as a subset ¥ of 27 and
B may be considered as a k-algebra over Y with the generators

Yau={p€Y:p()=k}
Gu=J~" (Yy)

and inverse image keeps complementation and union. Of course such B is always

a separating algebra.
Let a be a subset of I with the cardinality less than %, that is, Ha<k, by
a neighbourhood of pc Y of 27 we mean the set

U(p; )={gcY:Vica(p(@)=q@)}
The k-topology of Y is introduced by the system of neighbourhoods
U,={U(p; a):aCl,#a<k}.

o and o;-topology are usually called weak and s-topology, respectively. A k-to-
pological space Y, i.e. the subspace Y of 27 with k-topology, is called A-com-
pact if for any function which associates p with its neighbourhood U(p; ap), there
is a subset b of Y with #b<\ such that

YC U U ay).
pED

because of the property
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It is well-known that this property is characterized by the following properties:

(@) Let {0;;j€J} be an open covering of Y, then there is a subset b of J with
#Hb<) such that
YCcu o,
jeb

A dual form of this expression is:

(b) Let {C; :j&J} be a family of closed subsets of ¥ with less than A intersection
property, that is

#b<7\“> N C,-#Q,
JEb

then their intersection is not empty, namely

CNGC#a.
jeJ

Let X and Y be k-topological spaces of 27 and 27, respectively. Then a
function f:X—Y is called uniformely continuous if there is a function

g: P ()P (D
where Py(I)={aCI: ta<k} such that for all b&Py(J) and pcX

U(p; g®GHCU(f(p); B).

Let 4 be a subset of k-topological space Y of 2I. Then a subset a of with
ta<k is called a support of A if for every p,q€7,

Vica(p()=q@)—~pcA=qcA.

A subset 4 with support is closed and open, i.e. a clopen set of Y. Let B*
be the set of all such subsets of Y. Then B* is a k-algebra provided that k is a
regular cardinal. It is also clear that B* is a separating k-algebra including the
k-algebra generated by its basic open sets.

Let Y be a k-topological space of 27. Then it is called a k-space if for any
subset a of I with Ha<k, there is a subset b of ¥ with 3tb<<k such that

YC UU(p;a.
pEb

By this definition, we have that k-compact k-topological space is a k-space.

2. k-compactness and minimality of k-algebras

We begin with an easy property of k-spaces.

LEMMA 1. In k-space Y of 27, the k-algebra B* of sets with support of
cardinality less than k coincides with the k-algebra B generated by the basic open
sets of Y.

PROOF. Let 4 be an element of B*, then there is a subset a of I with

Ha<k such that
A= LU (p; a).
pEA
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Since Y is a k-space, there is a subset b of Y with $tb<k such that
VU a)= YU a)= U N Y
ped pEb pEbica

By the definition of B, it is closed under less than k union and intersection.

Therefore we have
4= U N Y;,,EB

pebica

This means that B=B* by the inclusion mentioned -above.
Next lemma reveals a property of minimality of k-algebras.

LEMMA 2. Suppose that the k-algebra B generated by all the basic open
sets of k-topological space Y of 2f ia a minimal separating k-algebra. Then Y
is k-compact and hence a k-space.

PROOF. Suppose Y is not k-compact, then there is a function
p—>U(p a)
such that for any subset b of Y with 4:b<k, we have
Y- v (7 a,)# 2.

Let B; be the set of all 4 in B with the following property:
(1) There is a subset b of Y with #b<k such that for any g, r&Y

g rE U U(p; a)) >gEA=rEA.
pch
Since k is a regular cardinal, we have that B, is a k-algebra. Now we shall show

that B; is separating. Suppose p+gq, then since B is separating, there is a set
A of B such that pc A but g4, so we have

pEANU (p; a,) and gEANTU (p; ay).

By the definition of By, we have ANU(p; ap)EB; and so it is separating. By the
minimality of B, we have B=B;.

Since the basic open set Y;, belongs to B for every i/, we have a subset
b; of Y with #:b,<k such that

q, "EEpg U(p; ap)_*(qEYioErE Yio)'

Hence there is a function §:I—2 such that

Y- U U@ a,) CYiy
pEh;

We consider a neighbourhood of s in k-topological space 27,

W(s, a)={pc2" ica(@@=s0))}
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For any subset a of I with Ha<k, we put
b= U bi’

ica
then we have F:b<<k and
g#Y— U U(p;a)C NYp=YNW(s; a).
pEb ica
Now we shall show that s is an element of Y.

So suppose s& Y and let p* be a fixed element of Y. Let B, be the set of all
A in B with the following property:

(2) There is a subset a of I with #a<k such that any for g€ Y
gEW (5; A)>(@EcA=p*c 4).

W(s; Ua)=NW(; a),

ice ice

By the relation

we see that B, is a k-algebra. Now we shall show that B, is separating. let p, ¢ be
two elements of Y such that p#~q. Then we have ps£p* or g#p*, so we may as-
sume p=#p*. Since p¥, q, s#p, there is a subset a of I with 3a<k such that

g, P*CU (@), U(p; dNW(s; )= 2.
This means that for any r& Y, we have
reW(s; @>(@rcU(p; a)=p*cU(p; a)).

By the definition of By, we have U(p; a)& B, and q& U (p;a). This means that B,
is separating and so by minimality of B, we have B=2B,. By p*£s, there is a subset
a of I with #a<k such that

Up*; aNW(s; 0= o.
Since U(p*; a) EB,, there is a subset a; of I with 3tay<k such that
reW s, a)—~(reU (p*; Q)=p*cU (p*; ).
We consider a point
e Y—pgc*U(p; a)CYNW(s; aUay)
where c*= U b, then by g*&SW(s; aa) W (s; a), we have

icaJay
* €U (p*; a).
This contradicts with
U aiNW(s; a)= 2.
This contradiction shows that s& ¥, that is Y is close.
Now we consider the neighbourhood U(s; a;). Then by putting

b*= U bi
i€as
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we have FHb*<k and
Y- Le_i U(p; a,)CU(s; a)=YNW(s; ay).
P »

This means that
YC LEJb U(p; a,) VU (55 a5)
pED* .

which contradicts to the choice of U(p, ap). Hence Y is k-compact.

LEMMA 3. Let X and Y be k-topological spaces of 2I and 27, If X is
k-compact and f: X—Y is continuous, then f is uniformly continuous and the
image f(X) is k-compact.

PROOF. Let f: X—Y be continuous and g be a subset of J with Fa<k.
By the continuity of f, there is a subset ap of I such that

SU (p; a))CU (f(p); a).

By the k-compactness of X, we have a subset b(a) of X with b(a)<k such
that
XC U U(p; ay).
pEL(a)
Now we put
at= U a,
pEbia)

For g€ X, there is p&b(a) such that g€ U(p; ap), so we have
reU(q, a)CU (p; a)~f()EU (f(p); a).
This means that
| U (g a)CU (f(p); )=U (f(a); a),

so f is uniformly continuous.

To each ¢ in f(X), let there correspond b,, any subset of J with b, <k,
and consider the function

>V (g by
defined on f(X). By the continuity of f, there is a similar

p—=>U(p; @)
on X such that

JU (P )TV (f(); by

Since X is k-compact, we have a subset ¢ of X with Fc<k such that
XC U U(p; ).

pEe
Hence we have

JX) CUSU W a))C U V(D) bro)
pEe pEe

This means that f(X) is k-compact.
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LEMMA 4. Let X and Y be k-topological spaces of 27 and 27, If X is k-com-
pact and f: X—Y is a 1—1 onto continuous function, then f~1 : ¥—X is uni-
formly continuous.

PROOF. Let A4 be a closed subset of X. Then A4 is k-compact as a closed
subset of X, so f(A) is k-compact and so a closed subset of Y. This means that
the image of a closed set is closed, and since f is 1—1 onto, the image of open
set is open. By the relation f(U)=(f1)-1(U), we have that the inverse image of
an open set U by f~1 is open. This means that the function f~! is contionuous.
Since Y=f(X) is k-compact, -1 is uniformly continuous.

LEMMA 5. Let X be a k-compact subset of 27 with k-topology. Then the
k-algebra B generated by the basic open sets of X is a minimal k-algebra.

PROOF. Let {G;: j&J} be a separating subset of B. By B* we denote the
k-algebra generated by {G;:jcJ). Now we define a function f: X->27 by the

relation
FP)(N=k=pcGy

where G;=G; and G;;=X—G,. Since X is k-compact and so a k-space, we
have that every element of B has a support. This means that the above function

S is continuous. Since {G, :jCJ} is separating, fis 1—1. Let ¥ be f(X), then
f:X—>Y

is a 1—1 onto continuous function. Hence its inverse
fl1:Yy-X

is uniformly continuous. This means that for any i of I, there is a subset b; of
J with $#b;<<k such that

SV (f(0); b)) CU (5 {i})-
By the compactness of Y, there is a subset ¢ of Y with Fc<k such that
Y= U V(g b).

) g€ec
Hence by the relation

PESIWV (g {kP)=1(p) (k) = q (k).

we have

V) 8))= O TS5 D)= N Gresin o
kb k<bi

Hence by the definition of B*, we have

U, {ip= U N GerowEB*
fl@)Ec kebi
a(d=pr ()
Since {U(p;{i} : iE& I} is a generator of B, we have B—=B*, This means that every
separating subsets of B is a generator of B, hence B is a minimal separating
k-algebra.
Combining these lemmas, we have the following
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THEOREM. Let X be a subset of 2I with k-topology. Then the k-algebra
generated by the basic open sets of X is minimal separating if and, only if X is
k-compact.

3. Examples and remarks

Let X be a totally disconnected k-complete topological space, that is, any
distinct points of X are separated by a clopen set and the intersection of less than
k open sets is again an open set. Let {G; : i€ T} be a separating clopen basis of X,
Then X can be considered as a subspace of 27 with k-topology. In the k-topolo-

gical space 2, the element of X, the closure of X, means a k-additive 2-valused
measure on k-algebra B determined by the basic open sets of X. The cannonical

relation of point p of X and measure yp is

pE:‘iEp.p (4)=1.
Since in the k-topological space X, we have the relation
( U Av)= U /Iv
vEa vEa

for every a with #:a<k, the additivity condition follows.. And if 4E&B, then
it has a support a with #a<k and so

ANX-4=g.

Conversely any k-additive 2-valued measure . : B—2 determines an element of
2I by p(i)=1—p.(Gs) which belongs to the closure of X in 27. Hence the closure
X is just the set of all k-additive 2-valued measures on B. An element of X is

called a principal or a point measure and an element of X—X is a non-principal

measure. The notion of k-additive 2-valued measure and k-complete maximal

filter or ideal are considered as alternating expressions of the same concept by con-

sidering the element of 2={0,1} as quantity 0,1 or as truth value O="falsity,
= truth,

Next, we shall give some examples of k-compact sets by showing the following
lemma

LEMMA 6. Let A be a cardinal number. Then the set
Xy ={fe2l: #{icl:f()=1}<N
is k-compact in the k-topological space 2! if and only if
V <k (p<k).
PROOF. First, if there is some » which satisfies
A <k<n?

then X, is not k-compact. Because we can take a subset a of I with $a=n,
then we have

#{fe2: #{ica: /()= 13N ==k
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We associate a neighbourhood U(p; a) for every p of X,, then no less than &
union cover X; and so it is not k-compact. The case k<A is trivial.

Next, we shall show that VA<k(m*<k) implies the k-compactness of
X,. Let U(p; ap) be a given neighbourhood of p in X;. We shall show X, can be
covered by less than k& union of U(p; ap)’s. Let f be a function with the domain
in I and values in 2, we denote by f* the function f* : J—2 defined by

w oy [fD if i&dom (f)
7o {0 if iEl—dom (f)

By the induction on v, we define a subset a, of I as follows
Ay =Agx

where o is the empty function. For a successor ordinal, we put

Ay i1 =f€L£, ar|ay
A

where fla is the restriction of f to a. For a limit ordinal, we put

ay= U a;.
TV

We shall show that $a,<k for all v<<At, the smallest cardinal greater
than A. Since the case that v is a limit ordinal is clear by the regularity of k£ and
A2 <k, we shall show that Fta,<<k implies Fa,, ,<k. So we consider the set

dy={fla,:fE€X},

then by the assumption of :a and by the property of A, we have H:d, < $a2<k,
5o using g f],,v)-<k for each f= X;, we have

Hay < Z Hap<k.
réd,

Next, we consider two cases
¢ @y —ay= @ for some v<At,
@ ay:;—ay=@ for all v<A+.
The case (1): For every fcX,, we have
aiflap*Cay+1 =0y
For any f& X,, consider (f]a,)*E X, then by (1), we have
FEU((flaw® acr|ay®
50 we obtain that

NLC U U™ ap).
7Ed,

This means that X, can be covered by less than k union of given neighbourhoods.
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The case (2): We put

Ay={fEX a5 |ap+— 0, # P},
and assume that
fen N Ay.

>3

Then we have for all v<3\f,
a(fl ay, —av+1?-L'q).

Suppose that f(i)=0 for all i€a,,,—a,, then
(f' ay,)¥= (f! a,)*.

Hence we have
U flay, pr~ OS1ap* Ty

This contradiction shows that for all v<\A+, there exists an i€a,,, — a, such that
f(@)=1. This means that

#H{ic:f@)=1}1>x,
which contradicts the assumption f& X;, and so we have

X=X—- N 4,= U (X—4,).

v<A+ y< A+

Let f& X5 —4,. Then we bave that a¢sjsy+Cay and so
XH—-4,C U U(f*; af*)-
f€d,

Hence we have
NC U Uf*am)
fear

where d*= \U d, and the condition Hd*<k follows from A+<(2*< k. There-
) vt
fore X, can be covered by less than k unicn of given neighbourhocds. Any way,
the space X, is k-compact.
By the proof of above lemma, we have that if a family D of subsets of I
satisfies the condition

¢y acD, bCa—~>beED,
2 Ha<k—>H{bED:bCa}<k,

then the set cf all representing functions of the sets in D is k-compact. For example,
if D satisfies the conditions and a partial ordering < is defined on I, then the
set D' of elements of D which is well-ordered or linearly ordered by <, saticfies
this condition. Hence if k=(2%)*, then the set of all well-ordered countable subsets
of I is k-compact. But of course this set is not w;-compact, namely not s-compact,
if I includes a countable increasing sequence.

By using Lemma 6 and the property that the continuous image of a k-com-
pact set is k-compact, we have that

X ={gE 2 €L g ()AF D<A}
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is k-compact for any f:I-2 and A such that Vy<k(y*<k). Hence any closed
subset of less than k union of such Xj, is also k-compact.

Now, we consider the case k>w, for example k=cw,;, then for any n<k
and n<w, we have n"=m<k. By this, the set

Xo={fE2: #{ic:f()=1}<w},

being a union of countable k-compact sets, is k-compact. Since each point of
this set is not an isolated point, the k-algebra determined by this- k-compact set
is an example of a minimal separating k-algebra without a singleton. Since there
is no restriction on the cardinality of index set I, each cardinality determines at
least one non isomorphic minimal separating k-algebra without a singleton. One
may consider, may be pathological, the k-compact space consisting of all finite
sets, in which case the minimal separating k-algebra consists of elements which
are not sets but classes.

Now we consider, for example, the space o! with k-topology. Since each
natural number z of w can be considered as an element of 2 by usual binary
expansion, we may consider

WIC(20) =20%1
So we have that the set
X ={fcol: #{iCI: f()#0}<w}
is k-compact, and the k-algebra generated by its basic open sets
{(fexs fi)=n

is minimal separating and have no singleton.

One intuitive example of minimal separating c-algebra would be as follows:
Suppose there are at most countably many particles and their states, the family
X of all positions and states of finite particles in, for example, n-dimensional
Euclidean space forms a c-compact set, and the c-algebra determined by this
topological space is minimal separating c-algebra without singleton.

We consider the property
* Vn<k (mP<k).
If A<k and k is regular, then (*) implies
=3 n7‘<k2=k<k‘+

n<k

hence k+ also satisfies the property (*). On the other hand, if ¢f(k), the cofi-
nality of k, satisfies ¢f(k)<<), then ¢f(k*)>2, by Konig’s theorem, so we have
kt<k* and so k* does not satisfy the property (*). The least cardinal greater
than g satisfying (*) is defined by k=(n,")*, because (n )=yl <k.

If for example the continuum hypothesis 29 =w; is true, then

{fe2:#{icl:f()=1}<w}

is k-compact for k=wy, w3, ... but not for k=wy, Getr... -
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Interesting problem concerning this is the problem of implication

Vn<(1) (2") = 0),.-(-1) —+20 = Wetq

which is proposed by R. M. Solovay, and is called the singular cardinals problem
And this problem is equivalent to w,42-compactness of above set X, under the
assumption of

Vi< (20)" = mn+1)

Another interesting problem is explicit characterization of &, or s-compact
sets, for example the existence of s-compact set which is not included in the conti-
nuous image of the set of the form X, f . And the characterization of the structure
of complete Boolean algebra determined by closed subsets of 27 divided by the
ideal of k-compact sets.

The case k=w is well-known case of weak topology, by Tihonov theorem
the topological space 2T is compact, hence a subset is compact if and only if it
is closed. This means that the w-algebra (Boolean algebra of clopen sets) B generated

by basic open sets of X is minimal separating if and only if X is closed. There is
natural correspondence between the closure X of X and the set B* of all maximal
filters (or ideals) of B.

We have already mentioned that every k-compact k-topological space X
of 27 is a k-space. Now we consider the problem of converse implication. That
is, whether every closed k-space in k-topological space in 27 is k-compact or not.

When I=k, this property is known as tree property. To explain about this,
we define the notion of binary tree, here we say simply a tree. A subset T of

P=\J 2 is called a k-tree if the following conditions are satisfied:
v<k

() fET, gcP, gCf>g€ET,
(b) 0<#(T|v)<k where T|v={fET:dom(f)=v} and v<k.
A function f:k—2 is called a total branch of T if
Vv<k (flveT).
We say that a cardinal k have the tree property if every k-tree has a total branch.

LEMMA 7. k has tree property if and only if every closed k-space in the
k-topological space 2F is k-compact.

PROOF. Let T be a k-tree without any total branch. For any f€T, we as-
sociate a function f* : k—3 defined by

f if vEdom (f)
2 if v&ek-dom (f).

Then by the inclusion 3(C22, we may consider f* as an element of 2% by
38 C(29)k=22xk=2k, Now we consider a subset T* of 2¥ defined by

T*={f*c2t:fCT).

f*(v)={
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Then T* is a k-space. Since T has no total branch, T* is a closed subset of 2%
and each point of which is an isolated point. Let U(p;a,) be a neighbourhood

of p in T* with
U(p; a,)NT*={p}.

Then by #T*=k, we have that T* cannot be covered by less than k union of
such neighbourhoods. This means that 7% is a closed k-space which is not
k-compact.

Next, suppose k has the tree property and X be a closed k-space which is not
k-compact. Let {U(p; vp) :pE X} be a covering of X by which X cannot be
covered by less than & union of the sets. Let T" be the set of functions defined by

T={f|v:fEX, T cannot be covered by <k of U(p; vp)’s}. Since X is a
k-space which is not k-compact, T is a k-tree. Hence, by tree property of k,
T has a total branch f:k-+2. But since X is closed, we have f& X. This means
that fEU(f; v,) and so f|v.4 T, which is a contradiction.

Followings are known examples about this notion:

(1) o has tree property. This is known as K&nig’s infinity lemma or Brower’s fan
theorem and is a special case of Tihonov’s compactness theorem.

(2) @; does not have tree property. Such an example is known as Aronszajn tree
(3) (Specker) if a regular cardinal k satisfies Vv<k(2'<k), then k* does not
have the tree property.

(4) (J. Silver) if k£ is a real valued measurable then k& has tree property.

It is known, by R. M. Solovay, that the consistency of existence of 2-valued
measurable cardinal and that of real-valued measurable cardinal are equivalent
under ZFC, Zermelo-Fraenkel set theory with axiom of choice. And every real-
-valued measurable cardinal is weakly inaccessible cardinal less than or equal
to 2¢, every 2-valued measurable cardinal is strongly inaccessible, that is, k is
regular and V v<k (2'<k).

In the case k is strongly inaccessible, every subset X of k-topological space
2! is always a k-space, and the property

Y v<k (#(T|v)<k)

is always satisfied. In this case k is called weakly compact. That, is, a cardinal k
is weakly compact if

2% with k-topology is k-compact.

Followings are known about this notion:

(1) the first strongly inaccessible, the first Mahlo cardinal is not weakly compact.
More generally the first cardinal satisfying =,! property is not weakly compact.

(2) every measurable cardinal is weakly compact and it is a limit of weakly com~
pact cardinals.
J. Silver proved that the consistency of existence of weakly compact cardinal

implies the consistency of
“‘wq as tree property”

with the exioms of set theory ZFC.
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More general case is considered and it is called strongly compact, or simply
compact, cardinal if for any set I

2I with k-topology is k-compact.
This notion is also described by using tree like structures. A subset T of
P={fla:aCl, Fa<k}
is called a k-function tree if the following conditions are satisfied:
@ fET, gEP, gCf>g€T,
®) O< H{fET:dom(f)=a}<k for v<k and Fa<k.
A function f: I—2 is called a total function of T if

VaClI(3a<k-—>f|acT).

We say that a cardinal k has the k-function tree property if every k-function
tree has a total function. For strongly inaccessible cardinals, strong compactness
is equivalent to function tree property. For example, we know the followings;

(1) every strongly compact cardinal is measurable.

(2) (Vopenka-Hrbacek) if strongly compact cardinal exists then Vs£L(a) for
every set a. :

(3) (R. Solovay) 2*=x+ for every singular strong limit cardinal greater than a
compact cardinal.

(4) if there exists a strongly compact cardinal, then the first strongly compact car-
dinal can be the first measurable cardinal.
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