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Abstract: This paper presents 8 new penalty fu nctions method for nonlinear
programming ",...ith the change of penalty parameter at each iteration. The efficiency of
the met hod is illu strated by 8 number of tes t problems.

Noywonb: Extf'riof penalty (unctions, nonlinear programming.

J. INTRODUCTION

\\'e consider the nonlinear programming problem of the form:

mm ( l1x) :x eX l. x = I xe I:."' :Cj(.r) .:S:O, i= 1• ... ,1111 . (C)

The basic idea of the method of exterio r penalty functions is to replace the
cons t ra ined problem of the fonn (e) by 8 sequence of u nconst rained problems of the
form (Ck) •

min {F. (x) = ftx) + p.(x) : .r e f.'" I, k = 1, 2, ... <<;.>
Let t x. I be the sequence of solutions of (£;>. Under certain conditions, the

accu mulntion points of (x. I are solutions of (C). The sequence of exterio r penalty
functions p.(:c) has to satisfy the .....en known conditions (8) P. (.r) = 0, "'Ix e X ,
(b) p.(x ) > 0, 'Vx e X, (c) Phl(x) > p.(x ). Vx f. X, (d ) p.(r) ..... ac, k ..... ee, vx f. X .

In the sequel we shall u se the following choice for p . (x ):

P, (x ) =A, p (x ), p(x)= IlmaxIO,c,(xlll'
, ~ I

where AM is the penalty parameter, A...... ac, k -+ act A. < Ah I' A. > o.

(I )
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For each k .....e need to wive the problem (CIr. ). To this end we may usc any
unconstrained minimization method, say method A , for example the Newton' 5 method
for unconstrained minimization, the method of conjugate directions, etc.

The problem <<;) can be solved in practice only approximately which in fluences
directly the convergence of the sequence {x. }.In addition, the conve rgence is greatly
influenced by the choice of penalty parameter A.... A fas ter increase in A •• k -+ CfJ, can
cause numerical stability problems. On the other hand a slower increase in A. for
k -+ 00 slows down the process of minimization and convergence to the feasible region X

where the optimal point is located.

In the classical application of methods of penalty functions the change of penalty
parameter is made periodically. Namely, for each fixed k a few steps of the method A
are a pplied to the function F..(x) and k is then replaced by k + 1. A typical example of
such an approach is t he method of exterior penalty functions by Polak (6). The gene ral
algorithm of Polak' s method is the following:

Ar.conrrter 1. (Polak)

Seep O. Choose the initial data:

A > 0, a e (0, 112), 8> I , r oeEfl,

Step 1. Let Ao = A, i = 0, k = 0

Step 2. Compute S(xj ,AAI) = - l 'il{(xj) + A ... 'Vp (Xj) I

Step 3. If II S(x j , A ... ) II > 1 / AAI go to Step 4, otherwise set A", ... I = A ... 8, x...... 1 = Xj'

k := k +l and go to Step 2.

Step 4. Using Polak' s algorithm for one-dimensional min imization [6} compute Pi
such that -Pj (I- a ) II S(.ri' A", ) 11 2 s (l.xj + Pi S(Xj ,A",» + A ",p(xj +Pi S (.ri ,A...»­
(l.xi) - A",p(x j ) S - Pi a II S(r j , A", } 112

Step 5. Set r j ...1= x j + P; S(.rj,A ,,), i:= i+ 1. Go to Step 2 .

Polak sho ws the following convergence result.

LE1tlMA. (Po lak) (6). Algorithm 1 generates seque nces {x. } and I AAI I such that
S(x... ,AAI )-+O when k-+ co.

Let us point out that in Polak's method the change of the penalty parameter A", is
performed when II S(X""A", ) II S 1 / A ... ,k = 0, 1, 2, ...

In our method instead of the function s F",(x ) we shall use the set of Tihonov' s
function s of the form :

T ",(x) = {(x) + A ",p(x )+ aj, O(.r}, k = 1, 2, ...

where A ", > 0 , lim A ... =co, 0 ... > 0, lim a j, =0 .
AI ......., j, ..... <Cl

(2)

The function OCr) is called the stabilizer and it is usually a convex function, for
example OCr) = II x211 / 2 . We construct a sequence {x", } using the relation:

X.... 1 = x'" + P", s... , k= O, I, 2, ... (3)
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where Xo is the initial poin t, .:co e X , S. is the direction of the decrease of the function
T.{:c) 8t the point x. and p. is the choice of the step-length in the selected direction .

Consider now the case when parameters A., a. and p. lire varied at every
iteration . The idea is: if we coordinated in 8 proper way parameters Uk' A. and fl. ut
the iteration k, k = 0,1 , 2, ... then it would be possible to get the minimization
sequence {x. } which would converge to the solution of t he problem (C).

Such a modern approach to the use of the methods of exter ior pe nalty fun ct ions
was given by F.P. vestlev (2). He assumes tha t the following assu mptions are
satisfied: Xo is a convex and closed se t in E'" the fu nctions (lx) , CI(X ), C2(x ), ... ,g... {:c)
are convex and differentiable on Xo and the set X is of the form:

X = i X: X EXO, Ci (.r) ~ O,i =I , ... ,m} (4)

For the sake of simplicity, in the sequ el we shall take Xo = E". Vasilev takes as
penalty function the function of the form ( 1) and the stabilizer of the form
O(x) = I[ x2 11 /2 and he shows that it is poss ible to coordinate t he parameters A k, a.
and P. a t the iteration k so that under certain assu mptions the sequence l .:ck I
conve rges to the solution of t he problem (C). The au thor proposes the choice of the
parameters a., p. and A. of the form: A. = (k+ l )1fA , a. = (1.: + 1) -1/0;, p. = (k+I)-u",
k = 0, 1,2, ... where A . a and p are any natural nu mbers which satisfy t he inequalities
2 a-1+p-l + A- I< I, a - 1+ 2 A- I < p-I. A < a(ex. A = 6, a = 8,p = 2). Such a choice
satisfies the conditions of the following convergence theorem:

nlEOREl'oI 1. (Vasilev) (2). Suppose that:

1. The functions «x).CI CX )' C2(x )• ... .c,.,(x ) are convex and differentiable on Xo; the
gradients of «x) andpCx) are such that

max (1iV/1%IIl, II Vp txl lll < L.(I + 11 %11) , %eX.

where Lo is a posit ive constant; the se t (4) is non -empty ; [. = inf (x)> -00 and.,x

M

2. Lagrange function u»,A.) = ( x )+ LA., C,(x) . x e X o '
j :l

A. e 10. 0 = { (A I'~' ... ,Am) : AI <:: 0,~ ~ 0, ... ,Am ;;'; O} has a saddle point
(x·,A·) eXo x Ao with L Cx·,A) S;L(x·, ).· ) sL(x, A·) 'tfxe Xo and 'v'A EAo

3. The sequences ' Ale I, { a. }and , p. } satisfy the assumptions 0 < A. < A. ", I '

a.> 0, P. > 0, lim A. - I = lim a. =lim P. =lim A. -I a.- 1 =
......... . ..... ... lr-.CI It ...... ...

" ) - 2 n - r ' " n A 2 - . ' " I I - 2 n - . 0lim (A•• I -A. ak P' = Lm Plr lr a . = Lm a " l -a. a . P' =It..... ... •.....~ . ........

Then the sequence { X. ) determined by (3) with Sit = -VT.(x. ) co nve rges to t he
solut ion s " of the problem (C) for which O(x · ·) is minimal.

The u se of the above theorem is rather limited. On one hand, the strong
assum pt ions narrow down the class of problems where it can be a pplied, while , on the
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other hand, 8 practical performance of the corresponding method is modest a t best.

Namely, slow changes of the parameters A • • Pit and a. (im posed by assumption 3. of
Theorem 0 , directly imply 8 slow rate of convergence of the method to the solution of
the problem (C).

2. A NEW METHOD AS THE CONTRIBUTION TO METHODS OF
EXTERIOR PENALTY FUNCTIONS

We will propose a new method which has a good practical performance. Three
versions of the method will be described. They differ in the choice of the stabilizer O(x)
in T", (x), the choice of the initial values of parameters a•• Pit and A", and their change at
each iteration and th e choice of the direction Sic"

2.1. THE CHOICE OF THE STABILIZER Q(X)

We recommend the following choice ofQ(.r) in the Tihonov' s function (2)

O(xl . IIQx ll'
2

(5)

where Q is a positive definite matrix. For example Q can be chosen as the Hessian
matrix of ((x)+Po(x) at the point %0. T he stabilizer O{r) can also be in the form (6) or
(7)

(6)

(7)

2.2. THE CHOICE OF PARAMETERS

The following three possibilit ies will be considered :

2.2.1. Let:

K, ll"p(xol ll
c - %o~X .

0 - 1I"{(xo)1 1 '

where K1 = l ot, and t e N u {O} is the smallest Dumber such that co > I , Ao= cO
I16,

ao = oo- l18 and Po =oo- l12. At the iteration k, cj, = 0'_1+K, P, = c, -112, a, =c,- 118,
A , = 01l 1J6 (k = 1, 2, ...I, where K = 10-, se N. If %0 EX then 00 is any constant
satisfying °0 > 1.

2.2.2. Let:

a _ K2 I1Vp(%0)11
0- II "{(xo 'll '
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whe re K 2 = 10-1
• and t eN v I 0 } is the smallest number such that 0 0 < 1. The initial

I R U. A - 115 116 A h k h · · L 'va ues are P O = 00 ' 0 = 00 ' a o = °0 . t t e - t uereuon 0" = a. _I n,
Pot =- 0,114, A, = 0,-115, and a, =- 0.116• k = 1,2, ... • where K < 1 (for example K = 0.9) . If
X oe X then 0 0 is M y constant s.Il t is fying 0 0 < 1.

2.2.3. Let,

K ,IIVp(xo )1I
0 - XOEX .

0 - II V{(xo)1I '

where K3 = 10-1. and t e N v { O J LS the smalles t number such tha t 0 0 ": I ,

Po =-0 .793700 , aa=1.02930o. At the iteration k. o. =o"_l K. A ,, = I / a, .a, = 1 .0293 0" ' and P. = 0 .79370" (k = 1. 2• ... ). The constan t K is determined by the
form ula:

K = I - 1
K4 Wm

whore In is the number o f constraints in the problem (e) a nd K 4 > 1 (fo r example
K4 = 5). lf Xoe X then 0 0 =- 1.

Parameters A., 0", and P. in Versions 1-3 of the new method are such that the
following relat ion is satisfied:

1a. >- >p,. (k =0.1.2, ... )
A.

2.3. THE CHOICE OF THE DI RECTION

We choose the direction by the following three rules:

S. = -V1'.<x.), k = 0, 1, 2, (8)

S. = - H,0:.)VT,(x,,). k =O. 1, 2, (9)

where H", (x , ) is the inverse of the Hessian matrix at the point x, . k = O. 1. 2• ... .

So = -VTo(xo)

S/t=In/t ,S/t_I - VT,, (.l'.). k =I.2•...

where

trt. =I< V1'/t' (x,), VT"'_I~X._l ) - VT.(x/t' )>
11 V T"'_l (x"' _I) 112

k = O.n, 2n, ...

k~ 0.n , 2n•.. .

2.4. THE STOPPING RULE

Let &1 ' ~ and &be constants of the form 10-1• t e N. The a lgtlrithm sto ps at the
'.!-th iteration if the following condit ions are satisfied .

UX/t -t I - x.lI S &1' ITh 1(x h I ) - T/t 0:. )I s ~. Il S", 1I.s; c .
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2.5. THE ALGORITHM OF THE NEW METHOD

The following algorithm describes the structure of the new method.

ALC..ORITHM 2.

Step o. Choose the initial da ta

%0'1. X, Ao• ao and Po ; set k = 0

S te p 1. Determine

1'k(%k )' \71'II (xlI )

Step 2. Determine the direction SII

Step 3 . Comp ute x lt+ l = xII + PIISII

Step 4. Compute the parameters ah l ' Ph l , A h l

Step 5 . Compute 1'.l:+1(xk+1), V T h I(XIt+ 1)

Step H. Let F'TOL =I1'.l:+1(X.l:+ 1) - 1'1I (x1l ) I, X1'OL = IIxh l - %11 II , t.·ORMS = li S. II

Step 7. If the following condit ions are satisfied: X1'OL s £1' FTDL s l2 and
NOR M S::; c then go to Step 10, otherwise go to Step 8

S t ep 8 . Set k;= k +l

Step 9. Go to Step 2

Step lO.Set ; = %11+ 1 and STOP;

precision £ 1' ~ an d e.

•
x is t he solution of the problem (C) with the

Three versions of the gene ral algorithm will be considered. Version 1 is a special
case of the al gorithm where the stabilizer O(.r) is determined by (5) and the choice of
parameters is according to 2.2.1. In Version 2 the stabilizer O(.r) is determined by (5)
or (6) and the choice of parameters is according to 2.2.2. Finally, Version 3 is 8 special
case of the algorithm where the stabilizer OCr) is determined by (5), (6) or (7) and the
choice of parameters is accordin g to 2.2.3.

The choice of Ao' aoand Po as well as the rule for generating the sequences {All I.
I ak } and {Pk } described in 2.2 is less restrictive than in Vesilev s method, wh ich
makes it possible to be more flexible in varying parameters and results in a be tter
practical performance of t he method. For the time be ing the proof of the conve rgence
of the sequence {xII I generated by Algorithm 2 to the solu tion of problem (C) does not
exist. However, if the method is modified in such a way that iterations k', 2k', ..0 are
performed according to Polak's method it is easy to derive the appropriate
convergence result. If k' is sufficiently large it is clear that this modification does not
influence the practical performance of the method.
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3. COMPUTATIONAL HESULTS

si

OS.r.. s t .

%0 = (- 0.1,-1, 0.2, 1),

•x =(24.000, 12.000, 12.000), Xo =(25, 15, 15),

,

T he n ew me thod has been tested 011 the following standard test problems taken
fro m the literature.

PROBLEM 1. 13)

minflx) "" - %' 0%2

%,+ x2
2 - 1 S 0, - xl-x2 :s O

The solution: fix· ) = - 0 .3849, x · "" (0.666 , 0.577), %0 '" (-0. 1,-0. 0 , %0 i X .

PROBLEM 2. (7)

minjlr) = 1-(,r3 _ l)"lln l. _ (.r .. - %2)2 1

%) 2 +xl +xl +x/ -3 :50, XI +X2 + XJ +.1" ' %2 + %3%.. + :Cl%3- 2 s O.
2_ + 2 + 2 2 , 0X l X' X2 X2 %.. %3 -XI%2 - u s u,

OSx t S2, -I Sx2 S I, l.05 ~ :C 3 S 2.

The solu t ion: {lx "' = -4.795, x · = <0, - 0.974, 1.05.0.974),
%0 EX.

PROBLEM 3. ( I J

min {{xl = 0.0204 x, x.. (XI + %2 + .Tal + 0.0187 I 2 XJ (XI + 1.57 %2 + x ..) +
0 .0607%1 %52(x1 +%2 +%3 ) + O.0437X2%3xl (XI + 1.57%2 + %.. )

2.07 - O.OO IXtX2%3x.. xSxS S 0

0.00062 x, %.. xl (xl + %2 + %3) + 0 .00058 %2 XJ.%"6
2 (.::r I + 1.5.%"2 +X6 ) - 1 so

X1 <!: O, %2 ~0, %3 ~O, X4 ~O, X5 ~0, .::r 6 ~ 0 .

The solution: fix ·) = 134.9, x · = (5.53 ,4 .66, 10.43, 12.08,0.752,0.878),
X o = (5.59, 4.3 , 12.02, 11.2, 0 .8, 1.1), X o f X .

PRoBLE.\f 4. (5)

minflr) = - x 1x2 x3

x l - 42 S 0, %2- 42 S 0,

O Sx1 +2 x2 +2 x3 S72

The solution: fix ·) = - 3456.00,

%0 «x.
We test and compare the method of Polak, the method of Vesilcv with the choice

of parameters A = 6. a = 8, P= 2, A. = (k+ I) IIA, Git = {k + 1) -110, P. =(k + 1) -1 /,8 and
Versions 1-3 of the new method. To th is end Polak' s and Vusilev' s method are
modified to include a stopping rule analogous to the one defined in 2.4. The
performance of the met hod is measured by the number of function and partial
derivatives evaluations <ZB) needed to achieve the precision defined by the parameters
£1' £2 an d c. The method stops ifZB exceeds 600. The tables contain the information

about the approximate solution r, the value «i: ) lind the relative error
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I(x)- { (xo>lt f (x"}. The tests are done in FORTRA.."'l on PC 286 using single precision

arithmetic.

Problem 1.

Polak
New Method

Method vestlcv
Version 1 I Version 2 Version 3

{(i) -0.4622 - 0.3904 -<1.436 -0.3837 -0.3849

· 0.700 0.665 0.670 0.665 0.666x,
· 0.646 0.587 0.651 0.578 0.577x2

• •
((x) - ( ex)

0.20083 0.01429 0.1328 0.0012 0.5. 10-3
{(x)

ZB 600 600 600 516 507

Remark: We choose the direction by (8), £ 1 :; 10-3, £2 :;10-3, I: = 10-3.

Problem 2.

Method Polak
New Method

Version 1 Version 2 Version 3

{ (i) -6.942 - 5.551 -4.7986 -4.9747
·x, 0.0881 0.001 0 0
· - 1.2188 - 1.166 -0.975 -0.974x2
· 0.7232 0.668 1.049 1.05x,
·x. 1.2188 1.166 0.974 0.974

• •
( (x) - rex )

0.395 0.1097 0.0354 10-"•{(x )

ZB 600 329 300 465

Remark: We choose the direction by (10), &1 = 10""", £:z = 10-4, I: = 10-3.

VasiJev's method gives satisfactory resul ts only in the case of Problem 1. In
Problem s 2--4 the method diverges and the results are omitted. In Problems 1- 3 the
best results are obtained when Version 3 of the new method is used , while in
Problem 4 Version 2 gives the best resul ts. It should be DOted that different choice of
parameters in vasilev' s method might give satisfactory results, but experiments in
this direction were not performed.
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Problem 3.

Method Polak
New Method

Version 1 Version 2 Version 3

{(i) 117.012 127.700 135.8974 134.372
•x , 5.425 5.53 5.673 5.46
·. x, 4.122 4.24 4.315 4.375
·x, 11.740 11.96 12.067 12.002
·x. 11.124 11.16 11.071 11.04 1
·x5 0.672 0.642 0.671 0.6934
·x, 0.845 0.929 0.936 0.9277

• •
( Ix ) - { (x )

0.1326 0.74 .10 2 0.39.10 -2

{Ix)
0.0534

ZB 600 490 428 147

Remark : We choose the direction by (9), £1 = 10 2, ~ = 10 -2, r = 10-2

Problem 4•

Method Polak
New Method

Version 1 version 2 I Version 3

((i) -4521.9901 3319.782 - 3455.9999 -3458.0054
·x, 26.03 23 .9 11 24.004 23 .748
·x, 13.238 11.783 11.999 12.067
·x, 13.123 11.783 11.999 12.067

• •
(Ix) -{Ix)

0.308 0.0394 2.9 .10-8 0.58 .10-3•
{Ixl

ZB 600 600 450 456

Remark: We choose the direction by (10), £1 = 10 4, ~ = 10--4, c = 10-4•

REFERENCES

(I) Biggs,H.M.C., ~A nu merical comparation between two approaches to the
nonlinear programming problem", Technical Report No .77, The Hatfield
Polytechnic, Great Britain, 1976.

(2) Bacensee.o.Fl., 4HCneHt>le ""e r 0,tlbl peweHHA OnTH""H3aL4HH, Hayxa. MOCKBa ,

1986.

(31 Ftaccc.Av., and McCormick,G.P., Nonlinear Programming Sequent ial
Unconstrained Minimizat ion Techniques, J ohn Wiley and Sons, Toronto, 1986.



64 A.ZeCevi c! I Exterior penalty runctions (or nonlinear programming

14) Gonzaga,C.C.,·An algorithm for solving linear progranuning problem in O(n3L)
operat ions", in: N. Megiddo (00.), Progress in Mathematical Programm ing,
Interior Point and RelaJed Methods , Spnnger, New York., 1988, 1- ?8.

[5J Kuester,J.K., and Mize,J.H., Optimimlion Techniques with Fon ran, Me Graw­
Hill, New York. 1980.

(6) polak,E., ComputaJional Methods in Optimizalicn, Academic Press, New York,
1971.

f7J CKOKOB,B.A, ·CTaH,qapHafl nporpavea MHHHMH3a4HH epYHK4Hi:1 MHOrHX
nepeMeHHblX npH HatlH~HH orpaH~HHH ceqerc BH,qa - , Mf"Y - Bbl~ecI1HTel1bHH i:1

4eHTp BblnyCK 23, Moccea. 1971.


