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Abstractr" In this paper the continuous projection-gradient method of the fourth
order for solving the convex minimization problem in Euclidean space is considered .
The sufficient conditions for convergence are established.
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1. INTRODUCTION

Consider the following . . . tion problem

J(u) --.. in], u E U, (1 )

I

I

where U is a closed, convex subset of a real Euclidean space E n, function J (u ) is

continuously differentiable and convex on En. The scalar product of two elements

u, v E En will be denoted by: <u, v >; II u II = <u, U> 1/2 is the norm of the element u ,
Suppose that

J. = inf J(u) > -00 , U. = { U E U : J (u ) = J. } ;e 0 . (2)
uEU

The continuous .. . tion methods of the projection-gradient type

u'(t) + u(t) = Pu [u(t) - a(t) J(u (t ) ], t ~ 0,

u(o) = uo' UoE En,

have been proposed and investigated in [5,6] for U = lEn and in [1] for U k; lE n,
a(t) = ex > 0, t ~ O. The further investigation in this area, considering the continuous
projection-gradient methods of the second and third order has been presented in [1,2].
This paper presents the continuous projection-gradient method of the fourth order.
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(3)

t~O',

Pit) E C 4[ 0, +(0),

t~ 0;

.Biro (1- alL) +P4ro - 2 Paro > 0,

3
f3.J.ro -"2Paro -Paro P4ro > 0,

"' .pj (t) so, i = 3, 4; P{ (t) ~ 0 ,

limPi (t)=Pi ro >0, i = 2,3,4;
t --.ro

Then for any initial values ui E lEn, i = 0, 1,2,3 there is a point Uro E U. such that

4

lim {L II u(i) (t) II + II u(t) - Uro II } = 0 ,
I--.ro i=l

+ro 4
J{L Il u(i)(s) 112+ f(s)ll u(s) - u ro l r }ds<+oo
o i=l
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2. THE CONDITIONS FOR CONVERGENCE

For solving the problem (1) we will use the continuous projection gradient method
of the fourth order

. '" "'P4(t ) ul V + Pa(t) u + P2(t ) u + u + u =

PUr u - a(t).I(u)], t~O,

I " "'u(O) =u o' u (0) =u1' u (0) =u 2' u (0) =ua
where PcP) - denotes the projection of the point z on the set U; u j , i = 0, 1,2,3 are
given initial points from the Euclidean space En; a(t), Pj(t), i = 2,3,4 are the

parameters of the method (3), u =u(t), u(i)(t) = d j
u(t) I d t

j
, i =1,2,3,4,

.I(u) - gradient of the function J (u ).

THEoREM 1. Suppose that

1) U is a convex closed set in Euclidean space En; function J(u) is convex and
differentiable on En; the gradient .I(u) satisfies the Lipschitz condition

1I.1(u)-.I(v)IISLllu-vll, U,VE En, L=const< +00;

the conditions (2) are satisfied;

2) the parameters a(t), Pi(t), i = 2,3,4 of the method (3) are such that

a(t) E C [0, +(0 ), 0< a o S a(t) Sal' t ~ 0;

~(t) E C 2[ 0, +(0), Pa(t) E C a[ 0, +(0),
. "

Pi (t) s o, Pi (t) ~ 0 , i = 2, 3, 4,

" '" .
where f (s) =P2 (S) -Pa (s)+!J4V(s) , for all s z O.

PROOF. Note that there exist functions, for example
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2 +t
aCt) = ao ,

l +t
ao > 0,

for i = 2, 3, 4; and t ~ 0, which satisfy the conditions of the theorem.

From the inequalities for the derivatives of Pi(t) and Pi ro > 0, i = 2,3,4; it can 00

proved that

i = 2,3,4 •
lim Pi (t) =0 ,
t--+ro

i = 2 3·, ,
(4)

P.3ro -3~ro > 0,

Paro -2P4ro -2~ro > 0,

,
Besides that, from the conditions on the limits Pi ro and a 1 we can find

3 9
1> Ih. ro > -Pa ro > -P4ro,

2 2

1-!3'lro P4ro - Plro > 0, (5)

(8)

As we know [3], there is the unique solution u = u(t), t ~ 0 to the differential

equat ion (3) for any given initial values u j e :E'l, i = 0, 1,2,3. For every u. e U., it
holds: (see [4J, pp.165, Theorem 3)

<.f(u.),w-u.>~O, weU. (6)

From (3) and the property of the projection operator (see [4]) it can be derived

< Pit) u iv + PaCt) u M + A,(t) u· + u· + aCt) .f(u) ,
. . ..,

Pit) u1V + PaCt) u + A,(t) u + u + u - V > ~ 0, (7)

u e U, t ~ o.
• M

Multiplying the inequality (6) by [-aCt) J for w = Pit) u1V + Pa(t) u +
Pz(t) u· + u· + u and summing it with (7) for u = U., we have

< P4(t) u iv + !J:3(t) u M + A,(t) u· + u· + aCt) [.f(u) -.f(u.)] ,
. "'" ".

Pit) u1V + PaCt) u + Pz(t) u + u + u - u; > :c;; 0,

t~O, u s e U•.

The last inequality can be written in the following way

P7 (t ) II u iv I/z + 2P4 (t) P.3 (t) <uiv, u M > + 2 P4 (t) f3z(t) < uiv, u" > +

2P4 ro < u iv, u· > +P4(t) <uiv, u -u. > +~(t) /I u'" liZ +
~ " ~ ,

2!J3(t)!3'l(t)<u .u >+2P3(t)<U .u >+

!J3(t) < u". u -u. > +,81(t) II u" liZ + 2f3z(t) < u", u· > +

f3z (t) < u", u -u. > + Ilu' "Z + < u', u-u. > :S

" '" "" ivaCt)<J(u)-J(u.),u.-[u+u +f3z(t)u +P.3(t)u +P4(t)U l >

t~O, u s e Us, .

Since the function Jiu) is convex, differentiable and its gradient .f(u) satisfies the
I Lipschitz's condition we have (see [4], pp.175).
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" L Z< J (u) - J (u),u-w> :;; - llu- wll ,
4

U , U,W E lEn (9)

In order to write (8) in a more compact way we will use the denotations

r (i ) = II u~(t) liz,
q(t) = II u"(t) liz,
p (i ) = II u'(t) liz,

1
xCi, u·) = - II u(t) - u·IIZ•

2

(10)

Using (10), (9) and inequality (a + b + c + d )z :;; 4 (az + bZ + c2 + cfl), which is true

for all a, b, c, d E R, from (8) we will get

[f;. (i) [ 1- aCt) L ]11 u iv 112 + P4(i) !JJ(t) r' (t) +

[rf3 (i) (1- aCi) L) - 2 P4 (i) Pz (t) ] r(i) +P4 (i) Pz (t) q"(t) +

[!JJ(i) 132 (i) - 3 P4 (i) ] q'(t) + [rJi.(t) (1 - a Ct) L) +P4 (t) - 2 fJJ (i) ] q(t) +

'" "3,
P4 ro P (t) +[Pa(i) - 2 P4 (i) ] P (i) + [P2 ro - "2 fJJ (i» p (i) +

[ 1- aCi) L - f3z(i)] pet) +
. "' "'P4(t) XIV (r, u.) + f3a(t) x u, u.) + f3z(t) x (i, u.) + x (i, u.) :;; 0,

t ~ 0, u. E U•.

After the integration on the segment [S, t], t > S, where ;~ 0 is arbitrary, taking
into account the conditions 2) of the Theorem, we have

t

J{[f;.(s)[ 1- al L] II u iv (s) liz + [rf3 (s)(1- al L) - 2 P4 (s) f3z(s» res) +
~ -

[rJi.(s)(l- al L) +P4(s) - 2 f3a(s) +3 P4 (s)] q(s) +

3 ' "[ 1- al L - f3z (s) +"2Pa (s) - 2P4 (s) ] pes) +
" ~ .

[fl2 (s) - f3a (s) +fJ4v (s) ] xes, u.) } ds +
•

P4 (t) f3a (t) ret) +P4 (t) fl2 (i) q (t) +

[!JJ (t) fl2 (t) - 3P4 (t) ] q(t) +P4 (t) p" to +

I t 3 .
[Pa(i) - 2 P4 (i)- P4 (t)] P (i) + [Pz(i) -- f3a(t) + 2P4(i)] pet) +

2
"' '" , ,,.

P4 (t) x (t, u.) + [f3a (t) - P4 (t) ] x (r, u-) + [ fl2 (t) - !JJ (i) +P4 (t) ] x (t, u.) +
x(t,u.) s Co(;,u.),

(11)

where

t > s~o, U. E U.,
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Co(';, u.) = /34W fla(,;} r W + /34(.;)!32W q'W +

[fla(,;} 132 (,;) - 3 /34 (.;) -(f32(.;) /34 W )' Iq(O + /34 W P"(.;) +

[f3JW - 2 /34 ( ';} - P4W Ip'(O +
:3 I'"

[/32W -2flaW +2/34W -fla(.;) +/3;.<.;) IpW + (12)

- ,.
/34 (.;) X ( .;, u. ) + [flaW - /3.W IX (.;, u.) +

[!32W - ~W +P~ W Ix' (';, u. ) +. . -
[1 - f32W +flaW - /34 W I x(.;, u. ) .

From the condition 2) of the Theorem and (4), (5), it follows

~ (s)[ 1 - al L ]> 0, s ~ 0,

lim [/35(8)(1 - al L) - 2/34 (s) f32 (s) I=
B.-+OO

/3500 (I-a] L) -2/34 oo/3200 > 0,

lim [~(s)(l - a] L) +/34 (s) - 2 /33(8) + 3 P. (8)] =
B.-+oo

~00(I-alL)+/3. 00 -2fla oo > 0,

3 . •
lim [I-al L-!32(S)+-/33(s)-2/3. (s)] =
B 00 2

I-al L -f32oo > o.

Therefore there are e, 0 < c < 1/2 and to ~ 0, such that :

~ (s)[ 1- al L ] ~ e;

~(s) (1- al L) - 2 /3~ (s) !32 (s) ~ e,

~ (s) (1- al L) + /34 (s) - 2 /33(s) + 3P. (s) ~ e,

3 . .
1- al L - f32(s) +2 fla (s) - 2/34 (S) ~ e,

s ~ to'

Then from (11) we have
t 4

&f {L IluW(s)/r +{(s)l lu (s) -Uoo Ir} ds «
4 i=l

•
/34 (t) P3 (t) r(t) + /3~ (t ) 132 (t) q (t) +

[Pa (t) P2 (t) - 3 /3~ (t) Iq(t ) + /34 (t) p" (t) + (13)

. 3 ·
[ /33(t) - 2 /3. (t) - /3. (t) ] p' (t) + [ !32 (t) - 2 f33 (t) + 2/3~ (t) I pet) +

/34 (t ) X - u, Uo ) + [ Pa (t) - P4 (t) Ix· (t, Uo ) + [fJ.J. (t) - !h(t) + /3~ (t) Ix' (t , u. ) +

x (t,u.) :5 Co (~,Uo ) ,
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.

for all t > S~ 0, u; E U•. Let h(t) =exp { f~P4 (s) ds} > 0, t ~ 0. In (13) the integral is

positive and Pit) PaCt) ret) ~ 0, t ~ 0, so they can be omitted. After that we will multiply
(13) by h(t) and integrate it on the segment [~, t], for t > S~ to . In this way we will get

P4 (t) /32(t) h(t) q(t) +

tf[/%(s) P2(S) - 3 P4 (s) - (JJ2(s) P4 (s»' - 132(s) tf4 (s) ] h(s) q(s) ds +

~

P4 (t) h(t) p' (t) + [Pa(t) - 2 P4 (t) - 2P~ (t) - tf4 (t) ] h(t) pet) +

tf {[ P4(s) h(s) f - [CPa (s) - 2 P4 (s) - P~ (s) h(s) f +
~

3 '[P2 (s) -"2 /%(s) + 2P4 (s)] h(s)} pes) ds +

P4(t) h(t) x m «, u.) + [Pa(t) - 2 P4 (t) - tf4(t) ]h(t) x' (t, u.) +

'" " ..II P2(t) - Pace) +P4 (t) ] h(t) - [ (JJa(t) - P4 (t» h(t)] + [P4 (t) h(t)] } x(t, u.) +

t
f {h(s) - [ (f32(s) - lis (s) +P~ (s» h(s) f +
~

, " m

[ (fJa(s) - P4 (s) h(s)] - [ P4 (s) h(s)] } xes, u.) ds s
t

Co(~, u.) fh(s) ds + C1(~, u»),

~

u. E U.. .

where
,

Cl(~'u.) =P4(~P2(~hWqW+P4WhW P W+
[/%(~- 2P4W-2P4W- tf4W] h(~pW +

P4(~ h(~ x "(~, u.)+ [Pa(~ - 2 P4(~- tf4(~] hW x'(~,u.) +
'" I t

{[P2W-PaW+P4W] hW - [CPaW-P4W)hW] +

[P4(~h(~f }x(~,u.).

From the conditions 2) of the Theorem, (4) and (5) it can be shown that all
jntegrals on the left hand side of the above inequality are non-negative for some t1 ~ to

and every t > S~ t 1 • Besides that we have: P4 (t) s 0, Pa(t) s 0, ~ (t) ~ 0, so the last
inequality becomes



A.Nedit I The continuous projection-gradient method of the fourth order 33

•P4 (t) !J2(t ) h(t ) q(t ) +P4(t) h(t) P (t ) +

[Pa(t) -2P4(t) - ~(t)] h (t) p et) +

P4 (t) u» x" (t, u.) + [Pa(t ) - 2P~ (t) - ~(t) I h(t ) x'(t, u.) + (14)
•(Ih. (t) - Pa (t )P4(t) +4 P4 (t) P4 (t) I h(t ) x (t, u. ) s

t

Co(~, u.) Jh (s)ds + Cl (~, u.),

~

for every t > ~~tl .' u. e U • . Integrating (14) on [~, t], we have
t t

I JP4 (s) 132 (s) h(s) q(s) ds +J[Pa(s) - 2 P4 (s) - 2~ (s) - P. (s) ] h(s) p es) ds +
~ ~

P4 (t) h(t) p et) +P4 (t) h(t) x'u,u.) +[ fJa (t) - 3P. (t) - 2 rr. (t) ) h(t ) x (t , u. ) +
t

J{[ f32(s) - fJa (s) P4 (s) +4 P4 (s) P. (s) ] h(s) 

~

[<Pa(s) - 2P~ (s) - p';. (s» h(s) f + [P. (s) h (s) f }xes, u.) ds s
t /I

Co(~, u.) JJh«(/) dede + C1(~, u. )«-~ + C2 (~, u. ),

~~

for t > ~~tl' u; e U. where

C2(~'u.) =P.W hW p W +P4W hWx'(~, u. ) +

[fJa(~-3ft4W -2~W] hWx(~, u. ) .

Taking into account the conditions 2) of the Theorem and relations (4), (5), we
can find that there exists t2 ~ t1 ' such that the integrals on the left hand side of the last
inequality are non-negative for all t > ~ ~ t2 • Hence

•
P. (t) h(t) pet) + P4 (t) h(t) x u,u. ) +

[fJa (t) - 3 ft4 (t) - 2 tr. (t) ] h(t) xit, u. ) s
(15) t /I

Co(';, u.) JJh(fJ) dOds + C1(.;, u.) + (t - ~ + C2 (';, u. ),

44

I

t>~~t2' u s e U• .
•

After the integration in (15) on [ ~, t], we get
tJ{P. (s) pes) +[ f3a (5) - 4 P4 (5) - 3 tr. (5) ] x (t , u. ) } h (s) ds +P. (t) h (t ) x (t , u.) s
~

t II v 1
Co(~, u.) JJJh({}j dOdvds + - C1(~, u. )(t - d' + C2 (~' u. )(t - ~ + Ca(~, u. ) ,

~~4 2

for t > ~~t2' u. e U., where

Ca =P4 (~ h(~ x(~, u. ) .
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From P4 5. 0 and (5) it follows that there is ta, ta~ t2, such that the integrals on

the left hand side of the above inequality are non-negative for all t > I;~ ta, so that

•

t B v

P4(t)h(t)x(t,u.) :$; Co(.;,u.)JJJh(B)dOdvds+

~~~

.!. C1(.;, u.) (t _.;>2 + C2 ( .;, u-) (t -.;> + Ca(.;, Uo),
2

(16)

for t > I; ~ ta, u. e U• . Consequently

lim II u(t) - Ue If 5. 2 lim [P4 (t) h(t) r' {Ca(~ Ue) + C2(.;, Uo) (t -.;> +
t~<D t~<D

1 tBV

-C1(';, Uo){t-.;>2 + Co(';, u.) JJJh«(1)dOdvds} =
2 ~~~

2P4~ lim h-1(t ){ Ca(.;,u.) + C2 ( .;, Ue) (t -.;> +
t~<D

1 t B v

- C1(.;, u.) (t _.;>2 + Co(';, u.) JJJh«(1) ded~·ds}.
2 ~~~

It is clear that lim h(t) = +00. In order to calcuJate the limit of the right hand side
t~<D

we will use the L' Hospital rule three times. After that we will get

lim II u(t) - Ue Ir5. bo Co(';, u.),
t~<D

I;~ ta' u. e U•.

where bo = 2 p;l..,.. Using (5) and P4 :$; 0, it is not difficult to see that the third term on

the left hand side of (15) is non-negative for some t.( ~ ta and all t ~ t-t. From here and
denotations (10) we have

II u'(t) If + < u'(t), u(t) - u- > s
t B

2 (Co(';, u.) JJh«(1) dOds + C1(.;, u.) (t -.;> + C2 ( .;, u.)} [P-t (t) h(t) r' ,
~~

t>l;~t4' u s e U•.

Therefore from (16) and the inequality

21 < a, b > I 5. II a 112 +II b 112 ,

it follows

a, be E", (17)
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lim" u' (t) ,,2 s bo Co(q, u.) +
l--tetJ

I B

2 lim [,84(t)h(t) r l {C2 (q,u.) +C1(q,u.)(t -.;) + Co(q, u.)ffh((/) dOds} =
,--tetJ

~~

bo Co(q, u.) +

2 Is

Il. lim{Co(q, u.) ffh«(/) dOds + C1(~u.) (t -.;) + C2 (q,u.)} h- 1(t) .
4etJ l--tetJ ~ ~

I

,
Using the L' Hospital rule two times, it can be obtained

lim "u' (t>lr $l>t Co(';, u-)
l--tetJ (18)

I

where ~ =bo +2/~etJ' From (4), (5) it is clear that there is t 5 ~ t 4 , such that the third

and the sixth terms on the left hand side of (14) are non-negative. Taking into account
(10) and (17) in a similar way as before, we can get

lim ,84 (t)[ P.z(t) -!,84 (t) ] II u "(t) Ir s
l--tetJ 2

lim { .!. [1 + 1fl (t) I] II u - u« 112 + [ 1 + IIi (t) I ] II u'(t) 112 +
t--tetJ 2 2

I

[h(t) r l
[ Co(';, u.) fh(s) ds + C1(.;, u.) 1} ,

~

where Ii(t) =fJJ (t) - 2 P4 (t) - J!4 (t), t ~ O. Let M 1 > 0, such that 1f1ro 1$ M 1 ' t ~ O. Then

,84etJ[P.zetJ --2
3

P4etJ] lim "u"(t>lr $ -
l--tetJ

lim { 1+M1 lIu -u.lr +[ 1+ M 1 111 u'(t) 112 +
l--tetJ 2 2

I

[ h(t) r' [Co(';, u.) fh(s) ds + C1(.;, u.) 1} .
~

From (5) we have ,84 etJ[ P.zetJ -- (3/2) ,84.etJ ] > O. Using L' Hospital's rule on the right

hand side of the above inequality and the estimates (16), (18) we will get

lim lIu"(t>lr $~ Co(';,u.),
l--tetJ (19)

t; ~ t5 ' u. E U.,

where b2 does not depend on .; and u•. Taking into account (4), (5), (17) and
denotations (10), from (13) we can obtain
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•

(22)

(21)

•

i = 1., 2, 3, 4.lim Ilu(i)(s)II =O,
j-'cn

Setting t = Sj in the differential equation (3), from (22) and (23), we can get

lim liP. (Sj) u iv (Sj) +Pa(Sj) U Oft (Sj) + !J2(Sj) u· (Sj) + u' (Sj) +u(Sj)-
j-.et)

Pu[u(sj) -a(sj)J'(u(sj»JII =
,

II Uet) - l lJl Uet) - a et) J (u a» JII = O.

S~t7' U.EU.. .

where ba= 0-1[~ (b2 + b1 + bo) + 1J. From (20) it follows that there is a sequence
{ Sj } c [0, +(0) such that

•lim [L II u(i)(s) 112 ]
a-.cn . 1.=

then there exist a moment t7 ~ t6 and a number 0, 0 < 8 < S, such that for all t ~ t7:

P. (t) [Pa(t) - P4 (t) J!2(t) - P. (t) J> 0,. Hence

t 4
Sf {L II U(·1(S) 112 + ((S) II U(S) - Ucn 112

} cis +
~ i =1

[P4 (t) PaCt) - ~ (t) tf2 (i) - tf4 (i) JII U Oft If s
I(2(t) III u" If +1 (a(t) III u'II2 +I(4(t) III U _u.1I2 +Co(~, u.),

t > S~ i5 , U. E U. ,

where the functions f;, i = 2, 3, 4; are bounded and do not depend on ~ and u •. Let
M 2 > 0, such that If;(t) Is M 2 , i = 2,3,4; t ~ O. Since

lim [Pa(t) - P4 (r) Ii(t) - P4 (t)] = Pacn - P.cn tf2cn - P.cn > 0,
t -.cn

t •
s (] [L II u(i)(s) If + ((s) II u(s) - Ucn 112 ] cis + II u Oft If} s

~ i =1

M 2 [Ilu" 112 +llu' If +llu-u. If ]+Co(~,u.),

for all t > S~ t7 ' u; E U• . Consequently
t •

s<f [L II u(i)(s) 112 + ((s) II u(s) - Ucn If] cis s ba Co(~, u.), (20)
~ i=1

•I.e.

Then from (16) and the conditions 2) of the Theorem, it is obvious that there exist

a subsequence {sj } , a point ua> E lEn and a real number a cn > 0, such that

lim lIu(sj) -ucnll =O, lim a(sj)=aet). (23)
j -.et) j-.et)
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(24)i = 1, 2, 3.lim "u(i)(t) ll - 0,
t .'"

lim II u(t) - u'" II = 0 ,
t .....eo

Hence

From the differential equation (3) and the relations, when t ~ 00, it can be
obtained

•

lim "ui V
(t) " = 0 . (25)

t .....ee

The inequality (20) and the relations (24), (25) give the statement of the theorem.

Consequently (see[4], pp.171) u'" E U•. From (12) where e; = Sj , u. = U'" E U . ,

along with (22), (23) we have

lim Co (Sj, u",) = o.
) .....<:0

REFERENCES

3. CONCLUSION

The projection-gradient methods of the higher order are important because of
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