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Abstract: We present un O(n 3 .5) approximation algorithm for maximum independent
set problem achieving, in unweighted case, a worst case a pproximat ion ratio st rictly
greater than (2 /6), for a graph of order n and maximum vertex degree 6. The best
known ra tio was, up to now, equal to 2 / 6 and its improvemen t is considered as an
in teresting open problem .
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The aim of t his note is to propose 8 new approximation algorithm for maximum
independent set problem which, for the unweigh ted case, guarantees an approximation
ra tio better (grea ter ) than 2 /6 which, up to now, is the best known ra tio 13, 5).

•
Let G = (V, E ) be a graph of order n i an independent set \1' is a subse t of V such

that whenever I Vi' Vj I c \1', v ,Vj i! E, and the maximum independent se t problem (IS) is
to fmd an independent se t of maximum size; in what foUows, we denote by a(G) the
stability number (cardinality of a maximum independent set) of G.

Nemhauser and Trotter prove, in [41, that the Lle-relexatlon! ISr of IS has the
semi-in tegral property, i.e., each basic feasible optimal solut ion F of ISr assigns to the
variables values drawn from the se t {O, 1/2, 1 I (let us denote by v(F) the value of F ,
and consequently, the optimal val ue of IS); next, star ting from this fact, they prove
tha t if S is the se t of ver tices corresponding to variables valued by 1 in 10', then there
exists a maximum independent se t in G that contains S . This elegant result, is at the

I We replace the integrity ee ns traints on the IS-solut ion by positivi ty ones .
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origin of the very interesting Hochbaum ' s iS-algorith m 131.2

Here. we show how we can exploit further the result of 14) in such a way that, in
combination with the natural greedy heuristic for IS, we obtain a better a pproximation
bound for IS, i.e., an approximation ratio s t r ict ly greater than 2 /.1 . The algorithm we
propose uses as procedure an algorithm , proposed by llourjoDy et al . in Ill, that decides
if, in a graph G,v(F) "" a(G) , and if this is t rue, it finds 8 max imu m independent se t in
G in O(n3 ) ; in fact , it is proved there, that, in a graph G, the property "stability
number equal size of a minimu m edge covering", property which defines the class of
Konig-Egervery graphs (KE-graphs), is equivalent to the property ~v(F) "" mGt.

begin
St-0; Ve .... V
while the variables of F for G(Vcl are not all equal to 1/2 do

solve ISr in order to define sets 8 , S ; Ve +- Ve \(8 v8) ; S t-S V 8

od
c all the algorithm of II] to decide if G[VcI is KE;
if G[VcI is KE then

use the algorithm of II] to solve (optimally) IS on G[Vcl :
let 8e be the IS-solution for G[Vcl :S +- 8 'v Se

e xit
fi
r epeat

vj e-- ergmin uiE VC fo,:l ;S +-S v {vjl ; Vet- Ve \ ( fvj l v [(Vj) ;

delete all edges incident to fvj) v n vj ) ;
update the degrees of the vertices in Ve

until Ve "" 0
end.

Algorithm 1. A mOO lied. greedy lS-algor ithm; the solut ion constricted is denoted by 8'.

In what follows, we consider a connected graph] G = (V, E) of order n; for a
V' c V, we denote by GIV'] the subgraph of G induced by V' ; for every vertex v j of G, we
denote by nVj) the set of its neighbou rs, by 6j the degree of Vi ' and by !J. the quantity

max u-E V0.: ; also, let us denote by S and S the subsets of V to the corresponding,
variables of which F assigns values 1 and 0, respectively .

2 We have to mention that Hochbaum it the first author who has shown how
Nerobausee-Trouer s met hod to obtain errK: ient bounds for combina torial problems.

] Irthe graph is not connected, then the result of t he theorem re mains true by conside ring every
connected component of the graph .
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TtIF.ORE~. Algorithm 1 is an O (n 3.6 ) appro ximation IS-algorith m achieving R worst
case appro ximation ratio greater than or eq ual to ( 2 / ~ ) I 1 + I I ( n - 2 ) I .

Let us suppose that the while loop of Algorithm 1 is repeated t t imes. Let us
denote by aWj ) , j = 1• ... .t, the stability number of the survivin g graph at the

beginn ing of the i th iteration ( aW) = a(G) ) ; of cou rse, this gra ph is (I graph G{Vtl

where, for purpose s of facility, we denote by V6 the set Vc produced at the end of the

j -lth iteration. Also, for an Itereuon j, let us denote by Sj the set - and by ~ the
cardinality - of vertices, the corresponding variables of which are assigned hy value I
in F; it is easy to see. from the constraint- set of the integer - linear program of IS , that
the set u i~g Sj is an independent set of G, 50 docs the union of th is se t with an

independent se t of the graph su rviving after the t executions of the while loop

Then, based on the result of (41, for j = I , ... .t , there exists 8 maximum

independent set of GlVel containingSj ; we so obtain a r-bne syste m of equa tio ns

a(G[lf61) =a(GI~~· IJ)+(Tj , j = I • ... •t

where GlV6J = G . and GlVt ·1 J is the final graph, all the vertices of which have their

corresponding variables valued by 1/2 in F ; let u s denote GJ.Vi--t11 by Gt-t I .

By summing the lefthand and righ thand sides of the equations o f the above
system , we obtain

,
a(G) =L"j+a(G,.,) ( I)

j =1

If. after the execution of the while loop of Algorithm I , the if co ndi t ion is
executed, then the optimal solution (and, hence. an approximation ratio equal to 1) is
found for G .

Plainly, s ince IS in KE-graphs is polynomial, the value of the set Sc equals
a(Gu I) (where Sc is the set appearing In the third line of the if condition); so, the

solu t ion S produced by Algorithm 1 just before the exit instruction h us value

L~=I (Tj + a<Gh l ) and. by expression ( I). this cardinality is equal to the optimal 0I1l' .

Let us now estimate the approximation performance of Algorithm 1 (r e pe n t
loop) on Gu 1 (the execution of this loop su rvenes in the CftBC where Gal is not KE ).

Let u s. denote by nUl the order of Gut ; we also denote by 8;.1 the su bset of

vertices added in S during the execution of the second line of the r epent loop.

00, during the fir st iteration of the repeat loop, s ince the m in imu m-degr ee

vertex is chosen, at m ost 6 + 1 vertices of vi: I are deleted, one among them being

included in 8; .1 (or , equ ivale ntly , in S). Next. during ulterior ite rat ions of the repent
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loop (and because of the facts that (i) the minimum degree vertex is always chosen and
( ii) the graph GU 1 is connected'), the degree of the chosen vertices will be at most

l!. - 1 ; so, at most l!. vertices will be deleted from V~·I; this is due to the fact that, by

the connexity of the graph G,+ 1, there always exists at least one vertex, a neighbour of
which has already been dele ted; so, if the repeat loop is executed i times, then i

vertices have been introduced in se t 8;+1 and, consequently, nt+t :s: 11 +1+L~~II .o., or

i ;;dn,.,. 1- 1) I l!..

By denoting by ciW) the cardinality of the set S finally provided by the algorithm,
we get

, t n -I
a'(G) = LOj+i <!: LUj+ h i

j "'l j =- t 6

Let us recall that the variables of F for the vertices of G'+I' are all equal to 1/2,
hence v(F) "" n""1 /2 ; moreover, since IS is a maximization problem, a{G,.,. t ) :S:

v(F) "" n'+ 1/2 . On the other hand, if a<GI+ J) "" v(F), then G""l is KE and the
execution of the second if condition of Algorithm 1 would provide the optimal solution
for G,+l' the whole of the algorithm attaining an approximation ratio of 1 for IS; so,
since an independent set in a graph is a set of discrete objects, a{GHI) :S: (nH J 12) - 1
and, by using expression (1 ) , we get

, n
a(G):s: La'+---!.:!:.!.. -I (3)

j "' l J 2

From expressions (1) and (3), we obtain

~ nh l - 1 1
' (0) ~ Uj + l!. n' +1 - 2

a <!: J"' I ~ 6 = -(1+ 1 ):i!: ! (l+ 1 )
a(0) ~ n h l 1 n,.. l -1 11 n' +l - 2 6 n - 2

L- a ' +- - - 2
j =- 1 } 2

Concerning the complexity of Algorithm 1, the call of the algorithm of (I) and the
execution of the if condition take time 0 (n 2.5) : the while loop will be executed at most
n times, each time requiring O (n 2.5) (4); finally, if the vertices are, a priori, sorted in
increasing degree--order ( O(n log n», the reorganization of the sorted list, after the
deletion of the se lected vertex and the update of the degrees, can be performed in
O(log n ) by using a heap (and this reorganization will be repeated. at most n times); on
the other hand, the deletion of the edges takes. at most, 0 (1 E I) ; consequently, the
whole of the complexity of the repeat loop takes O(max { IE I. n log n I) . So, the total
worst case complexity of Algorithm 1 is of O(n3.5).

In fact, if the complexity of algorithm is O(n 3.5) (i.e ., the while loop of
Algorithm 1 is executed), the worst case approrimation ratio of the algorithm is even
better. Since the while loop is executed at least once, then at least a set 8
(corresponding to variables of F valued by 1) is formed; by su pposing that G is

connected, and by the constraints of IS, a se t 8 associated to 8 is also defined and at
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least one vertex of G(Ve \ (S v 8 )1 has at leas t one neighbo u r in S; consequently. tho

minimum degree of GI Ve \ (Sv S )J is at most !:J. - 1 (mo reover , the degrees of the

su rvived vertices, for u lter ior executions of the while loop of Algorithm I , decrease ).
H ence, i ~ " I+-I ' !:J. (recall that i is the number of vertices added to S dur-ing the r e pe a t

loop . of Algorithm l); on the other hand L~ ~ I (Tj ?: 1 and, since the fun ct ion

(x +a ) I (x + b). b > a is increasing in x, expression (4) gives now ( d (G) I a(G» z (2 / 6

) ( 1+!:J. / " t + l ) . By the remark made above on the creat ion of the sets S and S
(resu lt ing from the execut ion of the while loop of Algorithm I ), we have n ,+1 :s; n - 2
(by supposing that there were only one execution of the while loop, t his execut ion

having produced sets S and S •both of size 1) ; consequently

a'W) '~ (I+ 6 )
aWl 6 .-2

Let u s remark here that even if the improvement obtained in this note is sli~ht

and the Quantity 216 remains its lower bound, neither the fine analysis of (3). nor th..
analysis of (51. allow to obtain an improvement even as weak as the one obtained here.

We close this note by proving that for graphs admitting a perfect matching (of
cardinality Ln 12.1) the greedy algorithm (the repeat loop of Algorithm 1) attains
approximation ratio strictly greater than 216.

Let u s cons ider 8 minimum vertex cover C· and the corresponding maximum
independent set S· in a graph G. Let us also suppose that, given a matching M, t here
are ( matching edges such that both their extremities belong to C·, for the remaining
ones, one of their extremities belonging to C· and the other one to S ·. Let us call these
edges "dissymmetric" and denote by F the set of theses "dissymmetric" edges <IF 1= {J.
For M (in the case that is not perfect), let us denote by X the set of t he exposed (non­
saturated) vertices ofG with respect to M, and by Xc (I Xc l=g) and Xs the subse ts of X
belonging to C· and 8 ·, respectively (of course, X = Xc u Xs )' T he numbe rs (and g,
consequently the sets F and Xc> depend not only on M but also, for a fixed matchin g,
on the sets C· (and S·) cons idered. However, the sum f + g is a quantity depending
only on G if+ g can be considered as the "discrete duali ty gap").

In fact, for every graph J C· l = r(G) =m + if + g ), 1S ·l =a{G) =n - In - if + g ).

We have seen (see expression (2» that the size of the solution delivered by the
greedy IS-algorithm on a graph of order n is d(G) z (n- l) /1:1. From the expression for
/S ·" we get a(G) = n -m -if+g) =m + e -(f+ g ), where e is the nu mber of t he
exposed vertices (of G) with respect to 8 maximum matching of G.

On the other hand, let us suppose that f = n I x; so, given that G admits a perfect
matching M, we have the following for the te rms of the third part of the last
expression for a(G) : m S n / 2 , e-g S 1 and f = n tx, From these last expre ssions, the
last one for a(G), as well as t he one for a'(G). we obtain a'(G) latG )z
( (.-1/6) / ((. / 2) + 1 -(a / x» ) ).



26 V Pnschn s I lmprov..nll'l1 t orIhI' mnxj murn int!ppt>nopnt Bpt' s npproxi mat.ion ratio

The function on the righthand side is decreasing in x; on the other hand, we can.
without loss of gcne rulity, suppose'' that f '" n I x ~ k , for any fixed posi tive integer k, Or
x :S n I k ; so, lifter some easy algebra, we get

a' lG) 2:~(1+ 2k+ l )
a (G) t'J. n - 2(k -1)

The second term in the parentheses can be quite large, always remaining,
however, of 0(1 ). Moreover, this improveme nt for the approximation ratio of the
greedy ulgorithm is obtained ( if the information on the existence of a perfect matching
is give n ) in time linear to ti lt! number of edges of G,
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Abstract:- In this paper the continuous projection -gradient method of the fourth
order for solving the convex minimit.ation problem in Euclidean space is considered.
The sufflcient conditions for convergence are established.
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I. INTRODUCTION

where U is a closed. convex subset of a real Euclidean space E '\ function J (u ) is
continuously differentiable and convex on E". The scalar product of two eleme nts

u, U E E" will be denoted by: <u , c>: ]I u II = < «, u > 112 is the nonn of the element u ,
Suppose that

J. =infJ(u» -<Xl, U. ={ u eU :J(u ) =J. I-,. 0 . (2).,u

Consider the following minimization problem

J (u) -+ info u E U, (1 )

,

,

The continuous minimization methods of the projection-gradient type

u (t) + u (t) ~ Pul u (l ) - a(t ) j(u (t »J. I > 0,

u(O)=uo' " oEE ",

have been proposed and investigated in 15, 6) for U = E" and in II} for U~ E",
a(t) = a > 0, t :<!: O. The further investigation in this area , considering the continuous
projection-gradient methods of the second and third order has been presented in II, 21·
This paper presents the cont inuous projection-gradient method of the fourth order .

• Supported by Yugoslav Ministry or Sete nce, grant number- 081 -263.
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2. THE CONDITIONS FOR CONVERGENCE

For solving the problem (1 ) we will use the continuous projection gradient method
of the fourth order

. - " .P4(t ) ",v + fJ..J (t)" +~(t) " + u + U =

Pulu- a(t).I(u)], "0, (3)

u (O ) = " 0> u'(O ) = " 1' ""(0 ) = u2' U- (0 ) = u3

where PrJ,z) - denotes the projection of the point z on the set U; u j , i = 0, 1,2,3 are
given initial points from the Euclidean space E"; a(t), Pj(I ), i = 2,3,4 are the

parameters of the method (3), U = " (I ) , " (i)(I) '" d i "(I) { d ,i , ; = 1,2,3,4,
.I(u ) - gradient of the function J (u ).

THEoREM 1. Suppose that

1) U is 8 convex closed set in Euclidean space E"; function J(u) is convex and
differentiable on E"; the gradient.l(" ) satisfies the Lipscllltz condition

L = rom' < +CI:l;

Pi')e C 4( 0, + CI:l),

1 :2: o.,

u,v e E",1I .1(u) - .I(v) II s L II u - vII,
the conditions (2) are satisfied;

the parameters a(J), AW, i = 2, 3, 4 of the method (3) are such that

a(t) e e l0, -s-ec }, O< aoS a(t) S al' 1:2: 0 ;

Il,(t) E C,{ 0, +"'), 1',(1) E C,{ 0, + ", ),
• •

Pi(t)SO, PiW:2: 0, i = 2,3, 4,

2)

P~(t)SO, ; =3,4; ~V (I) :2:0,

Iim tW)=P•• >O, i =2, 3,4;,-
1 :2: O',

.8J . (1 - a,L)+P• • -21',. > 0,

3
!J.:J. <I) -2 fJ.J<I) -!J3 <1) P.. ... > 0 ,

l - aIL - P:z ... > O,

tij <l) (1- a1L)+ 2 !J.:J. ... P.. ... > 0,

!J.:J. ... P3«> - 3P4 «> - P:z «> tl4 «> > O.

Then for any initial values"i e E", i = 0, 1,2,3 there is a point u<I) e U. such that

• •

lim {L [[u' '' (I) [[+ [[ u(l) - .. [[ I =0 ,
t_ .",1

•• •f {L [[u(o)(, )[[' + ( ,)[[ u(,) - u. lf I ds <+'"
o i=J

PROOF. Note that there exist functions, for eI1U1lple
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2+ t 1
a(t) = Go- , Pi(t)=Pi",+ - , Go> O, Pi<a» O,

1 +1 1+ 1

for ; = 2, 3, 4; and t ~ 0, which satisfy the oonditions of the theorem.

From the inequali ties for the derivatives of P,(t) and ~'" > 0, i = 2,3,4; it can be
proved that

lim p;(t )= 0 , ;= 2, 3, 4
t -.",

•
lim pj (t) =O, i= 2,3;
. ~. (4 )

,
Besides that, from the conditions on the limits ~a> and G1 we can find

3 9
1> fil lS> > "2fJ:Ja> > 7. P4 a> , P:3«> - 3~ a> > 0 ,

1- P2a> P4.. -.0: .. > 0, fJ:J «> - 2P4«> - 2~ .. > 0, (5 )

(8)

(7)

AF. we know (3], there is the unique solution u = u (t ), I ~ 0 to the differential

equation (3) for any given initial values u j e Ell, i = 0,1,2,3. For every u. e U. , it
ho lds: (see [4], pp.165, Theorem 3)

< .1(u . ). w - u.> ~ 0, w eU. (6)

F70m (3) and the property of the projection operator (sec [4» it can be derived

< P4 (t ) ui" + PaCt)u- + ~(t) u· + u' + a(t) .1(u ) ,

P.c(t) ulY+ !J:J(t ) u· + P,.(t) u· + u' + U - v > 5; 0,

v eU, t ~ O.

Multiplying the inequality (6) by [ - a(t ) J (or w = Pit ) u i " + !J:J(t) u - +
flit) u· + 14' + 14 and summing it ....-ith (7) for u = U., we have

< p. (t ) u,· + fJ, (t ) u" + p,mu + u'+ a(t ) ,.I(u )- .I(u.lI .
. - . ,

Pit) uIY+!J:J(t) u + fJ,,(t) u +14 +u - u.> :s O,

t ~O, u ve U•.

The last inequality can be writ ten in the following way

P7(t)ll u 'YIr + 2 P4 W !J:J (t) < ulY
,14 " > + 2P4(t)flJ.(t) < uIY, u· > +

2P.c (I) < ulY, U· > +P.c (t ) < ul", U - u- > +~(t) lI u- If +- . - .
2 !3JW !J2 (t) < u ,14 > + 2!3J(t) < u , u > +

P3(t) < u- ,u-u. > +.u.; Ct)llu· 112 + 2ft2 {t} < u· ,u' > +

fl/O <u·, u - u.. >+l!u' lr + < u', u - u.. > S

att ) < J '(u ) - / (u.. ), u. - I U + u' + flJ. (t)u· + !3J (t)u- +P.c(t)uIY1>

I ~O, us e U •.

Since the function J (u ) is convex, differentiable and its gradient .1(u ) satisfies the
t Lipschitz's condi tion we have (see [41, pp.175).

1 _



, . L .
< J (u)- J (v), v - w > S; - lIu- wll ,

4
U,V.W E E'" (9)

In order to write (8) in 8 more compact way we will U~ the denotations

r(1) = II " "(I) 11' .
q (1) = II uCI) 11'.
p(l ) = II u(/) 11' .

I
x(I,u ·)'= 2 I1u(0 - u·1I2.

(10)

( ll)

Using (10), (9) and inequality (0 + b + c + d )2 S; -4 (0 2 + b2 + c2 + ef2). which is true

for all c, b. c. d E R, from (8) we will get

!'l(lll 1 - a(t) L Jlla~ If + P.(t) p,(t) , (I) +

I /-§ (I)(I - all) L ) - 2 P. (I) /1,(1) ) r (l ) + P. (I) /1,(1) i (I) +

I P, (I)Pl(/) - 3 P. (t) )q' (I) + I til (I) (1 - all) L) +P. (t) - 2 p,(/) )q(1) +
.. ~ 3,

P.(I) p (I) +11',(/)- 21'.(1» ) p (I) + 11!z(1)-'2P"(I)/ p (1)+

ll -a(I)L - /1,(I»)p(I)+

P4(t) xJI'(I , Uo) +h(t) ::c - (t, Uo ) + !J.l(I)::c~(I, Uo ) + ::c'(t, Uo ) s 0,

t :<!:O, ~. E V• .

After the integration on the segment [~, I) . t > ~ , where ; :<!: 0 is arbitrary, taking
into account the conditions 2) of the Theorem, we have

,
f I!'lCsll 1- a , L) lI a~(slif +) !Jl(s)(l- a, L ) - 2P.(s)/1,(s)) r(s) +,

I tills) (1- a, L) +P. (s) - 2P,,(s) + 3 Ii.(s» )q(s) +

3 ' ")1 - a, L - !JJ(s) + 2 P"(s)- 2p. (s») p es) +

" - .I !JJ (s) - P,,(sl+P;(s») xes. a. ) } <Is +
,

P. (I) P,,(I) r (l) + P. (I) /1, (1) q (I) +

IP,,(/) Pl(/)- 3P. (I) Iq(l) + P. (I) p"(I) +

" 3 •
I P,(/) - 2P.(I) - P.(t) Jp (I) + I /1,(1)--P,,(t) + 2P. (/) Jp(l) +

2
~ ,~ , . ,

P. (I) x (I. ... ) + IP,,(I) - P. (/) I % (I, a. ) + I /1, (1) - P, (I ) +P. (/) / % (I,"') +

::c(I,Uo ) S; Co(;, Uo) ,

where

1 > ~ 2:0 , u. e U.,
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Col¢, u.) = P.($ {J,($ r«) +P. «)!J.z«) q'«) +

I {J,l$ fl,($ - 3P, ($ - 1Jl,WP.W" )ql$ +P.W p'($ •
I {J,($ - 2P.W - P.W Ip'W +

3 ,, -
1!J.z«) - "2 {J,W + 2 P. «) - {J,<$ +P. «) ) p«J + (12)

P.Ws-(¢, " .) +I {J,«J - P.W) xl<, u. ) +

I fJ,1$ - ';'($ +P;«) )x' l¢, u. ) +

I l -fl,«)+P;I¢)-P;W)xl¢, " .).

From the condition 2 ) of the Theorem and (4). (5), it fOUoWli

p;(s)( l -a, L»O, <> 0,

lim 1P!ls)(1-a, L)-2P.(s)I',, (sl) =
H .

p!.(1 -a, L)-2P•• I'". > 0,

lim I~(a)(l -al L)+P4(S}-2Pa(')+3P~(a)I :o:
H·

~.,(I-al L )+ P4 ., - 2 !J:J .. > o.
3 . •

lim 11-al L - P:z (' ) + - P3 (s} - 2 P4 (' ) ] =
. -.., 2

l - a IL - h .. > o.

Therefore there are c. 0 < c < 1/2 and ' 0 4!: 0, such that:

tP.<s) I I - a, L) ' ~

p!<s}(l-a, L)-2 P. ls)!J.z ls)' "

~(s)(l- a1 L) + P4(S}- 2P3 (s) +3P4(') <:: £,

3 . •
I -a] L -{jJ, (s ) + 2P:!(s)-2P4(S)<::t',

s <:: lo'

Then from (11) we have
I •

•1{L II" ", (s)II' + fl.)11 "(') -"= II' ) ds +
~ i .1

•P. (/) {J,(I) rll) +P. (I) !J.z(l) q (/) +

I fJ,(I) fl,(I) - 3P.(I») q(t ) + P. (I) p"(I) + (13)
, 3 ,

I !J,(t) - 2 P.(I) - P.(/)) p'(I ) + I 1',,(1)-"2 {J,(t) +2p.lt) I I'l') +

P. II) %- I t, u. ) + I {J,(I) - Ii. (/) )x(I, u. ) + I fl,(t ) - (i,(I) +P;(/)) %'(1, u. ) +

x( I, u.) S Co(~, Ua).
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for all I > ;:::!: 0, u. e U • . Let h(t) = esp { J~P. (s) ds }> 0, I ~ O. In (13) the integral is

positive and Pi')Pa(I) r(1) ~ 0, I ~ 0, 60 they can be omitted. After that we will multiply
(13 ) by h(l ) and integrate it on the segment ( ~, I), for 1 > ~ ~ '0 , In this way we will get

P. (I)112(1) h(l ) q (t) +,
f1fl,,(') P,( ,) - 3P,(,) - (P,(,)P, (,))' - !'>(,) file,) Jhe, )q(, ) do +

<
P" ( I ) h(l ) p'(t) + [Pa(t) - 2 P4(I) - 2P~ (I) - ~(t) ) h(t) p(t) +
,
f (J P,(,) h(, ) '" - I(fl,(') - 2 P, (,) - Ii, «» h(,) f +
<

3 '1!'>(,) - '2 fl,,(') +2p,(,)j h(, 1I pc, ) do +

P"(t) h(t) x-(I, u. ) + I P3(1)- 2P. (I ) - P'iw lAW %'(1, u. ) +
, . ., .

(I !'>(II - fl,, (11 +P, (t) Ih (11- I (P,(II- P,(t)) hCt) J +1P, (II h(l)J }%(1, Uo l +
,
f (h(,1- I !p,(,) - Ji.,(' 1+P; (,))he,) f +

<
, . .

( (fla (. ) - P. (s»h(,» ) - (P,,(s) h(s)J )%(s,u. )ds s

•
Co(~, u.) Jh(s) ds +C1( ~, u.),

<
u, e U• .

where

C,(~, u, ) . P,(~!'>(~ h(~ q(~ +P,(~ h(~ P'W +

Ifl,, (~ - 2P, (~ - 2 Ii, (~ - fil (~ JhW p(<l +

P,(~ h(~ %.(~, . · 1+ I fl,,(~ - 2Ii, (~- fil (~ IhW%' (~, ••1+
, . "

(JP,(~ - P,W+ P, (~ )hW -1 !p,(~ - P,Wl hW I +
•IP,WhW I I %(~, .·I ,

From the conditions 2) of the Theorem, (4) and (5) it can be shown that all
integrals on the left hand side of the above inequality are non-negative for some'1~ ' 0

and every' > l; :::!: '1 ' Besides that we have: P,,(I)s 0, .6.J(I) S 0, P~(t)~ 0, 60 the last

inequality becomes
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P. ( I ) /1t ( t) h(1) q(t) + P. (I) h(Op' (t) +

Ip,CI) - 2 p, CI)- tr.W Jh(t) pW +

P. (0 un x·(I. u. ) + I Pa(l )- 2P.(0 - !p'(t) J h(t) x'(I , u. ) + ( 14)
,

(P2 (t) - Pa(t) P. (I) +" P. (t) P. (t) Jh (l ) x(l . u . ) S,
Co(~. u .)Jh(&) ds + CI(~, Uo ),,

for every I > ~ ~/) • u. e U• . Integrating (1-4) on Ie. t). we have, ,
. IP, CB)jJ,CB) hCB)q(s) dH II P,CB)- 2P, Cs) - 2 tr. CB) - ti,C,)JhC,) P(,)ds +, ,

p, Ct) hCt ) p (t ) +p , W hCI ) ; Ct. ... ) + I jJ,W - 3 ti, CI) - 2f.W JhCt)xCI. ... ) +,
I fI jJ, c, ) - P,(B) P, (B) + 4 P, (, )ti, (B) JhC') ­,

I (fl.,(s) - 2ti, C,) - I.Cs)) hC,) f +JP, c,) hC, ) f }XCB, ... ) ds s

"C.C~.... ) If h (OJdOds +CM.... Ht- <J +C2(~' '''~

"for 1> ~ :i:!:/).U. E U. where

c,C~. u..) . P,«J hC<J p(<J +p,C<J h(<J %C~. u.. ) +

IP,(<J- 3ti,«J- 2f.(<J Jh«J X(~• •• ) ,

Taking into account the condi tions 2) of the Theorem and relations (4) , (5) . we
can fmd that there emts ' '1. 2: 11' such that the integrals on the left; hand side of the last
inequality are non-negative for all I > ~ :i:!: ' '1. ' Hence

P, Ct) h(I ) p (1) +P,(t) hW ;(t, ...) +

IP, (t) - 3 ti, CI) - 2 tr. W Ih(t) x(t . ... ) s
(15) "
C. ( ~, u.. ) IIh(OJ dOds + C, (~, u, ) + (t - <J + C2 (~' u.. ) ,

"
I>l; :i:!:t'l' u. e U• .

•
After the integration in (15) on Ie. ' I. we get,

I I P,(B) P(B) + IP,(B) - 4 ti,(,) - 3tr. (B) I x(t , • •) I he, ) ds + P, (t) h(1) x(t, u, ) s,
, , .. 1

C.C~. u.. ) IIIh(OJ dOdvds + - C, (~, u..)(t - (i' + C, (~, ... HI - <J + C,(~.... ),

'" 2
for t > l; :i:!: /'l ' u. e U., where

C, = P,«J h«Jx(~, u..) .
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From P4 s a and (5) it follows that there is '3, 13 4? t 2, such that the integrals on

the left hand side of the above inequality are non-negative for all I > ; 4? ' 3 • so that

(16)

(17)a,b e EIlI,

t > ; ~I., u. e U• .

Therefore from (16) and the inequali ty

..
2 (Co (~,"' ) ffh(tlJ dOd, + C, (~, ... )(I - <l + c, l<,"' )} [P, (I) hIt) r ' .

"

It is clear that lim h(l ) "" +«I. In order to calculate the limit of the right hand side,-
we will use the L' Hospital rule three times. Aft.er that we will get

lim IIU(I )- "' If s bu Col<, u-},
,~.

...
P.(t)h(t) .:r(I,uo) S Co<:.uo>jjjh({1)dBdvds+

'".!. CJ<;, u.) (I - (12 + C2(: , u.) (t - (I + Ca<;,Uo ) ,
2

for I > ~ 4? 13, u; e U • . Consequently

lim Ilu(I)- ... l f S2 lim I P.(t) h(t) r' (c,(~ ... ) +C,l<, ...)(1- <} +
t~~ t~~

1 t • "

-C,(I;, ... )( I-<}' +Col<,u.) fff h(tJidOd vds } =
2 ~ ((

2Pi~ lim h -' (t )( C3(~'u,) + C, (~, ... )(I -<} +
,~.

1 t • v

- Cll~, ... )(1- <}' + Co(~, u.) f f f h(tlJ d Od,·ds } .
2 ((~

where fin == 2Pi'~..Using (5) and P4~ 0, it is not difrlCldt to see that the third term on

the left hand side of (15) is non-negative for some I. 4? ' 3 and all I ~t• . From here and
denotations (10) we have

lI u'(t)lf + < u'(I), u( I)-U-o > S

21 < 0, b > IS 110 II' +lI bII' ,
it follows
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lim lI u '(I)I ~ s boCo« , u. »,-
- "2 ,~I p, (I) h(l ) r' (C, (q, u. ) > C,(q, ""HI - ¢J > Co«,u. )JJh(OJ d eds} =

"

,

bo Co (q, u. ) >
2 , .

-p lim ( CoC<, u. )JJh (OJ d eds > C,(<. u. HI - ¢J > c, c<, u. ) } h- ' (I ) .
4, .. ' - .:<

Using the L' Hospital role two times, it can be obtained

lim lI u'(I) I~ < I>, CoC<,u. ),- (18)

,

where ~ = bo +2 /~ .. . From (4), (5) it is dear that th ere is If> ~ I. , such that the third

and the sixth terms on the left hand side of (14) are non-negative. Taking into account
(10) and (I7) in a similar way as before, we can get

lim p, (I ) I flz (I) _.'!.p, (11111 u •(/) I ~ S
, .....<CI 2

lim (.!.I 1>1r,{/) IIIlu -u. l~ >{ , > 11i(1) I III u'(I) I ~ >
t _ 2 2,
I h(l)r' I Co(q, u.) Jh(al ds > C,c<, u. ) n.

~

where Ii (I) =P,(I )- 2P,{/) - ti!. (I), I > O. LetM, > 0, such that 1f,(1) I<M, ,I > O. Then

3 -. aP, .lflz. --
2P,

. I lim lIu (1)1i s,-
lim (I>M'lIu _u.I~ >ll +M'{ IIu'{/) II'>
, ..... .. 2 2,
I h(1) r' I Co(q, u. )Jh(a)d,.C,C<, u. ) II ·

~

From (5) we have P. ...I P:J. .. - (3/ 2)ft. .. J>O. Using L' Hospital' 6 rule on the right

hand side of the above inequality and the estimates (16), (18) we will get

lim IIu(/) II' <I>, Co(q, u. ) ,
, - (1 9)

~:!: tli' u. cu. ,
where b2 does not depend on ~ and u• . Taking into account (4) , (5). (17) and
denotations (10), {rom (13 ) we can obtain
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, ,
s} I L II u(" ,s)II' + f( s) II uls) - u.lf } ds +
~ j ", 1

Ip,II) ,0,(1) - tP. ItJ1~ 'tJ - ,oJ (I) IIIu- If <
I(,(/)I lIu"If +1 (3(1)11 1,,' 11' +1(, II)l lIu- ... If +C,I{,...),

1 > ; ~t5' u . e U. ,
where the functions rj , i = 2, 3, 4; are bounded and do not depend on .e and u. _ Let
M

2
> 0, such that If;(t) ISM2, i = 2,3, 4; 1~ 0. Since

lim I,o,(l) - P,II )~(l) - P,(/) 1:,0,. - P,.~. - P, . > O.
,~.

then there exist 8 moment t7 z 16 and 8 number 5, °< 0 < E, such that for all t ~ , , :

P,(/) I,0,(1)-P, (I)~(I) - P, (/) I> 6,. Hence
, ,

61 } I L lI u(o)ls)lf +( s) lI uls) - u~ II' l dE + ll u- l f } s
~ i :ol

M, I llu" II' +llu'l f +llu - u- lf I+ C, I{ .u. ) ,

for all 1 > ~ ~ 17 , u; e U• • Consequently
, .

61 } I L lIu(o)lsJl f + ( s)lI uls) - u~ l f Ids s b,C.<{. ... ). (20)
~ ; =1

lim llu-(l)lf s b, C, I{. u.),
,~~ 1211

:: 0 •

;~ t" u. eU• .
where ba = o I l~ (b2 + bl + bo) + 1)_From (20) it folloWB that there is a sequence
( Sj ) c 10, + OXI) such that, .

lim I L lIu"'ls)lf I
• - ; =1

r.e.

lim Il u (i)(sj ) ll :: 0 ,
J~.

i ::1,2,3,4. (22)

Then from (16) and the conditions 2) of the Theorem, it is obvious that there exist

a subeequeece { ; j } , a point u a> e En and a real Dumber a oo > 0, such that

lim lI u(;j) - Ua> II :: 0, lim a(;j) =aoo ' (23)
I _ a> J _ OO

Setting t = ; j in the differential equation (3), fro m (22) and (23), we can get

Iim liP.(8j ) u iY(8j) +Pa(sj ) U ...(8j ) + !J:J. (Sj )u·(i j) + u· (ij) +utij)-
J~.

• . ' A

llJl ulsj )-a(sj1J lu(Sj ll ll l =

lI u.- llJ I u. -a. J' lu. 1III = o.
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Consequently (6{'C14), pp.171) u.. E U• . from (12) where ': = i
J

, u , = U .. E U.,
along with (22), (23) we have

lim Co(Sj'u.,) =:O.
J-

Let j o :i!. 1 be such a number that Sj :it. '-1, for every j i!.jo ' Then the relations (16),

(18)..;.(21) hold for .: = i j , j ~jo and u ; = u.,. Therefore

lim II u(t) - U<o 112 s b.;, lim Co(Sj, U .. ) = O.
1-.. J~"

Jim lIu(i)(tllF sbj lim Co(Sj,u,.,) =O, i =I,2,3.
J ~.. 1_

Hence

lim II u (l ) - u.1I = O.,- lim lIu(il(t)II =O ,.- i =1.., 2, 3. (24)

From the differential equation (3) and the relatione, when t -. <Xl , it enn be
obtained

lim lIu"(IIII =O . (25).-
The inequality (20) and. the relations (24), (25) give the statement of the theorem.

3. CONCLUSION

The projection-gradient methods of the higher order are important because of
their higher rate of convergence in comparison with the methods of that type of the
ftrs t order (1 ]. Besides that, the continuous methods give us a large choice of the
numerical integration methods for solving the corresponding differcnttal equations.
These facts justify the investigation of the continuous methods of th e higher order.
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