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Abstract: In 1974, Chiu employed a two-dimensional Fibon acc i search to get optimu m
design of Cusum charts. Subsequent ly, in 1982, Lashkeri a nd Rahim presented an
algorithm to find the design parameters of Cusum charts as well. Their algorithms are
rather complicated. The main purpose of this paper is to propose a simplified, accurate
and efficient solu t ion algorithm for the economic design of Dusum charts.
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1. INT RODUCT ION

The basic rule in using Shewhart charts is to take action when a point falls
outside the control limits. Other rules can be applied to Shewhart charts. such as tests
for runs and the use of warning limits, which a ttempt to incorporate information from
the entire se t of points into the decision procedu re. The ru le has also be en suggested of
taking two points in succession outside the warning limits as 8 signal for action . The
use of a run of 7 above t he central line on the chart as an action signal has been noted.
From these developments in the use of the She whart chart, it wus a natural step to

adopt a rule for action that was based on all the data and not only the las t few samples.
T his was done by the use of a cu mulat ive sum chart. Such cha rts were proposed by
Page (25).

Cusum charts differ from the Shewhart charts regarding the control limits or
decision criteria. A common practice is to use a V- mask consisting of a vertex, a
location poin t at a lead distance from the vertex, and two sloping lines se rvi ng as the
decision lines . Another practice is to tabulate a cumulative statistic in relation to a
reference val ue, with designated restarts and with action based on violation of a
decision in terval . Jts advantage over the ordinary Sbewhurt chart ., that it may be
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equally effect ive at less expense. This ste ms from the possibility of the GuSU In chart
picking up 8 sudden and persistent change in the process average more rapidly than 8

comparable Shewhart chart, especially if the change is not large . It may also possibly
locate the time of change more sharply. In general, Shewhart charts arc especially
effect ive for detecting changes in the mean level of the universe of more than 2<7. they
are Dot too effective in detecting changes of the magnitude of 0.5 to 1.5<7. In this
respect . CuSUID charts can be created that significantly improve the chances of such

detection .

The ope rat ion of a CuSUID chart for controlling the mean of a process consists of
taking samples of s ize n at regular intervals of g hours and plotting the cu mu la tive

su ms Sr '" L~"I (x"j - k) versu s a sample number r, where xj is the sample mean and k

is the reference value. If a plotted point rises a distance h or more above the lowest
previous point, it is assu med that an upward shift in the process mean has occur red.
Thus the sample size n , sampling interval g, reference value k and decision limit h are
th e parameters required for operatin g a one- sided Cusum chart . If bot h positive and
negative deviations are to be controlled, two one-sided charts with reference values k l ,

k2 (k
l

> k2) and respective decision limits 11 and - 11 or a V-mask with lead distance d
and half angle; can be employed.

Taylor (3D) first investigates the economic design of Cusum charts for a normal
mean. The model allows for the process shut-down during the search for the
assignable cause. However, the model assumes that n and g are specified and that t he
effect of the assignable cause is a function of the sample size. The cost of sampling is
also omitted. Chiu (2) gives four criticisms of it and presents a study of th e economic
design of Cusum charts for controlling normal process means, which satisfactor ily
overcomes the four drawbacks. Lashkari and Rahim (18) extend Chiu' s study to the
economic design of Cusum charts to control non-normal process means. If the
cumulative sum exceeds the decision interval 11 , Chiu (2) and Lashkari and Rahim 118)
assume that the process is stopped and a search for t he assignable cause is
undertaken. However, Goel and Wu 1101 assume that the process is not shut down
while a search is being made for the assignable cause and present a procedure for the
economic design of Cusum charts to control the mean of a process with a normally
quality characteristic.

The economic design of sta tistical process cont rol procedures has att racted the
attention of the academic community for 30 years now, since the pioneering work by
Duncan (3). However, despite the significan t progress in the development of analytical
models for the optimal economic determina tion of control chart parameters under
different assumptions , those models have not gained analogous popularity in industry.
Montgomery (21) and Lorenzen and Vance (19] give the two main reasons for this
surprising fact . First, the mathematical models used and the associated optimiza tion
schemes are relatively complex and presented in a manner that is difficult for a
practitioner to understand and use. Second, there are practical diffic..ulties in
estimating cost and other parameters of the models heretofore proposed. The main
purpose of this paper is to simplify the solut ion techniques of Chic 12) and Lashkari
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(1 )

and Rahim 1181 for controlling normal means and lay the bas is for the development of
simple standards for economic process control, which would facilita te its application.
The results and the execution times of all numerical examples show that our search
algorithm is accurate and efficien t .

2. PRODUCTION MODEL

The process is assumed to start in a state of in-control at an acce ptable quality
level (AQL ), having a normal distribution N (uo• <?) , where U o and <? are known . There
is a single assignable cause of variation which has the effect of shifting the process
mean to u l = "0 + aa,where ais known and positive. (The treatment of a negative a is
similar and we shall not conside r it here.) The time until the assignable cause occurs
has an exponential distribution with a mean of 1/).. hours . Samples of size n are drawn
every g hours of production and the sample information is plotted on a Cusum chart,
using a one- sided decision interval scheme, as explained in Ewan and Kemp [41 . Le t
the reference value be k and the decision interval be h. If the decision interval is
exceeded, the production is stopped and a search for the assignable cause is made. In
orde r to formulate the loss-cost function, the following notation will be used:

n - sample size

h - decision interval

H _ standardized decision interval

g = sampling interval

k = reference value

r. - expected search time for false alarm

K, = expected search cost for false alarm

'tr - expected adjustment time for true alarm

K, = expected adjustment cost (or true alarm

Po = profit per hour when the process is in contro l

PI = profit per hour when the process is out of control

b = fu:ed cost of sampling

c = variable cost of sampling

F _ average loss-cost per hour of the process.

Based on the model described in this sect ion and the parameters ju st defined ,
Chiu (2) has shown that the expected loss-cost per hour of operation P is

~lc:Uc:B:!'-:+,..:V1lo:=c,;+-,-l:.;W"-;+i(b,,:,-+~c ;:n:.;)(::-l-::+,;l.:.B,,-1us.F(n,k,H,g) : -
l+ l~ + 1'". Do + ).. (1'", + 't. )

where

(2)



114 K.-J. Chung I F....:..nomically Optimun\~jbT' " r ('t1 ~"n , (' llIH t,

BI =~g - l l)'+ :
e - I

(3)

(5)

horizontal boundaries at (O,){) 15

U =PO- P1
V = K, + Por

W = K" + K, + P O(t" + t,l

Lo= the ARL of the Cusum chart plots for the aceeptablt> quali ty level (A QL ),

"0

L
1

= the ARL of the Cusum chart plots for the reject.llbll· quality level (R QL) ,
u J= uo +8a.

Because L o and L
1

are functions of n, k and H . it should be noted that F is 8

function of four control scheme variables g , n. k and H where H '" h j; I a . The

problem of optimization is th e search for the optimum values of g . n, k and H for which
F is a minimum. In this paper, we shall be mainly concerned ",,; th th ree optimization
methods: t he exact method by 8 two-dimensional Fibonacci search described in 121, the
search algori thm described in (18) and our search algorithm.

3. DETERMINATION OF THE CONTROL PARAMETERS

3.1. DETERMINATION OF THE REFERENCE VALUE It

There is strong numerical and theoretical evidence in 14 1 that for given L I' the
value of Lo approaches its maximum when k, the reference value, is chosen midway
between the AQL and RQL:

1
k '" Uo + '2 00' (4)

and the curve of Loas a function of k is rather flat in the vicinity of this middle value.
Since a larger Lo means a smaller cost spent on false alarm and searches, we
intuitively expect that equation (4) would be an approximately optimal choice of k .

3 .2. DETERMINATION OFTHEARL

The' ARL of a one-sided Cusum chart with
defined as:

ARL . N (O)
1-1'(0 )

where P(O) and N (O) are special cases at z = 0 of P (z) and N (z \, which are defined as
follows:

- , H

p (z ) = Jf(z )d.r + J1'(z ) f(z- z )d.r
-~ 0

os.zs. 1l (6 )
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It can be shown that Lemmas 1 and 2 hold.

( 7)

(8)

(9)

0 :5z :511

foraU ).. > Oand g > O.1 1
1> - - > 0

Jog e )"g -l

1/

/I.'(z) :: 1 + JN (x){(x - z)d.:x.
o

Lo: -11)2

{(xl=-b..- 2
,,28

where ({x) is the probability density function of the standardized increments

- 1
~ =(1, - 2 )g and

-- A l l
80 =-(---l.

Lo).g 2

3.3. DETERMINATION OF g

If we calculate ftx ) from equation (8) by substituting (} :: - 6;;12 and obtain the
values of P (O) and N (O) from equations (6) and (7) for this value of ({x), then L is given
by equation (S). Similar ly, L is obtained from these equations by subst itu ting

(} :: 6.[;; / 2 in equation (8) to get the value of{lx ). A detailed discu ssion of t he solution

of the Fredholm integral equations in (6) and (7) is given in (91, where it is indicated
that t he value of the ARL can be determined by a system of linear algebraic equa tions.

( Xj - k )/ (a / .[;;) in the cumulative sum for the normal process with

0 :: ("0 - k )/ (a / j;) and H is the standardized decision interval defined as

11 == h /(a/ .[;;).

LEMMA I.

lim (.!. - 1 )= .!.
:0:.....0· X e:O: _ 1 2

Lemma 1 tells u s that the difference between 11ol g and 1 / ( e 'lo.. I:- 1) is within 0 and
1. McWilliams 120J thinks tha t examination of th e nu merical model litera ture shows
that with very few exceptions, cost I ris k paramete rs leading to small ol g (0.4 or less)
are of most practical interest. So, by Lemmas 1 and 2, we take 0.5 as a cor rection
number . Replacing 11( e),&'- 1) in equation (1 ) by 1 /). g - 1 /2 , we shaU get equation
(9).

where
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For R given (n, k,m, setting the partial der ivati ves of F 1 with respect to g equ al to

zero yields g (PI C2 + ~g +~) = 0 ,

where
1 1 r 1

flt = (/~ - P1 HL, - - )(- + 'r + r, - ----!......) - (1., - -2 )
2 > 2Lo

1) K , +Po r,]
I K ,. + K , + Po( r,, + r, ) +(b +c nH14 - '2 - 2Lu •

1
2 (1., - - ) r K + P. r

f1.J ::: 2 {(PO -P1) ..:L_( • 0 ' +(b +c n) l l .
> Lo Lo

1 K + Po r 1 r,P.J =--(' ' +(b +c n) j(- + r,. + r, - - ) +
> Lo > 2Lo

r 1 K + Po r
- '- ( K ,. + K , + Po( r,. + r, ) + (b +c n)(L, - - ) - · ' I.
Lo> 2 2Lo

Since g>O, PI g2 + ~g + P:t "" o.
So g = -p., +Ip.,' - 4p.,p, )1/2 = g (n k H) (10)

2fJJ • ,

(In ge neral, ~ l > 0 a nd P3 < 0.)

4. THE SEARCH ALGORITHM

With equa t ion (10 ), a search algo ri thm is developed based on the one-dimensional
H pattern search technique of Hooke and J eeves (14). A computer program was
written , coded in FORTRAN and employed on the loss-cost function to determine the
opt im al design parameters n , k, H that minimize equation (1 )•

•Let F (n ) :::minimize { F(n , k, H ,g(n, k, H}) }
O<H

where k = fl O + 15 a / 2. Then, all plots of Y (n ) of all numerical examples considered in
this paper are unimodal. Figure 1 which uses the data of representative Example 1 of
Table 1 demonstrates this fact. The above observations form the bas is of the search
algorithm provided to solve the problem. It should be pointed out that the above
observations are based on the numerical study and should not be interpreted to be
t rue in gene ral . However, because of the fairly large range of values studied, it seems
appropriate to assume that they are representat ive of the situations that are expected
to occur in practical a pplicat ions .

The search algorithm is accomplished by the pattern search technique of Hooke
and -Ieeves (14). In the fLTSl step, for a given sample size n ~ I , we determine the
optimal value of H and the resulting optimal value of F"(n ). The optimal sampling
inte rva l g is given by equation (0). A one-dimensional pattern search H is used to
fmd the optimal value or /I . The search starts from a point (n ,k , H ,g ) = (n ,
un + o a/ 2, 1.I 0,g (n,uo + 0 0 / 2, 1.10)). Chiu 12) indicates that the econo mic design
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oftl' n requires evaluations of F for J{ in th e range (0.2,2.0) . No published work
provide s adequate tables or char ts for this purpose. So, we take II to 00 midway
(= LI O) between 0 .2 and 2.0 . Furthermore, using the method of approximately
in U'j..'THI oquetions by systems of linear equations baw d ' m 3 Gauss ian points ,
int roducr-d hy GO('land Wu 191. we cnicu ilite Lo and L1"

3. '

32

30

-,-•
~ 2.'

26

2 ,

.2 2 .L, -r- ---,- -tr ---j

o 1 0 20 3 0
The Sample Size n

•I"igu re 1. Tile plot of F for Eumplt> 1

The next s tep then aims a t find ing the n that minimizes f'- (n ). The va lue of n has
no upper bound. The stopping rule is bused on the unimodnlity on FO(n ) and is
described 1\$ follows.

T he s topping rule on n : Le t n " be the small est positive integer su ch that the
following holds

P " (n " - I) > Ji,olfl") < Ji,o(n· + O.

'l'hcn the sea rch algorithm will te rmina te at n = n" + 1.

Le t F"" = J<,o(fl" ). Thus F" is the overall minimum value of the loss-cost function.
and the value of Lo' L 1• g und 11 corres ponding to r: arc the ncar-optimal values of

rho design parameters. The decis ion interval II is obtained from h = H o t r;; , and the
reference va lue k from k = "c + l5a 12.

5. THREE OPTIMIZATION METHODS

Chiu' sand I.ul'hk.nri and Itllhim ' s so lut ion algorithms a re descr ibe U Ul 12) and in
1181, rcspoct ivoly. Com puri ng their algorithms with ours, we find that 'h{'irs is fairly
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complicated and involved. For example, their tt.lgnflt.hms requ ire that t he upumum
value of C is given by equation (16) in 12) or equation (29 ) in I HI). which is It q u artic

equation in g. However, in this paper, the optimum value of g is given by equation
(0), which is II linear equ atio n in g . On the other hand, to got equation (18) in 12 1nr
equation (31) in (181, Ch iu, Leshkert and Rahim omitted many Lemos in t 'qU I:I1101l ( 16)
in 12) o r in eq uation (29) in (18). However, equation (10 ) in this paper is Iree fro m
those assu m ptions sud approximations made by Chiu. Ltu;hlutri lind Rahim . No te rms
are neglected for fmding the optimum solution. So. our search algorithm aitn phfics till'

so lution techniques of Chiu (21 and Lashkari and Rahim 118).

Optimal design s for 15 numerical examples from Table 3 in (21, were obtained by
using Leshkarl and Rahim' s and our algori thms, respect ively. Table 1 compares them
wit h Chiu 's so lut ions 121 and Lashkari and Rah im's solutions 118). We find that in /111
cases considered our search algo rithm yields lower loss -costa than those IIf Chiu .
Lashkarl and Rahim. The gains on costs from using our search algorithm life only
marginal. However, Chi u 121 reports that each determination of the optimum plun
needs 4- 9 minutes (240-540 secondsj on an ICL 4-50 computer. ~, it is en ticipnted
that our search algorithm is more (·lfici,,·nt than thM: of Ci.iu. Moreover. Table I tt

us that our search algorithm is still more efficient than that of 1...lLt>hkarl and Rahim.

Chiu (2 ) prese n ts 8 simplified econo mic scheme for the determina tion of the
design parameters of a cumulative sum chart for controlling normal process means,
which can be easily handled by a quali ty control practitioner at the workshop level.
Although Chiu's scheme is reasonably good , it still has at lea st the foUnwill~

drawbacks. However, ou r search procedure is Irce from those drewbecks . 'Those
drawbacks are described as follows.

(1 ) If the workshop supervisors decide to use the manual computation, they will
encou nter a lot of com putat ions to complete all steps of Example 3 in 121. In general , it
takes about 20 minutes (= 1200 seconds) to complete all steps of the same example .
Ma t hema tical computations sometimes are a barrier to the application of Chiu'.s
scheme because some workshop superviso rs will psychologically not like mathematical
computations although mathematical computations are rather sim ple.

(2) The simplified procedure of Chiu is a se mi-economic approach under the
assum ption that the probabili ty (If a t rue alarm and its selection are to be at lea st nt It

given level (typical values are 0.90 or 0.95). This assumption is intuitively rl'llsonuhle
because it enables the manufacturer to d...teet an assignable cause rather quickly on lin
average of a bout 1.1 or 1.05 samples after its occu rrence. However, in CEI.seS where the
true alarm is significan tly lower than 0.90 the so lution der- ived using the semi
economic scheme of Chiu may be very far from the optimum resulting ill sij.,"·n ificnnt

cost penalties. For the details, see Tegaras 121·

Lorenzen and Vance 1l9J and Montgomery (211 indicate that the muin diffk...u lues
in the use of economic designs are the computation s involved, the difficulty in
specifying process parameters, and the fact that the sampling interval g is rarely II

natu ral quantity of time. 'l'he second difficul ty, for tunately. costs do not have to be
estimated with high precision . although ot her model components. suc h us the
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magnitude (If the sh ift.. requ ire rela tively accurate determination. Sensit iv ity analysis
of the specific model cou ld help the practitioner dec ide which parameters a re critical in
the problem. The third difficulty, equation ( 10) can be used for this purpose. Finally, as
the second difficulty, we propose a simplified compute r program to solve it . It is the
future trend that the personal computer is used at the workshop level. Lorenzen and
Vance 119) point out the need for optimization techn iques irnplementable in real time
on a personal co m puter. When the computer program is set u p already, using it only
requires some basic knowledges of computer programming. It can be easily handled by
8 quality practitioner at the workshop level. All calculations in this paper were
executed on a personal computer ENSONTECH (PC- 38G>. Furthermore, the reported
execu tion times are low. So, ou r computer program should be available to the
prospective users. To sum up, our computer algorithm is simplified , accurate and
efficient for the economic design of Cusum charts fur controlling normal process
means.
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