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1. INTRODUCTION

Quality has become one of the most significant competitive strategic instru-
ments which many manufacturing industries have acknowledged as a key to the
creation of products and services that will assure continuous success. Quality is
a universal ideal and has become a worldwide problem. Manufacturing industries
must guarantee that their processes are continually checked and product quality is
improved in order to be effective and deliver quality products to consumers. Qual-
ity control is the process of comparing output to a standard and taking remedial
action when the output does not match the standard. If the results are satisfac-
tory, no further action is necessary; otherwise, remedial action is required. When
a company fails to take quality control seriously, it invariably ends in scrapped,
reworked, or returned items by consumers.
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A manufacturing fault is a mistake done in the design or production stage of
a product which causes malfunctioning of the product. It could be rectified after
some rework. For example, in the automobile manufacturing company / Almira
manufacturing company, if there is any defective component say lock is found
during the production process or welding defect found during a quality control
check-up, the defective needs to be repaired by rework. Reworking a faulty item
might save the company from heavy loss. Also, during the manufacturing process,
there is a probability of machine failure also besides the rework issue.

In a bulk manufacturing process, entry of defective component as rework in
the production process or machine failure during the production cycle affects the
queue length and delays the production process. Queuing theory has been used by
many authors to solve rework problems in manufacturing industries to optimise
the production process with minimum idle time. So, the most prevalent issues
confronting the manufacturing sectors is the unintentional production of faulty
products. A manufacturing fault is a mistake in the design or production of a
product that causes it to malfunction. It could work after some rework.

Henga et al. [1], analysed a multistage serial manufacturing system with rework
loops and product polymorphism. Mangey Ram et al. [2] discussed stochastic
design exploration with a rework of flexible manufacturing system under copula-
coverage approach. Karpagam, et al. [3] studied a bulk service queuing system
with rework by using supplementary variable technique.

Kuntal Bakuli et al. [4] investigated fixed batch size bulk service queuing
system with impatient Customers. Paranjothi et al. [5] studied a discrete-time
gated vacation queue with a general bulk service rule (L, K). He considered two
queues separated by a gate. Shanthi et al. [6] evaluated a transient behaviour
of single server bulk service queuing system with working vacation. Sourav Prad-
han [7] analysed a single server infinite-buffer batch-size-dependent service queue
with Poisson arrival and versatile batch-service rule. AnyueChen et al. [8] stud-
ied a modified Markovian bulk-arrival and bulk-service queue with general state-
dependent control. Gupta et al. [9] derived steady state joint probability distribu-
tion of the number of customers with the server as well as in the queue is obtained
by using PGF method for the infinite buffer bulk service queue.

Krishnamoorthy et al. [10] analysed k-Stages of bulk service queuing system
with accessible batches for the service. Ayyappan et al. [11] investigated an
unreliable bulk queuing system with customer’s impatience. Nithya et al. [12]
provided simulation modelling for bulk service queuing system involved in textile
industry. Recently, the mathematicians, Binay Kumar [13], Zirem et al. [14],
Charan Jeet Singh et al. [15], Sethi [16], Chakravarthyet al. [17], Vijaya Laxmi
Pikkala et al. [18], Kerobyan et al. [19] are discussed the unreliable queuing
systems. Ayyappan et al. [20], Bouchentouf, et al. ([21, 22, 23, 24], Nithya et al.
[25], Kempa et al. [26], Joshi et al. [27], Sadhna Singh et al. [28] have analysed
a queuing system incorporated with multiple vacation.

In this paper, a service queuing system with rework of a faulty batch and dif-
ferent threshold policy multiple vacation with random machine /server failure is
analysed. We utilised remaining service time as a supplementary variable in this
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study. The whole paper is partitioned into following sections: In section 1, Intro-
duction, Section 2, Model formulations with some assumptions , notations related
to the model are given. Section 3, describes the governing equations wherein queue
size distribution is obtained. In section 4, we attempt to find out the performance
indices of the system. Numerical results are provided in section 5. Section 6,
covers the conclusion of the paper. The Flow chart for rework is given in Figure
1.

Figure 1: Flow chart for rework
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2. MATHEMATICAL DESCRIPTION OF THE MODEL

We have developed a model with bulk service queue with the possibility of
faculty item in the manufacturing industry with breakdown, repair and two types
of vacation with different threshold policy. Breakdown follows an exponential
distribution with rate ‘α’. Service, checking, repair, type-I and type-II vacations
are assumed to follow general distribution. The server starts production only if
with a minimum of ‘a’ raw materials arrived. When a server breaks down, it is
sent for repair and returns back after repair completion to complete the remaining
service. On each batch service completion, it sent for quality checking if it found
to faculty (with probability ‘ε’) then it sent for rework. Otherwise, if

i) The queue length (Q) is ‘Q > a’ then server starts the service to the next
batch by General Bulk Service Rule;

ii) The queue length is ‘Q < a’ then the server starts the type-I vacation
repeatedly until he finds minimum ‘a’ customers in the queue.

While getting back from vacation of type-I, if the queue has its length ‘a ≤
Q < N ’ then the server performs the next vacation of type-II continuously, till
it reaches the threshold value N(a < b ≤ N). After A practical case of injection
moulding of plastic pipe is taken as an industry example is given in Figure 2.
The results of the model could be used to reduce the production cost by reducing
downtime and improve productivity.

Figure 2: Industry application
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Figure 3: Pictorial representation of the model

2.1. Notations and probabilities

Notation Description
λ Group arrival rate

X(z) Probability Generating Function (PGF) of X
N1(t) Number of customers in service station
N2(t) Number of customers in queue
S0(t) remaining service time
C0(t) remaining checking time
R(0)(t) remaining repair time
V (0)(t) remaining type-I vacation time
W (0)(t) remaining type-II vacation time
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gk = Pr(X = k), k = 1, 2, 3, ....

The notations of Cumulative Distribution Functions (CDF), Probability Density
Function (PDF) and its Laplace-Stieltjes Transform (LST) are listed below:

CDF PDF LST

Service time S s(w) S̃(τ)

Checking time C c(w) C̃(τ)

Repair time R r(y) R∗(θ)

Vacation Type-I V v(w) Ṽ (τ)

Vacation Type-II W y(w) W̃ (τ)

ψ(t) = (1), (2), (3), (4) and (5) denotes server is busy, checking, type-I, type-II
vacation, and repair respectively.

Mr,j(w, t)∆t = Pr{N1(t) = r, N2(t) = j, w ≤ S0(t) ≤ w +∆t, ψ(t) = 1},
a ≤ r ≤ b, j ≥ 1,

Cr,j(w, t)∆t = Pr{N1(t) = r, N2(t) = j, w ≤ C0(t) ≤ w +∆t, ψ(t) = 2},
a ≤ r ≤ b, j ≥ 1,

Vl,j(w, t)∆t = Pr{Z1(t) = l, N2(t) = j, w ≤ V 0(t) ≤ w +∆t, ψ(t) = 3},
l ≥ 1, j ≥ 0.

Wl,j(w, t)∆t = Pr{Z2(t) = l, N2(t) = j, w ≤W 0(t) ≤ w +∆t, ψ(t) = 4},
l ≥ 1, j ≥ a.

Rn(w, y)∆t = Pr{N2(t) = n, S0(t) = w, y ≤ R0(t) ≤ y +∆t ψ(t) = 5}, n ≥ a.

3. GOVERNING EQUATIONS

The Kolmogorov backward equation governing the model as follows:

Server is in Service State

−M
′

d,0(w) = −(λ+ α)Md,0(w) + εCd,0(0)s(w) +Rd,0(w, 0)

+ (1− ε)

b∑
r=a

Cr,d(0)s(w), a ≤ d ≤ b, (1)

−M
′

d,j(w) = −(λ+ α)Md,j(w) + εCd,j(0)s(w) +Rd,j(w, 0)

+

j∑
k=1

Md,j−k(w)λgk, j ≥ 1, a ≤ d ≤ b− 1, (2)
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−M
′

b,j(w) = −(λ+ α)Mb,j(w) + εCb,j(0)s(w) + (1− ε)

b∑
r=a

Cr,b+j(0)s(w)

+Rb,j(w, 0) +

j∑
k=1

Mb,j−k(w)λgk, 1 ≤ j ≤ N − b− 1, (3)

−M
′

b,j(w) = −(λ+ α)Mb,j(w) + εCb,j(0)s(w) + (1− ε)

b∑
r=a

Cr,b+j(0)s(w)

+

j∑
k=1

Mb,j−k(w)λgk +

∞∑
l=1

Vl,b+j(0)s(w) +

∞∑
l=1

Wl,b+j(0)s(w)

+Rb,j(w, 0), j ≥ N − b, (4)

Server is in Checking State

− C
′

d,0(w) = −λCd,0(w) +Md,0(0)c(w), a ≤ d ≤ b, (5)

− C
′

d,j(w) = −λCd,j(w) +Md,j(0)c(w) +

j∑
k=1

Cd,j−k(w)λgk, j ≥ 1,

a ≤ d ≤ b, (6)

Server is in Repair

− ∂

∂y
Rd,0(w, y) = −λRd,0(w, y) + αMd,0(w)r(y), a ≤ d ≤ b, (7)

− ∂

∂y
Rd,j(w, y) = −λRd,j(w, y) + αMd,j(w)r(y) +

j∑
k=1

Rd,j−k(w, y)λgk,

j ≥ 1, a ≤ d ≤ b, (8)

Server is in Type-I Vacation

− V1,0
′
(w) = −λV1,0(w) + (1− ε)

b∑
r=a

Cr,0(0)v(w), (9)

− V1,j
′
(w) = −λV1,j(w) + (1− ε)

b∑
r=a

Cr,j(0)v(w) +

j∑
k=1

V1,j−k(w)λgk,

1 ≤ j ≤ a− 1, (10)

− V1,j
′
(w) = −λV1,j(w) +

j∑
k=1

V1,j−k(w)λgk, j ≥ a, (11)

− Vl,0
′
(w) = −λVl,0(w) + Vl−1,0(0)v(w), l ≥ 2, (12)

− Vl,j
′
(w) = −λVl,j(w) + Vl−1,j(0)v(w) +

j∑
k=1

Vl,j−k(w)λgk, l ≥ 2,

1 ≤ j ≤ a− 1, (13)
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− Vl,j
′
(w) = −λVl,j(w) +

j∑
k=1

Vl,j−k(w)λgk, j ≥ a, l ≥ 2, (14)

Server is in Type-II Vacation

−W1,a

′
(w) = −λW1,a(w) +

∞∑
l=1

Vl,a(0)y(w), (15)

−W1,j

′
(w) = −λW1,j(w) +

∞∑
l=1

Vl,j(0)y(w) +

j∑
k=1

W1,j−k(w)λgk,

a+ 1 ≤ j ≤ N − 1 (16)

−W1,j

′
(w) = −λW1,j(w) +

j∑
k=1

W1,j−k(w)λgk, j ≥ N (17)

−Wl,a

′
(w) = −λWl,a(w) +Wl−1,a(0)y(w), l ≥ 2, (18)

−Wl,j

′
(w) = −λWl,j(w) +Wl−1,j(0)y(w) +

j∑
k=1

Wl,j−k(w)λgk, l ≥ 2,

a+ 1 ≤ j ≤ N − 1 (19)

−Wl,j

′
(w) = −λWl,j(w) +

j∑
k=1

Wl,e−k(w)λgk, l ≥ 2, j ≥ N. (20)

While applying LST to the above equations (1) to (20), we get,

τM̃d,0(τ)−Md,0(0) = (λ+ α)M̃d,0(τ)− εCd,0(0)S̃(τ)− R̃d,0(τ, 0)

− (1− ε)

b∑
r=a

Cr,d(0)S̃(τ), a ≤ d ≤ b, (21)

τM̃d,j(τ)−Md,j(0) = (λ+ α)M̃d,j(τ)− εCd,j(0)S̃(τ)− R̃d,j(τ, 0)

−
j∑

k=1

M̃d,j−k(τ)λgk, a ≤ d ≤ b− 1, j ≥ 1, (22)

τM̃b,j(τ)−Mb,j(0) = (λ+ α)M̃b,j(τ)− R̃b,j(τ, 0)−
j∑

k=1

M̃b,j−k(τ)λgk

− (1− ε)

b∑
d=a

Cr,b+j(0)S̃(τ)− εCb,j(0)S̃(τ),

1 ≤ j ≤ N − b− 1, (23)
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τM̃b,j(τ)−Mb,j(0) = (λ+ α)M̃b,j(τ)− εCb,j(0)S̃(τ) +

j∑
k=1

M̃b,j−k(τ)λgk

−
∞∑
l=1

Vl,b+j(0)S̃(τ)−
∞∑
l=1

Wl,b+j(0)S̃(τ)

− (1− ε)

b∑
r=a

Cr,b+j(0)S̃(τ)− R̃b,j(τ, 0), j ≥ N − b, (24)

τC̃d,0(τ)− Cd,0(0) = λC̃d,0(τ)−Md,0(0)C̃(τ), a ≤ d ≤ b, (25)

τC̃d,j(τ)− Cd,j(0) = λC̃d,j(τ)−Md,j(0)C̃(τ) +

j∑
k=1

C̃d,j−k(τ)λgk,

a ≤ d ≤ b, j ≥ 1 (26)

− ∂

∂y
R̃d,0(τ, y) = λR̃d,0(τ, y)− αM̃d,0(τ)r(y), a ≤ d ≤ b, (27)

− ∂

∂y
R̃d,j(τ, y) = λR̃d,j(τ, y)− αM̃d,j(τ)r(y)−

j∑
k=1

R̃d,j−k(τ, y)λgk,

j ≥ 1, a ≤ d ≤ b, (28)

τ Ṽ1,0(τ)− V1,0(0) = λṼ1,0(τ)− (1− ε)

b∑
r=a

Cr,0(0)Ṽ (τ), (29)

τ Ṽ1,j(τ)− V1,j(0) = λṼ1,j(τ)− (1− ε)

b∑
r=a

Cr,j(0)Ṽ (τ)−
j∑

k=1

V1,j−k(τ)λgk,

1 ≤ j ≤ a− 1, (30)

τ Ṽ1,j(τ)− V1,j(0) = λṼ1,j(τ)−
j∑

k=1

Ṽ1,j−k(τ)λgk, j ≥ a, (31)

τ Ṽl,0(τ)− Vl,0(0) = λṼl,0(τ)− Vl−1,0(0)Ṽ (τ), l ≥ 2, (32)

τ Ṽl,j(τ)− Vl,j(0) = λṼl,j(τ)− Vl−1,j(0)Ṽ (τ)−
j∑

k=1

Ṽl,j−k(τ)λgk,

1 ≤ j ≤ a− 1, l ≥ 2 (33)

τ Ṽl,j(τ)− Vl,j(0) = λṼl,j(τ)−
j∑

k=1

Ṽl,j−k(τ)λgk, j ≥ a, l ≥ 2, (34)

τW̃1,a(τ)−W1,a(0) = λW̃1,a(τ)−
∞∑
l=1

Vl,a(0)W̃ (τ), (35)

τW̃1,j(τ)−W1,j(0) = λW̃1,j(τ)−
∞∑
l=1

Vl,j(0)W̃ (τ)−
j∑

k=1

W̃1,j−k(τ)λgk,

a+ 1 ≤ j ≤ N − 1 (36)
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τW̃1,j(τ)−W1,j(0) = λW̃1,j(τ)−
j∑

k=1

W1,j−k(τ)λgk, j ≥ N (37)

τW̃l,a(τ)−Wl,a(0) = λW̃l,a(τ)−Wl−1,a(0)W̃ (τ), l ≥ 2, (38)

τW̃l,j(τ)−Wl,j(0) = λW̃l,j(w)−Wl−1,j(0)W̃ (τ)−
j∑

k=1

W̃l,j−k(τ)λgk,

l ≥ 2, a+ 1 ≤ j ≤ N − 1 (39)

τW̃l,j(τ)−Wl,j(0) = λW̃l,j(w)−
j∑

k=1

W̃l,j−k(τ)λgk, l ≥ 2, j ≥ N. (40)

Again applying LST to the above equations (27) to (28), we get,

θR̃∗
d,0(τ, θ)− R̃d,0(τ, 0) = λR̃∗

d,0(τ, θ)− αM̃d,0(τ)R̃(θ), a ≤ d ≤ b, (41)

θR̃∗
d,j(τ, θ)− R̃d,j(τ, 0) = λR̃∗

d,j(τ, θ)− αM̃d,j(τ)R̃(θ)−
j∑

k=1

R̃∗
d,j−k(τ, θ)λgk,

j ≥ 1, a ≤ d ≤ b, (42)

(43)

The probability generating functions (PGFs) used for mathematical analysis are
as follows:

M̃d(z, τ) =

∞∑
j=0

M̃d,j(τ)z
j , Md(z, 0) =

∞∑
j=0

Md,j(0)z
j , a ≤ d ≤ b,

R̃∗
d(z, τ, θ) =

∞∑
j=0

R̃∗
d,j(τ, θ)z

j , R̃d(z, τ, 0) =

∞∑
j=0

R̃d,j(τ, 0)z
j , a ≤ d ≤ b,

Ṽl(z, τ) =

∞∑
j=0

Ṽl,j(τ)z
j , Vl(z, 0) =

∞∑
j=0

Vl,j(0)z
j , l ≥ 1,

W̃l(z, τ) =

∞∑
j=a

W̃l,j(τ)z
j , Wl(z, 0) =

∞∑
j=a

Wl,j(0)z
j , l ≥ 1. (44)

4. PROBABILITY GENERATING FUNCTION OF THE QUEUE
SIZE

Let P(z) be the probability generating function of the number of clients in the
queue at an arbitrary time epoch of the proposed model. Then,

P (z) =

b∑
i=a

M̃i(z, 0)+

b∑
i=a

C̃i(z, 0)+

b∑
i=a

R̃∗
i(z, 0, 0)+

∞∑
l=1

Ṽ (z, 0)+

∞∑
l=1

W̃l(z, 0). (45)
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The probability generating function is obtained as:

P (z) =

[
L(z)

b−1∑
d=a

(zb − zd)md + (Ṽ (v(z))− 1)A(z)

a−1∑
n=0

(mn + vn)z
n

+ (W̃ (v(z))− 1)A(z)

N−1∑
n=a

(vn + wn)z
n
]

u(z)v(z)h(z)
.

(46)

where

L(z) = v(z)(M̃(u(z))− 1) + u(z)M̃(u(z))(C̃(v(z))− 1)

+ α(M̃(u(z))− 1)(1−R∗(v(z))),

A(z) = v(z)(1− M̃(u(z))) + u(z)M̃(u(z)) + α(1− M̃(u(z)))(1−R∗(v(z)))

− zbu(z) + (zb − 1)εu(z)S̃(u(z))C̃(v(z)),

h(z) = zb[1− εS̃(u(z))C̃(v(z))]− (1− ε)S̃(u(z))C̃(v(z)),

u(z) = λ+ α− λX(z)− αR∗(v(z)),

v(z) = λ− λX(z),

mi = (1− ε)

b∑
i=a

Ci,jz
j ,

vl =

∞∑
l=1

Vl,nz
n,

wl =

∞∑
l=1

Wl,nz
n.

4.1. Particular case

Case 1:
When there are no breakdown, faulty and second stage vacation then P(z) becomes,

P (z) =
(S̃(v(z))− 1)

∑b−1
n=amnz

n + (Ṽ (v(z))− 1)(zb − 1)
∑a−1

n=0(mn + vn)z
n

(zb − S̃(v(z)))v(z)

(47)

which coincide with Jeyakumar et al. [29] without breakdown and closedown.
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Case 2:
When there is no breakdown and rework then equation (46) becomes

P (z) =

[
(S̃(v(z))− 1)

b−1∑
n=a

(zb − zn)mn + (zb − 1)(W̃ (v(z))− 1)

N−1∑
n=a

(vn + wn)z
n

+ (zb − 1)(Ṽ (v(z))− 1)

a−1∑
n=0

(mn + vn)z
n

]
(v(z))(zb − S̃(v(z)))

(48)

which coincides with Haridass et al. [30].

4.2. Computational Aspects

Equation (46) has the unknownsm0, ...,mb−1, v0, ..., vb−1 and wa, w1, ..., wN−1.
“We can express wi(i = a, a + 1, ..., N − 1) in terms of vi(i = a, a + 1, ..., N − 1)
and vi(i = 0, 1, ..., N − 1) in terms of mi(i = 0, 1, ..., a − 1) such a way that
numerator has only b constants. Now from equation (46) which is probability
generating function of number of customers involves b unknowns. By Rouches’s
theorem h(z) has one zero on the boundary and b-1 inside the unit circle. Due
to the analyticity of P(z), the numerator must vanish at these points and gives b
equations with b unknowns, which can be solved by suitable numerical technique.”

Remark: The necessary and sufficient condition for the existence of steady state

for the model under consideration. ρ = (λX1+αR1)E(S)+λX1E(C)
b(1−ε)

Result-1

wn =

n∑
i=a

φn−ivi, n = a, a+ 1, a+ 2..., N − 1, φ0 =
γ0

1− γ0
(49)

where

φn =
γn +

∑n
j=1 γjφn−j

1− γ0
(50)

Result-2

vn =

n∑
i=0

Kn−imi, n = 0, 1, 2..., a− 1,where K0 =
β0

1− β0

Kn =
βn +

∑n
j=1 βjKn−j

1− β0
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Result-3

vn =

a−1∑
i=0

(βn−i +

a−1−i∑
j=0

Kjβn−j−i)mi, n = a, a+ 1, a+ 2..., N − 1, (51)

where

Kn =
βn +

∑n
j=1 βjφn−j

1− β0
(52)

βn, γn are the probabilities of ‘n’ customers arrive during main server’s type-I and
type-II vacation time respectively.

4.3. PGF of Queue Size at Various Completion Epochs

Server is busy:

Pb(z) =

(1− M̃(u(z)))
[ b−1∑
d=a

(zb − zd)md + (Ṽ (v(z))− 1)

a−1∑
n=0

(mn + vn)z
n

+ (W̃ (v(z))− 1)[

N−1∑
n=a

(vn + wn)z
n]
]

u(z)h(z)
.

(53)

Server on repair:

Pr(z) =

α(1− M̃(u(z)))(1−R∗(v(z)))
[
(W̃ (v(z))− 1)

N−1∑
n=a

(vn + wn)z
n

+

b−1∑
d=a

(zb − zd)md + (Ṽ (v(z))− 1)

a−1∑
n=0

(mn + vn)z
n
]

u(z)v(z)h(z)
.

(54)

Server on vacation:

Pv(z) =

(1− Ṽ (v(z)))

a−1∑
n=0

(mn + vn)z
n

(1− W̃ (v(z)))

N−1∑
k=a

(vk + wk)z
k

v(z)
.

(55)

4.4. Probability of Various Server States

Server on vacation:

P (V ) =
V1

∑a−1
n=0(mn + vn) +W1

∑N−1
k=a (vk + wk)

λX1
(56)
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Server on repair:

P (R) =

αR1M1

[ b−1∑
d=a

(b− d)md + V1

a−1∑
n=0

(mn + vn) +W1[

N−1∑
n=a

(vn + wn)]
]

u1v1h1
.

(57)

Server is busy:

P (R) =
M1

[∑b−1
d=a(b− d)md + V1

∑a−1
n=0(mn + vn) +W1[

∑N−1
n=a (vn + wn)]

]
(λX1 + αR1)h1

(58)

4.5. Performance Measures

The expected length of busy period:

E(B) =
E(S) + εE(C) + αE(R)∑a−1

n=0mn

, (59)

The expected length of idle period:

E(I) =
E(V )

1−
∑a−1

n=0

∑n
i=0 βn−imi

+
E(W )

1−
∑N−1

n=a

∑n
i=a γn−ivi

, (60)

The mean queue length:

E(Q) =
Nr(IV )Dr(III) −Nr(III)Dr(IV )

4(Dr(III))
2 , (61)

where

Nr(III) = 3[L2

b−1∑
i=a

(b− i)mi + V1A2

a−1∑
n=0

(mn + vn) +W1A2

N−1∑
n=a

(vn + wn)],

Nr(IV ) = 4L3

b−1∑
i=a

(b− i)mi + 6L2

b−1∑
i=a

(b(b− 1)− i(i− 1))mi

+ [6V2A2 + 4V1A3]

a−1∑
n=0

(mn + vn) + 12V1A2

a−1∑
n=0

n(mn + vn)

+ [6W2A2 + 4W1A3]

a−1∑
n=0

(vn + wn) + 12W1A2

N−1∑
n=0

n(vn + wn),
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Dr(III) = 6u1v1h1, Dr
(IV ) = 12[u2v1h1 + u1(v2h1 + v1h2)],

u1 = −λX1 − αR1, v1 = −λX1,

h1 = b(1− ε)− (S1 + C1), u2 = −λX2 − αR2, v2 = −λX2,

h2 = b(b− 1)(1− ε)− 2bε(S1 + C1)− (S2 + 2S1C1 + C2),

S1 = (λX1 + αR1)E(S), C1 = λX1E(C), R1 = λX1E(R)

S2 = (λX2 + αR2)E(S) + (−λX1 − αR1)
2E(S2),

C2 = λX2E(C) + (λX1)
2E(C2), R2 = λX2E(R) + (λX1)

2E(R2),

L2 = 2[V1S1 + u1C1 − αS1R1],

A2 = u2 − 2V1S1 + 2u1S1 + 2αS1R1 + 2εu1(S1 + C1)− (1− ε)(2bu1 + u2)

− ε(u2 + 2u1(S1 + C1)),

L3 = 3[v2S1 + v1S2 + u2C1 + u1[2S1C1 + C2]− S2R1 − S1R2],

A3 = u3 + 3u2S1 + 3u1S2 − 3[v2S1 + v1S2]− 3α[S2R1 + S1R2]

+ 3εu1(S2 + 2S1C1 + C2)− (1− ε)(3b(b− 1)u1 + 3bu2 + u3)

+ 3ε(S1 + C1)(2bu1 + u2)

− ε[u3 + 3u2(S1 + C1) + 3u1(S2 + 2S1C1 + C2)]

5. NUMERICAL EXAMPLES

The established analytical findings can be numerically derived by using an
appropriate example. This section contains numerical findings for different perfor-
mance indices. The computer program was created using the MATLAB software.
For calculation purposes, we set the following system parameters:
1. Service time and Checking distribution is 2-Erlang. Let a=3, b=8 and N=10.
2. Batch size distribution of the arrival is geometric with mean 2.
3. Type-I and Type-II Vacation is exponential with parameters β = 8 and γ = 10
respectively.
4. Repair is exponential with parameters η = 5 and the breakdown rate is α = 1.
5. Let µ1 and µ2 be the service and checking rate respectively.

For different service rate, arrival rate, breakdown rate, faulty probability and re-
pair rate, the performance measures E(Q), E(W ), E(B) and E(I) are calculated
(Tables 1-5 and Figures 4-11).
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Table 1: Service rate vs Performance measures (λ = 5, µ2 = 25, ε = 0.2, α = 1 and η = 5)

µ1 ρ E(Q) E(W ) E(B)
11.0 0.232955 4.68418 0.468418 0.370506
11.5 0.225543 4.35571 0.435571 0.364994
12.0 0.218750 4.07075 0.407075 0.359968
12.5 0.212500 3.82181 0.382181 0.355366
13.0 0.206731 3.60297 0.360297 0.351137
13.5 0.201389 3.40948 0.340948 0.347236
14.0 0.196429 3.23749 0.323749 0.343627
14.5 0.191810 3.08388 0.308388 0.340278
15.0 0.187500 2.94606 0.294606 0.337161
15.5 0.183468 2.82190 0.282190 0.334254
16.0 0.179687 2.70961 0.270961 0.331535
16.5 0.176136 2.60770 0.260770 0.328987
17.0 0.172794 2.51489 0.251489 0.326594
17.5 0.169643 2.43010 0.243010 0.324343
18.0 0.166667 2.35242 0.235242 0.322221
18.5 0.163851 2.28106 0.228106 0.320217
19.0 0.161184 2.21532 0.221532 0.318321
19.5 0.158654 2.15462 0.215462 0.316525
20.0 0.156250 2.09844 0.209844 0.314822
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Figure 4: Service rate (vs) Performance measures
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Figure 5: Service rate (vs) E(Q)

Table 2: Arrival rate vs Performance measures (µ1 = 10, µ2 = 20, ε = 0.2, α = 1 and η = 5)

λ Vacation of Type-I (V )>
Type-II (W )

Both vacations are of
same length (V =W )

E(Q) E(W ) E(Q) E(W )

3 2.78522 0.46420 2.80437 0.46739

4 3.92603 0.49075 3.94341 0.49293

5 5.57869 0.55787 5.59006 0.55901

6 7.86895 0.65575 7.86869 0.65573

7 10.9632 0.78309 10.9444 0.78175

8 15.0869 0.94293 15.0412 0.94007

9 20.5531 1.14184 20.4707 1.13726

10 27.8124 1.39062 27.6819 1.38410

11 37.5384 1.70629 37.3469 1.69759

12 50.7908 2.11628 50.5235 2.10515
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Table 3: Breakdown rate vs Performance measures (λ = 10, µ1 = 10, µ2 = 15, ε = 0.2, η = 5)

α ρ E(Q) E(W ) E(B)
1.0 0.583333 30.4902 1.52451 0.331096
1.5 0.614583 30.4909 1.52455 0.480051
2.0 0.645833 31.3283 1.56642 0.659695
2.5 0.677083 31.3581 1.56791 0.879108
3.0 0.708333 33.1976 1.65988 1.151260
3.5 0.739583 36.2061 1.81030 1.495340
4.0 0.770833 40.7257 2.03629 1.941020
4.5 0.802083 47.3468 2.36734 2.536690
5.0 0.833333 57.1304 2.85652 3.367070
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Figure 6: Breakdown rate (vs) Performance measures
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Figure 7: Breakdown rate (vs) E(Q)
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Table 4: Faculty probability vs Performance measures (λ = 10, µ1 = 10, µ2 = 15, α = 1, η = 5)

ε ρ E(Q) E(W ) E(B) E(I)
0.00 0.466667 19.2720 0.96360 0.264526 0.150569
0.02 0.476190 20.0475 1.00238 0.269087 0.148653
0.04 0.486111 20.8876 1.04438 0.273960 0.146633
0.06 0.496454 21.8003 1.09001 0.279188 0.144499
0.08 0.507246 22.7953 1.13977 0.284816 0.142242
0.10 0.518519 23.8842 1.19421 0.290902 0.139852
0.12 0.530303 25.0806 1.25403 0.297511 0.137317
0.14 0.542636 26.4009 1.32004 0.304725 0.134624
0.16 0.555556 27.8650 1.39325 0.312642 0.131757
0.18 0.569106 29.4974 1.47487 0.321383 0.128701
0.20 0.583333 31.3283 1.56642 0.331096 0.125436
0.22 0.598291 33.3957 1.66979 0.341971 0.121941
0.24 0.614035 35.7480 1.78740 0.354246 0.118191
0.26 0.630631 38.4474 1.92237 0.368229 0.114160
0.28 0.648148 41.5760 2.07880 0.384329 0.109814
0.30 0.666667 45.2437 2.26219 0.403092 0.105118
0.32 0.686275 49.6016 2.48008 0.425272 0.100029
0.34 0.707071 54.8629 2.74314 0.451931 0.094498
0.36 0.729167 61.3392 3.06696 0.484627 0.088466
0.38 0.752688 69.5040 3.47520 0.525725 0.081866
0.40 0.777778 80.1140 4.00570 0.579018 0.074617
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Figure 8: Faulty probability (vs) Performance measures
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Figure 9: Faulty probability (vs) E(Q)

Table 5: Repair rate vs Performance measures (λ = 10, µ1 = 10, µ2 = 15, ε = 0.2, α = 5)

η ρ E(Q) E(W ) E(B)

3.0 0.833333 55.9064 2.79532 3.34295

3.2 0.813802 49.6391 2.48196 2.79813

3.4 0.796569 45.2933 2.26466 2.40664

3.6 0.781250 42.1452 2.10726 2.11217

3.8 0.767544 39.7895 1.98947 1.88289

4.0 0.755208 37.9823 1.89911 1.69949

4.2 0.744048 36.5680 1.82840 1.54956

4.4 0.733902 35.4439 1.77219 1.42479

4.6 0.724638 34.5387 1.72693 1.31940

4.8 0.716146 33.8021 1.69010 1.22924

5.0 0.708333 33.1976 1.65988 1.15126

5.2 0.701122 32.6980 1.63490 1.08317

5.4 0.694444 32.2828 1.61414 1.02322

5.6 0.688244 31.9361 1.59680 0.97005

5.8 0.682471 30.9910 1.54955 0.94244
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Figure 10: Repair rate (vs) Performance measures
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Figure 11: Repair rate (vs) E(Q)

The numerical results have been shown graphically in Figure 4 to 7. From
the above results it may be noted that with increasing faulty probability and
breakdown rate, the queue length is increasing it affects the production schedule
badly. The production Engineer has to find out a solution by changing the failing
parts or change of material quality or change the machine itself if the failure rate
is very high to get satisfactory products with reduced the down time.

6. CONCLUSIONS

In this paper, we have discussed bulk service queuing system with active break-
down and repair, faulty probability, rework and variant threshold policy for va-
cations. To the best of knowledge of authors, there is no work has been done in
the queuing literature with these combinations. Manufacturing industries must
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guarantee that their processes are continually checked and product quality is im-
proved in order to be effective and deliver quality products to consumers. When
a company fails to take quality control seriously, it invariably ends in scrapped,
reworked, or returned items by consumers. The significant contribution in the
proposed model is rework of the faulty item will reduce the heavy loss for the
industry. This work can be further extended by incorporating the concepts of
priority service and single vacation. The performance measures like, the mean
number of consumers in the queue, the average waiting time of consumers in the
queue, mean busy period, expected idle period and probability of various server
state are obtained. The established analytical findings can be numerically derived.

Funding. This research received no external funding.
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