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1. INTRODUCTION

After Zadeh[1] introduced the idea of a fuzzy set, many authors have constantly
put great efforts to establish fuzzy analogues of classical theories. Like other fields,
the field of fuzzy topology is heading towards progressive developments by con-
tributing beneficial applications in quantum particle physics. Gähler introduced
2-normed and n-normed linear spaces in [2, 3] and was further studied by Kim and
Cho [4], Malceski [5], and Gunawan and Mashadi [6]. Vijayabalaji and Narayanan
[7] defined fuzzy n-normed linear space. Atanassov [8] generalized fuzzy sets and
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proposed the notion of intuitionistic fuzzy sets (IFS). Furthermore, Deschrijver
and Kerre [9] gave the properties of IFS. These notions helped Çoker [10] to define
intuitionistic fuzzy topological spaces. Saadati and Park [11, 12] studied these
spaces and their generalization, which helped them to obtain the concept of intu-
itionistic fuzzy normed space(IFNS). In 2007, Vijayabalaji et al.[13] presented the
interesting notion of intuitionistic fuzzy n-normed space(IFnNS) as a generaliza-
tion of fuzzy n-normed linear space and also introduced Cauchy and convergent
sequence in IFnNS.

Fast [14] initiated the theory of statisitcal convergence which was further
generalized by Kostyrko et al.[15] to the notion of I -convergence with the help
of ideal I, which is the subset of a set of the natural number N. Later on,
I -convergence was studied in different types of spaces by several authors (see,
[16, 17, 18, 19, 20, 21, 22, 23, 24]). Kizmaz [25] introduced the notion of differ-
ence sequence spaces, further Et and Çolak [26], Tripathy and Esi [27] analyzed
this space. Gumus and Nuray [28] investigated the generalized difference ideal
convergence of sequences in different spaces.

2. PRELIMINARIES

Throughout this article, we use N and R as the set of natural number and the
set of real number, respectively.

Definition 1. [15] A subset I of power set P (N) is called ideal if it satisfies the
following conditions:

(i) ∅ ∈ I,
(ii) C ∪D ∈ I for all C,D ∈ I,
(iii) for all C ∈ I and D ⊂ C then D ∈ I.

Remark 2. [15] An ideal I is called non-trivial if I ̸= P (N). If {{n} : n ∈ N} ⊂ I,
then I is called admissible ideal.

Definition 3. [15] A non-empty subset F ⊆ P (N) is known as filter in N if

(i) ∅ /∈ F ,
(ii) for every A,B ∈ F ⇒ A ∩B ∈ F ,
(iii) for every A ∈ F with A ⊆ B, one obtain B ∈ F .

Proposition 4. [15] For every ideal I, there is a filter F(I) associated with I
defined as follows:

F(I) = {K ⊆ N : K = N \A, for some A ∈ I}.

Definition 5. [11] A t-norm • is a binary operation on [0, 1], which satisfies the
following conditions:
(i) • is associative and commutative
(ii) • is continuous
(iii) p • 1 = p, for all p ∈ [0, 1]
(iv) • is non-decreasing i.e., p • q ≤ r • s whenever p ≤ r and q ≤ s and p, q, r, s ∈
[0, 1].
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Example 6. p1 • p2 = p1p2 and p1 • p2 = min(p1, p2) are two examples of
continuous t-norm.

Definition 7. [16] Let (V, ϕ, •) be generalized probabilistic n-norm space. A se-
quence u = (uj) in V is said to be ∆m− I-convergent to ζ ∈ V with respect to the
generalized probabilistic n− norm if for each s > 0, ϵ ∈ (0, 1) and v1, v2, . . . , vn−1 ∈
V , the set

{j ∈ N : ϕ(v1, v2, . . . , vn−1,∆
muj − ζ, s) ≤ 1− ϵ}

belongs to I and denoted by I − lim∆muj = ζ.

Definition 8. [16] Let (V, ϕ, •) be generalized probabilistic n-norm space. A se-
quence u = (uj) in V is said to be ∆m− I-Cauchy with respect to the generalized
probabilistic n− norm if for each s > 0, ϵ ∈ (0, 1) and v1, v2, . . . , vn−1 ∈ V , there
exists k = k(ϵ) ∈ N in such a way that, the set

{j ∈ N : ϕ(v1, v2, . . . , vn−1,∆
muj −∆muk, s) ≤ 1− ϵ} .

belongs to I.

Definition 9. [11] A t-co-norm ⋄ is a binary operation on [0, 1], which satisfies
the following conditions:
(a) ⋄ is associative and commutative
(b) ⋄ is continuous
(c) p ⋄ 0 = p, for all p ∈ [0, 1]
(d) ⋄ is non-decreasing i.e., p ⋄ q ≤ r ⋄ s whenever p ≤ r and q ≤ s and p, q, r, s ∈
[0, 1]

Example 10. p1 ⋄ p2 = min(p1 + p2, 1) and p1 ⋄ p2 = max(p1, p2) are two
examples of continuous t-co-norm.

Remark 2.2.[11]
(1) For any two numbers a, b ∈ (0, 1) with a > b, there exist c, d ∈ (0, 1) such that
a • c ≥ b and a ≥ d ⋄ b.
(2) For any e ∈ (0, 1), there exist f, g ∈ (0, 1) such that f • f ≥ e and e ≥ g ⋄ g.

Definition 11. [13] The five-tuple (V, ϕ, ψ, •, ⋄) is called an intuitionistic fuzzy
n-normed space if V is a linear space over a field F, • is a continuous t-norm,
⋄ is a continuous t-co-norm and ϕ & ψ denote the degree of membership & non-
membership of (u1, u2, . . . , un, s) ∈ V n × (0,∞) satisfy the following conditions ∀
(u1, u2, . . . , un) ∈ V n and s, t > 0 :
(a) ϕ(u1, u2, . . . , un, s) + ψ(u1, u2, . . . , un, s) ≤ 1,
(b) ϕ(u1, u2, . . . , un, s) > 0,
(c) ϕ(u1, u2, . . . , un, s) = 1 iff u1, u2, . . . , un are linearly dependent,
(d) ϕ(u1, u2, . . . , un, s) is invariant under any permutation of u1, u2, . . . , un,

(e) ϕ(u1, u2, . . . , αun, s) = ϕ
(
u1, u2, . . . , un,

s
|α|

)
, ∀α ̸= 0, α ∈ F,
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(f) ϕ(u1, u2, ....un−1, un, t) • ϕ(u1, u2, ...., un−1, u
′
n, s) ≤ ϕ(u1, u2, ...., un−1, un +

u′n, t+ s),
(g) ϕ(u1, u2, . . . , un, s) : (0,∞) → [0, 1] is continuous in s,
(h) lim

s→∞
ϕ(u1, u2, . . . , un, s) = 1 and lim

s→0
ϕ(u1, u2, . . . , un, s) = 0,

(i) ψ(u1, u2, . . . , un, s) < 1,
(j) ψ(u1, u2, . . . , un, s) = 0 iff u1, u2, . . . , un are linearly dependent,
(k) ψ(u1, u2, . . . , un, s) is invariant under any permutation of u1, u2, . . . , un,

(l) ψ(u1, u2, . . . , αun, s) = ψ
(
u1, u2, . . . , un,

s
|α|

)
, ∀α ̸= 0, α ∈ F,

(m) ψ(u1, u2, . . . , un, t) ⋄ ψ(u1, u2, ...., u′n, s) ≥ ψ(u1, u2, ...., un + u′n, t+ s),
(n) ψ(u1, u2, . . . , un, s) : (0,∞) → [0, 1] is continuous in s,
(o) lim

s→∞
ψ(u1, u2, . . . , un, s) = 0 and lims→0 ψ(u1, u2, . . . , un, s) = 1.

Example 12. If (V, |.|) forms an n-normed linear space, let for all a, b ∈ [0, 1],
t-norm is defined as a•b = ab and t-co-norm is defined as a⋄b = min{a+b, 1},

ϕ(u1, u2, . . . , un, s) =
s

s+ |u1, u2, . . . , un, |
and ψ(u1, u2, . . . , un, s) =

|u1, u2, . . . , un, |
s+ |u1, u2, . . . , un|

Then (V, ϕ, ψ, •, ⋄) forms an intuitionistic fuzzy n-normed space.

Definition 13. [13] In an IFnNS (V, ϕ, ψ, •, ⋄), convergence of a sequence (uj)
to ζ is defined as for a given ϵ > 0, s > 0 and v1, v2, . . . , vn−1 ∈ V, there exists
k0 ∈ N such that

ϕ(v1, v2, . . . , vn−1, uj−ζ, s) > 1−ϵ and ψ(v1, v2, . . . , vn−1, uj−ζ, s) < ϵ, ∀j ≥ k0.

Definition 14. [13] In an IFnNS (V, ϕ, ψ, •, ⋄), a Cauchy sequence (uj) is defined
as for a given ϵ > 0, s > 0 and v1, v2, . . . , vn−1 ∈ V, there exists k0 ∈ N such that
for all j, k ≥ k0

ϕ(v1, v2, . . . , vn−1, uj − uk, s) > 1− ϵ and ψ(v1, v2, . . . , vn−1, uj − uk, s) < ϵ.

3. MAIN RESULTS

In this section, we define ∆m− I-convergent and ∆m− I-Cauchy sequences on
IFnNS, we also establish some results related to the properties of these sequences.

Definition 15. Let (V, ϕ, ψ, •, ⋄) is an IFnNS and I ⊂ P (N) is a non trivial
ideal. Let (uj) ∈ V is said to be generalized difference I-convergent (i.e. ∆m − I-
convergent) to ζ ∈ V with respect to intuitionistic fuzzy n-norm (ϕ, ψ), if for every
ϵ > 0, s > 0 and v1, v2, . . . , vn−1 ∈ V, the set{

j ∈ N : ϕ(v1, v2, . . . , vn−1,∆
muj − ζ, s) ≤ 1− ϵ or

ψ(v1, v2, . . . , vn−1,∆
muj − ζ, s) ≥ ϵ

}
∈ I.

Hence, We write it as I(ϕ,ψ) − lim ∆muj = ζ.
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Definition 16. Let (V, ϕ, ψ, •, ⋄) is an IFnNS and I ⊂ P (N) is a non trivial ideal.
Let (uj) ∈ V is said to be generalized difference I-Cauchy (i.e. ∆m − I-Cauchy)
with respect to intuitionistic fuzzy n-norm (ϕ, ψ), if for every ϵ > 0, s > 0 and
v1, v2, . . . , vn−1 ∈ V, there exists a natural number N = N(ϵ) such that the set{

j ∈ N : ϕ(v1, v2, . . . , vn−1,∆
muj −∆muN , s) ≤ 1− ϵ or

ψ(v1, v2, . . . , vn−1,∆
muj −∆muN , s) ≥ ϵ

}
∈ I.

Lemma 17. Let (V, ϕ, ψ, •, ⋄) is an IFnNS and I ⊂ P (N) is a non trivial ideal.
u = (uj) is a sequence in V . Then for every ϵ > 0, s > 0 and v1, v2, . . . , vn−1 ∈ V,
the following are equivalent:

(1) I(ϕ,ψ) − limj→∞ ∆muj = ζ;

(2) {j ∈ N : ϕ(v1, v2, . . . , vn−1,∆
muj−ζ, s) ≤ 1−ϵ} ∈ I and {j ∈ N : ψ(v1, v2, . . . , vn−1,

∆muj − ζ, s) ≥ ϵ} ∈ I;

(3) {j ∈ N : ϕ(v1, v2, . . . , vn−1,∆
muj − ζ, s) > 1 − ϵ and ψ(v1, v2, . . . , vn−1,∆

muj −
ζ, s) < ϵ} ∈ F(I);

(4) {j ∈ N : ϕ(v1, v2, . . . , vn−1,∆
muj−ζ, s) > 1−ϵ} ∈ F(I) and {j ∈ N : ψ(v1, v2, . . . ,

vn−1,∆
muj − ζ, s) < ϵ} ∈ F(I);

(5) I−limj→∞ ϕ(v1, v2, . . . , vn−1,∆
muj−ζ, s) = 1 and I−limj→∞ ψ(v1, v2, . . . , vn−1,

∆muj − ζ, s) = 0.

Theorem 18. Let u = (uj) be a sequence in IFnNS (V, ϕ, ψ, •, ⋄). If (uj) is gen-
eralized difference I−convergent with respect to intuitionistic fuzzy n-norm (ϕ, ψ),
then I(ϕ,ψ) − lim ∆m(uj) is unique.

Proof. Let there are two different elements ζ1 and ζ2 such that I(ϕ,ψ)−lim ∆m(uj) =
ζ1 and I(ϕ,ψ) − lim ∆m(uj) = ζ2. For a given ϵ > 0, choose γ > 0 such that
(1− γ) • (1− γ) > 1− ϵ and γ ⋄ γ < ϵ.
For s > 0 and v1, v2, . . . , vn−1 ∈ V , we define

A1 = {j ∈ N : ϕ(v1, v2, . . . , vn−1,∆
m(uj)− ζ1, s) ≤ 1− γ},

A2 = {j ∈ N : ψ(v1, v2, . . . , vn−1,∆
m(uj)− ζ1, s) ≥ γ},

A3 = {j ∈ N : ϕ(v1, v2, . . . , vn−1,∆
m(uj)− ζ2, s) ≤ 1− γ},

A4 = {j ∈ N : ψ(v1, v2, . . . , vn−1,∆
m(uj)− ζ2, s) ≥ γ} and

A = (A1 ∪A3) ∩ (A2 ∪A4)

Sets A1, A2, A3, A4 and A must belong to I as (uj) has two different generalized
difference I− limit with respect to intuitionistic fuzzy n-norm (ϕ, ψ) i.e. ζ1 and
ζ2. Hence Ac ∈ F(I) then Ac is non empty. Let us say some k ∈ Ac then either
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k ∈ A1
c ∩A3

c or k ∈ A2
c ∩A4

c.
If k ∈ A1

c ∩A3
c which implies that

ϕ

(
v1, v2, . . . , vn−1,∆

m(uk)− ζ1,
s

2

)
> 1− γ and

ϕ

(
v1, v2, . . . , vn−1,∆

m(uk)− ζ2,
s

2

)
> 1− γ

Hence

ϕ(v1, v2, . . . vn−1, ζ1 − ζ2, s)

≥ ϕ

(
v1, v2, . . . vn−1,∆

m(uk)− ζ1,
s

2

)
• ϕ

(
v1, v2, . . . vn−1,∆

m(uk)− ζ2,
s

2

)
> (1− γ) • (1− γ) > 1− ϵ

As ϵ > 0 was arbitrary hence ϕ(v1, v2, . . . vn−1, ζ1 − ζ2, t) = 1 for all s > 0. So we
have ζ1 = ζ2, which is a contradiction.
If k ∈ A2

c ∩A4
c which implies that

ψ

(
v1, v2, . . . vn−1,∆

m(uk)−ζ1,
s

2

)
< γ and ψ

(
v1, v2, . . . vn−1,∆

m(uk)−ζ2,
s

2

)
< γ

Hence

ψ(v1, v2, . . . vn−1, ζ1 − ζ2, s)

≤ ψ

(
v1, v2, . . . vn−1,∆

m(uk)− ζ1,
s

2

)
⋄ ψ

(
v1, v2, . . . vn−1,∆

m(uk)− ζ2,
s

2

)
< γ ⋄ γ < ϵ

As ϵ > 0 was arbitrary hence ψ(v1, v2, . . . vn−1, ζ1 − ζ2, s) = 0 for all s > 0. So
we have ζ1 = ζ2, which is a contradiction. Hence (uj) has unique generalized
difference I(ϕ,ψ)− limit.

Theorem 19. Let u = (uj) be any sequence in IFnNS (V, ϕ, ψ, •, ⋄) such that
(ϕ, ψ)− lim ∆m(uj) = ζ, then I(ϕ,ψ) − lim ∆m(uj) = ζ.

Proof. Given that (ϕ, ψ)−lim ∆m(uj) = ζ, hence for any ϵ > 0, v1, v2, . . . vn−1 ∈ V
and s > 0, we can find a natural number k ∈ N in such a way that

ϕ(v1, v2, . . . vn−1,∆
m(uj)−ζ, s) < 1−ϵ and ψ(v1, v2, . . . vn−1,∆

m(uj)−ζ, s) > ϵ

for all j ≥ k.
Now let

K = {j ∈ N : ϕ(v1, v2, . . . vn−1,∆
m(uj)− ζ, s) ≤ 1− ϵ

or ψ(v1, v2, . . . vn−1,∆
m(uj)− ζ, s) ≥ ϵ}

As K ⊂ {1, 2, . . . , k − 1} and I is an admissible ideal so K ∈ I. Hence I(ϕ,ψ) −
lim ∆m(uj) = ζ.
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The converse of theorem 3.3 is not true in general.

Example 20. Let V = Rn with |u1, u2, . . . , un| = abs


∣∣∣∣∣∣∣∣∣∣
u11 u12 . . u1n
u21 u22 . . u2n
. . . . .
. . . . .
un1 un2 . . unn

∣∣∣∣∣∣∣∣∣∣

,

where ui = (ui1, ui2, . . . , uin) ∈ Rn for all 1 ≤ i ≤ n, let for all a, b ∈ [0, 1], t-norm
is defined as a • b = ab and t-co-norm is defined as a ⋄ b = min{a+ b, 1},

ϕ(u1, u2, . . . , un, s) =
s

s+ |u1, u2, . . . , un
and ψ(u1, u2, . . . , un, s) =

|u1, u2, . . . , un|
s+ |u1, u2, . . . , un|

Then (Rn, ϕ, ψ, •, ⋄) forms an intuitionistic fuzzy n-normed space.
Suppose I = {A ⊂ N : δ(A) = 0}, where δ(A) is the natural density of the

set A in N which is defined as δ(A) = limn→∞
1
n

∑n
i=1 χA(i), where χA is the

characteristic function on A, hence I is a non-trivial admissible ideal.

Now let us define a sequnece u = (ui) where

ui =

{
(i, 0, . . . , 0) ∈ Rn, if i = k2, (k ∈ N)
(0, 0, ..., 0) ∈ Rn, otherwise.

For m = 2, we have

∆2ui =


(i, 0, ..., 0) ∈ Rn, if i = k2, k2 − 2, (k ∈ N)
(−2i, 0, ..., 0) ∈ Rn, if i = k2 − 1, (k ∈ N)
(0, 0, ..., 0) ∈ Rn, otherwise.

Now for any ϵ > 0, s > 0 and v1, v2, . . . , vn−1 ∈ V , we define

K(ϵ, s) = {i ∈ N : ϕ(v1, v2, . . . , vn−1,∆
2ui, s) ≤ 1− ϵ or

ψ(v1, v2, . . . , vn−1,∆
2ui, s) ≥ ϵ}

then

K(ϵ, s) =

{
i ∈ N :

s

s+ |v1, v2, . . . , vn−1,∆2ui|
≤ 1− ϵ or

|v1, v2, . . . , vn−1,∆
2ui|

s+ |v1, v2, . . . , vn−1,∆2ui|
≥ ϵ

}
.

Therefore

K(ϵ, s) =

{
i ∈ N : |v1, v2, . . . , vn−1,∆

2ui| ≥
ϵs

1− ϵ
> 0

}
⊆ {i ∈ N : ∆2ui = (i, 0, ..., 0) ∈ Rn} ∪ {i ∈ N : ∆2ui = (−2i, 0, ..., 0) ∈ Rn}
= {i ∈ N : i = k2} ∪ {i ∈ N : i = k2 − 2} ∪ {i ∈ N : i = k2 − 1},
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where k ∈ N. Hence δ(K(ϵ, s)) = 0, which implies that K(ϵ, s) ∈ I. Hence I(ϕ,ψ)−
lim ∆2(ui) = 0. On the other hand, ∆2(ui) is not convergent with respect to the
intuitionistic fuzzy n-norm (ϕ, ψ) as ∆2(ui) is not convergent in (Rn, |.|).

Theorem 21. Let u = (uj) and w = (wj) be any two sequences in IFnNS
(V, ϕ, ψ, •, ⋄) such that I(ϕ,ψ) − lim ∆m(uj) = ζ1 and I(ϕ,ψ) − lim ∆m(wj) = ζ2
then

(1) I(ϕ,ψ) − lim ∆m(uj + wj) = ζ1 + ζ2,

(2) For any real number α, I(ϕ,ψ) − lim ∆m(αuj) = αζ1.

Proof. (1) For any ϵ > 0, we may find γ > 0 such that (1 − γ) • (1 − γ) > 1 − ϵ
and γ ⋄ γ < ϵ. For s > 0 and v1, v2, . . . , vn−1 ∈ V , we define

P1 = {j ∈ N : ϕ(v1, v2, . . . vn−1,∆
m(uj)− ζ1, s) ≤ 1− γ},

P2 = {j ∈ N : ψ(v1, v2, . . . vn−1,∆
m(uj)− ζ1, s) ≥ γ},

P3 = {j ∈ N : ϕ(v1, v2, . . . vn−1,∆
m(wj)− ζ2, s) ≤ 1− γ},

P4 = {j ∈ N : ψ(v1, v2, . . . vn−1,∆
m(wj)− ζ2, s) ≥ γ} and

P = (P1 ∪ P3) ∩ (P2 ∪ P4).

Sets P1, P2, P3, P4 and P must belong to I as I(ϕ,ψ)−lim ∆m(uj) = ζ1 and I(ϕ,ψ)−
lim ∆m(wj) = ζ2. Hence P c ∈ F(I) then P c is non empty. Now we show that

P c ⊂ {j ∈ N : ϕ(v1, v2, . . . vn−1,∆
m(uj + wj)− (ζ1 + ζ2), s) > 1− ϵ

and ψ(v1, v2, . . . vn−1,∆
m(uj + wj)− (ζ1 + ζ2), s) < ϵ}

To show this we let k ∈ P c. So we have,

ϕ(v1, v2, . . . vn−1,∆
m(uk)− ζ1,

s
2 ) > 1− γ, ϕ(v1, v2, . . . , vn−1,∆

m(wk)− ζ2,
s
2 ) >

1 − γ, ψ(v1, v2, . . . vn−1,∆
m(uk) − ζ1,

s
2 ) < γ and ψ(v1, v2, . . . vn−1,∆

m(wk) −
ζ2,

s
2 ) < γ.

Hence,

ϕ(v1, v2, . . . vn−1,∆
m(uk + wk)− (ζ1 + ζ2), s)

≥ ϕ(v1, v2, . . . vn−1,∆
m(uk)− ζ1,

s

2
) • ϕ(v1, v2, . . . vn−1,∆

m(wk)− ζ2,
s

2
)

> (1− γ) • (1− γ)

> 1− ϵ

and

ψ(v1, v2, . . . vn−1,∆
m(uk + wk)− (ζ1 + ζ2), s)

≤ ψ(v1, v2, . . . vn−1,∆
m(uk)− ζ1,

s

2
) ⋄ ψ(v1, v2, . . . vn−1,∆

m(wk)− ζ2,
s

2
)

< γ ⋄ γ
< ϵ.
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which implies that

P c ⊂ {j ∈ N : ϕ(v1, v2, . . . vn−1,∆
m(uj + wj)− (ζ1 + ζ2), s) > 1− ϵ

and ψ(v1, v2, . . . vn−1,∆
m(uj + wj)− (ζ1 + ζ2), s) < ϵ}

As P c ∈ F(I), then P ∈ I which implies that I(ϕ,ψ) − lim ∆m(uj +wj) = ζ1 + ζ2.

(2) If α = 0 then for any ϵ > 0, v1, v2, . . . vn−1 ∈ V and s > 0, there exists n0 = 1
in such a way that

ϕ(v1, v2, . . . vn−1,∆
m(0uj)− (0ζ1), s) = ϕ(v1, v2, . . . vn−1, 0, s) = 1 > 1− β

and

ψ(v1, v2, . . . vn−1,∆
m(0uj)− (0ζ1), s) = ψ(v1, v2, . . . vn−1, 0, s) = 0 < β

for each j ≥ n0 which implies that (ϕ, ψ)− lim ∆m(0uj) = θ. Hence by Theorem
3.3, I(ϕ,ψ) − lim ∆m(0xj) = θ.

If α( ̸= 0) ∈ R. To prove the result, we will show that for any ϵ > 0, v1, v2, . . . vn−1 ∈
V and s > 0, the set

{j ∈ N : ϕ(v1, v2, . . . vn−1,∆
m(αuj)− (αζ1), s) > 1− ϵ

and ψ(v1, v2, . . . vn−1,∆
m(αuj)− (αζ1), s) < ϵ} ∈ F(I),

for any α( ̸= 0) ∈ R.

As we have given that I(ϕ,ψ) − lim ∆m(uj) = ζ1 so we have for any ϵ > 0,
v1, v2, . . . vn−1 ∈ V and s > 0, the set

K = {j ∈ N : ϕ(v1, v2, . . . vn−1,∆
m(uj)− ζ1, s) > 1− ϵ

and ψ(v1, v2, . . . vn−1,∆
m(uj)− ζ1, s) < ϵ} ∈ F(I).

Choose any k ∈ K, hence we have ϕ(v1, v2, . . . vn−1,∆
m(uk) − ζ1, s) > 1 − ϵ and

ψ(v1, v2, . . . vn−1,∆
m(uk)− ζ1, s) < ϵ. Now,

ϕ(v1, v2, . . . vn−1,∆
m(αuk)− (αζ1), s)

= ϕ

(
v1, v2, . . . vn−1,∆

m(uk)− ζ1,
s

|α|

)
≥ ϕ(v1, v2, . . . vn−1,∆

m(uk)− ζ1, s) • ϕ(v1, v2, . . . vn−1, 0,
s

|α|
− s)

= ϕ(v1, v2, . . . vn−1,∆
m(uk)− ζ1, s) • 1

= ϕ(v1, v2, . . . vn−1,∆
m(uk)− ζ1, s) > 1− ϵ
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and,

ψ(v1, v2, . . . vn−1,∆
m(αuk)− (αζ1), s)

= ψ

(
v1, v2, . . . vn−1,∆

m(uk)− ζ1,
s

|α|

)
≤ ψ(v1, v2, . . . vn−1,∆

m(uk)− ζ1, s) ⋄ ψ(v1, v2, . . . vn−1, 0,
s

|α|
− s)

= ψ(v1, v2, . . . vn−1,∆
m(uk)− ζ1, s) ⋄ 0

= ψ(v1, v2, . . . vn−1,∆
m(uk)− ζ1, s) < ϵ

which implies that

k ∈ {j ∈ N : ϕ(v1, v2, . . . vn−1,∆
m(αuj)− (αζ1), s) > 1− ϵ

and ψ(v1, v2, . . . vn−1,∆
m(αuj)− (αζ1), s) < ϵ}.

Hence

K ⊂ {j ∈ N : ϕ(v1, v2, . . . vn−1,∆
m(αuj)− (αζ1), s) > 1− ϵ

and ψ(v1, v2, . . . vn−1,∆
m(αuj)− (αζ1), s) < ϵ}

Since K ∈ F(I), hence the set

{j ∈ N : ϕ(v1, v2, . . . vn−1,∆
m(αuj)− (αζ1), s) > 1− ϵ

and ψ(v1, v2, . . . vn−1,∆
m(αuj)− (αζ1), s) < ϵ} ∈ F(I)

which implies that I(ϕ,ψ) − lim ∆m(αxj) = αζ1.

Theorem 22. Let u = (uj) be any sequence in IFnNS (V, ϕ, ψ, ∗, ⋄) such that (uj)
is ∆m − I(ϕ,ψ)-convergent if and only if sequence (uj) is ∆m − I(ϕ,ψ)-Cauchy.

Proof. In V , let (uj) is ∆
m − I(ϕ,ψ)-convergent sequence to ζ, then for any given

ϵ > 0, we can choose 0 < γ < 1 in such a way that (1 − γ) • (1 − γ) > 1 − ϵ and
γ ⋄ γ < ϵ. Then for any s > 0 and v1, v2, . . . vn−1 ∈ V , we define

Q1 = {j ∈ N : ϕ(v1, v2, . . . vn−1,∆
m(uj)− ζ,

s

2
) ≤ 1− γ},

Q2 = {j ∈ N : ψ(v1, v2, . . . vn−1,∆
m(uj)− ζ,

s

2
) ≥ γ} and

Q = (Q1 ∪Q2)

Sets Q1, Q2 and Q must belong to I as I(ϕ,ψ)− lim ∆m(uj) = ζ. Hence Qc ∈ F(I)
then Qc is non empty. Let if k ∈ Qc, choose a fixed j ∈ Qc. So we have,

ϕ(v1, v2, . . . vn−1,∆
m(uj)−∆m(uk), s)

≥ ϕ(v1, v2, . . . vn−1,∆
m(uj)− ζ,

s

2
) • ϕ(v1, v2, . . . vn−1,∆

m(uk)− ζ,
s

2
)

> (1− γ) • (1− γ)

> 1− ϵ
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and

ψ(v1, v2, . . . vn−1,∆
m(uj)−∆m(uk), s)

≤ ψ(v1, v2, . . . vn−1,∆
m(uj)− ζ,

s

2
) ⋄ ψ(v1, v2, . . . vn−1,∆

m(uk)− ζ,
s

2
)

< γ ⋄ γ
< ϵ.

Hence,

{j ∈ N : ϕ(v1, v2, . . . vn−1,∆
m(uj)−∆m(uk), s) > 1− ϵ

and ψ(v1, v2, . . . vn−1,∆
m(uj)−∆m(uk), s) < ϵ} ∈ F(I).

Which implies that sequence (uj) is ∆
m − I(ϕ,ψ)-Cauchy.

Conversely, suppose sequence (uj) is ∆
m−I(ϕ,ψ)-Cauchy but it is not ∆m−I(ϕ,ψ)-

convergent sequence. Then for any ϵ ∈ (0, 1), s > 0 and v1, v2, . . . vn−1 ∈ V , the
set

A =
{
j ∈ N : ϕ(v1, v2, . . . , vn−1,∆

muj − ζ, s) > 1− ϵ or

ψ(v1, v2, . . . , vn−1,∆
muj − ζ, s) < ϵ

}
belongs to I. Therefore, Ac ∈ F(I).
Simultaneously, there exists a k = k(ϵ) ∈ N such that the set

B = {j ∈ N : ϕ(v1, v2, . . . vn−1,∆
m(uj)−∆m(uk), s) ≤ 1− ϵ

or ψ(v1, v2, . . . vn−1,∆
m(uj)−∆m(uk), s) ≥ ϵ} ∈ I.

Consequently,

ϕ(v1, v2, . . . vn−1,∆
m(uj)−∆m(uk), s) ≥ 2ϕ(v1, v2, . . . , vn−1,∆

muj−ζ,
s

2
) > 1−ϵ

and

ψ(v1, v2, . . . vn−1,∆
m(uj)−∆m(uk), s) ≤ 2ψ(v1, v2, . . . , vn−1,∆

muj−ζ,
s

2
) < ϵ,

if ϕ(v1, v2, . . . , vn−1,∆
muj−ζ, s2 ) >

1−ϵ
2 and ψ(v1, v2, . . . , vn−1,∆

muj−ζ, s2 ) <
ϵ
2 ,

respectively. Therefore Bc ∈ I or B ∈ F(I). Which is a contradiction.

4. ∆m − I∗-CONVERGENCE IN IFnNS

Definition 23. A sequence (uj) in IFnNS (V, ϕ, ψ, •, ⋄) is said to be ∆m − I∗-
convergent to ζ ∈ V with respect to the intuitionistic fuzzy n-norm (ϕ, ψ) if there
exists a set M = {ji ∈ N : ji < ji+1, for all i ∈ N} in such a way that M ∈ F(I)
and (ϕ, ψ)− lim ∆muji = ζ. In this case, we say I∗(ϕ,ψ) − lim ∆muj = ζ.
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Definition 24. [15] An admissible ideal I is said to satisfy the condition (AP) if
for every countable family of mutually disjoint sets {C1, C2, . . . } belonging to I,
there exists a countable family {D1, D2, . . . } in I such that Ck ∆Dk is a finite
set for each k ∈ N and D = ∪∞

k=1Dk ∈ I; where ∆ is the symmetric difference.

Theorem 25. Let I be an admissible ideal and a sequence (uj) in IFnNS
(V, ϕ, ψ, ∗, ⋄) is such that I∗(ϕ,ψ) − lim ∆muj = ζ then I(ϕ,ψ) − lim ∆muj = ζ.

Proof. Since I∗(ϕ,ψ) − lim ∆muj = ζ so there exists a subset M = {ji ∈ N : ji <

ji+1, for all i ∈ N} such that M ∈ F(I) and (ϕ, ψ) − lim ∆muji = ζ. Hence for
each ϵ > 0, s > 0 and v1, v2, . . . vn−1 ∈ V , there exists l ∈ N in such a way that

ϕ(v1, v2, . . . vn−1,∆
m(uji)−ζ, s) > 1−ϵ and ψ(v1, v2, . . . vn−1,∆

m(uji)−ζ, s) < ϵ

for all i ≥ l. As the set

{ji ∈ A : ϕ(v1, v2, . . . vn−1,∆
m(uji)− ζ, s) ≤ 1− ϵ

or ψ(v1, v2, . . . vn−1,∆
m(uji)− ζ, s) ≥ ϵ}

is contained in {j1, j2, ..., jl−1}.
Hence

{ji ∈M : ϕ(v1, v2, . . . vn−1,∆
m(uji)− ζ, s) ≤ 1− ϵ

or ψ(v1, v2, . . . vn−1,∆
m(uji)− ζ, s) ≥ ϵ} ∈ I

As I is an admissible ideal. Also M ∈ F(I), then by the definition of F(I) there
exists a set B ∈ I such that M = N \B. So

{j ∈ N : ϕ(v1, v2, . . . vn−1,∆
m(uj)− ζ, s) ≤ 1− ϵ

or ψ(v1, v2, . . . vn−1,∆
m(uj)− ζ, s) ≥ ϵ}

⊂ B ∪ {j1, j2, ..., jl−1}.

Therefore,

{j ∈ N : ϕ(v1, v2, . . . vn−1,∆
m(uj)− ζ, s) ≤ 1− ϵ

or ψ(v1, v2, . . . vn−1,∆
m(uj)− ζ, s) ≥ ϵ} ∈ I

which implies that I(ϕ,ψ) − lim ∆muj = ζ.

Remark 3.2. The converse of the above theorem does not hold in general.

Example 26. Let V = Rn and |u1, u2, . . . , un| = abs


∣∣∣∣∣∣∣∣∣∣
u11 u12 . . u1n
u21 u22 . . u2n
. . . . .
. . . . .
un1 un2 . . unn

∣∣∣∣∣∣∣∣∣∣

,

where ui = (ui1, ui2, . . . , uin) ∈ Rn for all 1 ≤ i ≤ n, let for all a, b ∈ [0, 1], t-norm
is defined as a • b = ab and t-co-norm is defined as a ⋄ b = min{a+ b, 1},

ϕ(u1, u2, . . . , un, s) =
s

s+ |u1, u2, . . . , un|
and ψ(u1, u2, . . . , un, s) =

|u1, u2, . . . , un|
s+ |u1, u2, . . . , un|
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Then (Rn, ϕ, ψ, •, ⋄) is an IFnNS.
Now we take a decomposition of N as N = ∪Ai, where every Ai is an infinite set and
Ai ∩ Aj = Φ, for i ̸= j. Suppose I = {N ⊂ N : N ⊂ ∪si=1Ai, for some finite natural
number s} then I is a non-trivial admissible ideal.
Now we define a sequence (uj) in such a way that
if j ∈ Ai, ∆

m(uj) = ( 1
i
, 0, . . . , 0) ∈ Rn, (j = 1, 2, . . . ). Then for s > 0 and v1, v2, . . . vn−1 ∈

Rn,

ϕ(v1, v2, . . . vn−1,∆uj , s) =
s

s+ |v1, v2, . . . vn−1,∆uj |
→ 1

and ψ(v1, v2, . . . vn−1,∆uj , s) =
|v1, v2, . . . vn−1,∆uj |

s+ |v1, v2, . . . vn−1,∆uj |
→ 0, as j → ∞.

Hence I(ϕ,ψ) − lim ∆uj = 0.

Let on contrary that I∗(ϕ,ψ) − lim ∆uj = 0, then there exists B = {ki ∈ N : ki <
ki+1, for all i ∈ N} such that B ∈ F(I) and (ϕ, ψ)− lim ∆(uki) = 0. As B ∈ F(I), there
exists C = N \B and C ∈ I. Then there exists a natural numer r such that C ⊂ ∪ri=1Ai.
Then Ar+1 ⊂ B, so we have

∆m(uki) = (
1

r + 1
, 0, . . . , 0) ∈ Rn, for infinitely many values of ki in B.

Which is a contradiction. Therefore, I∗(ϕ,ψ) − lim ∆uj ̸= 0.

Theorem 27. Let u = (uj) be a sequence in IFnNS (V, ϕ, ψ, •, ⋄) such that I(ϕ,ψ)−
limj→∞ ∆muj = ζ and ideal I satisfies condition (AP ). Then
I∗(ϕ,ψ) − limj→∞ ∆muj = ζ.

Proof. As I(ϕ,ψ) − limj→∞ ∆muj = ζ. Then for each ϵ > 0, s > 0 and v1, v2, . . .
vn−1 ∈ V , we have

{j ∈ N : ϕ(v1, v2, . . . vn−1,∆
m(uj)− ζ, s) ≤ 1− ϵ

or ψ(v1, v2, . . . vn−1,∆
m(uj)− ζ, s) ≥ ϵ} ∈ I

For k ∈ N and s > 0, we define

Ak = {j ∈ N : 1− 1

k
≤ ϕ(v1, v2, . . . vn−1,∆

m(uj)− ζ, s) < 1− 1

k + 1

or
1

k + 1
< ψ(v1, v2, . . . vn−1,∆

m(uj)− ζ, s) ≤ 1

k
}

Now, it can be easily seen that a countable family of mutually disjoint sets
{C1, C2, . . . } belongs to I and therefore by property (AP ) there is a countable
family of sets {D1, D2, . . . } in I in such a way that Ci∆Di is a finite set for each
i ∈ N and D = ∪∞

i=1Di. Since D ∈ I so by definition of associate filter F(I) there
is set K ∈ F(I) such that K = N \ D. Now, to show the theorem, it is suffi-
cient to show that the subsequence (uj)j∈N ∈ K is ordinary convergent to with
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respect to the intuitionistic fuzzy n-norm (ϕ, ψ). For this, let η > 0, s > 0 and
v1, v2, . . . vn−1 ∈ V . Choose a positive integer q such that 1

q < η. Then we have

{j ∈ N : ϕ(v1, v2, . . . vn−1,∆
m(uj)− ζ, s) ≤ 1− η

or ψ(v1, v2, . . . vn−1,∆
m(uj)− ζ, s) ≥ η}

⊂
{
j ∈ N : ϕ(v1, v2, . . . vn−1,∆

m(uj)− ζ, s) ≤ 1− 1

q

or ψ(v1, v2, . . . vn−1,∆
m(uj)− ζ, s) ≥ 1

q

}
⊂ ∪q+1

i=1Ci

Since Ci∆Di is a finite set for each i = 1, 2, . . . q+1, there exists a natural number
j0 such that

(∪q+1
i=1Di) ∩ {j ∈ N : j ≥ j0} = (∪q+1

i=1Ai) ∩ {j ∈ N : j ≥ j0}.

If j ≥ j0 and j ∈ K, then j /∈ D. This implies that j ∈ ∪q+1
i=1Di and therefore

j /∈ ∪q+1
i=1Ci. Hence for every j ≥ j0 and j ∈ K, we have

ϕ(v1, v2, . . . vn−1,∆
m(uj)−ζ, s) > 1−η and ψ(v1, v2, . . . vn−1,∆

m(uj)−ζ, s) < η

As this holds for every η > 0 , s > 0 and v1, v2, . . . vn−1 ∈ V , so I∗(ϕ,ψ) −
limj→∞ ∆muj = ζ.

5. CONCLUSIONS AND SUGGESTIONS

The main aim of this paper is to investigate the behaviour of generalized differ-
ence ideal convergent sequence and generalized difference ideal Cauchy sequence
in intuitionistic fuzzy n-normed space. Furthermore, article also presents ∆m− I∗
convergence. A parallel has been drawn between the concepts of I and I∗ gen-
eralized difference convergent sequences. This novel study and its results bring
forward various new methods to tackle convergence problems of sequences arising
in various areas of science and technology.
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