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Abstract: In the present paper, a newly combined higher-order non-differentiable sym-
metric duality in scalar-objective programming over arbitrary cones is formulated. In
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literature we have discussed primal-dual results with arbitrary cones, while in this ar-
ticle, we have derived combined result with one model over arbitrary cones. The the-
orems of duality are derived for these problems under n-pseudoinvexity/n-invexity/C-
pseudoconvexity /C-convexity speculations over arbitrary cones.

Keywords: Symmetric Duality, Non-Differentiable Programming, Mixed Duality, Arbi-
trary Cones.
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1. INTRODUCTION

Duality mathematical programming is used in Economics, Control Theory,
Business and other diverse fields. In mathematical programming, a pair of primal
and dual problems is said to be symmetric when the dual problem is expressed in
the form of the primal problem, then it does happen that its dual is the primal
problem. Symmetric duality in nonlinear programming was introduced by Dorn
[10]. The notion of symmetric duality was developed significantly by Dantzig et
al.[11]. Mangasarian [16] introduced the concept of second and higher-order du-
ality for nonlinear problems. The study of higher-order duality is significant due
to the computational advantage over the first order duality as it provides tighter
bounds for the value of the objective function when approximations are used.

In recent past, several definitions such as nonsmooth univex, nonsmooth qua-
siunivex and nonsmooth pseudoinvex functions have been introduced by Xianjun
[20]. Mond and Zhang [17] obtained duality results for various higher-order dual
problems under higher-order invexity assumptions. Chandra et al. [3] and Yang
et al. [21] discussed a mixed symmetric dual formulation for a nonlinear program-
ming problem and for a class of non-differentiable nonlinear programming prob-
lems, respectively. Later on, Chen [1] studied duality relations for Mond-Weir
type multi-objective higher-order symmetric dual programs under F-convexity as-
sumptions.

Khurana [15] defined the cone-pseudobonvex / strongly cone-pseudobonvex
functions and formulated a pair of Mond-Weir type symmetric dual multiobjec-
tive programs over arbitrary cones, also established the duality theorems by using
these defined functions. Recently, Kaseem [14] introduced second order (K, F)-
pseudoconvex and strongly second order (K, F')-pseudoconvex functions and for-
mulated a pair of second order multiobjective symmetric dual nonlinear programs
over arbitrary cones in order to prove weak, strong and converse duality theorems.
For more information, readers are advised to see [4, 5, 6, 7, 8, 9].

*Corresponding author
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We have formulated a new mixed type higher-order non-differentiable symmet-
ric duality in scalar-objective programming problem. In literature, we have dis-
cussed the results either Wolfe or Mond-Weir type dual or separately, while in this
we have combined result over one model over arbitrary cones. The duality theo-
rems are proved for these programs over arbitrary cones under n-pseudoinvexity /7-
invexity /C-pseudoconvexity /C-convexity assumptions.

2. PRELIMINARIES AND DEFINITIONS
We examine the subsequent scalar objective programming problem:

(P)  Minimize F(z) and z€ X
where X C R"*™. Let F: X — R.
The subsequent pattern for vector inequalities will be used: If a, b € R™, then

aib@aizbi,izlﬂ,...,n;
a>b<azbanda#b;

a>bsa; >b,i=1,2,...,n.

2.1. Definition

Let C be a nonempty compact convex set in R™. The support function s(z|C')

of C' is defined by
5(z|C) = max{zTy : y € C}.
The sub-differential of s(z|C) is given by
Ds(z|C) ={z € C: 2Tx = 5(z|C)}.
For any convex set S C R™, the normal cone to S at a point € S is defined by
Ng(z) ={y e R":yT(z —x) £0 forall z€ S}.
It is readily verified that for a compact convex set E, y is in Ng(z) if and only if
s(y|E) = 2Ty.

2.2. Definition
The positive polar cone P* of a cone P is defined by

P*={yecRP:2Ty>0,Yz € P}
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2.8. Definition

Let C: X x X x R* — R (X C R") be a function which satisfies C; ,,(0) = 0,
V(x,u) € X x X. Then, the function C' is said to be convex on R"™ with respect to
third argument if f for any fixed (z,u) € X x X,

Cg;7u(/\.’171 + (1 — )\)332) § )\Cw,u(xl) =+ (1 — )\>C$7u($2), Ve (O7 1), Va1, x9 € R™.

Many generalizations [2, 12, 13, 18] of the definition of a convex function have
been introduced in optimization theory in order to weak the assumption of con-
vexity for establishing duality results for new classes of nonconvex optimization
problems, including vector optimization problems. One of such a generalization of
convexity in the vectorial case, we introduce the following concept of higher-order
C-convex/C-pseudoconvex functions:

2.4. Definition
® : X — R is higher-order invex at u € X with respect ton: X x X — R"
and H: X x R"— R, (X C R") if for all (z,p) € X x R,

®(x) — ®(u) — H(u,p) +p Vo H(u,p) 217 (2,u){V,®(u) + V,H(u,p)}.

2.5. Definition
® : X — R is higher-order C-convex at u € X with respect to H : X x R" —
R, (X C R")if for all (z,p) € X x R",

2.6. Example
Let X =[0,2] C R, n=m =1 and k = 1. Consider the function ® : X — R
is given by

Next, H : X x X — R is given as
up
H(u,p) = 3
and n(z,u) = 22u? + u.

We have to claim that ® is higher-order invex at u € X with respect to n and H.
For this, it is sufficient to prove that the following expression is nonnegative i.e.

T = ®(z) — () — H(u,p) +p" VypH (u,p) =" (2,u){Vs®(u) + VpH(u,p)} 2 0.

Substituting the values of ®, H and 7 in above expression, we have

T = et —e™” 5_@4_@_ ev—e U 5_( 202 40) 5(6“—e‘“)‘l(e“4—6_“)4_u72
- 2 3 3 2 v 2 2 3 )
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Figure 2: The function T1 = (23 4+ z2), V p, V 2 € [~1,1] is non-negative
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Simplifying the above equation at the point ©u = 0 € X, we obtain
1= (S55) veex

From Figure 1, it is clear that T =2 0, V & € X. Therefore, ® is higher-order invex
at u =0 € X with respect to n and H.

2.7. Example
Let X =[—1,1]. Consider the function ® : X — R is given by

() = 2° + 22

Next, H : X x X — R is given as

Consider n(z,u) = z%u?.

We have to claim that ® is higher-order invex at u = 0 € X with respect to n and
H. For this, it is enough to show that

T, =®(z)— P(u)— H(u,p) —I—pTVpH(u,p) — T (z, w){V,®(u)+V,H(u,p)} 2 0.

Obviously, from Figure 2, we have T; =2 0, V z € X. Hence, ® is higher-order
invex at u = 0 € X with respect to n and H.

2.8. Definition

® : X — R is higher-order pseudo-invex at v € X with respect ton : X x X —
R"and H: X x R" — R, (X C R") if for all (z,p) € X x R",

0" (@, u){ Vo @ () + T H . p) } 2 0 = (@(@)~0(u)~H(u,p)+p"V, H(u,p)) 2 0.

2.9. Definition

® : X — R is higher-order C-pseudo-convex at u € X with respect to H :
X xR"— R, (X C R")if for all (z,p) € R™ x R",

Cm,u{vmtﬁ(u) +V,H (u, p)} >0= ((ID(x) — ®(u) — H(u,p) + p"V, H(u, p)) > 0.

2.10. Exzample
Consider a function ®(z) = e ® — 22, Cy ,(a) = a?(2? — u?),
H(u,p) = p(1 +u)~1, where X = [1,00).

The above example 2.10 shows that the function ® is higher-order C-pseudoconvex
at w = 1 € [1,00), but it is not higher-order F-pseudoconvex at u =1 € [1,00)
because it is not sublinear in its third position.
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3. NON-DIFFERENTIABLE HIGHER ORDER MIXED TYPE
SYMMETRIC DUALITY MODEL OVER ARBITRARY CONES

For N= {1, 2, 3, .., n} and M= {1, 2, 3, ..., m}, let us assume J; C N,
Ky C M and Jo = N\ J; and Ko = M \ K7, where |J;| denotes the number of
elements in the set J;. The other numbers | J3|, | K| and | Ks| are defined similarly.
Notice that if J; = &, then Jo = N, that is |J1] = 0 and |J3| = n then Rl s
zero dimensional Euclidean space and R!”2! is n-dimensional Euclidean space. It
is clear that any = € R" can be written as z = {1, x5}, z; € Rl 2, € RI72I.
Similarly, any y € R™ can be written as y = {y1, v}, y1 € RISl y, € RI:I,
Let
(i) f1: Rl x RIE:T 5 R,

(ii) fo : RI2| x RIF2l & R,

(iii) g1 : RI"1l x RIKil x RIM 5 R,

(iv) go : RI’2l x RIF2l x RI2I 5 R,

(v) hy : RVl x RIKA x RIKAL 5 R

(vi) hy : RI72l x RIKz1 x RIK2l 5 R be twice differentiable functions, respectively.

In this section, we introduce the following pair of non-differentiable higher or-
der symmetric duality model over arbitrary cones and derive duality theorems.

Primal Problem (MNHP):

Minimize L(z,y,z,p) =
fi(@1,y1) + s(z1]Er) + f2(22,y2) 4 (@2 E2) — yi 21+ ha (21, y1,p1) + ha (@2, y2, p2)

—p1 Vi hi (21,1, 01)—P3 Vs ha (22, Y2, p2)— (42) T [V f2 (22, Y2) + Vi, ha (22, Y2, p2)]

subject to
—<Vy1f1(a:17il/1)—21+Vp1h1(3?173/1,]91)> €Cy, (1)
(Vs olin ) = 224 Tyt ) € G5, 2)
i [V, f1(z1,01) — 21 4 Vi, ha(a1,91,01)] 2 0, (3)
PL [V fi(z1,91) — 21 + Vi ha(21,y1,01)] 2 0, (4)
P2 (Vs fo(2,y2) — 20 + Vi, ho(za, Y2, p2)] 2 0, (5)
x1 € C3,20 € Cy,y2 2 0, (6)
z1 € D1,29 € Do. (7)

Dual Problem (MNHD):
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Minimize M (u,v,w,r) =
f1(u1,v1) — s(v1|D1) + fa(uz, v2) — s(va|D2) +ul wi + g1 (u1, v1,71) + g2 (u2, va, 72)

—r{ Vo g1(ur,v1,71) = (r2) T Viy g2 (uz, v2, 72) = (u2) " [V, f2 (2, v2)+ Vi, g2 (uz, v2, 72)]

subject to

(Vulfl(u17vl)+w1+Vr191(ul,’01,7’1)) € (3, (8)
(V1L2f2(u27 va) + wz + V., g2 (uz, va, 7’2)) €y, 9)
u’{[vulfl(ulavl) +wy + Vrlgl(ulvvla’rl)} g 07 (10)
T?[Vulfl(ulavl)+wl+vrlgl(u17v1a7ﬂl)} §07 (11)
(TZ)T[VquQ(U27’U2) + wo + vrgQQ(UvierQ)] é Oa (12)
v € Clva € C23u2 z 07 (13)
wy € B, wy € Ey, (14)

where p; € R|K1|, pa € R‘K2‘, r1 € Rl and ro € RI’2l and FEy,FEy, D1 and Do
are compact convex sets in R/t RI'2I RIK1l and RI¥2|| respectively.

Let P and Q° be feasible set of (MNHP) and (MNHD), respectively.

Theorem 3.1 (Weak Duality). Let (z1, 22, y1, Y2, 21, 22, p1,p2) € P° and
(u1,uz,v1,v2, w1, wa,r1,72) € QY. Let

(i) fi(,,v1) + ()Tw; be higher-order pseudo-invex at u; with respect to 7; and
g1,

(ii)-f1(z1,.) + ()T 21 be higheror-der pseudo-invex at y; with respect to 7o and
'h17

(iii) f2(.,v2) + (.)Twy be higher-order invex at up with respect to nz and gs,
(iv) -f2(z2,.) + ()T 22 be higher-order invex at y, with respect to 14 and -ha,
(v) m(z1,u1) +up +7r1 € Cs,

vi) n2(vi,y1) +y1 +p1 € Cy,

(vi) m2(vi,91) +y1+p1 €C

(Vii) 773(.%‘2,UQ) +ug + 19 € C1,

(viii) 74(v2,y2) +y2 +p2 € Co.

Then,
L(z1, 22, 91,92, 21,01, p2) £ M(u1,uz, v, v2, w1,71,72). (15)
Proof: By hypotheses (iii) and (iv), we get

T

fo(@2,v2) + 2wy — fa(uz, v2) — (uz)Twe — ga(usz, va,p2) + (r2)T Vi, g2(u2, v2, p2)

2 n3(x2, u2)[Va, fa(uz, v2) + we + Vg2 (ug, v2,72)], (16)
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and
fo(za,y2) — (y2)T 20 — fo(m2,v2) + (v2)T 20 — ho(w2, va, p2) + L Vi, ho(z2,v2, po)

2 Na(va, y2) [~ Vy, fo(2,y2) + 22 — Vp, ha(22, Y2, p2)]. (17)
Using hypotheses (vii), (viii) and the dual constraints (2) and (9), we have

(n3(w2, u2) + uz 4+ 72)[Va, fo(uz, v2) + wa + Vi, g2(uz, v2,72)] 2 0,

and

(ma(v2,y2) +y2 + p2)[—Vy, fa(x2,y2) + 22 — Vi, ha(22,92,02)] 2 0.
Above inequalities follows that:
n3(22, u2) [V, fo(uz, v2) + w2 + Vi, g2(u2, v2,72)] + u2[Va, fo(uz, v2) + w2

+ Vi, 92(u2,v2,1r2)] 2 —12[Va, fa(usz, v2) + wo + Vi, g2(u2, v2,72)],

and
Na(v2, y2)[—Vy, fo(z2,y2) + 22 — Vp, ha(x2, y2, p2)] + Y2 [V, f(22, y2) + 22

— Vo ho(22,Y2,02)] 2 p2[Vy, fo(22,92) — 22 + Vp, ha(x2,y2,p2)]. (18)
Using inequalities (5) and (12) gives that
N3(22,u2)[Va, fo(uz, v2) + w2 + Vi, g2 (u2, v2,12)]

2 —uz[Va, f2(uz,v2) + wa 4+ Vi, g2(uz, v2,1r2)], (19)
Na(va, y2)[=Vy, fo(T2, y2) + 22 — Vp, ha(w2, y2, p2)]

Z ¥2[Vy, f2(22,52) + 22 + Vp, ha(22, Y2, p2)]- (20)
Further, from inequalities (16) and (17), we obtain
Ja(2,v2) + 25wy — fa(uz,v2) — (u2)"ws — ga(ua, va,p2) + (12)" Vo, g2 (uz, va, p2)

Z —u2[Va, fo(uz, v2) + w2 + Vi, g2(u2, v2,12)], (21)
fowa,y2) — (y2)" 22 — falwa, v2) + (v2)" 22 — ha(22,v2, p2) + P3 Vi, ha(22, v2,p2)

2 12[Vy, f2(22,y2) + 22 + Vi, ha (22, y2, p2)]. (22)
Adding the above inequalities, we have

fa(z2,y2) + 25w — (y2)T 22 + ha(w2, y2,p2) — DL Vi, ha (22, Y2, p2)

_yQ[vafQ(‘T27y2) — 22+ vpth(‘T27yQap2)]
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2 fo(uz,va) + (u2)"wy — (v2)" 22 + g2(uz,v2,p2) — (r2)"'Vr, 92 (uz, v2, p2)

— U2 [V, fo(uz, v2) + wa + V,, g2 (ug, v, 72)].

T

Now, using 22 we < s(22|Es) and (v2)T 29 < s(ve|Ds), we obtain

fo(w2,y2) + (22| E2) + ha(22, Y2, p2) — P53 Vi, ho(2, Y2, p2)
—Y2[Vy, (22, 92) + Vi, ha (22, y2, p2)]
2 fa(uz,v2) — s(v2|Da) + ga(u2,v2, p2) — (r2)" Vi, g2(u2,v2, p2)
—u2[Va, fa(u2,v2) + Vi, g2(u2, v2,72)]. (23)

Similarly, using hypotheses (v), (vi), primal-dual constraints and the fact that
(r1)Twy < s(z1|Ey) and vf 21 < s(vy|Dy), we get
fi(@1,y1) — yi 21 + s(x1]E1) + ha(z1, 91, 1) — P Vi, ha (21,91, p1)

2 fi(ur,v1) +vf wy — s(v1|D1) 4 g1(ur, v, p1) —7f Vi, g1 (ur, v, pr). (24)

Combining inequalities (23) and (24), we obtain

L(z1,22,y1, Y2, 21,P1,P2) = M (uy,uz,v1,v2,w1,71,72).

This completes the proof.

Theorem 3.2 (Weak Duality). Let (z1, 22,1, Y2, 21, 22, p1,p2) € P° and
(U/l,’U,27’U1,’U2,U)1,’LU277'1,7'2) € QO' Let

(i) fi(.,v1) + ()Tw; be higher-order C-pseudo-convex at u; with respect to g1,
(ii) - f1(w1,.) + ()T 21 be higher-order C- pseudo-convex at y; with respect to —hy,
(iii) f2(.,v2) + (.)Tw2 be higher-order C-convex at uy with respect to ga,
(iv) -f2(w2,.) + (.)T 22 be higher-order C- invex at yo with respect to 7y and —ha,
(V) Cuyuy (Vuy fi(ur,v1) + w1 + Vi ha(ur,v1,71)) + ul (Ve fi(ug,v1) + wr +
v7-1h1(ul, VU1, 7‘1)) + ’I“,{(vulf1(ul, Ul) =+ wq
+ V. hi(uy,vy,11)) € Cs, Yoy, ug € Cs,
(Vi fi(ur,v1) +wi + Vi ha(ur,01,m1)) € C3,
(Vi) Cuyy (Vi fi(z1,51) = 21+ Vi, g1(21,91,01)) + y{ (=Vy, fi(z1,51) — 21
+ V. 91(21,91,p1)) +P1T(—Vy1f1($1vyl) — 21+ Vy,91(21,91,m1)) € C,
Vo, y1 € Cr, (=Vy, fi(®1,91) — 21 + Vp, g1(21,91.01)) € CF,
(Vii) Oarg,ug (VW f2 (Ug, UQ) =+ wo + VT«Q hg (’LLQ, Va2, ’/‘2)) + U{(VZQ fg (UQ, ’Ug)
+wa + Vi, ho(uz,v2,72)) + 75 (Vu, fa(uz, v2) + wa + Vi, ho(uz, va,72)) € Cy,
Vl’g, Ug € 04, (vuzfg(’LLQ, UQ) —+ wo + VTZhQ(UQ, V2, 7’2)) S CZ,
(viil) Cuy s (=Vy, f2(22,52) = 22 + Vi, 02(22, Y2, 02)) + Y3 (= Vy, fa (22, y2)

+
+
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— 20+ V,,02(22, Y2, p2)) + 3 (—Vy, f2 (T2, y2) — 22 + Vi, 92(22, Y2, p2)) € Co,
Vva, Y2 € Ca, (=Vy, fi(z2,92) — 22 + Vp,92(22,y2,2)) € C5.

Then,

L($1,5€27y1,927217p17p2) £ M(U17U2,U17U2,w177"1,7’2)-

Proof: The proof follows on the lines of Theorem 3.1.

Theorem 3.3 (Strong Duality). Let (Z1, T2, %1, J2, 21, Z2, P1,P2) be an opti-
mal solution of (MNHP). Suppose that

(1) Vpip hi(Z1,91,P1) 18 positive or negative definite and Vp,p, ha(Z2, J2, P2)
is negative definite,
(i) Vy, fi(Z1,51) — 21 + Vp, ha(Z1, 91, p1) # 0 and
Vo f2(Z2,Y2) — Zo + Vp, ha(Z2, §2, p2) # 0,
(iit) (P1)" [Vy f1(Z1,91) = 21 + Vi ha(Z1,§1,51)] = 0= p1 = 0 and
yQ[vy2h2(i‘27g2aﬁ2) - Vp2h2(52,§2,]52) + vyzyzfz(i'% g2)132] =0= D2 = Oa
(IV) hl(jlaglao) = gl(ilag1a0)7 vmlhl(fclaglao) = vrlgl(jlagl,o)a
Vy, hi(Z1,91,0) =V, hi(Z1,91,0) and ha(Z2, §2,0) = g2(Z2, §2,0),
Vi, ha(ZT2,92,0) = V;,g2(T2, §2, 0).

Then,

() (Zy1, T2, 71, §a2, W1, Wa, 71 = 0,7 = 0) is feasible for (M N H D) and
(II) L(jla‘%27:&17@272172271317132) = M(i'hj%ljh272711717@2771752)'

Furthermore, if the assumptions of Theorem 3.1 or 3.2 are satisfied V P° and Q°
, then (Z1, Za, 41, Yo, W1, We, 71 = 0,79 = 0) is an optimal solution for (M NHD).

Proof:

Since (Z1,Z2, Y1, Y2, 21, Z2, P1, P2) 1s an optimal solution of (M N H P), by the Fritz
John necessary optimality conditions [16], there exist a,y € Ry,01 € R,02 € R,
B € RIK1l, By ¢ € RI2I ¢ € RVl ¢, € RIV2l such that the following conditions

are satisfied at (Z1, Z2, §1, Y2, 21, 22, D1, P2) :

(1 —71)7 (Oé[vzlﬁ(azhyl) +& + Vo, hi(Z1,91,01) — Vo b (Z1, §1, p1)p1]
+[Vy1z1f1($1,y1)+Vp1x1h1(fE1,ylapl)}(ﬁl—Vyl—51]91)) 20, Va € Cs, (25)

(vy — 22)T (Oé[VmeQ(@,ZUz) + &2+ Vi, ha(Z2, Y2, P2)] + {Vpya, ha (T2, 92, P2) }

(B2 —ayia —apz —62p2) +{V y,z, fo(T2, Y2) }( B2 — gz —dap2) 2 0, V x5 € Cy, (26)
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a[Vy, [1(Z1,91) — 21+ Vy, hi(Z1, 51, 01) — Vi b (Z1, 51, 01) 1] + (Vg f1(Z1, 1)

+Vpiy h(Z1, 91, 01)) (Br—=v71—01P1) =7 [V, f1(T1, 1) =21+ VY, ha (Z1, 51, P1)] = O,

{vpzy2h2(‘f2’g27ﬁ2)}(/@2 — QY — ap2 — 5252) + O‘[vyzh2(f2a g2vp2)
—Vpoha(Z2, 92, D2)] + {Viyoys f2(T2,92) } (B2 — aja — d2p2) — (=0,
{vplplhl(jhglvpl)}(ﬂl —ap1 — YY1 — 51131)
—01[Vy, f1(Z1,91) — 21 + Vp, hi(Z1,91,01)] =0,
{vp2p2h2(j27 Zj27]32)}(62 — QY2 — apa — 52132)
_52[Vy2f2(52a g2) — 22+ vpghQ(an ?2,]52)] = 07
b1V, f1(Z1,91) — Z1 + Vp, hi(Z1, 71, P1)]
B2[Vy, f2(Z2,§2) — Z2 + Vp, ha(Z2, Y2, D2)]
Y91 [V, f1(Z1,71) — Z1 + Vp, hi(Z1,751,P1)] = 0,
51ﬁ1[vy1f1(§717 gl) - 21 + Vplh'l(jla glvﬁl)]
0202V y, f2(Z2, J2) — Z2 + Vp, ha(Z2, U2, P2)]
(o — ") y1 + B1 — 1p1 € Np, (1),
B2 — d2p2 € Np,(Z2),
&7z = s(a1|Er), & € By,
& Ty = s(a2|Er), & € B,

:07
:07

:0,
:0,

/'Llfl = 03
/i2f2 = 03
CQQ = 07

(a7ﬁ175277u 617627C) 7& 0’
(aaﬁ176277u 617627C) z 03

Remaining proof of Theorem 3.3 follows on the lines of [19]

(27)
(28)
(29)

30

(30)
(31)
(32)
(33)
(34)
(35)
(36)
(37)
(38)
(39)
(40)
(41)
(42)
(43)
(44)

Theorem 3.4 (Converse Duality). Let (@1, 42, 1, U2, W1, W, 1, T2) be an op-

timal solution of (M NHD). Suppose that

(i) Vyrg1(@1,01,71) is positive or negative definite and V.., g2(t2, U2, T2)

is negative definite,
(i) Vu, f1(@1,01) + @1 + Vi g1(a1, 91, 71) # 0 and
02[Vy, f2(T2, §2) + Wa + Vp, ha (T2, U2, P2)] # 0,
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(iii) (Fl)T[Vulfl(ﬁl,ﬁl) +wy + Vrlgl(@17171,771)] =0=7r,=0and
u2[Vu, g2(Ua, V2,T2) — Vi, g2(li2, V2, T2) + Vi, f2(t2, V2)T2] = 0 = 75 = 0,
(iv) g1 (@1, 01,0) = g1 (@1, 01,0), Vo, g1(U1,01,0) = Vi, g1 (21, 01,0),
Vﬂlgl(alaqjlao) = vﬁgl(ﬁla@lao) and 92(7227@230) = hQ(ﬂQa@QaO),
Vquz(ﬂz,l_JQ,O) = Vr2h2(ﬂ27772,0).

Then,

(I) (ﬂl,ﬂz,ﬁl,@g,zl,zg,ﬁl = 0,]32 = 0) is feasible for (MNHP) and
(I) L(tuy, 2,01, Z1, Z2, V2, P1, P2) = M (1, Uz, V1, U2, W1, Wa, 71, T2).

Furthermore, if the hypotheses of Theorem 3.1 or 3.2 are satisfied for all feasible
solutions of (M NHP) and (M NHD), then (41, @s, 01,02, 21, 22,01 = 0,2 = 0) is
an optimal solution for (M N HP).

Proof. Follows on the line of Theorem 3.3.
4. CONCLUSIONS

A pair of non-differentiable mixed type symmetric dual programs has been
formulated over arbitrary cone constraints by considering the optimization under
the assumptions of n-pseudoinvexity /n-invexity /C-pseudoconvexity /C-convexity.
For future prospectus, the primal-dual problems may be extended for mixed sym-
metric duality in integer for scalar and multi-objective programming over cone
constraints. The present work can also be extended to nondifferentiable higher
order symmetric fractional programming over arbitrary cones. This will orient the
future task of the authors.
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