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1. INTRODUCTION
A pair of dual problems is called symmetric if the dual of the dual is the orig-

inal problem, i.e., if we remodel the dual program in the form of the primal, its
dual is the primal. The concept of symmetric dual programs was introduced and
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developed by Dorn [9] and Dantzig et al. [8].

Mond and Hanson [18] extended symmetric duality to variational problems. Since
then, many authors [2, 3, 4, 11, 16, 19, 21] have worked on variational problems.
Bector and Husain [6] formulated Wolfe and Mond-Weir type dual variational
problems and established various duality results to relate properly efficient solu-
tions of the primal and dual problems. Kim and Lee [15] constructed a pair of
multiobjective symmetric dual variational programs and proved duality results for
efficient solutions under invexity.

Mangasarian [17] introduced the concept of second and higher order duality for
nonlinear problems. Since then, many authors [1, 5, 10, 13, 20] have worked in
this area. Second-order duality for variational problems has been discussed in
[7, 12, 14]. Husain et al. [14] formulated the following pair of the variational
problem (CP) and its second-order dual (CD):

b
(CP) Minimize [ f(¢,z,&)dt

Subject to
z(a) = 0 = =z(b),
g(t,x,x) § 07 te Ia

(CD) Maximize fb(f(t,u,zl) — IB(OTFB(L))dt

a

Subject to
u(a) =0 = u(b),

futy® g0 — D(fa+y(t) g9a) + (F+ H)B(t) =0, t €1,

b
[0 gt~ 5507 5Ot > 0.

y(t) =0, tel,
where f: IXR*"XR" - R, g: IXR"XR*"—- R", x:1 > R" y:I—
R™ B(t): I = R*, t €I, F = fuy — Dfyi + D?fis and H = (y(t)" gu)u —
D(y(t)Tgu)vl + D2(y(t)Tgu)1l-

Gulati and Mehndiratta [12] modified the above dual as below:
b

(CD) Maximize [(f(t,u,u) — 3B8(t)T FA(t))dt

a
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Subject to
u(a) =0 = u(b),

+(F+ H)B(t)=0, tel,
y(0)" g(t,0,) — S5 HB(O)d 2 0, t€ T,

y(t) 20, tel,

where
H(t,u, i, i, 600, y(8), 5(8), (), y(8) = (ga(t, w, @)y(£))s—2D(ga (t, u, @)y (t)) s

+D2 (gab (t7 U, u)y(t))z -D? (ga'c (t7 U, u)y(t))m tel

and
Ft,x,&,8,7,2") = fou(t,z,2) — 2D frz(t, x, 2)

+ DZfM(t,x,dc) — Dsfii(t,:v,dc), tel

The symbols are as defined above.

In this work, we introduce a pair of multiobjective second-order symmetric dual
variational problems. Weak, strong and converse duality theorems for this pair
are established under the assumption of 7-bonvexity /n-pseudobonvexity. At the
end, the static case of our problems has also been discussed.

2. PREREQUISITES
Let K ={1,2,....,k} and for r € K, the set K,, = K — {r}. The following conven-
tion for vector inequalities will be used:
for a, b € R"™,
a z b& Qs z b’ul = 1727"'7”;
a>bs a2band a#b;
a>bsa;>b,i=1,2,...,n.

We consider the following multiobjective variational problem (P) :
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(P) Minimize (jb‘ o' (t, x,3)dt, fb¢2(t,a:,a;«)dt,..., fbgbk(t,x,x')dt)

Subject to  z(a) =, x(b) =0,
g(t,x, &) 0, tel,

where I = [a,b] is a real interval and x(¢), ¢ € I is an n-dimensional piecewise
smooth continuous function with derivative #. ¢' : I x R* x R* — R (i € K)
and g = (¢',9%, ...,9™7T : I x R® x R® — R™ are continuously differentiable
functions. The symbols ¢ and ¢ denote the column vectors of partial deriva-
. . T

, 09" 9¢* o’
tives with respect to x and &, respectively, i.e., ¢., = (8?17 a—fQ, e &fn) and
o = (8¢i ¢’ g’

¢ oz’ 927 " 9in

T
) . Similarly ¢%, denotes the n x n matrix with respect

to x, i.e.,
62 ¢)1 82 ¢z 82 ¢z
Ox1ozt  Ozlox2 = 7 Ozloxn
32 ¢z 82 ¢z 82 ¢1
0x20x!  0x220x2 0x20z™
82' (bi 82' (bz ' 82. ¢z
Ox"dzxt Ozndx2 T Ozndan

and g, denotes the m x n Jacobian matrix with respect to x, i.e.,

= 3 A
992 992 992
Oxl 022 T QOxn
Ogm  Ogm 9gm
dzl Px2 T Qan

The partial derivatives ¢¢;, ¢% and g; are defined similarly.

Let
Mi(t,l‘,ﬁ) = ¢;x - 2D¢fm + Dz(b?wc - DSQS;xa tel.
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b
Definition 1. [1/] The functional [ ¢'(t,z,&)dt is said to be n-bonvez at u(t) €

R"™ if there exists a function n : I X R™ x R™ — R"™ such that for all z(t) €
R", ¢'(t) e R", te,

b b

b
[~ [ uiir 5 [T b0 @

a a

b
> /n(t,x,u)T(qs;(t,u,a)—D¢;(t,u,u)+Mi(t,u,u)qi(t))dt.

a

Let X denote the set of all feasible solutions of (P).

Definition 2. [12] A point 2°(t) € X is said to be an efficient solution of (P) if
there exists no x(t) € X such that

b b

/qﬁr(t,aj,a’:)dt < /¢T(t,m0,i‘0)dt, for some re K

a a

and

b b
/gbi(t,x,j:)dt < /qﬁi(t,xo,dro)dt, for all i€ K,.

3. SECOND-ORDER MOND-WEIR TYPE SYMMETRIC
DUALITY

We present the following second-order symmetric dual multiobjective variational
problems and prove duality theorems under 7n-bonvexity assumptions :

Primal (VP):

b b
Minimize ([ (f'(t, 2, &,y,9)—5p' ()" A'p' (1))dt, .., [(f*(t, 2,2, y,9)— 50" () A*p*(1))dt)

a

Subject to
z(a) =0=xz(b), x(a)=0=x(b), (1)
y(a) =0=y(b), yla)=0=7y(b), (2)

-

s
I
-

N (fit @, d,y,9) — Dfi(t,x,@,y,9) + A'p'(t) £0, tel, (3)
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k
y®)" > N (fi(t iy, 9) — Dfj(t @, d,y,9) + A'p'(H) 20, tel,  (4)

A> o,_ (5)
Dual (VD):
Maximize (fb(f (t,u, 0,v,0)—5q* (t)T Bl (t ))dt7...7fb(fk(t,u,iL7U,@)—%qk(t)Tquk(t))dt)

a

Subject to
u(a) = 0 =u(b), w(a)=0=u(b), (6)
v(a) =0=wv(b), i(a)=0=0b), (7)
zk;)\i(f;(t,um,v,@) — Dfi(t,u,i,v,0) + B'q'(t)) 20, tel, (8)
u(t)” i N (fi(t,uy i, v,0) — DfL(tu,i,0,0) + Big'(t) £0, tel,  (9)
x> o,Z:1 (10)

where, for all 7 € K,

(1) )\’ER A= (AL N2 LNF),

(i) f IxR”xR"meme%R,

(iii) Ai(t,x,d,y,9) = fi 2Dfi + D? ’ - D3 ;y, tel,
(iv) Bl(t:rfcy,y): QDJ” + D? z s —D3fl. tel,
(v) pt: I —R™ ¢ : I—>R”

All the derivatives of x, and all the partial and total derivatives of f used in this
paper are assumed to be continuous.

4. DUALITY THEOREMS

Let F and G be sets of all feasible solutions of the primal problem (V' P) and its
Mond-Weir type dual problem (V D) respectively. Let n; : I x R™ X R™ — R™ and
ne:I X R™x R™— R™.

Theorem 3. (Weak duality). Let

(1) (x(t),y(t), A, p(t)) € F and (u(t),v(t), A, q(t)) € G,
(i) m(t x,u) +u 20 and n2(t,v,y) +y = 0,

(#i1) ff sy - 0(t), 0(t))dt be ny-bonvex at u(t) for fized v(t), and
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(iv) — ffi(t, x(t),(t),.,.)dt be na-bonvex at y(t) for fived x(t).

a

Then

b b
[ b= g @A @) < [t iv0) - 50 07 B ©)d,

(11)
for some r € K and
/ 1 / 1
[ i) - 5 OT A () < [(Fw0,0) - 30 0T B @)t
a a (12)

for all i € K., can not hold.

Proof: Suppose, to the contrary, that the inequalities (11) and (12) hold. Since
A >0, we get

b
_ L e NS i L i g
/ N2,y 9) = f(t w0, 0) = op' ()T AP (1) + 54" (1) B (D] dt < 0.

=1
(13)
Inequality (8) and hypothesis (ii) yield,
(m(t, 2, w) +u)™ Y N[t w5, 0,6) — DFL(E w5, 0,8) + B'g'(1)] 20, tel,
i=1

Using the constraint (9), it reduces to

k
i (ta,u) > N[ fi(t w1, 0,0) = DfE(tu,i,0,6) + Blg'(t)] 20, tel,
=1

which implies

k

b
/nf(t,:r,u) Z NfL(t, w0, 0) — DfL(t,u, 1, v,0) + Big'(t)]dt 2 0. (14)
v i=1
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b
Since [ fi(t,.,.,v(t),0(t))dt is ni-bonvex at u(t) for fixed v(t),

b
JUF @ @,0,0) = fi(tua,0,0) + 54 ()T Blg' (t)]dt 2

b
/ 0t (t @, u) [fE(t u, i, 0,0) — DL(E u, i, v,9) + B'q' (t)]dt. (15)

Multiplying (15) by A* > 0, summing over all i € K and then using the inequality
(14), we obtain

bk
o . 1, o

/Z[/\Z(fl(t,x,j:,v,l}) — f(t, u, 0,0,0) + §ql(t)TquZ(t))]dt = 0. (16)

Joim1

Similarly, inequality (3) and hypothesis (ii) give

k
(m2(t,v,9) + )" > N (fult,x,@,y,9) — Dfy(t, 2, d,y,9) + A'p'(t) £0, t€ 1.

i=1
This along with inequality (4) yields

k

s (6,0,9) > N (fi(t.z,2,y,9) — Dfy(t,2,9,9,9) + A (£) £0, t € T,
=1
or
b k
/nzT(t, v, y) Y N (filt 2,0,y 9) — Dfy(tx, &,,9) + A'p'(t))dt 0. (17)
=1

a

b
Now, no-bonvexity of — [ fi(t,z(t), &(t), .,.)dt at y(t) for fixed z(t), implies

b
/fl(t,l‘,i, y,y) - fl(t,:c,i,v,i)) - ipl(t)TAlpl(t))dt

b
*/ng(t,v,y)(f;(t,x,:k,y,y) 7Df;(t,£L',£L’,y,y)+A2pZ(t))dt

a

Using \' >0, i= 1, 2, ..., k, and (17), we get

v

bk
/ D ONf (s w iy, 9) = [ (@, 0, 0) — ép%t)TAipi(t))dt > 0. (18)
=1

a
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The above inequality, along with (16), yields

bk
/Z XNf(tz,2,y,9) — [t u, w,0,0) — §p’(t)TA1pl(t) + iql(t)Tqul(t)]dt =0,
i=1

a

which contradicts (13). Hence, inequalities (11) and (12) can not hold.

In order to establish a strong duality theorem, we need the following Fritz John
necessary optimality conditions [12] :

Theorem 4. Let Z(t) be an efficient solution of (P). Then there exist \' € R, i €
K and a piecewise smooth function yj : I — R™ such that

Z:l )‘Z(d)?v(tvfuf) - D¢Zz(tvi'vi.)) +gz(t7faf)g(t) - D(gz(t7faf)g(t)) = 07 te Iv
gt) gt ,2) =0, tel,

(A g(t) >0, tel.

In the following theorems, (V P)yo and (V D)y, respectively denote the problems
(VP) and (VD) when X is fixed to be A°.

Theorem 5. (Strong duality). Assume that the assumptions of weak duality the-
orem are satisfied for all feasible solutions of (V P) and (VD). Fiz A= \°. Let

(i) (z°(t),y°(t), A2, p°(¢)) be an efficient solution of (V P),

(ii) the matrices A*, t € I, i € K, be nonsingular,

(iii) the set {fy(t, 2%, ¢y, 9°) — Dfi(t,2°,d°,9°,9°) + A'p(t),t € I,i € K} be
linearly independent, and

(iv) the matriz

k
D NOAP (1))~ D(AP (1)) y+D? (A" (1)) =D (A" (1)) i +D* (A'p"(8)) 5], t € 1,

1=1

be positive or negative definite.

Then (z°(t),y°(t), A%, p°(t) = 0) is an efficient solution of (VD)xo.

Proof : Since (z°(t),y°(¢), A%, p%(t)) is an efficient solution of (V P), there exist
a, i € R* and piecewise smooth functions 3 : I — R™, ~: I — R, such that the
following Fritz John conditions (Theorem 4.2) are satisfied at (z°(¢),y°(¢), A%, p°(¢)):

éai [fi=Dfi—5 @ )T A ())a+3 D(p™ ()T A'p™(1))s —5 D (0™ (1) T AP (1))

D3O )T AP (t)) s — 5 D ()T AP (#)) ] + (B —y°) Z: AN foe—Dfys

+
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—Df} +D?fi—D? fii+ (AP (1) —D(AP™ (1) s+ D*(A'p* (1)) s — D> (A'p™(t))
+D AP O(t)) ] =0, tel, (19)

il o' [fi=Dfi—5 @ ()T AP (1)), +5 D ()T A'p (1)) y—5 D> (P (1) A'p™ (1)) y+

s D20 AP (1) —3 D' (0 ()T A (1)) 5 |+ (B—7y°) il AO[ATH(A'P(E)),y

2

—D(Aipio(t))y + DQ(Aipio(t))g _ D3(Aipi0(t))‘g' + D4<Aipi0(t))..y..]

k
—y(®) Y NOfi — Dfy + A'pO(1)] =0, tel, (20)
=1
(B=vy")Tfy — DIy + AW)p° ()] —p' =0, t 1, i € K, (21)
—a' Alp(t) + XA (B —yy°) =0, tc I, i€ K, (22)
k
BEY NOUfi = Dfy+ A1) =0, tel, (23)
=1
- k
" > X[y — Dfj+ ApO(t) =0, tel, (24)
=1
prx =0, (25)
(a, B(t),¥(t), ) #0, tET, (26)
(a, B(t), (), ) 20, tel (27)

Since A > 0, (25) implies g = 0. Therefore from (21), we get

(B=v) ' (fi—Dfj+ Ap°(t)) =0, tel, i€ K. (28)

As A%, t € I, i € K are nonsingular, from (22), it follows that

(B—°)NO =a'p(t), tel, ic K. (29)

Equation (20) can be written as

M=

3 (@ X (f3- DS+ 3 NOA(B—0°) O+ S (A ()~ D(AD (1),
+D?(Ap(t))y — D (A (t)) 5 + D (AP ()5 )[(B — vy )N — %aipio(t)} =0
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or using (29),
:w—ww[f;—Df;i+Aipi0(t>]+; 5 AO[(A#pO(1)), — D(ADO(1)) 5+ DA AP (1)

i=1
=D (A ()5 + DY AP () 5](8 —7y°) =0, tel (30)
Premultiplying (30) by (8 — ~4°) and using (28), we get

(B —=y")" ; AC[(ATP(t))y — DA (t))y + D*(A'p(t))y
=D (A1) + DHAP ()5 ](B — 1) =0, tel
which by hypothesis (iv) imply
=7y’ tel (31)
From (30) and (31),
> (@ =y XO)[fi = Dfy + A'pP(t)] =0, tel.
i=1
Since the set {f, — Df} + A'p(t), t € I, i€ K} is linearly independent,
al=y\0 tel, icK. (32)

Now, suppose y(t) = 0 for some t = tg, i.e., tg € I and (o) = 0. Then re-
lations (31) and (32) imply B3(t) = 0 and o = 0, i € K, respectively. Hence
(ar, B(to),v(to), ) = 0, which contradicts (27). Therefore

v(t) >0, tel (33)
As X0 >0, i € K, from (32) we conclude that

at>0, ie K.
From (29) and (31),

a'pt)y=0,tel, icK,

and hence

pP(t)=0,tel, ickK.
Therefore (19) and (31) imply

k
=1
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which in view of (32) and (33) give

k
> XO(fi - Dfi) =0,
=1

and so

k
TN TNO(f - D) =o.

i=1

Thus it follows that (2°(t), y°(¢), A\, p°(t) = 0) is a feasible solution of (VD)o and
the objective function values of (VP) and (VD)o are equal.

If (22,4, X% p° = 0) is not an efficient solution for (V D)yo, then there exists a
point (u®,v% A% ¢°) € G such that

P sy v, 8)— 210 (0)T B0 (8) )t oy (7 (0,0, 8)— 2q0(8)T B (1)) )
> (FUP s )= Sp O (T ALt o (8, 5)— Sp0 (6)T ASH0(8) ),

a

which contradicts the conclusion of the weak duality theorem. Hence (z°,3%, A%, p° =
0) is an efficient solution for (V' D)yo.

The converse duality theorem is stated below. Its proof is analogous to that of the
strong duality theorem proved above.

Theorem 6. (Converse duality). Assume that the assumptions of weak duality
theorem are satisfied for all feasible solutions of (VP) and (VD). Fiz A\ = \°.
Also, let

(i) (uC(t),v°(¢), A%, ¢°(¢)) be an efficient solution of (V D),

(ii) the matrices B, t € I, i € K, be nonsingular,

(i) the set { fi(t,u®, a0 v o°) — Dfi(t,u® a0 00, o) + Biq®(t),t € I,i € K} be
linearly independent, and

k
(iv) the matriz > AO[(Bq"(t)),—D(Bq"°(t)):+D?*(B'q"°(t))z—D3* (B¢ (t))++
i=1
D*(Biq°(t))-z°], t € I, be positive or negative definite.

Then (u®(t),v°(t), A%, ¢°(t) = 0) is an efficient solution to (V P)yo.
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5. RELATED PROBLEMS

If the time dependency of (V' P) and (V D) is removed, then these problems reduce
to the following second-order symmetric multiobjective nonlinear problems stud-
ied by Suneja et al. [22], under the same hypotheses.

SP

1(\4ini)mize (fl(a,y) — 2pM £ (2 y)pt, o fR (2, y) — 3077 £5, (2, 9)p")
Subject to .

D NV (@,y) + Vi (@, y)p") £0,

=1

k
Y'Y NV L@, y) + Vi fi(,y)p') 20,
i=1
A >0,

(SD)
Maximize (f!(u,v) — 3¢ L, (u,v)q", .., f¥(u,0) — 2¢*" 5, (u,v)q")
Subject to .

D N (Vo' (u,0) + Vaa f ' (2,9)d") 2 0,

=1

k
u" Y CN(Vo 1 (,0) + Vo f (u,0)g") £ 0,
i=1

A>0.

6. CONCLUSION

A pair of multiobjective second-order symmetric dual variational problems has
been formulated and various daulity results have been proved assuming n-bonvexity
on the functionals involved. It may be noted that these results can be extended to
establish the duality relations for the second-order fractional variational programs
and other related programming problems over cone constraints.

Acknowledgement: The authors are thankful to the editor and anonymous re-
viewers for their comments which improved the quality of the paper.
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