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MARTINGALE FOR R-

*Abstract: Fuzziness is discussed in the context of fuzzy random variable and a
corresponding view of fuzzy martingale and some their properties are given. Fuzzy
random variables are introduced as random variables whose values are not reals but
fuzzy numbers.

1. INTRODUCTION

Keywords: Fuzzy set, fuzzy random variable, martingale.

In this paper we expand the work initiated in [I] , [14] , [13], [15] where the notion
of fuzzy random variable, conditional expectation and martingales were introduced
and their properties were studied. Some convergence theorems for fuzzy number
valued martingales are given.

Fuzzy valued random variable have been studied recently by many authors. We
refer to the interesting works of Puri, Ralescu [12] , Kwakernaak [9] , Kaleva [7], Ban
[1] , for details. Furthermore, it was illustrated by the recent works of Boswel and
Taylor [2] , Kruse [8] and the others that the theory of fuzzy random variable has many
applications.

* This research was supported by Science Fund of Serbia, grant number 0401A, through Institute of
Mathematics
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2. PRELIMINARIES

In this paper we restrict our attention to the set of fuzzy random variables on the
base space R , adapting in what follows defmitions and results from Feron [5J and Puri,
Ralescu [12J. A fuzzy set U E fJ'( 1\) is a function u: ej{-~ [0, IJ for which

1. Uo = co { x Eej{; u(x) > O} is compact ,

2. the a-level set ua. of u , defined by

U a = {x E ej{ : U (X) ~ a }

is nonempty, closed and convex subset of ej{for all a E (0, IJ.

Let (O, }l, P ) be a probability space where P is a probability measure. A fuzzy

random variable is a function X: 0 ~ rrc 1\) such that

{((.(), x ) : x E (X(w»a} E }l x (jJ for every a E [0, 1],

where (jJ denotes the Borel subsets of 1(

It is obvious that the function X a : n ~ 2'1\. defmed by X a(w) = (X( w» a is the

ej{-valued random set. If H is Hausdorff metric defmed on CR. 1\) (the space of all

compact and convex subsets of 1\)

H (A ,B) =max su p inf x - yl, supinf x -yl , A ,B EP(ej{),
xeA y EB Y EB XEA

then (q~1\), H ) is a complete metric space.,

For any multifunction F :0 ~ CR.1\) we can defme the set

SF = (r E L CO, }l) : f ew) E F (w) P - a. e.}

where L (O , YO= L denotes the set of all functions h : 0 ~ ej{ which are integrable with
respect to the probability measu re P.

The set SF c L is closed with respect to a norm in L defined by

Ilhil = f h(w)1dP, h E L.
a

Using SF we can now define an in tegral for F (fir st introduced by Aumann [1])

f F dP = f f (w)dP(w):f ESF '
a a

The integrals f a {((v) dP((v) are defined in the sense of Lebesym. F: 0 ~ cR. 1\) is

called in tegrably bounded if there exists in tegrable real valued function li : 0 ~ ej{

•

is integrably bounded for all a E [0, 1). Let L = £ (O, }l)

such that

integrably

s'-! p Ixl s hew)
x Efo ( m)

bounded if X a

P - a.e. The fuzzy random variable X : 0 ~ fJ'( (j{) •
IS



•

that there exists a unique fu zzy random var iable

SE(FtF ) = cl {g e L (O,q;) : g = E (f! q; ), f e SF}'

Finally ifX is a fuzzy random variable we can define the conditional expectation of
X E A in such a way that the following conditions are sat isfied:

E (XI q;) E A (0, q;),

{ x E 1( : E (XIq; )«(u)(x ) ~ a}= E (Xalq; )(w).

Two fuzzy variables X , YE A, are considered to be identical if (j X, Y) = O. It i

obvious that q) is a metric in A since is metric in L (Th. 3.3 [6)).

THEOREM 1. ([14 )) . (A , q) is a complete metric space.

Let (0, fl, P ) be a probability space and 'F a sub-a-algebra of ) 1 and F E L. The
conditional expectation of F with respect to 'F, which is in L(O, 'F), is d terrnined by
setting

The next theorem shows
satisfying these requirements.

Then, the function ¢: M~ I O, 11 defined by ¢ex) =sup {a eIO,ll:x eMa } has th

property that {x e M : ¢ex) ~ a} = M a for every a e (0, 11.

For all X , Y E A we can define the fun ction q): A x A~

(j)(X ,Y ) = sup 6( X a, Ya) = su p JH (Xa(w), Ya(w» d P
a ~ll a ~ll 0
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1. M o = M

2. a $,fJ =:::>Mp c;;.Ma

LEMMA 1. ([10)). Let M be a se t and let {Ma : a e lO, I I}, be a family of subsets of M such
that

denotes the set of all integrably bounded multivalued functions F: °-~ (j tR1 and I t

A = A (O, )1) be the set of all integrably bounded fu zzy random var iables X: ° q1tRl .
We shall recall a lemma which we shall use in the sequel.

THEOREM 2. ([14)) . If X E A(O, )1) then there exists a unique fuzzy random variable Y

E 1\(0, 'F) such that

Ya(w) = E(Xalq;)(w).

THEOREM 3. 1141. The fuzzy conditional expectation has the following properties:

1. q) (E(X)I'F), E(X21'F) s axx; X 2) for all x, X 2E A.

2. If q;) c q;e fl and X E A, then E (Xj q;) taken on the base space (0, fl, P ) is

equal to E (XIq;) taken on the base space (0, 'F; P ).

3. If q;) c q;cfl and X E A, then E ( E(X lq·) I q;) ) = E (XI q;) ·
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X n : [2 ~ fJ1.. fJQ

1) ) E (Xl q:- ).

are uniformly integrable bounded and X n _ 1)-;) X, then

3. FUZZY MARTINGALES

•

Let {q:-n}n EN be an increasing sequence of sub- a -fields of }l and let {xn}n EN be a

sequence of integrably bounded fuzzy random variables adapted to { q:-n}nEN' Then, in

analogy to the single valued and multivalued cases, we can introduce the following
notations.

The system {X ", q:-n}nEN is said to be a fuzzy valued martingale if and only if for

alln >l

By 'F" we shall denote the a-algebra generated by U: 1'F" . In applications it is

usually assumed that 'F" =}l. If X E A then {E(X1q:-n), q:-n}nEN' forms a fuzzy valued

martingale by Theorem 3.

THEOREM 4. If {X n, q:-n} nEN is a fuzzy martingale and the sequence {X n}nEN is

uniformly integrably bounded, then there exists X E A such that

E (Xlq:-n ) = X"

PROOf. We know that X~: [2~ 21]( defined by

X~ (w) = {x EfJ(: Xn(w)(x) ~ a}

is a random set and X~ E L. We shall denote the set Sx~ c L (fJ( ) by S~ and the set of

all function f a E L ( fJQ such that E (fal q:- n ) E S~ for all n E N by S a'

Now, we can define the family of random sets {X a} a E(O, lJ: X a : [2 ~ 2<1\,

X a(w ) = cl ({a (w ): fa E Sa }. Using results from [6] and [11] we get that X a C L e-

On the other hand, according Theorem 2 [14) .

[Eexnw;n )]a = E(X~lq:-n )
•

which means that {X n, (P I }liEN is a set valued martingale for all a E (0, 1]. From [11]

for every a E (0, 1J there exists a sequence of functions {f; ,k} c L (CJ{) such that

{{ n ,k {j' Il } ' . al f.n k . I ' f IIa " liEN IS a martmg e, a ' IS a se ection 0 X a for every k EN and



•
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If f a E S then E(fal rrn ) E S~ . This implies that

cl {ECfal rrn ), fa ESJ = S E(X aYFn ) ~ S~ .

In order to prove that S~ c;;;, S E(Xal'Fn) we shall use the Radom- Nikodym property

of space IJ{,. Since ~has tJ{NP , for every martingale { f~"k /Fn}n N there exists f: E L

such that

E(f~lrrn) = f; ,k for all n E No

which means that f: E Sa' that is S~ c;;;, S E(X aItFn) . So we have proved that

S~ = SE(Xal'F n) for all n E N.

Now, we shall show that S a c;;;, Sp for all a, fJ E (0, 11, fJ < a.

If fJ < a, then X~(w) c;;;, X ;J (w) for all OJ En and all n EN, and S~ c Sf} fo r all n E N .

In order to prove that S a c;;;, Sp we suppose the opposite, i.e. S f1 C S a' This mean

that there exists f E L such that

f E Sa and f e S fJ'

Knowing the structure of S a and S fJ' the last statement implies that there exists

kEN such that

E (flrrk ) E S~ and E (fl rrk ) e S3

which is contradiction with the statement that S~ c SJj for all n E N.

If {ai }ieN C (0, 1] is a nondecreasing sequence converging to a E (0, 1] we have to

prove that -
00

Sa =nSaj'
i= 1

Since {Saj}ieN is the sequence of closed, bounded subsets of L and S al ~ S~

~ . . . J S a.d .. . Sa' we get that
I

00

Sa C nSaj'
i= 1

From the supposition that there exists f E L such that
00

f E nSaj and f «s,
i=1

it follows that

•
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E (f1(["II ) E S~ . for all i E N and all n EN
•

00

=> E (f1 (["II ) E nS~i for all n E N
;=1

and there exists k EN: E(fl(["k ) ~ S~

00

=> S~ ;* nS~i·
i=1

But, from [14] we know that
00

S~ = nS~, for all n E N.
;=1

Using the family {Xa} ae (O, l l of random sets defmed above, we can form the

mapping X : Q ~ rr( rJ?)

X (m)(x ) =sup {a E (0, 1), x EXa(m) }

bu t first we must show that definition is correct, that is that for every m E Q the family
of sets {Xa} ae (O, I I define one and only one fuzzy set X (m). First, we shall prove that the

conditions of Lemma 1 are sa t isfied.

If a > fJ then S a c Sp which implies that

X a(m) = cl ({a(m): fa E Sa }

C cl { fp( m) : fp E Sf1 } = X p( m).

ow, we have to prove that X a(m) =n~1 X a; (m) for all mE Q. We know that

Xi m) is compact for all BE (0, 11and all mE Q . Let Z (m) = n~ 1X a ; (zo), (O E Q . Since the

family of sets X a«(o) has the finite intersection property, we know Z «(O) ;* °and Z ({O) is
I

a compact set. Further, we have the next implication

a> a ; => X a(m) c X a (m)
I

00

=> Xa (w ) ~ nXa, (cu)
;=1

that is

X a(w) ~ zr,» fo r all (0 E Q.

Since Z c L it follows tha t there xists the sequence {f,,} c L such that

Z «(tJ )= cl {{II «(tJ)} for a ll co E Q and we get
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O?

=> {fn } c nSaj = Sa =>
i=l

cl Un (m)} ~ cl {gem), g E Sa} = Xa(m).

Now, Lemma 1 is applicable and there exists fuzzy random variable X with
[X(m)] a = Xa(m) for every a E (0, 1], and it is obvious that

E(Xlern
) = X" for all n EN.

The proofs of the next two theorem is quite similar to the proof of Theorem 4 so
they are omitted.

THEoREM 5. If {Xn, ern} n EN is a fuzzy martingale and the sequence {X n} n EN is

uniformly integrably bounded, then

lim X n
(]) ~X.

n~O?

THEOREM 6. If {Xn, q:n} is a fuzzy martingale such that sup X~ < (YJ, then there exists
n EN

family {fa} a E(O,lj C L such that

n~~JX~(m)= fa «(J)P.a.e., aE(O,I].

4. CONCLUSION

In this paper a short survey of results from the theory of fuzzy random variable
and some theorems related to this topics are given. This research can be continued in
following direction: investigation of properties of fuzzy random variable and
martingale defined on l1\.or on Banach space, defmition and theorems related to fuzzy
amarts as a simple form-of fuzzy random process.
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