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Abstract: T he traffic control on an intersection consists of permitting and
canceling right-of-way to traffic streams. One traffic st ream is con tro lled bv one

• •

sequence of traffic light indications. These traffic light indica tions, for one traffic
stream, are activated by one module in elect ronic device (cont roller). But , one
sequence of traffic light indications ca n con trol more traffic st reams, which a re not in
conflict.

T his paper deals with the problem of classifying traffic s treams into groups (signa l
groups) which will be controlled by iden tical indications of t ra ffic lights. Therefore, the
rela t ion of identical indications of traffic lights is defined . This relation is defined over
the set of traffic s treams on one intersection. The graph of this relation is , also ,
in troduced . A signal group is defined as a clique (in the sense of Berge) of this graph.
and the complete set of signal groups is introduced.

Com puter programs are developed for deter mination of the collection of complete
sets of signal groups, and fo r determination of all minimal complete sets.

In the paper is, also, defined the rela t ion of partial orde r over the collection of
complete sets of signal groups, and the use of this rela tion in contro l system design is
considered.
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1. INTRODUCTION

One of t he m ost important problems to be solved when introducing an•
•

in tersection traffic co ntro l system, is to define the groups of traffic streams [10] (s ignal

groups) that will be co ntro lle d by identical traffic light indications [1], [4], [6). From the
pu int of view of con t ro l theory, it m eans that each signal group is controlled by one

control variable, tha t is to each signal group will be assigned one control variable.

In practical realization of traffic con t r ol system, u sing modern equipment (so

called signal group co ntro ller), one m odule of equipment is assigned to each signal
group. This modu le changes t h e signal light indications, controlling the movement of

traffic streams belonging to one signal group. Therefore, the first question, when-
someone orders the traffic co n t roller is: how many vehicle, pedestrian and special

signal groups will be co ntro lled by tha t controller. It m eans, h ow many m odules of

diffe re nt types will be installed in the co n t r oller. So , it is clear that the price of traffic

control equipment, for each in tersection , depends on the number of s igna l groups.

That is the reaso n why in practice, the co m mon intention is to contro l t he traffic on an

in ersect ion by using a small number of signal groups (s m all number of control

variables , i.e. sm all number of controller m odu les ).

The choice of s ignal h'1'OU ps affects, a lso, the valu e of the chosen traffic

performance indices, wh ich can be achieved as t he solutio n of opt imiza t io n traffic
contro l problems.

It is obvious that each traffic stream can be a s ign a l group. In all ot her cases the

number of s igna l groups is less than number of t r affic s t reams , because some of signal

b'1"OUPS arc co m posed of two or m ore t raffic s t reams. The fa ct that two or m ore traffic

s t rea ms belong to one s ignal group, i.e. t wo or m ore t raffic strea ms are co n t ro lled by

identical indicatio ns. m ea ns that they are co nt ro lled by one co n t ro l variable . When

each tr.... lfic s t reum is o ne s ignul group the n each of them is co nt ro lled by one con t ro l
varrable . .

It is interesting to analyze the in fluence of s ignal group choice to the opt imal

values of chose n cr i e r ia in traffic optimization prob le ms. The way of co ntro l wh en the

number of s ignnl 6'1'ouPS is smalle r than the number of tr a ffic treams, implies

irn plernentauon of constraints in the optimization problem which cause de terioration

of all traffic performance indices. Inves t iga tions of the influence of signal grou ps choice

on the maximum traffic vo lu me that can pass t h rough the in tersection [ 11 showed that

the maximum tra ffic volume is significan t ly a ffected by t hat choice.

The in trodu ction of the exact nota t ion of the signa l plan st ruct u re lin d t he co nt ro l

t ra ns it ion graph III the formulation of the optimization t raffic contro l prob le ms [5)
gives possibil ity for lin analysi s of that influence.

The fir t step in that analysis i the creatio n of al l possib le choices of Si!!11111

gro u ps. B -cau se of that in the ectiun 3., S ect io n 4 . lind ection 5. a re pre entad: the

.xuct d efi n it ion of s igna l 6'1'ouP, the nota t ion of complete se t of signal 6'1'ouPS and the

progrum for obtru n ing the list of all si6'11l11 groups, and all co mplete e ts of igna l
6'1'UUps .
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In the Section 7. the exact method is given, which can be helpful for make the
choice of signal groups by which the traffic con tro l system will be implemented at one
• •mtersecnon .

2. TRAFFIC STREAMS AND RELATIONS BETWEEN THEM

The traffic process on one intersection is determined by traffic flows moving
throu gh the intersect ion. The smallest component of that process, which can be
controlled by a separate t raffic light is termed a traffic st ream. One traffic stream

represents either:

flow per fo rming the same manoeuvre through the intersection and belongs to
one or more traffic lanes, or

- flow which is composed of the vehicles that make different manoeuvres but
they belong to one traffic lane.

T he veh icles, belonging to one traffic st ream, form the same queu e on the
intersection approach .

There are different types of traffic streams depending on the type of moving
elements. So , there are traffic st reams of vehicles, pedestrians, public transport

vehicles. bicvcles etc.
•

T he paths a lo ng which a traffic st ream move thro ugh the in tersection is called t fi ~

traffic stream trajectory.

For intersection t raffic control sys tem implemen ta tion it is necessary to introdu ce

relations defined over t he set of t raffic streams.

All t raffic s t reams on one intersect ion form the se t S :

S = { 5 l' s2' .. . , 5 i' ... , 5 n }

where n is the number of t raffic streams.

The relation ofconjlictness Cj

The traffic st reams are in the conflict if their t rajector ies cross each other or
merge. T he set of all pairs of conflict ing t raffic st reams form t fie reiat ion ojconj fiet lll:ss

which can be described as follows:

C = { (s . 5 ·) E S x S I i ~ j and trajecto r ies of 5 · and 5). cross or merge }
j I' ) I

In Figu re 1 an in tersect ion is shown, with ten traffic streams and the ir

trajector ies. The confl ict points are marked by little circles.

The rela tion of con fl ict.ness is sym metric, i.e.

tSi's) E C J = (Sj,Sj ) E C j

For that reason this rela tion can be represen ted by an undirected graph .
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-

Figure 1: The co n fl ict points example

'Ilic relation ofprimary compatibility~

It is obvious that two traffic st reams move simultaneously if they are not in
co nfl ict, i.e . if

-
(Si'S) E C1 where C1 = ( Sx S ) \ C1

Besides. different conflicts between traffic streams are not equally dangerous.
T herefore , the relation should be introduced, by which the pairs of traffic streams,
allowed to move simultaneously, will be defined. This relation is called the relation of
primary cOIT/pll t i{j irity. Two traffic streams sa tisfy the relation of primary compatibility,
if they are not in conflic t or their conflicts may be allowed considering their flow

•

volu mes, i.e.

-
C2 = C1 U { (si ' s) E C1 I the traffic streams si an Sj may have right- of-way

simultaneously considering their volumes}

In orde r to determine the relation of primary compatibility, it is necessary to
consider both geomet rical character istics of traffic st reams movement <sufficient for
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the relation of conflictness) and information about values of traffic process parameters
on an intersection.

The consideration of t raffic streams volumes is, in fact , the indirect consideration
of safety. Allowance of some conflicts are, usually, made by the judgment of
experienced professionals. The only quantitative information, that experts use, while
making those decisions, is information about volumes of traffic streams in conflict.
Some new research [8] invest iga tes the relation between the volumes of conflict traffic
streams and the number of dangerou s manoeuvres. This could be the basis of the
introduction of exact analyt ical methods for choosing the allowed conllicts.

•

The relation of primary compatibility is, also, a symmetric relation.

Consider, again, the intersect ion at Figure 1. It might be possible to allow the
conflicts corresponding to the conflict points marked by larger circles. For example,
traffic streams s2 and s6 are in conflict, but, at the same time they could in some
circumstances be taken as being primary compatible.

By allowing some conllicts the intersection traffic system performance is affected
in such a way that the number of cars, passing through the intersection, is increased
(because the time interval for right- of- way for some traffic streams is increased) and
the safety is decreased. These effects have been discussed in literature [7] .

rrTic relation of cotnpat i6ifity C3

In some countries there are traffic signals with ar rows which control protected
movements. According to traffic laws, the vehicles to which the right-of-way is given
by such signals shall not meet any conflict when passing through the intersection.
That caused the introducing the relat ion ofcompati6ifity.

C
3

= { (5
j
, s) E C

2
I traffic streams Sj and Sj can have simultaneously right

of-way with regard to traffic safety laws}

In Figure 1 the conflict between t raffic streams s2 and s6 is con flict which could be
allowed in some countries if their volumes were small - then, these two traffic, ,
st reams would sa t isfv the relation of primary compatibility. But, if t raffic streams 56 is

•

cont rolled by a direction signal, then the pair of s treams (52,56), following the traffic
laws. does not satisfy the compatibility rela tion .

3. THE SIGNAL GROUP

The traffic contro l on an intersect ion consists of permitting and canceling right
of- wav to different traffic streams. It is realized by different indications of traffic lights
so that green indication has the meaning "movement is permitted", and red indications

has the meaning "movemen t is forbidden".

The change of traffic light indications can be described by changes of t he values of
one mathematical variable called cout rof 'lla na6{c. In order to simplify mathematical
description of traffic light indications, it is implied that contro l variable has only two

values:
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•

and this values are corresponding
manner presented at Figure 2.
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VI = I :i i ,:ii' .. . ,:ii I
I 2 1

where J is the number of traffic streams in signal group Dj •

Because of such definition of signal group, the rela tion of ident ical indications of
tru ffle lights is introduced, defined over the set of t raffic streams.

Figure 2: The control variable

The fact that compatible traffic stream can receive right- of-way simultaneously
gives possibility to control more traffic streams by one contro l var iable.

The se t of traffic streams co ntrolled by one contro l variable, i.e. by identical
indications of traffic lights is called d sig1l11rgroup, denoted by Dj •

Definition of s ign al group represents assignment of contro l variables to t raffic
st reams.

The sim plest way of that assignment is assignment of one contro l variable to each
traffic st ream .

o

Th» relat ion of idcnt ical indications oftrll/fic figft ts C4 

IJ/i,; ide11 t itY rdll t io 11

This rela tion is satisfied by two compatible traffic streams if they can be
cont rolled by traffic lights with identical indications. The sequence of indicat ions for
different type of traffic streams are not necessari ly the same. For example, the
s .quencc of signul indications for vehicles (red, red-amber, gree n, amber) is not the
Sli m ' as the sequence of signa l indications for p ed -strinns (red, 1:,'1' 'e n). 0, two

1 f--------i

u

I
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compatible traffic streams satisfy the identity relation on ly if they are of the same type
(pedestrians, veh icle , bicycle, etc.)

C4 = { (si' s) E C3 I traffic s t r eams si and Sj are of the same type }

It is possib le to generate all signal groups using the identity graph (graph of the
identity rela tion). E ach complete subgraph of the identity graph defines a signal grou p.
Since the com plete subgraph is a clique of the graph (in the sense of Berge) (2), [8],
a sigllafgroup can be redefined as a clique of the identity graph.

All s ignal groups , i.e., all cliques of identity graph form the collection ID .

A simple intersection and the corresponding graphs are given in Figure 3.

4. THE COMPLETE SET OF SIGNAL GROUPS

One of the m ost important decis ion s while designing traffic control sys tem on one
intersect ion, is choice of the set of signal groups. These signal groups have to be
chosen in such a way that each t raffic stream becomes the element of exactly one
signal group. It is consequence of the fact that

one t raffic stream has to be element of at least one signal group (because the
traffic s t ream has to get right-of-way for moving through the intersection )

one traffi c s t r eam has to be ele men t of at most one signal group (to one signal
grou p corresponds one contro l variable, so, if one traffic stream is an element
of two signal groups that implicates that traffic s t rea m is con t ro lled by t wo

control variables, wh ich are not necessarily identical through the time. T hat
means that one traffic stream will be controlled by different indications of

traffic lights.)

The set of signal groups with the prope rty: each traffic stream is the e lemen t of

exact ly one signal group, is called the complete set of siqua! groups. So, a complete set of

sign al groups, marked by d, consis ts of elements from collection ID (collect ion of all

signal groups).

The collection :J represents the set of all com plete sets of signal groups.

Such definition of com plete sets of signal group, implicates that the complete set
of signal groups is a partition of the sets S. Hence, there exist more then one complete
set of sisrna l !!TOUpS for one in tersection . This means that it is possible to control the

o 0 f . al
intersection in several different ways - by different choices of complete set 0 Sign

groups.
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Figure 3: An intersect io n nnd its signal groups
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The simple intersection (with four traffic streams) shown in Figure 4 has two
complete sets of signal groups, namely ell and el

2
•

•

111 54

51 "'"
53

s = { s , s , s . s }
1 2 3 4

•

D = { s }
1 1

D = { s }
2 2

o = { s }
3 3

o = { s }

" .{

o = { S
1 '

S }
5 3

v = { 0,
1

0,
2

0,
3

D , 0 }
.. 5

d = { 0 ,
1 1

d = { 0 ,
2 2

D • 0 , D }
2 3 4

o . 0 }
4 5

The identity graph 'D ={ d, d}
1 2

Figure 4 : An inte rsection with complete sets of signal groups

5. THE COMPUTER PROGRAMS

So, problems connected with implementation of traffic control system at one
intersection are:

1) finding all signal groups, and then

2) finding all complete sets of signal groups.

That is why following programs are developed:

1) CLlQ - program for determination of all signal grou ps, .

11 ) Ca MP - program fur determinat io n of all complete sets of signal groups,

111) l\llN - program for determination of all minimal complete sets of signal,
groups - all complete sets with the minimal number of signal groups.

5'.1. CLIQ PROGRAM

Because each clique tin the sense of Berge) of the identity graph represents one
signal group, the algorithm for determination of all cliques of a given graph will find all

signal groups , i.e., all elements of the collection ID .



•

}

So, CLlQ program is a program for determination of all cliques (in the sense of
Berge) of some graph. This program is u sed to find all cliques of identity graph. The
input into the program is incidence matr ix of identity graph.

The problem of finding cliques of identity graph, is not complex one, because the
identity graph is small dimension graph (it is rare that one intersection has more than
32 traffic streams, and most of intersections have between 5 and 15 traffic streams).
Because of that, algorithm for solving that problem is developed.

Pseudo-code of the program CLIQ:

{ l . af1 wJA ~~ (~

w, WMU1,~ wlwrv tJw-~ ;~ ;

11wn~rv ~/1l(~dRlJ, ~I tk rwI" cvnd., tiwn, aJwll'j ,I iL ~

t m_inc[i ,jl = 1 ) AND ( m _i nc [j , i) = 1) ) }

{ ~trlIf af1
while t n_comb[class+ IJ < > 0 ) do

class := class + 1

fo r i := 1 to n_comb[class] - class do

for j := i + 1 to n_comb[class) - class + 1 do

p = kard( comb[class)[j] n comb[class)[i)

if tp = class - 1) then

Il := 0
for I := j + 1 to n_comb[class] do

•

p = kardt comb [class )[i) u comb[class )[j) n combiclass )[1)

if (p = class ) then Il:= Il + 1
if ( Il = class - 1 ) then

n_comb[class+ 1) := n_comb[class+ 1) + 1

comb [class + 1lin_comb[class + 11) :=
comb[class)[i) u comb [class )[j]

end if

end for

end if

begin

class := 1

228 S.Guberinic, S.Mi nic Mitrovic / Signal group: definitions and algorithms

end for

end fur
end while

e nd.
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Variables in the program are:

comb - complete subgraph with class number of nodes. Each subgraph is in
the form of set of nodes.

n_comb - number of complete sets with class number of nodes

m._inc - incidence matrix of the graph

Function KARD finds cardinal number of a set.

The program is written in PASCAL.

5.2. COl\1P PROGRAM
•

COMP program is developed to determine all complete sets of signal groups, i.e.,
•

all elements of the collection '. The input is the set of all signal groups, that is, the

output of CLlQ program.

Reason for developing this algor ithm is that one of our tasks was comparing of
characteristics of traffic signal con trol system for different complete sets of signal
groups.

For realization of finding all complete sets of signal grou ps it is developed one
simple search algorithm.

The program is written in PASCAL.

The designers solving the practical problems, try to realize the contro l systems
which are simple eno ugh and which a re not too expensive. The price of the elect ronic
device - traffic controller directly depends on the number of modules inside the
controller. That means tha t the price for t raffic control system at one in tersection
directly depends of number of signal groups that is chosen for traffic contro l. So, the
usual practice in traffic control design for a signalized in tersection is to pay attentio n
to the complete sets with the minimum number of signal groups.

Therefore, the program MIN is developed.

MIN program is made to find all minimal complete sets of signal groups. This
program is deve loped regardless that the COMP program already finds minimal
com plete sets of signal groups. One of the reasons this program was made, is that the
number of complete sets of signal groups and the time of running the COMP program
increase to fast when the nu mber of signal grou ps increases. So, the more elegant way
is to establish optimization problem in order to determine a minimal complete set of
signal grou ps.
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• • •minimize

subject to

X l ' x". ... , XI- ..

q

UX, . = X
k=l

and such that they are mutually disjunctive, i.e.

X, r. X, =0, (Vj -.= Il)
J •

A set part ition of base set isa set of subsets of a base set - collection of elements

from X , in the form of
•

{ X. .x, J ... x, }
'I '2 'q

such that their union is equal to base set, i.e .
•

,-nl.e optimiz ation problem

From the fo rmulation of the problem of fmding the minimal complete set of signal
groups, it is easy to see that this is the set partitioning problem. This is the combinatorial

optimization problem and it is formulated in the following way:

A base set X , collection X of subsets of a base set, and the prices corresponding to
each subset are given. The problem is to find the partition of set X with the minimum
cost.

In the minimal complete set determination problem the base set is the set of

traffic streams S; the collection of subsets is the set ID of all signal groups; the cost
vecto r is the vector of l 's. (In the solution it is necessary that signal groups are
mu tually disjunctive because each traffic stream has to be controlled by only one
contro l variable. It is necessary, also, that union of signal groups has to be equal to set
S because each traffic st ream has to be cont rolled.

Su, by solving the set-par titio ning problem, the minimal partition of set S will be
fuund. T his partition is exactly minimal com plete set of signal groups.

To signal I:,TJ"OUpS

DI' D'2' ... , Dm

the fulluwing variables are assigned:

where m is the total nu mber of signal groups.

A variable Xi takes value I , if a cont rol variable is associated to signal group D j ,

and 0 otherwise.

Now, the mathematical fo rmulation of the optim ization problem is

where 1 is the column- vector of I 's, and

where the coefficient matrix A = Ia j j I n ' m is such tha t :
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a · =I J
1, if traffic streams, belongs to signal groupDj

0, otherwise

where n is the number of traffic streams, and In is the number of signal bTTOUPS.

The set of feasible solution of the problem is the collection of all complete sets of

signal groups jJ The total number of complete sets of signal groups grows too fast with

the increasing of traffic streams number, as sho wn in the Table 1. This table presents
the number of signal groups for in tersections with different number of t raffic streams
(fro m 5 to 11 traffic streams). The data are obtained fro m CaMP program.

Table 1. Complete sets number depending on signal groups number

NUMBER OF TRAFFIC STREAMS
5 6 7 8 9 11

NUMBER OF 10 12 14 13 30 48
SIGNAL GROUPS

NUMBER OF
COMPLETE SETS 10 10 20 16 235 2490
OF SIG. GROUPS

% e compllter program

The problem of finding the minimal complete set of signal groups is solved in the
scope of determining all complete sets of signal groups (by CaMP program) because it
makes a special case of complete sets. However, the run- time of CaMP program
rapidly increases with the number of traffic streams: fo r nine traffic streams (th ir ty
signal groups), it is twenty seconds (on P C-AT 386 computer) and for eleven traffic
streams (fo r ty eight signal groups) the program needs twelve minu tes of run- time to
find 2490 complete sets of signal groups. This is one reason , among others, why the
minimal complete set of signal groups problem is established and solved as a

co mbina to r ial optimiza t ion problem.

Two programs are developed for solving the optimization problem of determining
the minimal complete se t of signal groups: MINA [3], MINS [11], [9] . Firs t one, MINA,
finds all minimal complete sets (finds all optimal solutions), and the other, MINS, finds
on ly one complete set (this program stops when one optimal so lution is found).

•

The input into the program are as follows: the number of traffic streams and the

collection of all signal /,TTOUpS.

The program MINA is written in PASCAL.

The program MINS is writ ten in C.

•



•

•
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6. THE PROGRAlvI RESULTS

All programs are realized on PC-AT 386 computer.

The results obtained by program CaMP are presented in Table 2. NCSSG j

represents the number of complete sets of signal groups containing i signal groups,
while TCSSG represents the total number of complete sets of signal groups,

Table 2. Results obtained from program

NUMBER OF TRAF. 5 6 7 8 9 11
STREAMS

NUMBER OF SIG. 10 12 14 13 30 48
GROUPS

CSSG 11
" " " " " 1

'CSSG lU " " " " " 20
CSSGg " " " " 1 147
CSSG " " " 1 13 506

'CSSG 7
" " 1 5 55 855

CSSG6
" 1 6 7 94 692

NCSSG,'j 1 5 9 3 60 238

NCSSG-t 5 4 4 - 12 30
CS~ \~') 4 - - - - 1

•
TCSSe 10 10 20 16 235 2490

-
Table 3, Times of program running

N Ul\lBER OF TRAF. 5 6 7 8 9 11 13 16
STREAMS

NUMBER OF SIG. GROUPS 10 12 14 13 30 48 72 198
MIN COMPLETE SET 3 4 4 5 4 3 5 3

•

RU -TIME 1 t t t 2 20 700 l\10RE THAN
2000

R UN-TIME 2 t t t t 5 7 70 180
R UN-TIl\l E :l t t t t t t 3 8

•

In 'I'able 3. the so lu t ion uf uptuu izutiun problem are shown. Run- times are given
1I1 seco nds , while ' t' m ' IUl S that the run - time is less than one s condo 'Run-t ime l ' is
the time needed for COl\lP progrum execu tion . 'Run- time 2' is the time needed for
MI A progrurn -xccu t.ion (this program find s all optim u m so lutions >. 'Run-t ime 3' is
the t ime needed fo r MINS program execut ion (this program finds only one optim um
solu t io n). ,
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- complete se ts of signa l gro ups,

- signal grou ps .

•

7. THE RELATIO OF PARTIAL ORDER OVER TH E
OF COMPLETE ET F IC AL CRO

The combinatorial nature of the complete se ts determina tion prob l m can be s " /1

from the rapid increase of the complete set number with the increasing of traffic
stream number. T his can be seen from Table 2, showing that the considered problem
is ruther complex.

By using tlie part ia f order relat ion (de fined over the collection of co mplete sets uf
signal groups) this problem can be sim plified.

The partial order relation is defined in the following way:

Rp': {(dndq)e .E x.E I (VD' edr)(3D" e 'q) D' ~ D" }

- collection of all com plete sets of s ignal gro ups,

where a is signal plan st ructure, i.e.
r ,» k K )0'= I II , Il - , ... , Il , ... ,Il

where:

S.Guberinic, S.Minic Mit. rovic I Signal grou p: delinitions and algorithms 233

Application of this rela tion for choosing the complete set of signal groups. is
explained on an intersection example, sho wn in Figure 5.

In Figure 6 the graph of rela tion R
p

is shown , defined over collectio n . In the

circles, which represent graph nodes, the denotations of appropria te complete sets of
signal groups are entered. Nex t to each node, the maximum volume valu es a re
indicated. too.

Each of these values is the solu tio n of the optim izat io n problem of finding signul
plan while maximizing volume throu gh the in tersection presented a t Figure 5.
Difference between values is the consequence of differen t choice of the complete set of
signal groups. The problems are solved in the occasions of congest io n a t the
intersection (the flow passing one sto p line during whole green in terval is equal to the
saturation flow) [5].

For the sake of exact statement of the optimization problem the signal plan 'L will

be described by the ordered pair:

and 1 is cycle split i.e.

- ( I 2 tk lK )1 -- t , l , ... , , ... ,
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--- -51

s = {s o ,s ,s ,s , s , s }
123 4 5 6

•

,

D = {s } D - { s ,s } D - { s,s, s}- -
1 1 7 1 2 12 12 5,

D = {s } D - ( s • s }-2 2 9 1 3

D = { s } D - { s , s }-
3 3 a · 1 5

D = { s } D - { s , 5 }-
4 4 10 2 5

D = { S 5} D - { s , s }-
5 1 1 4 5

• D = { s }
6 6

d = {D ,D ,D , D ,D ,D} d = {D,D,D,D,D} d - {D,D,D, D}-
1 1 2 3 4 5 6 2 3 4 5 6 7 7 3 4 6 12

d = {D,D,D,D,D} d - {D,D,D, D}-
3 2 4 5 G 9 9 3 G 7 11

d = {D,D,D,D,D} d - {D, D, D, D }-
4 23 4 G 9 9 4 6 8 10

d = {D,D,D,D,D} d - {D,D,D, D}-
5 1 3 4 G 10 10 2 6 8 11

d = {D ,0 ,0 ,0 ,0 }
6 1 2 3 G 11

Figure 5. :\n inter ecuon wi th complete sets of signa l groups

...__..... 91 .71

77 . 43

5 7 .54 49 .46 66 . 11

. 6 0

66 .08

66 .79

Figure 6: Graph of part ial order relation
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k e {1, 2, '" , K }

One component of s ign al plan st ructu re is a control vector (vecto r of control
variable values for some time interval in the cycle) that represen ts signal Lights
indications for each signal grou p in one time interval in the cycle:

k (kk k k )
U = III ,/l2, '" ,Uj , ... ,Ilm ,

-

k
U j =

where In is total number of signa l grou ps, and K is the number of contro l vectors

applied during the cycle and

1, for effective green for signal group D,

in the k - th in terval of cycle

0, for effective red for signal group D,

in the l~ - th interval of cycle

The exact statement of the opt im iza t ion problem for volume maximiza tion is [51 :

K
maximize I. c/ t k

k=1

subject to

( 1) control transition constra ints:

h( mod K ) -I r k
u ': ,Il, vk e T

Vi e V= 2 ,

the const raints of one gree n in terval dur ing the cycle:

K

I.
k=1

(2 )

( 3) minimum green time cons t ra ints:

K
I.llt tk

;:: gIn, Vi e V
k=1

(4) minimum intergreen time const rain ts;
p -I
~ K - (K +q -h llmodK ) >
L t -
q=o

1\

K - (K +p-k -'l )(modK ) _ k - 0
1\ Il j - Uj - 1\

kf mod K )d r K-(K ~ p- k )( mod K )
I\ Il IC sll ,

Vi, j e V}

J ( k hi /II odK ) + I)
V /~ E T , Vp E . V U ,U

(5) neuative intercreen time constraints:o 0

K
I. tllf Il; ) tk s Zi j , VZi j < 0 ,
h=1

Vi , j E V
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(6) cycle duration constraint:
K

It k =c
k=l

where K - the number of control vectors applied during the cycle
I

Ck = I 'l-j (uk) ut
j = 1

1 - the number of traffic streams in signal group Dj

~/Uk) - is the sum of the sa tu ration flows of the traffic st reams

.. belonging to the signal grou t> D j

T = { 1, 2, ... J< }
V - the set of signal group indices

gi - the minimal gree n t ime for signal group D j

Zij - the minimal intergreen time between traffic streams si and S)

C - cycle

:; ( k k(mod K ). I ) _ I 1 'J P ( k k(mod K ). 1 )
C' U , U - ) • -, ... , u U , U

l

p. ( k k(mud KITl ) _ .
L'\.. U , U - In ln max z · .

I J I II ~(mod K )+ 1 = 1
J

1\

I\ [UJ=O];i,}E V},

K - 2}

'r'he constraints (1) are defined by the cont rol transition qraph:

Gs = .u; f )

where V( is the set of feasible control vectors and f s is mapping

r ; V( - V' (V( )

This mapping defines the correspondence between each contro l vector Ilk and the
set of all cont ro l vectors U k

+
1 which cou ld be the next in the signal plan, That im plies

tha t t he problem of sign al plan optimiza tion is the pro blem of finding the optimal
closed path of the cont ro l transitio n graph.

T he set of solu tions of such formu lated optimization problem makes possibility to
analyze the influence of choice of diffe rent complete sets of signal groups to the value
of the chosen per fo rmance index. This is the conseque nce of t he fact that change from
one com plete set of signal grou ps to the another is equivalent to adding or de leting the
constra in ts im plying the control of two or mo re traffic streams by the same
iudicutiuns .

On the Figure 7 are presented con trol t rans it ion graphs for 3 complete sets of
s lgl la l gr ou ps of the intersection it Figure 5, The graph (a) corresponds to the
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com plete set of signal groups d1, when each traffic stream is one signal group. The

graph (b) cor responds to the complete set of signal groups ds . This graph is subgraph

of the graph (a) .

The difference in the optimization problem formulation for different complete
sets of signal grou ps is in different set of constraints. The optimization problem

constraints for the complete set of signal groups ds are getting from the optimization

prublem constraints for the com plete set of signal groups d1 by adding the constraint:

k k I _ I I') K 1
112 =115 , rl t: \ , -, .. . , j

-
Because of that constraint the cont rol transition graph for the com plete set of

S II,'1 lUI groups <15 (graph (b) is obtained from the control transition graph

corresponding to the com plete set of signal groups d}deleting all nodes where

t ll 2 = 1) A tll s = 0) v tll 2 = 0) A (u s = 1)

I t means that in the control t ransition graph are left only nodes with the property

til .) = 0 ) A tll r. = 0) v tll2 = 1) A (Il r. = 1)- .., o

When , now, this new set of cons tra in ts is exte nded by adding the const ra in t

I k I k I , - I 1 oJ K l/1 = / 3 , r: t: \ , - , .. . , J

the opt imization problem cor respondin g to the com plete set of signal groups u g is

obt.iined. The cont ro l t ransit io n gruph fo r that com plete set of signal grou ps is given as
the case (c) on the Figure 7.

On a ll graphs sho wn in Figure 7 optimal signal plan structures are marked bold.

T he input data into program which so lves these optimization problems are: cycle
time t90 seco nds ), the sa tura t ion flows, minimal effective green time and minimal
effect ive intergrecn t imes. T hese data are given in Table 4. and Table 5. Minimal .
effe ct ive in tergree n time OJ j in Table 5. is the minimal effective intergreen time
necessa ry for situ a t ion when t raffic st ream s . loses right- of-wav while traffic s tream s .

I • J
gains right- of-way.

•

TRAFFI C STREA1\l s , S" S'l S s~ s

SATURATI ON FLOW (veh.h) 1850 1650 1620 1650 1600 0
1\1IN l1\ lAL GREEN TIME (sec) 20 15 15 15 15 16

r!'L'l bl 4 . lnou t data I - sa tu rnt ion flows and minimal effective green times
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SI S" S'l S S<; s'"
s, 0 0 0 4 0 4

s" 0 0 3 5 0 0
s.., 0 3 0 3 5 2

s. 2 1 2 0 0 2

S<; 0 0 1 0 0 0

s", 8 0 4 8 0 0

Table 5. In pu t data II - minimal effect ive in tergreen t imes zIJ

By resolving those optimization problems we obtained following results:

The com ple te set of signal groups for which the greatest maximum volume value

is attained is the complete set dg, if the complete sets with minimum cardinal number

(there are 4 of them) are considered. On the graph shown in Figure 6 all pa ths

between node ell and node dg are marked bold. In such a way one subgraph is formed

(shown in Figure 6). T he choice of the complete set of signal groups can be narrowed
to t he nodes of this subgraph only. In the example, since the relation R p is applied, it is
su ffic ient to calcu late seven maximal volume values instead of ten.

8. CO CLUS IO

In this paper the exact definitions of signal groups are introduced. For tha t reason
the relations defined over the set of t raffic streams are analyzed. These relations are
based on t he informa tion obtained from intersection geometry, traffic process and

regula tion laws.

The introduction of the graph of identical indicat ions gives possibility to
determine all signal groups as the cliques of that graph. Serne collections of those

cliques form the complete sets of signal groups.

Three algorithms for finding com plete sets of signal groups are presented. Their
application on real intersection has shown that the choice of complete set of signal

groups is a complex combinatorial problem.

T he partial order relation is introduced by which this problem can be sim plified.

The results represented in paper tin Figure 5) show that the maximal flow
vo lu me through t he in tersect ion significantly depends on choice of complete se t of

signal groups.
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