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AbstracL We give the cond itio ns under whi h the value f u

consists of n identica l graph joined at one or two points, whe re

strategy hln on every single graph, i n t imes grea ter or equal then

one graph. This gives the possibility tha t u ing the va lue of the garru

obtain the value on th e union of more identica l graph.
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1. INTROD UCT ION

Let Q be a co nnected graph wh ich con. ists of a firutc u b

) n

a th ree dimensional Euclidea n pace . he edges inter ect 0 1 •., I ) 1 I

Consider the next search game of two playe r : searcher and h c c

starting point of the ea rc her. The hider choose any point H on or c •

L 1t t d

, L II ( III

1

th is po int - th at is a pure stra tegy of th e hider. A pure tl tL ">. \l lilt

con tinuo us trajecto ry S with ve loci ty not exceeding 1, i.e. S :[O,ex ) ~ ( (

I

I I

. ,

t I r I lUI

length amo ng all pa ths in Q wh ich connec t zl and z2' ince tnc \- ,j I' I 1l1nlO I II

obvious th at th e sea rcher wi ll a lway use the maximum velocity I I hL P v- «( •II ) th

hider is th e time spen t unt il the hide r i. captured. Denote by 7 ,) (1 I III 't (I II 1 I[

searcher (hide r) stra tegies. A mixed sea rcher stra tegy s is a rando m chorcc . m, Il!' h: purl
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strategies, while a hider mixed strategy h is probability measure in the graph Q, that is to say

a mixed strategy s (h) of the searcher (hider) is a regular Borel probability measure on the

set of all pure strategies. If the players use mixed strategies, then the capture time is a

random variable, so that each player cannot guarantee a fixed cost but only an expected cost
•

c(s,h). Denote the set of all mixed searcher (hider) strategies by Ts (Th), The maximal

expected cost v(s) of using a search strategy s: v(s) = sup c(s, h) = sup c( s, H) will be
he1h «an

called "the value of strategy s", and the minimal expected cost v(h) of using a hider strategy

h: v(h ) = inf c(s,h) = inf c(S,h) will be called "the value of strategy h. If there exists a
seTs S eTS

real number v which satisfies v = inf v(s )= sup v(h), then we say that the game has a
. s eTs heTh

value v. Gal has proved [4] that any search game on a graph described above has a value

and an optimal search strategy.

2. SEARCH GAME ON THE UNION OF N IDENTICAL GRAPHS
JOINED AT ONE POINT

Let nQ be a graph which consis ts of n identical graphs joined only at the starting

point 0 . Let C be the value of strategy h o n a single graph Q, i.e. C = min c(S, h), where
_ S eTS(l )

the min imum takes place over all pure search strategies on one graph TS(l). This minimum

is attained because the set TS(1) is compact [4] and c(S,h ) is lower-semicontinuous funct ion

of S. The hider hides on n graphs using "the same" distribution function h(x)/n on each

graph. From now on, for computa tiona l convenience, we will take the probability measure

on II graphs as n. At the end of ca lculatio n, we have to d ivide the result by n to obta in the

right value. In th is case the hider uses the probabil ity distribution fun ction hex) on each

graph.

Le t the earcher use some pure search trategy S o n II graph . We ca n repros ent

this trajectory in the fo llowi ng way S = (ffJ 1 iD 2 iD 3 iD " iD 1 iD 2 .o 3 iD " iD 11 ' VI ,v- I ' ... , v- I ' v-2 ' lT2 ' v-2 ' ... , v-2 , . .. , v-m '

f in 2, «: ... ,f m" ) , where the ffJ/ represen ts the given i- th part of the trajectory on the j-th

graph. Each part f / (except the last) begins and ends at the starting poin t 0, because the

sea rcher has to pass thro ugh th is point whe n he cha nges the gra ph. Denote by T/ the

length of the accomplished path which correspo nds to the part ffJ/ and by j>/ the tot al

,
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probabil ity d ispo sed o n this part of th e trajecto ry whi h has no t been d isco ver cd before ,

namely p/ = f. I dh(x) where the in tegral tak e: p lace over undi cove red poi nts. For
~

example, suppose that the hider went along one a rc th e fir t time from the point to the

point A(a), which ha a distance of a fro m 0 along thi arc, he came back (de note this

individual trajectory by UJa) and after some time he goe along the same a rc the eco nd time

from the point 0 to the point A(P), P> a and come back, (deno te this ind ivid ual trajecto ry
•

by UJp , UJa and UJp overlap on the egment between 0 and A(a) a long this a rc), then we have

Pp = ~( jdh( x ).a,p
Denote furth e r by

•

cP! P! "j ... pri the mathematical expecta tion of the time nece ary to find an object o n th e

. .. .
j-th graph if the searcher use th e trajecto ry := (UJ/, UJj , UJJ , ... , UJ,j) and the hide r . trategy

h, i.e. C,,! p! Pj ...Pmj = c(UJ!. UJj. UJ.j. .. . , UJ) , h).

l)IEOREM 1. Let us have n identical graphs joined only by th e ta rting point 0 of the

searcher and th e hider uses the same probabi li ty di tribu tion function h(x)/n o n every graph.

If the va lue of stra tegy h on a single graph i C unde r co nd ition that infT, /P, ~ 2 , where
~

we took infimum ove r a ll po sible combination of th e parts UJj of the trajccto rie , which

begin a nd end at the point 0 , then th e value of irategy II on IIQ is grea ter or eq ua l to II .

PROOF. Let us choose a ny strategy of the searcher :S = (UJI
I, UJ I

Z,UJI3, ... , UJ l
n

, UJZ
I , UJZ2, UJz

3, ... ,

UJt ' ... , UJm I, UJm Z, UJm3, ... , UJmn) , where the upper index de igns the number of th e graph .

The searcher sta rts from the po int 0 , moves along th e part UJI ) of the trajecto ry S o n the

firs t graph, then switches to the second graph and moves along th e part UJ I
Z, switchc to the

th ird graph and moves a long the part UJ )3a nd 0 on. It i po sible th at a ny individu al

•

trajectory UJ/ might be e mpty, with the co nsequence that

fo llowing eq ua li ties:

.
TJ =,

•P/ = O. We have the

m .
'IP/ =l ,
;= 1

j = I ,... ,II ( I )

••



I ow it fo llows easily: c(S, It) > /1 2 C. Since the total measure is 11 , d ivid ing by 11 we

wi ll obtain the desi red result.

•
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•
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n.C + (because Vi = 1,.. ,m, j = 1,.. ,n,T) > 2CP) ,except i = m,j = n)
I I

m

. c(S ,h) = L: J
i=1~l

I

m

L:J
i=1 0> 2,
m i i i-1 t-t
"L f "L Tk1+ "L Tk2+ "L Tk3+... +"LTk" +t dh(t)+... +
i=10'.3 k=1 k=1 k=1 k=1,
m iii i -t

"L f "L T/ + "L Tk 2 + "L T/+.. .+"LTk" +t dh(t) =
i=IO'.~ k=1 k=1 k=1 k=1

I

Cll 1+C 2 2 2+ C 3 3 3+..'+C~~ .o~+
11'1 11'2 •••11'WI 11'1 11'2 .••11'WI d'l d'2 •• •11'," d'l d'2 ••.V"'"

m k-l k-l k-l k-l
"LTk

1 n-l- "Lp;2- "Lp;3- "Lp;4_ ... - "LP;" +
k=1 i=1 i=1 i=1 i=1
m k k-l k-l k-l
L:T/ n-l- "Lp;I - "Lp/ - Ip;4_ ... - L:Pt +... +
k=1 i=1 i=1 i=1 i=1
m k k k k
"LTk" n-l- "Lp;I- Ip;2 _"Lp;3 _... -L:p;"-1 ~
k=1 i=1 i=1 i=1 i=1

(because of ( I ))

= (11- 1) (n-2 ) /2 + 11 -1 = 11 (11 - 1) /2

Let us denote the expression in the brace by R(n ). We will prove that

R(n ) = n (n- ]) / 2 by induction. It is easy to see that R (2) =1. Let us suppose th at

R(n- l) = (n- l ) (n-2) / 2.
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(3)

(4)

(2)

•

C =min !nJ c(S,h) , l nf c(S, h) .
SeTSo(l } SETSo·( t}

the point 0 (0') and it is allowed for him to jump fro m one

trajectories on one graph , where the searcher sta rts fr om

TSo(l) ( TSo·(l) ) i the et of a ll pu re sea rcher

end point 0 or 0' to another end point.

Search game on the un ion of graph.

3. S ~ A R H GAME ON TH :. T[ON OF 10 ~ TI ~ L 1 APII S
JOIN ~ O AT TWO POINTS

distribution fun ction liln o n every si ngle graph is n time grea ter or equa l than the va lue of

trajectories where the searcher . ta rts from the poin t 0 (0') and come. to 0 ' (0) .

l)IEOREM 2. Under upper cond itions (2), (3) and (4) , the value of tratcgy II on the union of

The proof i identical with the proof of Theo rem I.

and 0 ' and it is a llowed for him to jump fro m one end poin t to ano ther.

Suppose that

strategy II o n a single gra ph unde r condi tion that the searcher can start from the point 0

unusual strategies.

where the index i corresponds to the parts of the trajectories where the earche sta rts fro m

the point 0 and comes back to 0 , IJ'j correspond to the parts of the trajectorie where the

searcher sta rts from the 0' and comes back to 0 ' and IJ'k co rrc pond to the pa rts of the

We have to take into consideration the stra tegies where the jumping fro m o ne end

point to another is allowed, because the graphs are joined only by two poi nts 0 and 0 ' and

the searcher can switch from o ne graph to ano the r only at the e points, which crea tes

11 identical graphs joined only a t two po ints, where the hide r use the . arne probabi li ty

Le t us suppose that we have 11 identical graph jo ined o nly ar two poi nt.'> 0 a nd 0'.

where the point 0 is starting point for the earche r. Let:
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In the case when a single graph Q(2) has two arcs of equal lengths which join two

points 0 and 0' and the hider uses the same strategy h/2 on every arc, condition (3) is

transformed into (3'):

is the set of all pure trajectories on
•

the one graph, where the searcher starts from the point 0

(0') and it is allowed for him to jump from one end point 0

or 0' to another end point, but only after returning to the

initial point

(3')

Initial point means end point 0 or 0' ; at the beginning when the searcher starts

from the point 0 (for example), the point 0 is the starting and the initial point, but after

jumping to another end point 0', this point 0' becomes the initial point and so on. It is not

possible that the searcher, who left the point 0 and arrived at the point 0', sets off again

from the point O. The searcher, who left the point 0, arrived at the point A(a), which has a

distance of a from 0, returned to the point 0 can jump from 0 to another end point 0'.

Because of the symmetry, we can always choose the arcs in such a way, depending on the

searcher trajectory, that is not allowed to leave the point 0 (0') , arrive at the point 0 ' (0)

and start again from 0 (0').

At first, we eliminate all searcher trajectories where he goes twice along the same

arc from one end point to another using the next lemma. Let Q(k) be a set of k

non intersecting arcs bel), b(2), ... ,b(k), of equal lengths which join two points 0 and 0'.

Then, we have:

L EMMA 1. In the game on Q(k), a pure searcher strategy 5 where he goes twice along so me

arc h(i) from one end point to anothe r and then continues moving along some trajectory 3s

is dominated by a pure searcher stra tegy 5 ', where he follows the strategy 5 up to the second

passing ove r arc b(i) and , instead to go over arc b(i), chooses the first unexplored arc, goes

along it to the seco nd end point and co nti nues moving following :}5 '

P ROOF. Let H be any pure hider stra tegy, namely the hider chooses one arc and hide at a

point H of it. If the point H is on an arc different from the arc which the sea rcher has
•

chose n in the stra tegy 5 ' as the fir st unexplo red are, then c(S' . H) = c(5, H) , otherwise

c(S' . H) < c(5 ,H) .
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Let us come back to any "reasonable" strategy S of the searcher on nQ(2). At the

moment, we neglect "small" loops (different of 00'0 and 0'00') which the searcher makes

following S. The searcher arrives at the another end point A' (in general case) , comes back

to a and so on. The first time, when he makes loop 00'0 or 0'00' moving along two arcs,

we will say that these arcs form one graph and so on.

4. PRACTICAL USE

We will give one consequence of Theorem 1.

CoNSEQUENCE 1. If the symmetrical mixed strategy hex) of the hider is optimal in the game

on the graph Q(2), which contains two arcs of unit length which join two points a and A' (0

is the starting point), then the strategy h(x)/n on every graph is optimal in the game on n

such graphs joined by the point O.

PROOF. To prove it we will take any strategy Sa.' where the searcher starts from 0, goes

along one arc (equiprobably chosen) to the point A(a) which has a distance of a from 0 ,

comes back to a and then goes along the other arc to 0' and continues to A(a ). The graph

Q(2) is Eulerian and the value on it is equal 1 [4].

1 <c(Sa,h) (because nlr] is optimal)

= J[O,a. jtdh(t) + J[O ,1 j(2ex+t )dh(t )+J[a. ,1 ](2ex+2 -t )dh(t)

= J(O,a.jtdh(t) + J[O,1 ](20. + t )dh(t) +

- J(O,1j(2ex+2-t)dh(t )- J(O,a. ](2 ex +2 -t )dh(t )

= 2 J(O,a. ]tdh(t )+ 2 ex + 1- 2 ex J[o.a.] dh(t) - 2 Iro,a.] dh( t) <

(because t < a, for 0 S t sa)

2 ex + 1- 2 J[O,a. ]dh(t )

•

thus, 2ex/J[O,a.j dh( t) ~ 2 , which mean s that h(t ) sa tisfies the condi tions of Theorem 1.

•
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