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Abs t ruc t. . Recent a d vances i ll uuuhcmat.k..a l progrnnu ning m e t hodology have in ­
eluded: r11·velopmeut of inter ior m ethods com pct iu g with the si mplex m ethod : lu i­
proved sim plex codes; vas t ly improved p erformance fo r mixed int eger progruuuuing
using -t rong linear progrnunning formulotions: a nd a renewed interest ill (11;:1' 0111 4

position, III addition , use of vec tor and parallel processing howe improved p er­
forruauce and influenced algorithmic d evelopments . Application... areas have been
expanding froru t he traditional refinery planning and dist ribut.ion m odels t o include
finance, sc hed uling, umuufcct uriug, manpower planning. and m any o t her area s. \Ve
see the a ccelcrnt.ion of better m etho-b.. and improved code. m oving together with
fast er, lower-cost , and more int eresting hardware into a variety of epplicat iou areas
and t herebv op enin g up new d emands.. for greater Iuuct ion of op t imization codes.
These new Iuuctions might include , for e xam ple, m ore powerful non linea r codes, d e­
compcsit ion t echniques taking advautnge of net work and o t her p rob lem-depeudeut
s t ruct u re s , and m ixed integer capabil ity ill quadratic and gene ra l nonlinear prob­
lems , Stochas tic scen a rio programming and multi-time p eriod problems are becom­
ing solvab le and op en up applications ami algorithmic chal lenges . T he O p t imizat.i ou
Subroutine Library has help ed to e ccelcrnt e these changes, but will have to continue
to change and ex pand ill wa ys t ha t will be touched u p on ill thi s paper .

K e y w ord s a ll d ph rase s : m a t hemat ical p rogranuu ing , lin ea r progrannuing ,
m ixed-i II I eger prog ra un ui IIg , deconu .oslt ion

A J\lS Su bj rcl Clossifice tion: 90 C xx

The Edit ors of Y UJOH ar e t hankfull to 18 :\1 Systems Journal for the p ermission to repr-int
thi ... paper Irom IBM Systems Journal , Vol. 3 1, No . I .
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1. INTl to LJ UCTI O N

Linea r p ro~ra ll ll lli llg g rf'w o ut o f wo rk begun during the 19:10 \ in transpor t. n­
t iou pro b lene- hy 1\ <\ II t.o ro vich , ga llle theory by Mo rge ns t ern and Va ll Neu man n ,

.uul inp u t-o utp u t 1II0del , hy l.eont n-I. III the late 19,10 \ , Da ntz ig de fi lled t he g,' l1­
f'ral mod..·1 a nd proposed the si m plex un-t hod for it s solu t io n . III t ill' 19:,0 '5 codes
WNt' developed a t se vera l plan's iucluding the Ra lld Corporat.ion a nd t lu- Nat ion­
al Hun-au of S ta nda rd s. III I he Itl liU 's severa l co n u uc rc ia l codes were developed ,
m a in ly fUf oil com pa n ies or e ven ill SO IIl(' cases wri u.en by o il com p a n ies. Linear
progr.u uming was .k- ve lo ped a nd lI a" grown i ll parull el wit II co m p u te rs, 'T he husi ­
IIt ' S :-' of developiru; and :o:ellillA linear prograuuniug codes has been a couu uerc ial
success for for ty years even without coun t.i ug th e hardware cos ts needed to solve
I IIP p rob l-ms . A ppl ica t.io ns an-as have b ecom e more diverse a n d today in clude

transp orta tion . distri bution . mun ufac t u riug , sc hed u ling, liuau ce an d m any o t hers .

It :" iruport auce ra n he SI e n from t hc fart that a Nobel P r ize ill econom ics was g iven

to L. V. I\an torovich aud T. C. I\ OO PIII ClII:" fo r work ill linea r prog rnuuuing.

A/a. tilt m al u al program",mg rofors to that part of iuathemat.i cal o p ti m izntion

con ccr ued wit.h opt im izj ng (u iaxu uiz ing profit Of iu inir n iziug cost , fo r exa m p le]
SOllie o bj ec ti ve function subject to coust ra iuts . Tilt' word program o r progrnuunin g,
as III linear p rog rrun , cu rne Irorn t. 1H' 11:;(' of t.ln- word i ll til e 1940 \; as a sy nony m
for plan ning o r srlwd lliing and doc's not. r.-Ier to co m p uter prograu u uiug , a lthough
lI1 alllC:' llIat.ica l pro~rallllJ) in p; g row l h has heen in p a ra lle l with the use of co in pu t­

l'rs. A rn nt hcrua tica l prog rau uuiug prob lem is a l i /l t'ilr' l'rog l'am wh en t.h c o hjec i.ive
[u nc t.iou is li uear alld I lu- o n ly cons t.r. iints a re linea r pq ll a t i o ns a n d iuequn lit ics . '

t\ st.:HHlard form for lin ear p rogr.u ns i ~ linear eq ua t.ions in nouuegat. ive va riables ,

i .» AJ· = b, r ~ U. (J llfl tlm lu' p1'09"" "'1II11I 9 usua lly means a linea rl y co us t.ra iued
probleiu wit.h a rOIlVt>X, qu adrnri c o bjec t ive, while /lOUllll t'(J1" I'rog l'U 1IIJlllU9 is II spd

to r-eve r any problem h a ving linea r or uouli nea r cous t.ra iuts o r o bjec -t ive fun ction .

[ nl cq: r progm", 'i arf' typi cally liuca r programs with t h« addi t io na l ca ns t rai nt that

:OB It" ur all of I lu- v.uiablcs of lilt' problvr u III lis t t.ake 0 11 integer values . ,\I'l'('d
w/ f'!Jfr 1,,.ugralll'i ha n " som e iu tcger variahlf>S a nd so me va riables 1I0t constr a ined
10 he int oger , so nu- t.u ues ca lled nml;uuuu'i »ariabl,» . •\I ' l'(·d 0- 1 1, n~g nJ Hl refers t o

a lUi:t'd iutl',C;t>r progrru u ", III're the illteger vari a bl es a re addit ioually const.ra ined

I u only I akp 0 11 valuf's pit her U or I . "Pure" ill plan ' of "m ixed" denotes prob­

lems whore then- art~ o n ly ill tt'bl· r variables . TI lt' I IIOSt. important. class of integer
progranuui ug pro l> ll 'l lls is tilt' ur ixcd 0-1 problem , a nd t.he 0- 1 va rinbles typi cally
fl ·prc~sellt. clluiCt' va rinhlcs : ei t her so me ac t.i v it v j:; clone ur not done.

•

The t·a.s il':' t. o f 11 11':"1' p ro h h-u. s to solve a rt' linear programs , and th e s im p lex
IIlf·tllod is ti lt' classica l ruet.hocl . Ite(,'('lI t ly, int e rior po ilit. algorithllls have beg ull t o

com pl't t> witll ti ll' :,i l llp lt'X IIH:'thod , I II prac t ice, prohll'lliS wit.h tellS o f t. ho usand s

of ('q ua t iOB s ill h Ulld reds of t.ho llsa nds o f va riah lt's r a il he solved ill rf'a~onable

tilllPS, f' ay IJ IIP o r t \\'o !lo u rs 011 a IlIa in frall lP or p owerful workst a tion . Q II .lt lrat lC'
pro~raIll S , of tilt' COII Vf'X typP for lIlill ill liza tion , af(~ a lso fairl\" eas\' t o so lve. ~I i xed- -
illt .'gf·r pr0J.,!;raJlIs r " n take II1l1 ch 1 0 1l~e r , alld rUlln illg tilJ u's a re IIl1lCh lJIore vari able
d..p('ltdillg 0 11 prohh'lII t.ypP , fo rlllll la t.ions . and e flicie llcy of cod('s . III practice,



Recent Deve lopments and Future Directions ill Mathematical Progr nru ming 14 5

branch-and-bound is the method em ployed .

The nonlinear area is also dimwit in genera l, and one where spec ialized codes
have been developed for certain classes of problems. Commercial codes have tend­
ed to avoid nonlinea r progr am ming because of t he lack of robust , gene ra] purposc
methodology. In pract ice, linear approximati ons a re freq uently em ployed, some­
ti mes in a seque ut.i a l manner in order to at least obtain a loca l opt imum.

III sect ion 2 1 we sum marize several application areas that. have motivated the
development of mathematica l programming methodology and com pute r codes . In
turn , rerent advances in methodology and improvements in codes have opened
up new possibilities for so lving SOme of these problems. We discuss the types of
mathematical programs invo lved in each app lication area.

Section 3 presents a ver y bri ef sum mary of recent advances in linea r progr am­
ming. Section 4 presents the methodology beh ind the s trong linear progra mming
formula tions of mixed integer progr ams. These rerent ad vances in MIP methodol­
ogy have yielded very impressive computa t iona l resul ts. Section .5 d iscusses recent
developments ill decourp osition and column generation which are impor tant for
solving large-scal e LI" s and 1I111" s.

There are three reasons why we have chosen to emphasize mixed integer pro­
gramming decomposition column genera t ion. T he first is that in this volume linear
programming is covered in great detai l by Tomlin ( 199 I ) , Forres t and Tomlin ( 1991)
and quadratic programming is presented by Jensen and King ( 199 1). T he second
is t.h a t MIl' and decom position a re our a reas of specializntion and current interes t.
Finally, we believe that some of the most signifi cant current and future ap plica t ions
lie in these areas.

2. APPLICATION AREAS

The oldest exte ns ively used and large sca le applica tion is in the pe t roleum
industry for blending crude oils in refinery ope ra t ion to produce a desired mix of
final products. T his appli cation is widespread and important en ough that virt u­
ally every oil company has some linear program ming model in use. T he problems
typica lly have some nonli near compo nent and some type of linear a pproximations
are used . a ile of the techniqu es employed is sequentia lly so lving linea r programs,
and another is piecewise linear funct ions. Distribution problems also are sometimes
incorporated into the model or are solved separately.

In genera l, d istribution problems are a lso widespread . In some examples, pro­
du ction pla nning is incorporated into the model. The product ion-distri bu ti on mod­
el a Genera l Mot ors (J ohnson et a i, 19 .5) includes a mixed integer model for
planning ch.uigeovers in production togethe r with an aggregated distribution for
shippin/( the cars produ ced . The 0- 1 variab les in the mixed integer model are
cho ice variables havillg t.o do with cha ugcove rs . The p roblem , generally speaking,
is tha t d"1I 1H11l1 patt erns change ac ross till' count ry and production must change to
meet deman d. T he opt.i m iza t ion problem deterrui ues how to meet demand g iven
cu rrent production ("(lpnri +y, costs of chang-overs, and shipping costs .
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Another widely used model is multi-product planning with single-sourci ng re­
strict ions at warehouses or distribution centers for shipments to customers. ln this
model , 0- 1 decision variables are used to decide whi ch warehouse will supply a given
cus tomer. The example at Frito-Lay (Mairs et al , 197 ) was an early indi cation
of the co m putat iona l advantage to be obtained by refortnulation to gin'> a st ronger
lin ear prograuuuing relaxation .

Distribution prob lems with out m ult i-product single-sourcing a nd withou t a ny
additiona l cons t ra ints give linear progrums t hat a re network fl ow problems. A
networ k fl ow prob lem is a lin ear program where every variab le is a shipping va riab le
from a n origin node to a dest inat ion 1I0de. The important fact a bout network
fl ow problems is that th ey ca n be solved by specialized sim plex codes mu ch fas ter
than by using a general linear prograunni ng code . In net work fl ow problems wit h
additional cons t ra ints, decomposition methods ca n take advantage of the network
fl ow structure by solving subprob lems m ore qui ckly as network fl ow problems.

The finance area is one when" there are great advantages to using optimization
soft wa re, and as faster , easier- to- use soft wa re becomes available the usage could
increase drruuat ically. The classical work in this area is the Ma rkowita model for
portfolio select ion. Markowitz (19;'2) developed a model for balancing risk a nd
return in se lec t ing investments. The model leads to a convex quadrati c problem
where the quadratic part is the matrix of covariances of the returns from the va rious
investments . If one ignores risk , then the bes t investment is to put all of the
avai lable money on the one with highest expected return provided t hat t he only
cons t raint is a budget cons t raint. W ha t th e Ma rkowitz model t ries to do as an
alternative is to keep expec ted return high , but diversify investm ents by looking
for invesuueuts I hat m ove cou nter to eac h other or at least independent ly of each
other. T he resu lt iug diversified port folio is less likely to have major deviations form
the expected return . Recently, t here has been acti vity in extend ing the m odel to
mu lti -rime periods and mult i-so-na rios [Jensen a nd King , 1991b) in order to take
into account dy nam ic aspects of tlt ~ problem and m ake the solutions more robust
in responding tu various possible market rno ....ements.

An other Iinauce model lI ~("S a lia bility matchi ng model for investing m oney in
fixed incoru- sec uriu ~ such as high-quality bonds in o rder to generate a revenue
s tream QVP f I ime that meets scheduled liabilities. This model can be used to invest
money getJl"rate d Iro rn a bond issue HI order to meet scheduled co nstruc tio n costs,
but. g p!lt' r oI1 t' as 1II 11ch revenue as is safely possible from the ex tra. Inane)' un t il it.
is needed . 'I his model leads to a linear, ra th er tha n q uad ra tic, program since the
safety fa r t.ors a re genera lly inc luded as constraints .

There have li-e u optuuizut ion models in use in energy planning for mauy years ,
exam ples include models involving cru de oil allocat ion , power gc ueret ion planning ,
and coal allocation ~Ios t of t he problems are linear programs with some integer
res t rict ions in SOIlIP. models Large problems call he usefu l and can pro fi t f rOITI

vast ly redu ced run ning times using new software and hardware.

Recent work III tltp ai rline industry has received mu ch attention . Crew plarung
(Anbil et al , Inni a ,b ) is an acuv- a rea. Until recent ly, ·,11 codes used " suhop-
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t.imization app roach , and only recently and only in some codes was any linear or
in teger prograuuuing used and then only for subpro blems . The power to be ga incd
from a global approach has only been possible to reali ze as a result of hetter linear
programming codes to so lve the difficult set partitioning linear programs.

Another airline application of mathematical programming is fl eet assignment
(Abara , 1989), The term "fl eet" denotes a typ e of plane, such as a 747 , and the
fl eet assignment problem is to ass ign the most profitable fl eet to the fli ght legs in
a sched ule in such a way tha t the planes can be sched uled and maintained . This
problem must be so lved before n ew planning, but after scheduling fight legs or
routes. Once the fl eets have been assigned , the individnal planes must be routed
with maintenance sched uled . Then the n ews pairings can be formed as part of the
n ew-pairing op timiza t ion .

This brief sum mary of major appli cations areas illustrates th e diversity and
irnportauce of mathematical programming models. We now turn to computa t ional
ad vances making such models more tractable.

:1. LINEAlt PROGRAMMING

Until recently, t.he algorithms used in commercia l mathematical programming
sys t.ems had hardly changed from the original systems developed in the late 19.50's
and 1960's. The two basi c a lgorit. hms - the simplex method for linear programs,
and branch-and-bound for mixed-integer and piecewise linear prograrns , solved by
the sim plex method and partial enumera t ion , - remained the mainstays . While we
st ill rely on the sim plex method and branch-and-bound , in the last five years major
advances have taken place in the computa t iona l aspec ts of the sim plex method and
substantia l progress has been made in avoiding branching rather just coping with
it elllc ient.ly. In addition , int.erior point methods now offer serious com pe tit ion to
simplex methods,

SIMPLEX M ETHODS

The art. icle by Forrest. and Tomlin in t.his issn e presents recent. computa t iona l
adva nces and th e a rt.icle by Goldfa rb and Todd ( 1989) provides an in depth sur vey.
Wc will on ly mak e a remark ab ou t th eoreti cal results on the' running t.ime of the
simplex method. In the worst case, it. can perform quite poorly. Klee and Minty
( 1972) give a family of problems whose feasible region is a distorted hypercube and
for which choos ing the variable with grea test reduced profit to ente r t he basis cans­
es the simplex a lgorithm to visit a ll of the ver ti ces of the t ransformed hypercube.
These nega tive results have been ext.ende d to other variants of the simplex algo­
rithm and to some spec ia l cases of LP including network fl ow problems . However , it
is not known whether there exist.s some variant of t he simplex algorithm that runs
in polynomial time for general linear programs, but such polynomial-time variants
for network flow problems have been obtained (Tardos , 19S.5) .

On t he positive side. the expected behavior of the simplex algorithm is quite
good . Under various probabilistic assumptions, it has been shown that the average
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number o f iternt.ions is bounded hy a low dl'gwf' polynomial ill III and II , ( Borgwardt ,
1987).

EI.1.II' SOJD A LGOlllTII ~I S

Khachinu (IU7U) s howed that an a lgor it luu developed for no n linear progra lll ­
lIIing could he ad aptt>d t.o linear progranun iug wi th a polynomial t ime LOHnd on
its running time. This was a remarkable result s ince th e ex is tence of a polynomial

tillH' al goritluu for linear proJ.,!;ralllllling \\'a." cons idered at th e lillie t.o he o ne of

the most irupor tnut unsolved prob lems in com putnt ioua l com plex ity. Its a n nounce­
rucn t s ti m u la ted a tidal wave of research and papers , s..e Ula nd et a l , ( 198 1) for a
s u rvey whi ch ended d isappointedly with the con clusion that the e llipsoid m ethod
was a tot.al failure ill practice. The poor performance results were because th e
number of iterations are hou nded hy a polynomia l that invo lves til l? logarithm of
numer ical coefficients a nd t he a ct un l uum ber o f iterations Irequ en t ly is close to t he
bound . On the other. l1<uHI , t he ellipsoid algorith m has proven to 1)(" a very impor­
rant tool for proving theorems about polynomialiry in com b in a tor ia l o p t.i m iznt ion,
see (:rotschel , Lovasz and Schrijver ( 198'), s inc e it is capahle o f dealing with a n
exponent ia l nu mber of st ruct ured co nstrai nts .

The esse utia] idea of t lu- ell ipso id algorit hm is very s im p le and m ost easy
to describe geoll lP trica lly for a problem of determ ining whether a set o f linear
in equalities AJ' < b I" " a feasible solu tion , i.e . given P = {J' E fl." : AJ' < b},
det.ertniru..~ whether P is noncmpty. \Ve assume for simplicity that if l ' is nouernpty
t hen

I . P is bounded and thercfo rc is contained in a hypersphere S'u of radius R
centered at r O. and f{ and .1:0 are given ;

2. P is full dimensiouul and therefore contains a hyp ersphere S , of radi us 7" cen-
It'ClOd at ,ro, a nd l' is given ,

Now let EO= S/I . To find a point in P o r to show that 1I0ne exists , t he algorithm

produces a sequence o f e llipsoids {Ck } of sh rinking vo llime such that each ellipsoid
conta ins P . At it eration k , we see if .r. k I the center of Ek is cont.ai ned in P . This
ca ll be do ne sim ply by checking a ll o f the inequalities by s u bst it u t io n. Now if a ll o f
the iu equaliries are sa t is fied, the prob lem is solved since ",k E 1' . If not, a violated
inequality n' '" < b;, is identified . Then P is con t a ined in the h a lf-ellipso id obtained
by int ersecting E with the inequality " ;',,, $ ";'rk. The ellipsoid Ek+I, which can
hr approximated with sufficient accuracy in poly nomial t ime , contains the half­
elli psoid and thus a lso contains P. T he im po rt.a nt resul t o f t h is construct ion is
that

vol( EH I ) j vol (E k ) < f-2( '~ ') '

This is a sufficient ly big shrinkage rate to guarant ee that after a number of iterations
t hat is proportional t o II and 10g( vol(Sn) ), the volume of the resul t in g ellipsoid is
less t han t he volume of S" in which case t.he problem must b e infeasible .

The e ll ipsoid a lgorit h m described a bove ca n be ex tended t o handle o p timiza­
ti on by a d d ing o bjec tive fu nct io n cu ts. In parti cular . Once a f..asible so lu t ion ",0



I"" been found , we add t.h e co nstra int CJ' > cJ'° and co nti nue. Now the procedure
will tcruu na te witl: an indicati on of infoasibility a fte r a n opt ima l solution 1".5 been
found . Ilut th is imp lies that the wors t case runn ing t ime is almost a lways ach ieved ,
wh ich expla ins the poor perform ance in practi ce .

Finally it, is important. to realize that the ellipsoid algori tluu only uses the
co us t ru iuts to test th e feasibility of the cente rs of some ellipsoids . Therefore if
the problem of determining whether the point is feasible ran he derided by so me
o rac le . 'HI explicit representa t ion of the constraints may not be necessary. This is
very importani ill comh inatoria l opt irniznt ion where we consider linear prog ra ms
wi th a n exponent ial number of cons t ra ints and make use of th e theorem , whi ch is
a consequence of th e ellipsoid algorithm, that says : for a family of polyhedra , the
se pa ra t ion problem of testing feasibility of a point and findin g a violated inequality
if the point is uot feasible ca n be solved iu polynomial time, if and ouly if for a ny
objec t ive fun ction the linear programming opt imiza t ion ca n be solved in polynomial
time.

INT ERIOR POINT METIIOD S

The com puta t iona l disappointment with ellipsoid a lgorit hms was not to be re­
peated with the next fun damen tal development in linear programming , wh ich was
the emergl'nce of interior point methods , Karrnarkar ( 1984) . In cont ras t to the
ellipsoid al gorithm , interior point methods have already demonstrated their com­
putational power as an nlternntive to the s implex m ethod in solving large linear
programs. It. is a n ex t remely act ive area of research , including a lgorit hm develop­
m ent a nd im plementa t ion. The developments from 1984-1 989 and th eir a ntecedents
a re ca refully t raced in the Goldfarb and Todd ( 1989) survey. l\larsten et al ( 1990)
provide a status report on com puta t iona l developments and results. Lustig et al
( 1991) gi ves co m put.a t iona l results for the code 0 UI, which at this time is gen­
era lly cons idered to be the best implementation of an interior point method , and
co m pa re 013' to a widely used simplex code. Tomlin (1 991) presents a su rvey that
em phas izes primal dual in terior point methods and its OSL implementation .

As sugges ted by the name, the bask interior point m ethod begins with a nd
maintains feasible solut ions through out in which all cons t raints are sa t isfied with
strict inequality. It requires a special end game s trategy to find an optimal vertex
if such a solut ion is required . The idea of m oving in a good direction through the
interior of t he feasi ble set is old . T he problem with such a n app roach is what to do
when a bounda ry is encountered .

G iven a feasible point x in the interior of P , the bas ic idea of Ka rrn arkars al­
go rit hm is a projecti ve t ra ns formation that m aps t he feasi ble region into itself and
x into t he cente r of t he transformed region . T he ad vantage of the transformat ion
is t hat x is now fa r from the bou ndaries of a ll the constraints a nd therefore a 11 011 ­

trivia l step in a good di rect ion is possi ble . Hence , rat her t hau trying to det er mine
the active constraints in an optimal solution as in a s implex metho d, an interior
method a voids a ltogether t he problem of del'>ru ,in ing the active constrniuts . As
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a simpler al t.erua rive to projecti ve trn nsfon uations , Barnes ( 1986) proposed a lli nc
trnu sfonuat.ions which gave rise to the primal and dual al lin e a lgori tl uns.

To prow' polyuoruiali ty, Karmarka r introduced a potentia l funct ion to m easu re
progress towards the so lution. This fu nction , which imposes a logarithm ic pena lty
0 11 violating the non negativity constraints, closely resembles the logari thmic ba rrier
fuu ct.ion for turning a nonli near program wit h linear inequaliry const raints into a
sequence of un const.ra ined op t.i m iza t ion prob lems , Gi ll e t a l, ( 1986) s tud ied t he
relationship between classi c ba rri er a lgorithms. s uch as t he SU ~IT a lgorithm of
Fia cco a nd ~IrCorJlli ck ( 1968), a nd Ka rm arka rs a lgor itlu n . In parti cular they show
that Kuru iarkar 's a lgorit hm takes a step in the sa me direction as a barrier method
with s teps ill a projected Newton direction for some valu e of the barr ier param eter.
T his connect ion led to the path following algorit hms over a parameterized fam ily of
logaritluui c barrier fun ctions , see e.g . Megiddo ( 1989), an d to what a re now railed
the primal-dual interior point methods whi ch ha ve produced t he best com puta t iona l
results ; see Tomlin ( 199 1) a nd Lus t ig et a l ( 199 1) .

At this writ ing, there is no definitive co nc lus io n rega rd ing the su per iority of
inter ior or sim plex meth ods, and it. may very well be the case that. the methods
an." incomparnhle. ;\ real virtue of the interior met hods is the constant uumber , or
very slow growt h, of iterations as problems gr ow la rger . Therefore , they should be
better for very large prohlerus , O n the ot he r hand , they ap pear to ha ve an even
greater need for spa rsity than the sim plex meth od and do not naturally produ ce
basi c op t ima l so lu t ions. However , the biggest cnrre nt disadvantage of interior point
m ethods is not being ahle to take advantage of good s tart ing solutions, which is
especially disapp ointing for mixed-integer progranu ning where aile so lves a sequence
of linear programs with slight ly modified constraint se ts .

4 . ~IIXED- INTECE It I'ROGRA~I~II N C;

\Ve cons ider t.he lin ear mixed-in teger program

( ~ I I I') m ax{a + ltV : AJ: + Gy < b, J' > 0 and integer , Y > O}

Here some or a ll of the va ria bles a re required to be int.eger . In m any m odels ,
the in teger va ria bles a re used to represent logical relat ionships a nd therefore are
cons t ra ined to equa l 0 or 1. The MII' model is very robust ill the sense that a n
unusu ally wide variety of pra ctical problems, includin g those with nonlinearities
and nou convex it.i es can be represented hy 1\ 11 P IS. Bu t uut i! recently, aile could not
count 0 11 solving 1\1I1" s with a few hund red in teger va riables to optima lity. Tha t
sit uat ion is rapid ly changing, a nd the capa bility of so lving MI P 's with thousands of
variables has arrived. \Ve will present t.h e basic idea" of these advances. For more
inform ation SP,-, Hoffm an a nd Pad berg ( IUK:») aud Nernhauser a nd Wolsey ( 1988 ,
1989) .

T he /", e<l " 1' ''"9 /'(1711711 i''9 "e/<I" <lt lO" of MIl', den oted by LI'R , is the linear
prog ram obtained from 1\11 P by om itti ng all of the in teg rality requi remen ts , The
following elementa ry connectio ns betwee n LI'R a nd 1\111' are used in the a lgorit hms
gi ven below for solving 1\1 1P.
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1. If l.l l'R is fe~sihle , its opt imal va lue :( LI' It) > :( ~ II I'). t.he optima l val ue of
~111'.

2. If Ll'lt is infeasib le , so is ,\ 111'.

:1. If a n op ti m a l solut ion to Ll'l t is a lso a feasihle solutio n 10 ~ 111 (satisfies the
integra lity co us tr a iuts }, th en t hnt solut ion is a lso an opti ma l solut ion t.o ~1I1' .

UIIANCII -ANU -130 UND

Brauch-nud-bouud with linear program mi ng relaxa tions is the classical a p­
proach to solving ~1I1' and forms the basis for a ll of the ge ne ra l purpose codes .
See Beal e ( 1979) a nd Lan d a nd Powell ( 1979) for ~ survey of t he a lgorithms a nd
soft wa re from the 1970 's , wh ich ha ve begun to be replaced only recently.

The hasi c idea is very simple. We firs t solve LI'It. If it is infeasible or has an

op t imal integral solution , then we have also solved ~ J II' . Otherwise , th ere is som e
variable in the opt im al solut ion to LI'It that is fractional . We pick such a variable
a nd bra nch by crea t ing two ~1I1' subproblems: in one su bprob lem the varia ble is
co nst ra ined to be eq ua l 10 or less than its rou nd down [equa l to 0 in the case of a
bina ry va riable ). in the second problem the va riahle is co nst rained to be equa l to
or greater than it s round up (equa l to 1 ill the case of a biliary vari able). Now the
op t im a l solut ion to ~ I I I' is obtained by solving th e two subp ro blems a nd taking the
better of the two solutions. Th is process is executed recursively so that there is a
da nger of having to solve a number of j\ 1I 1' subproblems t.hat grows exponent ia lly
wit h t he number of integer va riab les . Bu t. t he deg ree of enumera t iou is co nt ro lled
by two fact ors.

a . If LI'H. (for a subproblem) is infeasib le or has an optima l integer solution, then
~II P is solved for the su bp rob lem a nd no branching is necessa ry.

b . If LI' It (for a subproblem] has a n opt imal in teger solution, then that solution
is feasible to the origi nal MIP a nd t he refore gives a lower bound on the opt.i­
m al value of ~II P. We keep the best lower bound : on t he opt im al va lue a nd
update it whenever an improved feasib le solution is found . Then if for some
subp roblem :( LP It) > z , t ha t. subproblem ca nnot ha ve a beu.er solut ion to
~111' t hen what is a lready kn own a nd no branching is necessary. This is kn own
as l' r 1l1lill9 by bU1IIIds and is respons ible for keeping the num ber of sub problems
I j l(l ll(lj.!;eabl ~ where possible .

1 he basic branrh-a nd-bonnd a lgorit hm needs to be elaborat I'd on b,' specifying
d tails surh as which subproblem .... hould lw pre cessed n- xt and v hi ...h fra(' liollal
variable should he brunc hed OIl. One way to view I he sub problern Ii I is as a t ree in
which eMI, sub problem corr esponds to a node and the innno.liu-: d"""'II<I ' nts of a
node (it s children) correspond to the su bproblems derived from il It, th is "'f t ing ,
a natura l way to sell' t subproblems is by dept]: first search j' l liS barkt1Yl ckiu g. This
mea ns that if a node has child ren, then the next node se ll" ted is 0"" of t hem.
O therw ise N C backtrack by following the unique path from th,' cu rrent nod, back
to t he root nodr (original problem] un t il we lind a nod- Uranyl with au unprocessed
cI,;ld.
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TIlt' advalltagt>s of dt>pth first s{>arc !J art>:

I . so lving Ll'lt for a child , ~ivell the opt.i mal so lut ion for a parent , just in volves
changill g a s i ll ~ lt" bound and therefore rcoptiruizatiou by the dual simplex
11lt'1 hod should he very fast ;

2. il. helps ill findiug feasibl« so lut ions since nodes deep ill th e tree have more
va r jahles cons t.ra ined to be int egral.

Tilt, second ndva ut.ngr- disappears once a good feasible solut ion has been o b­
taiued . Theil ot her st ra tegies such as choosing the 1I0de with the best bound
b ('COIIH.' more nuructive.

Var iable se lecuou is based a ll user priorities reflect illg the importance of the
integer variahles a ud logi cal relations among tl"'III , the likelihood of geu.ing all
integer so lut ion, and a ll est imntes of the decrease ill the opt.i ina l value by forcing
Ihe varia hi,>to round III' or round down its current value.

Filially, we 1101<> that br unching a ll simple cons t ra ints such as the clique or
SOS co us t rni ut

L J' j = I
jEQ

call 1)1' advanlagl'OtlS ill produ cing a m ore equitable divi sion of th e solution spare .
This is dou r- hy pickillg a subse t q of 1.1 ", variable- ill the clique constraint nnd
t.h eu r..quiring LJE Q J: j = 0, a long 01'" hr un ch and L ji-Q J: j = 0 along the ot her .
Non- t.hal if I II<' subset is of s ize I , 111<'11 t.his branching rul e is exactly t he rule given
above for hraurhillg 011 0- 1 var iahles.

The surcess of hranch-nud-bound in solving large and/or difficult problems
. I'·pe ," ls heavily 011 how closely Lp lt approximates "III' and of finding a good
f,>asil ,l" so lut.io u qui ckly. If the linear program approximation is poor , a very large
1I111111 wr of s ubpro blems will have tv he so lved regardless of the strat.egies that are
used for node and variable selec t ion. 011 the o t her hand , if t.he approximation is
perfect ill the Sf' IISt' of giving an o pti rual solution ill which all of the integrality
const raillts art' sat i~ fi l'd, it will s ullice to solve only aile linear program .

The developments in th e 1980 's have focused largely on improving linear pro­
~ra ll lllli llg approxi mations with some work done on the feasibility problem , see e.g .
Ua),"' "lid Mart in (1980) . These approac hes ar~ discussed below under model ing .
IHl'pro r,'~~ill~ , cur geuerutiou and coluum gt>lI p ration lodeling refers to ti lt' initial
[or ruulat io u, pn>proct"s:-.ing to actions t akcn before solving an LP, cut and column
f/ ',wration In imp roviug the 1.1' relaxat ion by addill g a dd itional rows or co lum ns.
However thi~ rlas iticat ion is some wh a t urbit rnry since some irn p ro · ~ · n lc ll t :-. left out
ofth iuit.i al 11 10,).·1 Illay b(" picked up ill preprocessing and some improv-nu-ut ,>f I ll('
LP 11 It do n- ill pr 'prof Pssi llg; may l» done ill the ("lilting ph ase of t ilt' a lgorith m.

IOVLLI NG Pit: 'C I PLES. f ;00 (1 ('OIt.lla.Al1o No.;

T Ilt'rp arc 1,t'lIer"lIy II Hdl)' correc t for mulations f~"" r a l lIP problem. In general .
we nrr- C( I H t' f ll t>d much 1 l'~S with till siz « of tilt' formulation than with the quality
of its LP al'prnXlIlla t iou.



For e xu ru p k- , t ht'rl' is a dass ical lot s iz ill/!; model whi ch has a Ioruml nt. iou wi t II
vari uhles t h at ~i \'t, t.he .u uou u t produced ill t'"clt [u-r iod , a nd a uot ln-r ill which t hvre
an' var ia h h-s I hat gi\'f' t lu- produc t io u ill pr-riod I dt>signa tt'd fo r sa le ill pr riod 1+ J.:

TIll' uuiuber o f "tlr iablt·s ill t. lu- :"il'colHl Ionuulat.ion is ti ll' squ a r« o f t hr- 1I1I11I1 H'r ill
the lirs t.. Bill t.he 'l'cu ll d fon uula t iou y ields a net work llow pro hl eu i, whi ch uupli «
t hat its 1..1 ' relnxauou h as a ll o pt inial inu-grul solut io n , a nd fo r t h is rPilSon is t.h»
het t e r formu lat ion .

lor t ht' t ran'li llg :-:;,,1£'8 11 Ia ll p ro blem , there is a fo r II III lat inn wit h a number uf
fO Il:,,1 rnint.s p roportional 10 ti ll' 1I111 111 wr of t'dges a lld a seco nd o ne with a 1I111 l1 hl'r
of const ra iu ts that g rows exponc n t ia lly wit h the 1I 11 111 1lt'r of "dg"' . The "'CO",,
one, hO\\'I'\'I.>r , is far superior Iw ca llsp its linea r prograuuuiug n-lax .u iou is provably
het t.er , Uf course. W t' c.umot dirert.ly :->01\''.' a lun-ar progrruu W!l tlSf' IlIlJIIIIl'r o f
cons t ra in ts is ex poucnt ial ill t he size of t.l n- proble ui. Instea d, as \\'" will di scuss
under cu t ~l· lIe ra t. io n , th e constrni uts are gene rate d seq uen ti a lly ~ L-; we lI l'I,d lIH'11i
to ac hieve feasibili ty.

Siurilnrly, for a pnrt.ii.ioniru; problem . 1I,,'r" is a fonuulatiou with a U- l variabl e
for each d " IIIt'lll s ubset pai r that Spt'cilit's wlu-t lu-r tilt' t"1t'JIIl'nt Iwlon~:, 10 t hc
s u bse t. 13111 this fo nuul ar ion is infe rior with resper t 10 its lineal' prog rauuni uj;
re la x a i.iou 1.0 a uot. lu-r OIW in whi ch t lu -n- is au ex ponr -ntial muubor o d 0- 1 v.uiahles .
ail e fo r each feasible suhset..

H.I'ct>nt ly :,OIl W ~t' I H'ra l co ucep ts han' evolved for o b t.a iu ing good formul at.ions .

lJi...aggHgalwll is t he irk-a of s.'pa ral.ing o ne const raint iu to many without.
cha nging I Ill' ruca uin g of t.h e ~II P m odel but. im proving the LP rola xa i.io n . Suppose
we have III 0-1 variables J' j. j = I , . .. , Ill . each of whi ch must hI' zero unl ess another
0-1 v.rriable 1: 0 = 1. This relationship ca ll hp modeled with o n ly O BP const rai u t .

Barllel)'

J', + .,. + J ' rn < "' J ' o ·

Alter nat.ive ly, WI' call lise I1l const rnuus

J' . < J' O
} - for j = 1. .. . ,Ill.

Fo r U- I va riables bot h sets uf co nstrai nt s say tho sallie thing . Bu t when J'o is
fra ct ioual , t he seco nd se t. o f cons t ra int.s imposes mu ch m ore o n till' r j 's and therefore
gives the het t er Io nuulat.i ou. ! 'ate that although disaggregation crea tes add it ion a l
const ra in ts it is Hot likely t o m ake the LP IIIl1 ch harder to solve s ince the number
o f n ou zeros ill t hf' cons t ra in t matrix on ly increases slight Iy.

Now s u pp ose 011 1' model co ntains the va riable u pper bound co ns tra int

Y:S st»

wh ere J ' is a 0- 1 variable that. appears o n ly in this cons t raint a nd ill the objec t ive
functi on wit.h a negative coe ffic ient - /' and y is a co nt in uous variable with a ll

IIp )H'r bou nd o f 1\ 1 . TIIl~ co nstrai n t says x = 0 imp lies II = 0 , a nd if II > O. I hen WC'

in cu r t l", fixed cost f . Now in the LP rela xa t ion , if 0 < Y < ,11 . t.heu 0 < I < I.
Therefore a good modeling princ iple is to makr the upper b""lld .11 a., sin all as

possib!«.
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PR EI' ROCESSI NG

and Hoffm an a nd Pa d bergC rowder e t a l ( I!is:\),
, ,

preprocess rug seeurA bout
(I U!I! ) ,

Given a mod el , we wish 1,0 im prove it hy tightening the LP relaxa tion , fi xing
variables, or, mo re genera lly. doi ng wh a tever we ra il do qu ickly to m ake t he problem
easier 1. 0 so lve . TIll" lin e between goo d ruodeling and prepro cessing is Iu zzv, A
soph is t.ira ted prepro cessor shou ld be ab le to recogn ize co ns t ra in ts that need to be
di~aggregatpd and t.o tighten variable upper bou nds. On t.he othe r ha nd , \.....e ca n not
ex pec t dIP soft.wa r» to produce a forruulat.ion that. is radica lly d ifferen t Iro m t he

0 ))(> it is given , However 1 there are cert.ai u o pera t io ns for which th e co m p u ter is
bet.ter S II i te.l .

Consider a sing le in equ ality of the Iorru

"L <lj"j < b
i=1

i ll wh ich a ll of t he var iahl es are binary. W it ho ut loss of generality. for this constraint
ill iso la tion, WI' ca ll assu me that the Hi 's are positive s ince if (li < 0 , we com plemen t.
t.hc co r res po ud ing va riable by rep la ciug J:i by 1 - J~i ' l ncq ua lii.iesof this type are
cal h' l! A:II(lp.'Hl rk co ns un iul s a ur] a goo d deal of informatiou can he ex t racte d from
the m rather painl ess ly .

T h» liu ear progranu ni ug r--laxat ion o f a kuaps- ck inequality can be tightened
•

hy ('(l ri/idc lI ! reduc tion . O bserve t.hat.

"
(<II - A)J'I + L (lV j < b - A

. ";=-

gt'!s p rog ressi vely t i ~ li kr as). increa ses froui O. Therefore , We.' would like to iuake A
us larg«:> as possih l» wi: h OUI. l'I illlin a t.illg a llY 0- 1 so lut.ions , Determin ing th e largest
such ..\ is a ha rd p ro blem bu t. it. is easy to find a feasible value o f ~ . e.g .

A = IIl ax (O, b - .I= (lj) ,
]=2

Till' knapsack co nst ra iuts y ield logical relat ions aJlIOllg t.he varia h ies . Suppose

lI j + lIk > b, (*)

Th,'n

Not" t hat after
st.rtu u ts ruuuely

,

n 'vprslIlg

J 'j + J ' k < I.

t he co m p lc rnentn t ion, we ca n o b ta in fo ur types

(0)

o f co n-

J 'J. + J: I· < I , x J' < J '· I' , J " > J' ' 111, 1 J ' + J ' > IJ _ · 1" .j ' k _ '

Th C' co us t raiut s ( ., .) define a node packing problem a ll a grap h ill whi ch there
is a 1I0di-' for each variuhk- a nd its co m ple rueut, edgps j oining com plemen tary nodes



and pairs o f lIo dC'~ for whi ch ( t) is sa tis tie. l. A n od» l'fl fkw9 is a su bse t of lI od e:-;

su ch that 11 0 pair ill t ln- :-,('1 is joined hy all edge . No\\' It" (' Ill ' a SUhSf· t o f nod- ~

of siZt' at least :~ s uch t hat eac h pair ill t IH' Sf'! is j oined II)" all f·dgp , (.' is ca lled

a clique. Till' I·d}!.,' co ust faints ilJlply that 110 1II0re t.han a li t' node fall ht' 1"l' It·c lt·d
from a clique . After decorup lerueu ti ug t.he var ialli t's we o h ta iu till' !JfllfnJii :rrl clique
co 11 .",1 nl 111 I

L J' j - L J'J > Ie-I - I
iEC- jEC +

whero ('- = {j E C : J: j co ru p leruent ..d ] '111.1 C+ =C \ (' - ,

II is important to reali ze t.liat Ihe ,'dg,'. of the gra ph r a n rom» from d iffe rent
knapsa ck const.ra int s o f the o rig ina l ~ I IP. Thus , i ll bu ildi ng cliqu« const ra inr s fro m
the edges o f the g ra ph, we ca p t u re logi cal rel ariou- t hat depend 0 11 tl )(' iu ternctions

<llllOlIg t.he orig ina l co ns t.ra iut.s. For example , a nt' co us t. ru iru Iliay yield J ' t + J ' "!. < I ,
a no t.h er J ' , + J'" < I a nd a th ird J', + J'" < I , T I1l'1I lop,<'l hcr I Ii, 'y yi.'ld J' I + J' , +
J'3 < I. Clique co us t. ru ints ca ll he added to the o rig ina l [ormulat ion or used as
cut t.iug plauos as r-xpla iucd below.

C UT C:ENEHATIO N

\\'(~ now :-O UPPo:-;P Ihat our o rigina l formu la t ion of .\1 1P conta ins too many con­
s tr a ints to in clude t.heru a ll in the LP rela xa t iou and t hat ill solving LPH SOllie

const ra ints ha ve heen ignored , The consi ra int s ca ll be of two t ypes . T YI H' I co n­
st ra ints a re Herd ed for t.h e Iormul.n.iou to li t' correc t . If a type I cons t ra int is
violat ed . Ll'l t ca ll give all int egral opt.i ma l solu t ion that. is infeasi ble . All exa m ple
of type I co ns t. ra im s is the class of »nbt ou r r1ull w u/ rou cons t n u u t» (SEC) for the
t ra veliug snlesm a n problem (T S P) of liuding a m iu iruuiu cost eyrie t.h at con ta ins all
t.he nodes uf a graph . Th e)" sta le the feasibility requirement that for every proper
s ubse t S' of the nodes t hcre must Ilf' at least. two edges with a lii' end ill ,'3 alld til e
o t.her IIOt ill S' . Ho weve r , s ince the number of these co us t raint s is exponeut ial in
the size of the gra ph, it is not possible to include a ll of them when so lving a ll LP
relaxat ion.

Type II cons ua ints a re those that are used on ly for t he purpose of righ tcuing
the LIl relaxation . An exa m ple of t hese are the cover co us t.ruints that a rc deri ved
from kn apsack ineq ual ities . These ge nera lize t.lie edge iuequa li t ies given above.
Suppose C is a mi nima l se t s uch that

L OJ > b
iEC

t hen C is ca lled a lIIi ni'II'I1 rov cr' and WP have the rover inequa lity

L J' j < IGI - I
j EC

whi ch ruust be sal isfed bv all feasible solut ions .

Now we address the question of g iven a so lut ion ;1" " to LPH.. does it satisfy
a ll of the ignored constraints '? This is called the scpnrai ion problem . \ \'e assu me
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suhs t it ut ion . Not e th ai if a ll of
solut ion sa t i-Iies the integra lity

•

t ha t t lu-rc an' t.00 1JI00IIV coust.rnints t o chec k hv• •

l ll(' igJlon'd co us t ra ints an' typt' II .u u l t.he LP
n 'q ui rt' llIf' lI t"" t hvn t ln- a ns wer i:-o obvious ly yes .

T o ill 11 :-. 1ra te Ir ow sepa ra t io n problems ca n he solved , we will consi der the SEC 's
fo r ti ll' TSP a lld t.h e cove r inequal it ies for knapsa ck const raints . ( ;ivt'll a solut ion
J" to the 1,1'1{ of T S I' wi t h some or a ll of the suhto ur cous rruinrs

L " i j > "1.
i ES ,i 'lS

ignored , J ' sa l. isli l's all of I.h('1II if and o n ly if

III in L J:ij > '2.
i E S , j "' S

Hu t i his is til t' prohleru of fiudi iu; a ruiu iu uuu ClI t or m ax iu nnu fl ow ill a gra ph with
edge \\' t' i ~hb J ' t ) :Iud ra il Ill' :'>0 1\'1'.1 t'!lieiell t Iy. If t he rniuuuu ru cut has weight = 1 ,
11 1l'1I a ll SEC ' 's aTl' sa l is lied: otherwise t.h e set .,,' a:-osociatl'd with th e ruiuinuun f lit
vir-lds a I IIos I viol .u -rl SEC ' .

TI ll' si t uat ion wit h kn apsack iuequa lit.ies is Hot quit « so nice siur-- ti ll' se pa ra­
t ion prohh-m is IlIlI Ch ha rder . Not» t hnt we ra il r-writ » a rover illl'qll alit.y as

L ( I - J' j ) > I.
iEC

T heil giveu a solut ion J ~ to 1\ 111\ it. ~a t i:; fies all of the cover inequnlit ics if alld only
if

IlI ill { L ( I - J' j) o) : L Hj Oj > b + I , Zj = 0, I} > I.
iES iE S

Sino- t.hi s prohh -ru ruay hp too hard to solve exac t. ly, we ca ll lise a lu-urist ic to
a t t t'llI pt to liu rl a feasi hle so lut ion with cost It'ss t.h au I . Such a solu i ion y ields a
viola t ed rover ilwqllality. II o wever , hy 110 1 opt iruiz iug l'xaetly. WP Illay fail t.o find
it violat ed rOVt' r illl'q ll a lity ,'V I'II if (l ilt' exist.s, This is 1I0t a r:tl asl ruplu' for IYll l' II
cons t rn iu is si ur» llwy a re only ueerled for iruproving t.lu- LP relaxnt iou , I II othe r
words, Sf pa rnt ion fur lyp t' II coust rni nts invo lves a delicat « ba l.ui ce 1)(' t.\\·( ' ('11 t.he
work II p l 'd(' " 10 lillt! tl l(' llI versus t.ln- lu-lp 11l 1~Y provide. Xl orcover , to Iw useful they
1IIlIsi 1)1 ' ":-;1 roug" coust.ruiut« ill I ln- sellSl' of l H'ill ~ fa ct't ~ of the CO II Vt'X hull o r faces
of hi.c;1J t1, 'gr p " . I II gt' UN a!, r -over ille((lIal il.i l's art.' not. :0; 1 ron g .-noug ]: a nd III11SI. be
lifll'd 10 a ll ill eq ua lit.y of tilt' Io rru

L J ') + L n j J' j < 1('1 - I
}E (' j ~C

10 I... useful . W,' wi ll not discuss lift ing lu-n- oth er t hau to say th ai it 10 0 III IISI he
don» qui r kly .uu l lu-urist ic pru (' l·dlln·:-; aft.' frequr-nt.ly uSt'd so long as t lu-y b\larilllt.ee
that t.lu- n ':>;lIlt iug inequa lity is valid .

'I Ill' diJrl ' n 'II Ct~ betwevn t hc SEc "s a nd COVt'r itu-q unl it.ies illustrat es another
poili t. C'O VI r incqua lit.ies ca ll hl' used whenever a problem has Dil l' o r more ku npsack
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iI JP'l" alitif·S. Therefore th ey art' lISl.[U ! for general 0- 1 problems. So it is rea.sona ble
for a genera l purpose code to have a sepa ra t io n rou tine for cover inequu liti es . Oil
th e othe r hand , SEC 's are ra t her spec ific for T SI" s and rela ted probl ems, so it is
very unlikely th at a ge ne ral purpose rode would include a se pa ra t ion rout ine for
S EC "s, T his m a kes it iru perat ive for o ptim izat ion routines to provide user interfa ces
for sf' pa ral io ll routines and other custourizing ca pabilit ies.

fl . DECml l'OS ITION AND (;OLU ~IN ( :ENEltAT ION

Larg" linear programs are almost a lways sparse, not only in ten us of individual
coel licients hil t also in th at a ll overall st rucrure is present that is also sparse. For

exam ple , ruu lti- t.i rue period pro blems have linear programs for ea ch t irne period
t.oget her with a sm a ll num ber o f lin king-vari ables repres en ting s torage o r shi pping
of good" from all ea rlier t ime per iod to a lat er lime period . M uh i-conunod iry fl ow
pro blems , as an ot her cx ruu ple , have ma ny s ingle com mod ity network Il ow problems
linked hy jo int ca pac ity co nst raints Oil so me of the arcs . Multi-scen nri o s tochas t ic
prog rams huve linkin g va ria bles re prese nt ing current stage decis io n va ria b les . These
v.u-iah les -u tr-r int o all s ubs('q llent linear prog ra ms fo r all o u tcomes o f random events

ill t I", 1I10lt.'1.

Linear progranuuin g deroru posit.ion wo rk bOI'S hack to the Dant zig- ' Vo lfe
( I!)(;U) deco ill posit ioll method , There are by now severa l st ruc t ures for dccom­
posit.iou mr- t.h ods (Sf'l' Ne m lia user a nd 'Volsey IU88) . A description of avai lable
op t.ion s ill OSL rel"'" e ~ is giVl' 1I by f orrest and To mlin (1991). We will forus
0 11 lJ allt. zj ~- \ \'o l fe decomposition because it is closely rel ated t.o colum n generation
iu et hods frequent ly used in coruliinutoria l o primizution .

All example of a column genera tion method in combina toria l opti mization is
gi vell by th e method for crew- pairing opt imiza t ion ill Anbil PI al (1 99Ib). T here,
runny CO IIll Il IlS are genera ted and the linear program over them is so lved . A true
COI Il Il Ill gl'lIprat ion proced ure do es no t genera te large sets of co lum ns but o nly a
fr-w tha t. pri r» ou t. to enter t ill' linear progra mruing basis . T hese COIIl Ill IlS are found
hy solving a nothe r , sm a ller linear progra m ill th e usu al Dantzig-Wolfe decompo­
sit. ion . III o ther cases , t.hey might. be fo und by solving shortest path problems , as

ill ruult icouunodi ty 1I0ws (Barnhart et ai , 1991), or by solving a ll integer program­
tllill~ prob lem, as ill the cut t ing stock probl em (Gilmore a nd ( ;omory, 1961 ) where
t.l u- colum ns are solu t ious to easy integer progra Jl IS, na mely kna psac k problems . A
recent exa mple of t he la t.ter approach fur solving clustering prob lems is given by
.lohnsou et ai , ( 19!) 1). OS L is used to solve hath the small integer progranuniug
problems a nd the m aster linear program over the," .

A major reason fo r using COIU IIl Il gener.uion, as done fo r cu t t ing sto ck problems
and cluster ing problems , is that eas ier integer programs (kna psack problems in the
ca,,' of t he cuu ing stock problem ) can he solved and in add iti on the resulting master
problem is a bett er linea r program ming formulation. A discussion o f this poi nt as
well as t he cut t iug stock a nd clustering exa mples is given in .l ohnson (1989) . To
s un u uariz« tllp m aj or po int , the linear program with m a ny co lum ns is actually an
illlpp;:f'r program: til e so lut.ion needs to Iw integer. In some cases, s uch as the cu t t ing
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slack problem . the lin ear program turns a li t to be d ose t.o integer and a round ing
procedure see ms to work well enough. In o t he r cases, such as large-scale crew­
pairing, gett ill~ i lll e~er solu t ious see ms to be diffi cul t . A m ajor difli culty is th a t
usual brunch-and-bound dot'S 1I0l work well ill a CO I U III II generat ion frru nework , a nd
some branching rule 1II11sl be found t hat can oe em ployed in the colum n generation
procedu re .

G. F UT Ult E NEE DS IN j\l AT II E ~ I AT ICA L PROC;RA~I~ llN C;

~ l athelli a ti c al prograuuniug is ill a healthy st a te . The co mbina t ion of remark­
a ble advan ces ill al~oritllllls a nd com puters have made it possible to solve linear and
integer progrruus of sizes a nd with s peeds that we did uot even dream possib le tell
yea rs ago . Moreover , 1II0st of our com put nt ionnl work ca ll be done in more accessi­
ble a nd less expens ive workstations . Codes a re being wri t ten that take ad vantage of
vector processors . parallel a rchi tectures , cache a nd la rge extended m emory. These
adva nces haw- brought. about a mu ch greater use of ma thema ti cal progra uu ning in
dist ribu tion . the airline a nd fina nce ind us t ries , a nd certa in a reas of m anufacturing
such as VLSI desigu and p rinted circuit board prod uction.

To suuu uarize , the main al gorithmi c a dva nces of t he pas t five hears have been :

1. interior point al gorithms for linear programming ;

'2 . improvements ill eflic iency of sim plex methods , which were s t imula ted by the
com pet it ion with interi or point a lgorith ms ;

:1. impor t.aut cou iputut iona l advances ill uumerical linear a lgebra hel ping both of
the a bove developineuts , but espec ia lly interior poin t m ethods :

4. better fonuulat ions , preprocessing, and s t ro ng cut t ing pla ne a lgorit hms for 0- 1
. .
uueger progrunumu g.

At t. he sa llie time , implementation possibilities for these a d va nces became lun ch
more accessible through t he ca lla ble library ph ilosophy of the m odern m athematical
progra nuniug co des.

III linear and integer prognu umi ng , the three main fu ture requirements a re:

1. to sta rt in terio r poi li t a lgorit hms from good solut ions :

2. to lise decom posi tion a nd colullin gene ra tion for massive problems a nd to take
advantage of st ruc t ure suc h as network fl ow s ubpro blems;

:1. t.o adap t. a lgorit. hms, parti cularly the s im plex algorithm , to take a d va ntage of
m assi vely parallel com puters .

For integer progra ills , im provements ill linear progra nuniug es pec ia lly ( 1.) above ,
ca ll help provide faster al gorithms. Decomposition a nd colum n genera t ion have
even 1II0re importance for in teger programming in th a t , ill addition to t he issue of
so lving linear progra llls more qu ick ly, colu m n genernt ion ca n lead to bett e r linear
progranuniug relaxations ma king problems vast ly more t ractable . Use of parallel
com puters sho uld he eas ier a nd offers greater ret urns ill in teger progra m ming where
la rge branch-and-bound t rees need to be explored and ca n be processed in parallel.
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In a ddit ion t.o t he above three poin ts , for integer programs we would a lso list one
m ore requi remen t: extend the SUCC t'SS in solv ing com hinatorial 0- 1 problems to
mixed integer progra uuuing. This requ irement is especially impor tant for a wide
variety of industri a l problems such as prod uction scheduling.

In looki ng beyond linear a nd integer programming, the m a in new area for
codes a nd a pplica tions might well be nonlinear programming . With barrier meth­
ods COining from nonlinear programming to help solve linear programs , it m akes
se nse to ask when non-linear programs migh t be solved in large-scal e com mercia l
app lications by other t han linear ap proximations or by sequent ia lly solving linea r
app roximations . T here a re at les t t hree large-scal e com puta t iona l codes avail able
a nd being used . The oldest a nd best kn own is probably J\H NOS (see Mu rtagh ,
1987 ). It linearizes the non-linear parts a nd nses a super-basic linear programming
a pp roach . Com pnt.a t ional effic iency depends on the num ber of super-basic va riables
nsed so is generally goo d for problems with mostly linear constraints a nd object ive
fun cti on . A newer effo rt is LA NC ELOT (Conn et a i , 1990), a code t hat uses a
t rust region a pproac h a nd second deri vative informa tion without solving exact ly
quadrati c programs in order to get. a sea rch direction . It uses par ti al separability
to exploit the non-linear st ruct ure a nd has go od convergence propert ies (Conn et
a I, 1991 ). Recen tly, opt im iza t ion codes have been in corpora ted into sp readsheets ,
a nd Lasdou 's G RG2 code ( Lasdon et a i, 199 1) is nsed in this way. It is a red uced
gradient code that handles space problems.

Al though one hears it sa id , "problems are a ll nonlinear with d iscrete a nd s to­
chast ic elem ents", finding non-linear programing appli cations on the scale that
exis ts for linear , o r even integer programmiug is not easy. Petroleum a nd chem ica l
co m pa nies have known about a nd understood their nonl ineari t ies for a long time ,
but the predomi nant m ethodology sti ll seems to be sequentia l linear program ming.
Wi th the success of lin ear programming barrier m ethods , a n increasing dema nd for­
non-linear programming codes seems inevitable. Because of the fa ct that there is
not one single methodology or one s ingle s t ructure of problems , a library a pproach
seem s necessary perhaps with either a utomat ic or interactive problem a nalys is.
This need itself presen ts a considerable cha llenge .

Incorpora tion of in teger variables into non- linea r programs is a n even larger
challenge . O ne a rea fairly easy to ad dress is convex quadratic programs with in teger
variables. Bran ch-a nd-bound only needs a solver for th e cont inuous rela xa tion , a nd
co nvex qu ad ra t ic problems can he easily solved at each node of a branch-and-bound
t ree . T he same rema rk a pplies to convex non-linear programs, where the objective
is to rnini mize a convex fu nction over a COli vex region , except that opt im iziug at
each node m ay be inordinat ely time consum ing. For general non-linear p rograms,
a n integra lity rest riction in t rod uces anot her non-convexi ty t hat greatly com plica tes
a n a lread y d iffi cu lt p rob lem.

When we try to introduce the stochast ic element . the m ost promising a pp roach
seems to he m ulri-scena rio stochastic progra uimlng . In order to make effective use
of this m odeling approach, it needs to be Let ter understood in pract ice a nd needs
to be solvab le either by decomposition , column ge nerat ion, or directly by a linea r
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prog ra mming solver. Sin ce 1-111' resulting linear progrcli lls are very la rge, in trodu cing
intege r variables ( a ll qui ckly lead tu all intractable problem . The ad va ntage t.o be
p;ai IH.-'d is t he ability t. o make real-time decisions, without knowing what m ight
happ en in till' future , th at wil l he more robust in adapting to a va riety of possib le
fut ure 0 11 1("0 11 1('5 .

Filially, W P will say a few words about directions that an o pt im iza t ion libra ry,
s uch as OS L, ruiglu need 10 develop in o rder to rem a in in the forefront of the I 'pid
111 0 \'('111 ('111 we S('(' ill opt im iza t ion soft wa rp. T here are essentia lly tht eo impor trut

I . perfonuance :

:!. fun ction :

:1. useability.

Perforrunuce is relat ively st ra ightfo rwa rd at least in prin cipal. \\' ha t is needed
is sim ple: speed , robustness , numerica l stabil it y, t'ifectivf" use o f ha rdwa re , a nd
t unely in corpornt iou of al gorit.luuic developments . Funct ion i:, more difli cult to
forecast , hut our predi ctions are: decomposition , st.ochast.ic, a nd nonlinear. As
fun ct ion inc reases. so me type of pro blem a nalyzer to detec t st ruc t u re and t.ake
c>f1t-.'c t ivl" a rt.ion will he import.ant.

lnt er nctivc problem analysis hrin gs us to the t hird point : useability. However ,
1I:'I>ahility is II1l1 ch more than interacti ve problem a na lys is. Everybody wants 801 11e­

t. h ill~ hett.er , f'asier 1 II10 r "" fri endly, et c., hut it is 1I0 t so easy to know exact ly what
Ihe right too ls are. ~II'S X . V ~ has all intcruci.ive fro nt cud that. in clu des ru uo ug
o t.hr-r IIJill J,!; :-; a p icture and VI CW ca pability "hat ~l> (> II I S t.o Ill' very popula r. llowever ,
I\ I I'S X V'2 IS !la-sl'd 011 uu-nu d riven a nd grap hic soft wa re not availa ble 011 work
s tat Ions or PS/ 2 's , machines t ha l an' id••tl ly su it.e. ] t.o the modeli ng of problems .
\ VI' list SOllW ff' atlll'e:; t hat ~WCIll des irnble for in creased usea bi lity :

J Link s I n t he so urces of pro hh I II data , principally relational data bases and
~ p rl'ad I lf't'I ~ ,

'2 Li n ks to eXI:->lill ~ m atrix genera o rs ·tllf t po u-n t ia l mat rix genera tors based 0 11

dat a h":-l' '111<1 spreadsheet softwa re;

~i Links 10 orh- r ap plications , si m ulat.ions, forecasts , et.c.;

-I. l l r ll-'hir<l! tools for viewing the m at nx and data;

f). \V IlI lows ttl view various as pects of th e model : ma trix geJl f' rators 1 dat a mao
t ric-s, so lu t. ious:

I). Lxa m pie models hal. ca ll Iw built on o r put toget her to form larger models :

7. As 'is tan cr III tracking down solut ion nu oruali es :

~ . Views of the model a t ag~rega lf' as well as dera iled levels .

1 here may well h,- (,t hpr- of ,' ql1al importa nce. W hat S -erns clear is that
many users would like SOll ie higher-level assis tan ce. T he subrout ine st ructu re or
OS I. ope . lip Ilexibl« II ~~ , hu t t .ln-rr is a lways the need for tools fo r mode lin g ano
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probh-ru allal~ I -v-u among ...ophisticated use rs Lt'''':- sophistica ted H~t'r:, may be
content ,\ it It tool to ...f'l up data base connect ions to existi ng models. Embedding
opuuuzauou oft ware III :-.prt>ad:-.lwPb I W '!.) be t he quickest way to provide a ccess
for new II -r \""111i <mall problems.

III conr lu Inll ruatheuratical prog rauurung is making good 'I'P of hardwa re
tu pfundf -oluuou- rapidly II O\\ ' f' VP T it lIf'pd:-- to 1110\'''' into t he mainst rea m of

prohl--ru- 01 III~ courput iug. a ru] t ha t mea n: m ak ing it easier to use a nd m a king
SOIUtluH lIIurf" IIw;tIIillJ;flll.
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