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Abstract. A water resource sys tem or up to four reservoirs is c ptuuiaed. T he
pl&nning problem is solved by a tw<>-st~e op t imiza tion procedure . At the first
stage the optimal values of irrigation ~lIo and installed power clIoplloci ty of sys tem are
determined subject to allowed deficits. The allowed deficits Me given for irrigation
and total primary energy production. At the second stage the multislate problem or
optimal cont rol is solved applying dynamic programming. The criterion for opti mal
co nt rol is muimwn benefit . At the second stage the values or irri ga.tion eree and
installed power are modified subject to allowed deficit , and the second st llo~e is nut

ag&n. until the computed deficits become smaller than or equal to the all owed.

Ker lJIo r d3 and ,hruu: opt im.izllot ion , water reservoirs, allowed deficits. dynam.ic
progr.ururung.

I. INTRODUCTION

A formal optim iza tion method requires an exp licit mathematical formulation
of objective and cons traints. A relat ively la rge amount of sim plifica tion might be
in volved in the application of an optimiza tion method, whi ch means that it sho uld
be used with a cons iderable insight. T his insight sho uld also be transferred to ~he

decis ion maker in order to avoid meaningless or misleading results . On the ot her
hand , it may pro vide, for a cer t a in complex planning p roblem a good means t o
prepare a sy nthesis over a large number of altern atives. The aim in applying the
ol'~:!!liZ& t ion metho ds should be to make possib le better decisions by sup p lying
bet ter inform at ion to the dec ision mak er about the consequences a nd impacts of a
chosen s tra tegy and decisions .

T he infl uent ia l factors in t he appl ication of water resources opt imiza tion meth
ods are the following: I ) less a nd less water of good Quality has to be used by more
and more consumers . so the water resource sys tem has to be multipurpose; ~ ) the
wa ter reso urces sys tems are becomi ng more complex. includi ng engi nee ring, socia l
and enviro nmental eleme nts : 3) the number and type of decis ion makers involved :
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of arate variables required and the l"vl"l of disc retizat io n of these varia bles need
to ach ieve a satisfacto ry desc ription of the physical system For & IDl.: t eset r
sys tem there is sta te variable for each reservoir sto rage. For till rr DP L

be applied to the sys tem with up to three rese rvoirs.

There is ex te nsive literatu re on t he applicatio n of dynamic prograu. ... Il g. Tile
pa per by Yeh (1985) reviewed the sta te-of-the-art of management models developed
for reservoir opera t io ns. DP develo ped by Gellman ( 1957) requ ires disc retramg the
s ta te and control variables. The main pro blem with the opt imi zation of large-scale
systems is the "curse of dimensionality" . The application of DP fo r 3. mult ireser
voir s ys tem is limited by the number of reservoi rs ( t hree to four). T he optimal
oper at ion of multireservoir powe r sys tem is considered by Turgeon (1980) . Much
of the research reported in the area of c p timizarion for multireservoir system op
era t ion has been based on the assumption t ha t the events (like inflows] are known
(determinis t ic models). The use of stochast ic dynamic programm ing for reservoir
management is presented in the paper [T rezos and Yeh. 1987 ).

In the following t ext rnulttreservoir syste m planning is considered as an ex
tension of the oprimiaericn procedure desc ribed by Oprieovic et a] . (1991 ) (for a
single reservoir ). The new opti miza tio n procedure is developed for water reser voirs
In cascade.

2. PROBLBI STATD IENT

T he mu ltiteservoi r system planning is co nsidered as the p roblem of determining
ttH~ sy stem parameters and the opt imal co nt ro l. acco rding to given cri t er ion and
constra ints . The planning (design) problem is solved (or Ne reservoirs in t he
cascade. b ut the op tim al cont ro l problem is solved for .v R reservoirs . where 0: R <
.vC. The co nt rols of N C - N R reser voirs a re known (fo r exert II~. ru n-o f- i ver ]
.A sc hem e oi the system is presented in Figure 1.
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1 l5 the in tlo w uno t he upst re In rese rvoi r The water h om ~acb retor.r"ulr I

t hver [ for hydroeuergy production ( E ). Downst re m of the case de the w t..r I

u J for lrrl~ non of the eree S, nd for do wnarream purpose (QM ). The ,.c-li•.
re rvorr is a run-of-rive r one.

The op ti m iza t io n task is to determ ine t he instal led power P for the cascade
nd t he area S for irriga tion, as t he "des ign" paramete rs [design prob lem), and

O'pt lm a l values of water de live red for hydroenergy and irriga tion in each month
In, m = 1, ... ,.\1 (contro l problem) . In t he des ign problem the values of S nd
P Me determined su bject to allowed deficit for irrigat ion and energy production .
In the co ntro l problem t he sum of benefits by irr igati on and energy product ion is
maximized for certa in Sand P.

The opt imiza t io n p roblem is formulated as follows:

M

max L B~ ( 5, P, U)
S.P.U

",:;:1

s ubjec t to the cons t ra ints .

This problem is decomposed into two problems:

[ - Design problem:
max B" (5, P )
S .P

subject to a llowed defic its , which int rodu ce "design" cons t ra ints ;

II - Control p rob lem :

M

B" (5 . P ) = max L B~ (5, P, U )
U

",=1

subject to "cont rol" const ra ints (cons t ra ined water sto rages and water releases ).
•

This decomposition enables the development of a two- stage opt imiza t ion pro ce-
dure. T he cont rol problem is a. "subproblem" of desi gn problem . The op t imization
model with co ns t ra ints is desc ribed in the following sec t ion.

In deve loping the mathemat ica l model for opti miza t ion the following symbols
UP used:

Q

V

U

B

S

P

11

. f

na tu ra l infl ow Into water reservor r ,

wa ter volume in the reservoi rs (st at e vector).

wa te r delivered from the reservoirs (cont rol "ector),

benefit of mul t ir eeervoir sys tem management,

rrrign tion a rea (unknown),

ins rafled sys tem power ca pac ity (unknown ),

mont h (index In t he ti me series ),

nu mber of months In tbe t ime horizon ,

-servoi r index.
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nu mber or reservo i rs in the cascade ,

_ o rde r number or reservoir with cons tant sto rage [ r un-of-r iver J,

numb..r of reservoirs without s-e-th reservoir ,

hyd roene rgy,

_ tbe number or opera t ional hours for primary (peak] ene rgy p roduction In

m-th month,

primary energy demand,

allowed deficit in primary energy production ,

unitary wate r demand for irriga tion or a re a 5 (m 3/ ha),

allowed deficit in irriga tion of a rea S,

release for downstream purposes.

indicates the opti ma l va lue .

3. OPTIMIZAT ION ~IETJlODOLOGY

A mult ireservoir system is cons ide red. It is assu med tha t the water from each
reservoir is used for energy production. If there is the water demand with a high
priori ty from whichever reservoir , it has to be sub t racted from t he in flow. The last
(downs tream ) reservoir is a multipurpose, one.

T he water resource or cascade has to be used for energy production, for irri
gation of area 5 , and for completely satis fying the demands with high priority.

A two-stage opti mization p roced ure is developed. At the fi rst sta ge the op timal
values of irrigation a rea 5 and of ins ta lled power P of cascade are de ter mined
su bject to allowed deficits . The allowed deficits a re gi ven for irrigation and prima ry
ene rgy prod uction in the cascade. At the second st age t he p roblem of op timal
contro l of reservoirs is solved applying dynamic programming . The st ructure of
the o pt im iza t ion algorithm O P REC (O P t imiza t ion of REservo irs in Cascade) is
presented in Fi gure 2. At the first st age (SO LDE F) t he optimal parameters Sand
P are deter mi ned by an itera t ive procedure, sa tis fyi ng the const raints of a llowed
deficits (vdesign" const raints) . At t he second stage ( DYNPRO ) the cont rol p roblem
is solved for t he given values of S and P fro m t he stage SO LDEF. The inpu t d a t a a re
given for: inflows, a llowed deficits . demands, unit benefits . and sys tem const ants .

At the first s tage the system of four reservoirs is opt imized . but. at t he second
st age the cont rol pro blem is solved for three reservoirs . si nce the control for the
-e-th rese rvoi r is given an d known. T he algorithm O P REC may be appl ied to a
casca de with more reservoirs wit h known controls (N C - .v R > 1) and t he optirnal
contro l problem is so lved by dynamic programming for .v R reser voirs.

3.1. Tus FIRST O PT IMIZAT IO N ST AG E - SOLDCF

The main objec t ive of the fi rst op tim izat ion st age is satis fy in g thp [lowed
defi rits for ir rig ation :H1 d I' rWT.';y production .
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O P REC
~

I

Input data

I stage

SOLDEF - Solving the
problem of deficits

D J
D E E-
QE ui- II stage

DYN PRO - dynamic
programml n~

S· for control prob em
p'

W':m' t'r,m)
( E~ , ui~, V m )

Results

Fig. 2. The structure of OP REC

••

At the fi rst optimiza.tion stage Sand P are unknown (pa rameters in "design"
prob lem) . T he allowed deficits are given: I D - for irr igation. and ED - for
primary energy prod uction.

The algorithm at the first optimizat ion stage (SO LDEF) starts with a max
imu m possible value for irrigation area 5 and for ins talled power P. The initial
values of 5 an d P are:

s = [ i: f Q.m 1/ t o;
,,"=1 ..=1 ... = 1

P = [ i: f (ce, xH, xt o.;)] / [t hm ]

... = 1 ..=1 . = 1 ... = 1

whe re

ce efficiency (consta nt )

( I )

H. the power head .
•

With t he computed values of 5 and P, t he dischar ge capacity of turbines
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where

QI .... - &Vf'rage inflow for month m And reservoir i.

The irrigation dem and DI and primary energy de mand DE for the cas cade
are compu ted in SO LD EF:

DIm = S X D... and DE... = P X hm, m = I , ...• At (3 )

At the second optimiza t ion st age ( DY~ PRO) the t ime series of net inflows are
used and t he optimal contro l of reservoirs is determined, with given DI, DE and
QEJf AX from the stage SOLDEF. The resu lts which are transferred to SO LDEF
from DYNPRO are

ui;" , m = 1, 1.\1 -

£;. , m = I , , .\! -

the op timal wate r volumes for irrigation of area S.

the optimal values of energy produced in the cascade .

Eo "NC Eo
... - L... ..= 1 " ,m '

The de ficits are com puted by t he following relations:

.\1 (.\1)
id(S) = 1 - L ui;" / S x L D~

m=1 ....=1

.\1 ( .\1)ed( P) = 1 - L EP;' / P x L i ;
... = 1 ... = 1

(4 )

whe re EP;.. is the opti ma l primary ", ne rgy:

{
E;,. ,

EP,,, c=
DE... ,

if E;,.. < DE",

If E;" > DE~ .

10 0 ,,",

I ti ,,oJ :~ I D ; :10 checked . I D b a ° ]\ "11 'l. llu~ o 'l

ti ed . the II ,. .... -alue of SIS computed "rom th

1'1 . pri m nry ener~ y demand D E is deter mined by rel.u ron (3). with grven 1,)1)

pral lf.lrl'. 1 hou rs lim for p rima ry P~f"f;; )' , Ti,P energy su rplus £;" - £ P- IS co n..idere
"I second a r-' ('n " r~y"
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E ch (next) iteration of optimization procedure cons ists of the foll owing steps.

l. Compute DJ and DE by relations (3), and QE,IIAX by (2) .

1. Run subroutine DY.VPRO (for op t im al contro l) .

3. Comput e u by rela tion (4 ), nd cri by (5) .

'I. Check the const rain ts: id < I D and ed < ED . If both are sa tisfied , th e
op rimiaa rion procedure termmates, otherwise continue with s tep 5.

5. Com pute ne ..... value of :.., by relation (6 ), and P by (7) . Continue wit h
step 1,

The convergence or this iterative procedure is based all dec reas ing value of S
and P (by relations (6) . :d ('».

3.1. THE SECOND OPT l ~flZ ATION STAGE - DYNPRO

At the second optimizat ion stage (subroutine DYi>lPRO) the problem of opt i
mal control is solved applying dynamic programming. The state vecto r is the wa ter
storage in reservoirs at the end of months within the time horizon ( VI. V2 • • . . , t',\1 ).
The water storages in the rc-th reservoir are known (given) . The algorithm wit h
there stare variables is developed.

The criterion (or optimal control of cascade is maximum benefit. The cri terio n
•

(objective) function has the following form :

st

F = L (Blm+BEm)
," -=1

where

B f... - "j~ "1' '.. _
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B E en~rgy benefit

b, unnnr y rr rigat io n benefi t

u, water vol ume used for irriga tio n

b~p unnery benefi t of p rima ry ene rgy

b(, :1 unitary b..nefi t of seco ndary f! ne rgy E... - DE... ( if positive)

E.. ene rgy fro m e- th hydrostation

V.. water storage in r -t.h reservoir

ue water volume used fo r energy production

H ( \:" ) "t he sto rage curve"

HT~V tail water eleva t io n

The dynamics of the rese rvo ir s torages are described by the follow in g equa tions:

Vr,... = V,. ,m_ t + Q,...., + U.. _ I . ... - U .. ,... - !J,. .... ; "II' . m .

The in it ia l water s to ra ges in reservoirs (V,. ,o) a re given as inpu t d a t a .

By rearranging the s ta te equations. the co n t ro l va r ia bles 1I" .m can be expressed
as function of the reservoi r s ta tes V.....

•

•
II .. ,,,, = L (l.'i.... - 1 - Vi ,... + Qi,m - 9i .... );

•= 1

"I,.. HI •

The e va poratio n losses are com pu ted by t he following re lat ion

where

ev eva pora t ion unit (mm/ ha)

A (V ) relationship between surface and s to rage of reser voir .

The s ta te cons t ra ints are:
•

where

W,tllN.. < V.. .... < W.lfrlX.. .... ; "1m.,. E SR

wsus
IF.lIAX

minimal s to ra ge ( " dea d space" )

m aximal s to rage ( t he reser vo ir cap aci ty, or less if some storage
se rved for flood co nt rol).

The conditions and co ns t rai n ts in the cont rol spa ce are:

ue .. ... < QE.\fA X " VI'

II NR ,m > Q,lf ..... + "i...

Ill .... < Dim.

.
IS re-

This set of constra in ts hes t o be sntis fi ed for a ll, III ,
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\ t the .. co nd op ti nna lion le- v,.1 the cont ro l prob lem IS

m ax F( V,. "" Vr , HI}
I, · J •

' .-
subjec t to ~ set of s t re and cont ro l co ns tra m ts.

The- cascade t rajecto ry is t he s l a te vecto r ( V.. ,,,, , Vr , m ) within t he t ime horraon .
J. nJ fo r .VR res ervoirs .

By t he p ri nci ple of op t ima lity t he recurrence relation is derived in the following
form

F~ (V".~ .V'r ) = max [B•• (V".~_I.V",~,V'r )+ F~_ l (V",m_I . V'r )1 (8)
( V., "' _ I,Vr j

m = :!, .. . , Al

where 8 m = BIm + BEm is the total benefit within t he m - th month.

The forward dy na mic programming algorit hm is a pplied.

Let V~_ I ( \" ... ) deno te t he va lue of vecto r V..... _ I for wh ich the max imu m in (8)

is obta ined. All the V':- I ( \ '",), m = 1. . _. . .U , are stored in the external computer
m emory.

The optimal value of st ate vector at t he end of ti me horizon V.;, 15 deter
mined by

F = rna. F,lf (II\{ )
VM

subject to V.."v > V-.o. T E .V R.

The opt ima l valu es of st ate vector are determined from the stored da ta by the
following vector relation

V ' = V +(V ' )m m m + ( ' m = .\f - 1..\1 - ~ . . . . . 1. { ~ I

After the optimal trajecto ry of cascade is determined. which IS ( V"~l' \/":2'
. V..:.u : r E .v R ), t he optimal cont rol is de termined as follows:

. - V ·u.. ."., - " .m _ 1 Q • V -+ ...m + ".. - l .m - 9...m - ..,,,,, ,

•
IH' . m -

E: ' n

o if 0.5 x ( V..:m + V":",,_ l ) < It'J/l'v.

" ; ."" if 0 < It ;,... < Q£J/AS.. m

QE.\t. I.Y... if ,,; .,. > QE.\IAX. '.

= ce ; X 11f ; m X 11/.. ,0..5 x ( l'..~ .... _ I -i- l'r~".)) - HTI L )

Ilf ;,. = 11 ~' R .", - C{"ttl,

fo r rII = l . ... . .\1 and r = I.... ..ve.
For t he r c-th reservo ir t il e st ornges l \ '. c.l . . . . , V.l: ..u ) a re known ll; lVPu l ,



VI

II I II IV .V VI VI I VIII IX X XI XII

3,- 1-- -- - - -- - --- -- --~l---

-- -- I /- --- _av:~ge -<, f--- /f-
"- , Y 1963-

<,
I'-..

200

V2

475

107

- ---..:..:;!- - -- -- -- ---- -- - - -- --<, ---_.._-..J...,'-, ,

I -,
I I i- - - - - -- - -

II III IV V VI VII VII I IX X XI XII

V3 ,

I
V3 = canst

I

1 __ L_

~/

I I III I V V VI VI I VI I I I X

.-,-
x XI XII

401--!- - - - - - - - - - --1-- -- f- - -- - -

II III IV V VI VI I VI I I I X X XI XI I



Au optimi'&&tion procedure for ....tu rusrvoin in c.ucade

REFERENCES

95

R.E. Beilman (1957). D,,,..,,,,c: Pro,,,,,,,,,i,,,. Prlncef,OD Univemty Prsa. Princeton. :-.I .Y.

S. Opricovit. L. Eccher and M. Iaailovsk.i (1991), A. O" i"' IZdlo" ,roC:IIJUII /01' wahr nlll",oir
, 1"'"1,*,, Yuplav Journal or Ope:rationJIR~ 1 (2), 22$-233.

T . Ttno. and W . W-G . Yeh (1987) . Uu 0/ .Jtoc:4. J li c: i,,,a,,,ic: ,ro,"",,,,i,,, Jor rlllllrnir "'A.'
.,c:"' n '. Water Raoun:es R.es.ean:h 23 (6 ).

~. 1'urw;eon (1980) , 0,111".1 o, lI ,..tio" 0/ ",.ltirUllnoi" ,owllr ""lIm, Water R.etourca Re.earch
,. (2).

W . W-G . Yeh (1935). RUII",Olr m.•••'II"'II'" ..i o, e-,.. lin J ",.cd., Water Resoura:s Research
21 (12).


