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Abstract . Tile relaricnship bet ween rhe number of edges lUld t he ' iia lne t....r o f eli lI; i t.al
convex polygons .....as studied in the papers [6J , [2J, {3 J. [4 1, This pape r ~ves a linear
algoritlun ( w.r. t. rhe number of veri ices) for a simple epproxuuare cons. rructicn of
optimal. dj~it.,j con vex polygons. that is. those d.ir;ital convex polygons. which have
the smalle&t possible diameter for a given number of edges . T he algornl un pou tly
uses the dficient cons tru ct ion [2] of a special sequence o f o p tim al digita l conve x
polygons . It cons t ruc t s in a simplified manner the suboprimal ' ..... irh error tolerance
equal to I} tiil;ltal. con vex polygons. T he proofs of rhis subopvirn ali ry ca ll be found
in the paper [01].

1. INTRODUCTION

:\ digital convex polygon is a convex polygon, all the vert. tees of wh ich h ave

integer coord in ates.

This pa per presents an asy m pto tica lly opt im a l nlgoruhm for t he ccns t ruct .i on
If opt im a l or subop tima l [4J di.;ital convex tl-gons, where n is a :-; 1\,(' 11 natu ra l
number . T he optim al ity of polygons is conside red here exclus ively ill t he Iol lcwmg
sense: the co ns t ructed n-eon should have the sm a llest possible d iameter l ti lt" edge
srze o f the m inima l insc nbed squa re With the edges parallel to the coordinate axes)
The v- ru ces of rhe const ruc ted n-gons are listed In the posurve ordermg

The co ns t ruc t ion is a lmos t op ti ma l in the sense that the achieved value for the
lia meter of t he const ruc ted polygo n 15 a t most for one 6re ter than the theor et.icnl

min imu m. The pl'lppr ~ 31 cont a ins a n eeecr const ruc t io n of op tllna l d ian.al convex
~.)·o:;ons Howe ver In t·ll, Wh ich co nsulers the cons t ructron of optuunl ,lklt;t! onvex
n-cons for ar int rnrv II. the em phasis is put on t he sunpl iCll) Jf the ccu- trur uon.



2. PRELIMINARI ES
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In me c t"S (for n of t he form ·h + :?J the heady
tunal digit I conv..u polygene La therefore repleced by
SUbOPUDl I digltl\l convex polygons.

r ime complexi ty of the proposed algorithm IS linear w.r.t. the number of vf<r
tICf!S of the required polygon. A n efficie nt cons tr uc tion of the Fa rey sequ..nee I ~

used . The algorithm for cons truc tion of opt im al digital convex {s-gons is an "a.sy
generaliza tion of the algori t hm proposed in [21for the co ns t ruction of digital convex
polygons in a. special seq uence p et ). The poin t of the algorit hm proposed here
t he effic ient use of a family of so-called Basic polygons , which are int roduced 10

(41 in order to cover the cases when the number n of ed ges is no t divisible by -4
T he algorithm also incor po rates an efficient determ inat ion of the paramete r t of
the Farey sequence .

The diam eter (in the sense of city block distance ) of a digita l co nvex polygon
P is the maximal one amon g the values IZ-j - zj l and /y, - Yi l, where ( Zid/d and
(Zj, Yj) are two arbitrary vertices of P.

Let Ym,n and Zmu respectively de no te the minimal y-coordinate and the m ax­
imal e-eoordinare of the considere d digita l convex polygon P . T he SE-arc (so uth­
ea"t arc ) of P is the sequence of consecu tive edges (Vi , Vi+i ), a <i< k - 1. where:

- Vi deno tes a vertex (Zi, Yi) of P

- ZO o < Zt i Yo = YI = !lmm ; Z.I:_1 < Zm•• ; Z.I: = Zmu·

The ~E-arc, the :nV-arc and the S\V-uc of a digital convex polygon are defined
in an analogous way.

Given an edge e = [(ZI, YI ), (Z2. !l2) J of a. digital convex polygon, the edgt lopt
of e deno tes the fraction:

/" - ',1 IYI - Y,I
if e E :-fE- or S\V arc; if e E SE- or N\"-a rc.

IYI - Y, I 1' 1- ',1
while bd-length of the edge e is the sum IZt - z21 + IYt - Y2 1.

If two digital convex polygons PI and P2 have ed ge-slope-disjoint correspondine
arcs , then there exis ts the uniquely determ ined third digita l co nvex polygon P;j,
called the ", u rn of Pt and P2 • Each arc of the polygon P3 includes ;\11 the edaes
of t he corres po nding arcs of PI and P2 , sorted so t hat the co nvexity condillol; 1:­

preserved .

A class P(t ), t = 1,2, . . . , of opt imal digital co nvex poly gons w ,'\.S in troduced
in [61 · The edge slopes of ed ges of each a rc of t he polygon P(t) art' :\11 .iitfe rem
fra ct ions of the form sl». where the natural numbers I' a nd q art' rela uvelv prune
and p + q :$ t. In add ition, the edge slope of t he fi rst ed ~t' It1 each a rc vi P I I 1:>­

eq ual to a/ I. The number of edges of P(t ) is denoted by 11 ( 1) . It IS easv t o -h, \\
that



.. rHlull . "" u all'1 II _II f u l .. I u",.J ~ .t I _ I' ,

her .. \ f l J n )\ t he num ber If IIl tt" e r lu'!t\4...· 11 I nd . ..... hu-h 0' r..1..11

p r u n e tt h j th wt"1I kno wn 1: ul er fun c t io n Irom n umbe r tht'llf y .. ~ .. (I)
,>\~ ) I , ,>\3) .'1'1) a ~ , ,,(5) 2 ·1).

F4~'1 Hqllt fl..:t of otde r t , (s hu rt ly F ( t), 151), IS t h trJ ctly m ete ~ Ill g qU'1l 0 '

hrch Includes II the [ract io ns of the fo rm bIll , whf' n'" t he lutfOKfO f ,J nd b ar
r I n vely pr im e and l :$. 6 < 1'1 :5 t. F (5 ) is listed In Exampl e I. 5..c110 n !),

3. CO NST RUCT IO N

Suboptim 1 (in some cases optimal) digital convex u-gons can be represented
as the sum (in the sense explained " ho ve) of three digital convex pol ygons, ca lled
Initial. Basic: nd Additional polygon respec t ively.

The number of edges of bo t h In itial and Additional polygon is d ivisible b)' -4

Basic p olygon has 9 , 6 and j edges for n of the form -ts + 1, 4s + 2 and 45 ..... 3
res pe c t i vely.

If the problem of determining a su bopt im al digital convex n-gon is considered ,
the n let t denote the integer such that the prolonged inequality n (t -I ) < n < n (t )

is satisfied. The bd-Iengt hs of edges of the Basic polygon may be sm a ller than t ,
eq u a l to t and even greater than L All the edges of Initial and Additional po lygon
have bd-Iengths smaller than L respectively equal to t. The edges in the la tte r two
polygons are "packed" into quadruples of edges with the same edge slope in distinct
arcs ( t he edge slopes used in these quadruples must not be used in any arc of the
Basic polygon).

There exists a I-I co rresp ondence between the ele me nts of t he Farey seq uence
and ed ge slopes of the polygon P . Namely, the mapping

b/a - b/(a - b)

(which maps a member bla of F(t ) to the corresponding edge slope qlp) is a
bijection which preserves the ordering. Besides, note that the integers band 11

are relatively prime if and o nly if the integers b and I) - b a re as well.

In this way the lis ti ng of venires of an arc becomes eq uivalen t to the listins

of members of the Farey sequence but the la ter lis t ing (in mcreasing order I is
nossible In linear t une i:q. TI1Uo:. t he ':lo r t ing of vert icc"> within each o ne of the a rcs

, '15 <1 '1 01 ie ...

4. A LGOIUTII~I
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~ Determirung the c ~ (nume ra ted by one o f the integer 0 ,1 12) In d..~ .. !

deu ce of 11 , t and 'ICt) .

3 Genet ung each o ne Jf rhe fou r arc o f t he polygon P by OIlP P throu~t I to

F rey sequence F( t) .

... 1. STAG E 1 : D ET ERM IN ING rH E ~U t BER t

In acco rdance with the expression ( ••• ), the number t such that n e nl t - I,
net )] is determine d by sum m ing up the sum m a nds o f the foem 4 • p ( ,, ), for
s = 1, 2• . . . • until the sum (eq ua l to fa Ct » ~ becomes greater than o r eq ual to the
number n .

On the o ther hand. the value oC:p( ) is dete rmined by usmg the expression r:'J·

where ,,= p~l '. . p: -

is a prime factorization of t he number 8,

4.2. STAGE 2: DETERMIN ING THE CASE

The cases are mostly determined on the basis of n mod -1 and t mod 4. If n
mod ~ = 0 (c ese 0), t hen Basic polygon is Dot used. The remain ing 12 cases are
specified by t he following table:

Case n I Basic C ase n I Basic

1 4s + I 4k B1 1 ·h + 1 2k Bs
q .... + I 4k + 1 B1 8 .... + 2 2k + 1 Bs-
3 4. + 1 4k + I B2 9 4. + 3 4k B6
~ 4.. + 1 4k + 2 B3 10 4. + 3 4k T 1 B.
• "s + 1 4k + 3 B3 11 4. + 3 4k .... 2 B8c

6 ~. + I 4k + 3 B4 12 4. + 3 4k + 3 B9

Cases 3 a nd 6 are used iff n = n(t) - 3 {the Basic polygons 81. respec tively
83. do not match in these cases), although the! Basic pol) ge ns 82. res ect ively B4
are valid for n > HI t - 1) ~ 5. The ahernari p cases '" and 5 respec I\' i~' re 1 N

Ins tead fur n E :n \t - 1) + S, n(t) - 7] .

The di ameter "9 o f t he sum of lnitial and Basic nolygon is equal 1\ II t - I _

! fl mod ") In len ca...es. excep t fo r the cases J eud 6 when it IS equal to . I' .. 1J .­
The required u-gon USf'S exactly (n - '1g)/1 eu es of 1 e .-\ tditional ~ olv n In a. •
'He [this fact IS used in t he construct ion, in Sage 3) . The value 'lit - ) n es an
for der ermimng fIlJ) can be eeaily de te rmined t the end or L~tagt' I, 1\1) - ...~ l

The Ii t 'Jf Basic polygons is grven 10 falll 1 The edge <lor-e... -d d r F
arc N& r :oJ\\' re an d S W- lLrc. in ttl! • rder t' listr I for eo el ,



n n I ,

B\
0 k 2k - \ 0 2k 0 2k 1 3k ~ 1 0
\ ' 3k + r 2k 3 ' 2k - \ ' 3' 2k k 0-

B2
0 k .. \ 2k 0 2k + \ 0 2k 3k .. 2 0
\ ' 3k + 2 ' 2k + 1' -0' n ,

2' 2k + t ' k+l' 2-
B3 :

0 k;- 1 21.: 0 2k + \ 0 2k 3k . 0 0..--
\ ' 3k + 2 ' 2k + r 0' -2k

,
0' 2k + \ /.:..,..1' 2-

B 4 :
0 k+l 2k + \ 0 2k + 3 0 2k + \ 3k + 4 0
\ ' 3k + 2' 21.: -r- 3' \ ' -2k + i : \ . 2k + 3' k + \ ' \

B5 :
0 k 0 0 k 0
\ ' -l: + \ ' 2 ' \ ' k + I" 2

B6 :
0 0 3k -t- \ 0 2k 0 k
\ ' \ ' k

, I' 2k + l ' 2 ' 3k + \

B7 : 0 0 3k + 2 0 2k 0 k +\
\ ' \ ' l: +I ' \ ' 2k..- \ ' 2 ' 3k + 2

B S :
0 0 3k + 2 0 2k + 2 0 k + \
2 ' 2 ' k+\ ' 0 ' 2k + i ' \ ' 3k + 2-

B9 :
0 0 3k -'- 4 0 2k + 2 0 1;+ 1
I ' \ ' k-r l ' \ ' 2k + 3 ' 2 ' 3k +4

The edge slo pes of edges within an arc are listed in the increasing order. T he fi rst
ed ge of each arc has the edge slope of the form Ol p.

The diameters of the Beste polygons 81,82. . .. . 8 9 are in order:

5k .,. 2, 5k + 4, 5k + 4, 5k + 6 , k + 2, 3k + 2, 3k + 3, 3k + ·1. 3k + .i.

The edge slopes of Basic polygon can be s tored in a. dou ble array indexed bv
ordina.l nu mbers of a rcs and by ordi nal num bers of edges withm an arc. Such an
array IS generated depending on the CJ.,SP and the number k {ohtamed from t ).

4. J . GE.' ERATI:-.i G r HE ARCS Of T HE REQU IRED POLY to O :--;

The construc tion of the required digital convex PO IYhOIi Pis -s-paret.ed IIUO fo ur
in de pendent cons truct ions of its arcs (SE· "I' E-. ," ' V-and S\\'-llrC lJ1 tur nl. Ea("!J
arc IS constructed by using only one PI\.SS through the Far...y eqr ence F(t First
I"dR;e of :\0 arc of P is obtained by 'vrttt n~ down the fi rs t eoge of I be correspond ing
arc 1 of the Basi c po lygon. The sequence F( t) is inuinliaed afte rwnrds.



D.~t. A.krt ... , S. M..w~ Kdw: , J. D ZWllC

l'he fullowm g sche me is use d fo r the ge llf"ral step of the co ne t r uct son of au r

of P

Co us t ruct t he- foll owing member b/ fl of the seq ue nc e F (t ) ( t h is const ruction
base d o n t he recu rs ive con nec t ion given In [5ji an Im plem enta t ion of a In JCf

gene t I co ns truct io n is described in [11).
Dete rmine t he correspon d ing edge slope q/p with q = p , p .= a -b.

If the edge slope qlp is acceptable, then rtgutu the correspo nding edge.

\Ve proceed with 3. more derai led description of the boolea n fun ctio n acapta Dlf!

a nd t he procedure rtg i.s l t r.

\Ve primarily give the expla na t ions for the cases 1-12 . As above, let ..t denote

the curre n t arc of t he Basic polygon.

..\. ne cessary condit ion for the value TRUE of acct:pta6tt is t ha t one of the

following two co nd itio ns holds with the edge slope sl»:
a ) qlp is no t used in the Basic polygon

b ) qlp is used in A.

The condit ion b) is also sufficient. The sa me sta te me nt ho lds for t he co nd ition

a ) whenever p + q < t ; the Initial polygon consists of exactly such edges.

However, when the co nd it ion a ) is accompanied with p + q = t , then the value
of a. cou n te r, denoted by c and initialized by 0, is increased by I . In accordance with
the above remark o n the Additional polygon, the final requirement for ac cepta n ce
in t ha t case is that c < (n - og )/4 .

A particular attention sho uld be paid to those edge slo pes q", /p", , U =
1,2 , . . . , w(AL of the arc .-l of the Basic polygon. which sa t is fy that p", +- '1", > t :
they are so r ted in increasing order and stored in an auxiliary vector V ( t he initia. l
va lue of u is se t to 1).

These edge s lo pes will never be addressed by some m embers of F(t), bu t th ey
sho u ld nevertheless be included into the polygon P. The proper m oment for in sert­
ing the corresponding ed ges in to the 3fC of P wh ich is being co ns t ru cted - must
no t be missed. The following loop is consequently activated wit h the procedure
rtg lStt r before writing down the edge with the edge slope q/p :

While qu/Pu < q/p, and u < w{ A ), t he ed ge with the ed ge slope ql.o /plo IS

wn tte n down and t he va lue of the coun ter u is increased by 1.

T he on ly co nd it ion for acceptance in C ase 0 is: p + q < t o r {p ~ q = t .vn i
c ~ (" - n g )l ; I.

The coord inates (z o, Yo) of the firs t vertex of the S E-a rc of P are ~1 \ .....1 III

adva nce. G iven a cu r re n t vertex { Z i, !Ji ), ;10 ed ge with the ed ee slope 'lip IS "nt:t"

:lo u· n by pro d ucing the nex t ve rtex ( Z i +I , Ji +lllO ac cordan ce \\ n il t he connect) II"

,01 e r I he p.... rr ( z ,1o(, :I'lld IS eq ual to (+1J, +.,). (-1, . p ), ( _ p, _ ,)
th 'L Af C, 'E- ;\le . ~ \V-iUc . SW-arc respect ivelv

..... ". - "



5. EX.\ M PLES

EX .H IPlE l. Given n = 35, it is calculated in Stage t that t == 5. It IS Iur t her
determined in stage ~ th a t k == 1; Basic = Hj (Fig . 2); Case = 10 ; 119 == ~j .

The cc nst. ruc tion of the required 35-goo P in S tage 3, uses the seq uence F(5 ):

1/5 .1 /4 ,1 /3 ,2/ 5,1 /2,3/5 ,2/ 3,3/4 ,4 / 5.

This sequence is bijec ted to the seque nce

1/4,1 /3,1 /2 ,2/3,1 /1 ,3/2 ,2/1 ,3/1 ,4 /1,

which incl udes all t he edge slopes sl» of edges of an arc of t he polygon P (5) in
increasing order.

The coord ina tes of the initial vertex of P are arbitrarily ta ken to be (0,0) .
T his vertex is t he commo n vertex of the S\V-arc and the SE-a rc. The vertices of P
are genera ted and listed in t he posit ive orientat ions (SE-arc , NE-arc. Nw-arc and
S\ V-a r c are passed, in this ord er) . The common vertex of two neighbor ing arcs is
followed by the denotation -----.

T he end vert ices of edges. t he edge slopes of which belo ng to Init ial an d Addi­
tional polygon. a re de no ted by t he letters " I " and " A" respectively. When the edge
slopes used in Basic polygon a re considered. fou r different letters a re used instead:
-B" for the begj n uin r; ed ge of t he are, ~ S " , "E" and "C" fo r the edge-s wit h "'d :.;e

slopes sma ller than. equal to and greate r than t respectively. Xore that t.he leit er
"5" is not present with Exam ple 1. while t he letter "G" is not present wi t h t lr­

Example :! .

The list of ver ti ces of the constructed 3:i.gon P is given in Table ~ .
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T bte '1 . The L. l of vertic.... 01 tM cone rructed 3~ lI.:on P

B( 1, 0) . ( 5 , 1) I( 8 , 2) I( 10, 3)

I ( 11, 4) . ( 13, 7) I( 14, 9) I ( 15 , 12) - ·-- -

B( 15, 13) . ( 14 , 17) I( 13, 20 ) C( 11, 25 )

I( 10, 27) I( 9, 28 ) . ( 6, 30 ) I ( 4 , 31 )

I( 1, 32)-----B ( 0, 32) . ( -4, 31 ) I( - 7 30 ),
I( -9 29) E(- 12, 27 ) 1( - 13 , 26 ) >( - 15 , 23 ),
1( - 16 , 21) 1( - 17, 18 )-----B (-17 , 16 ) ' (-16 , 12)

1( - 15 , 9) 1( - 14, 7 ) 1( - 13, 6) ' ( -10 , 4 )

I( -8 , 3) C( - 3 , 1) I ( 0 , 0) - - - - -

Ta bl e 3. The li~t of vert ices of the conerruct ed 5;. ~on P

B( , 0) . ( 7 , 1) I( 12, 2 ) I( 16 , 3), ,
I( 19 , 4 ) E( 24, 6) I( 26 , 7) 5 ( 29, 9)
. ( 33 , 12) .1( 34 , 13 ) I( 36, 16 ) I( 37 , 18 )

: ( 36 2 !.) : ( 39, 25) : ( 40 , 30 ) - - - - - 3( ';0 . 32),
. ( 39, 3B) I( 38 , ., ) I ( 37, 47) : ( 36, 50).-
I( 35, 52) 5( 33 , 55 ) . ( 30, 59) I( 29, 60)
I( 26, 62) I( 24. 63) !( 21 , 64) I( 17 , 65 )
I( 12, 66 ) - - -- -B ( 10, 66 ) A( 4, 65) I ( -I , 64 )
I( -5 63 ) I( - 3 62) :( - 10 , 61 ) 5( -1 3, 59 ), ,
A(-17 • 56) I( - 18 . 55 ) r ( - 20 . 52 ) I( - 2 1 , 50)
E(-23 , 45) I( - 24 , 42 ) • ( -0 5 38 ) r( - 26 . 33)-- - - -. - ,
3( - 26, 31) ' ( -25 , 25 ) I( -24, 20 ) I( - 23 , 16)
: ( - 22 , 13) I( - 21 , ' . ) A( - 18 . 7) .( ~ - 6)" • -. I •

1(- 14 , 4) 1( - 12, 3 ) I( - 9 2) !( -0 , 1),
I( 0 , 0) - - - - -

EXAMPLE 2. Given n = 57 . it is primarily derived that t = 7; k = 1. Bas ic = 83
( Fig. I ); C ase = 5 ; n9 = -19 . The lis t of ve r t. ices of the constructed .,) '-;;on P IS

given in Table 3.

6. Cm lPLEXITY OF TilE .UGORITlD I

THEO REM 1. r I, e algorithm ~:t't' n In Ste l lo n 3 l$ .u y mp to tl ( a f1y ol1 tnna/

Pn OOF . The following asymptotic est .i mntion for the- number 1I( t l lias been der rv ell

in [2]:

S ince IHt - I) < II < 'I(t ) , the num b..r of "'J ~es of the const ru cted POI~' n ::t "

"the sa me orde r of macnuude fOIt ~'). The presen ted const rur t icn • i I ptlmrll

suboptnnai ] d i ~ l t al convex po lygo n P 13 sy m Jl tot ic :ll1 ~· I1H111lt\1 11\ the ,u'" t \t

dip. numb-r of «le mc nt ary ste ps of the cons t rucnon is ,il...o 'If order Oft "';\ 1\ \

cn nclus ro u rau hf> llefl Vf·d by " lIa l~' zlll~ t he .. Ia l.:, '·" (If d iP d~or lthm



"' TAGE 1 F cton etion of a na t ural number " requires O(.[i) element ar y t"pl [ ~l

Calc ulaung "'(.1) on tilt' basis of the for mula given in 4.1 n-quires v addit ional
elementa ry steps. where v is obvious ly bo unded from bov... by !og2(1I} and
consequen t ly by ,f'i. It follows t hat calcula t ing p(,,) for" = 1,2 , f , And
ccnsequent ly the calculating of n(t ) and t itsel f requires O(hli) eleme nta ry
s teps.

STAGE 2. Dist inguishing the cases on t he basis of n mod 4, t mod -I and comparing
n with already calc ula te d n(f}- 3 can be ob vious ly performed In constant t ime .

STAGE J . Given a. member of the Farey sequen ce, the calcula tion of the next
member is performed in a cons tant t ime Ill. On t he othe r hand, the necessa ry
calculations concern ing q/p and related to eac h member of the Farey sequence
can be also performe r! in a. cons t ant t ime; they include only the search of edges
of a fixed Basic polygo n (t he num ber of edges in t hat polygon is bounded from
above by lO in all the cases).

The sequence F (f} is passed four times durin g t he genera t ion. T hus the num­
her of elementary steps used in Stage J. is asymptot ically equal to the -l-Iold
number of members of the sequence F(f} . The latter number has been est .i­
mated as 31 ' Ire' + 0(1log I) ([5], Theorems 330 and 331 ).

Since the complex it y of Stages 1 and 2, is smaller than O( t1 ) , it follows tha t t he
number of elementary steps of the whole algorithm is asymptotically equal to the
number of edges of the constructed po lygon . 0
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