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Abstract . More reaJ.i5tic fonnula.tions of optimal control problem. .ve pecpceed
an the pa.per. Funy sets an: used. to represent the im p reci seness and non
reprcducibiliry of the experimental da.ta and subjectivity of the cos t fWlcti on (s )
definition . The problem is transformed. via Bellmen-Zadeh's approach to the crisp
(nonfuu y) op timal cont rol problem. illustrative numerical examples are presented.

K t, _nl3 a". p""...tI: fuzzy mathematical prograrnm.inS. fuuy op timal con t rol.
fuzzy decision mwns.

1. INTRODUCTION

Using fuzzy sets for a description of uncertainties in the transversality condi
tions was proposed recently [21 . In this paper the concept of fuzzy optim al contro l
( FOC) is developed for the case of fuzzy systems model . The fuzzy model int ro
duced here represents dynamic behaviour of the system by a nonlinear cylin der
( "d uct") with a variable radius in the model description. It allow as on to consider
all experimental data with various degrees of acceptance and, as a. result, to re ceive
a more effective control sequence than in the deterministic model.

An approach to determine membersh ip function of the model fuzzy sets in
cluding all experimenta l data is introduced. Zimmermann's approach is used to
represent cost as a fuzzy set [5J .

Both formulat ions of the FOC (wit h funy rransversaliry conditions and with
fuzzy model] ca n be transformed via Bellmen-Zadeh 's approach to the .....ell-k nown
mathematical programm ing problem.

2. PROBLDI fOR~IULATlON

A Conventional opt imal contro l problem is s tated as follows 141 :
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Find o nt rol qUl:"uce " . ( 1- = 0,

,.... -1

J =g( z,, ) + L h ( z • •".)
.1: = 0

v - I ) which nu mnu e

System dynam ics is:

k ;;: 0, . . . . N -1 .

In it ial eondit ion .l'o is given and .l'/'I satisfies t ransversa lity co ndit ro-r

SEE'. (I' )

Fuzzy sets <lee used to describe the case when transversal ity co nd it ion (l C:) is

not determined exactly and Zimmermann 's a pproac h [1] is applied to perfor m fuz zy
minimization. The modification of the o j.ti mal control pro blem cn. l1ec' FO is:

Find such a. control sequence Ut: (k = 0, ... . N - 1) whi ch minimizes not as
strict imperative the fuzzy objective function:

.v -1

J = g(ZN ) + L h(, • • " . ) - min.
c=o

T he system dynamics is

zE~,l.IE£-

k=O•. . .. .V-l ( ~.)

and fuzzy t rans versaliry condition:

( ~' )

By ::: we denote a fuzzy expression "approxim at ely equal to" whi ch mea ns that:

a) a st rict satisfaction of the of left side (S( .tN )) equal t o t he right side (zero)
IS t he m ost a ppro p r iate (J.l = I ):

b} small viola t ions of the equation are acc ep tab le to degree j v < , l < I

c) grea t viola t ions of the equation are not accep ta ble (~l ;: Ol.

Here J1 is 3. membership function.
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If u line r hi mbershsp Iu uctrou of typ" f If( 1

p =

I .

1 - r1 (lS(z .v Jl - " l,
0,

IS/ 0 + J

" < 151 < 0 + J

151 < "

(3)

then r~C) means th t IS( z.'V)1 < 0' +,1 where (0 + d) represents unce r r: lutl ' of t h..
formul tio n of (1C) til t rea lly exis t in p rac tice .

11----,

o

F ig . '!. Membership funct ion of fuzzy ob ject ive condit ion

•
Here "m in" in (2Q

) denotes "as small as possible" represented, for example, by
membership function (Fig. 2):

p , = { ~ :- 1i, '(J - 0 ,) ,

J < 0' 0

0 0 < J < 0 0 + ) 0

J > 0 , + 8,

(5 ' )z e En , u E E"'

In this FOC formulation we su ppose st rict equalities in a cris p se nse of (260
)

but in real-li fe problems the dy namics of sys tems can 't be desc ribed exactly by
crisp equa t io ns because of really exist ing uncertaint ies. Structural uncertainties
a re re flected by the fa ct t ha t abstraction and ignoring of some factors ta ke place
in the mo del build ing because of t he com p lexity of the sys tems nature. Parem
ere r unce rta in ties a re t he result of impreciseness of the identificat ion procedures .
especial ly for t he nonlinear case . Hence. the following problem is mor e realistic:

Find such a co nt ro l seque nce Ui' (k = 0. . . . , .V - 1) which min imizes no t as a
s t .rrc t Im pera ti ve the fuzzy object ive funct ion :

.V - 1

J =g( x,v ) - L h (zl ,u tJ-min
.1: = 0

a nd the Iuzzv model is:

k =O V - l (.\' )

Tr a nsversal ity co ndit io n IS :

S lz.vl = O. (.\')
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Combining the FOC problem an d t he above optima l cont rol problem with t he
fuzzy model , we can formula te the optimal cont rol problem under uncerrainry In
the mo del nd in the rrensversa lity conditio n:

Find such a contro l seque nce Ul (1: = 0. . .. •N - l) which minimizes not
strict imperat ive the fuzzy objec t ive fun ct ion :

.'1-1

J = g(z.v ) + L h(z • • u,} - min
1=0

the fuzzy model is:

Z.t", 1 :::: ! ( z.t,u.t )

and t he fuzzy t rens versa lity condit ion:

k = O•.. .• N - 1 (6')

(6' )

3. FUZZY SETS DESIGN

Deterministic model (1·) s a. generalization of the experimenta l dat a on the
basis of some identific a t ion proced ure. We can represen t experimen ta l data as
curves ( Fig. 3). In some types of real sys te ms, like biotechnological processes the
reproducibility of the lla ta is low, i.e. curves repre-senting relat.i ous obtained in the
same con di t ions are different and deviations between them are s ignificant.

x

•

t ime

Fill: . 3. Combina t ion of expe eimenral data .
(0 - experiment No. 1: x - experiment ;-':0. 2; ~ - exper truenr :-:0. J I

De te rminis tic mod el of ty pe ( 1·) dep icted (for a fi xed cont ro l vector! a CUf\('

trajectory which is as close as poss ible to one or to all experuneut al .lam. If lilt."

measure of identifica.tion is:

.v

J = I: (r ~ - r ; ) 2 / ( r ~ } - min

J:=G
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O p l u n.J n m t rul In .. (,U1Y c l\V lr ou m" " t J7

then model cu rve is close to the experimenta l data ( F ig. 4), When t ile measure of
ident ific a tion is:

• N

J = L L (z, - zl'l ' {( zl'l - rmn
.=1 "=0

where r is the number of ex perime nts, model cur ve is close" to l\1l experime ntal data
(Fig. • j .

x

x
x

•
t ime

F ig. -I, Deviati on between mod el and experime nt al data.
( x - e:q>erimwtaJ data; - - model curve)

x

x
0 0 0

A X l> l>

l>
X 0
0 l>

t ime

Fi(. _) . De via tion berwe..n model an d all experi uieru al dat a.
to - experi m ent :""0 . I : X - expe rime nt ;':0 . 2; :0: - experiment No . 3; - - model curve]

Models accord ing to (7<1) and ( i O) do not represe nt well t he real sys tem be
haviour. Ia norat ion of dev ia tions ,)( experimenta l da t a from mo del curve ca n lead
to non-opu ma lh y of t he control st ratecy. .\ success ful tool for J. more reali stic
desc ripuon of sys tem d y n enucs are fuzzy se ts.
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t ime

Fig. 6 . :-JonlillC'M "duct " .
(0 - expes-imenr No. 1; x - experiment No. ! : x - experiment ~o. 31

1

.L K.'
Fi ~ . t , Membership function of fuzzy $ta te

All experi mental da ta form a. subspace of state space which can b e called an
experiment a l duct . This fi gure is like a nonlinear cyl inde r with different rad iuses
b t) at each t ime insta nt (Fig. 6). We int rod uce t he fo llowing fuzzy sets: "s ta te of
the sys tem a t (k + I) -t h t ime interval is app roximately the following" ( Fi g. i )

1

) = 1.... 11

J
/Jt+l 1

o

.rt+l - I(.rt . lit )

O{ ... l
" = O. . .\' - I

The number of the fuzzy sets defined is .\' )( u . wbe f f' S IS th c uu tubvr .f

IHue-linen-ills and II IS the number of the st at es. fuzzy set s parametcr s {' l·t .... ! r
d if ferent for each k and i . i.e. 0t+1 E £"l The expe runent al {uct l ri~" . n
o r rep resented b y fuz zy model ( st) and rcspect i v ely h) member- lup [u nc t i 1" ,

The duct un-rs-cuon is depicted i FiJ; . ..; for l he f 1.: .... 1)·1h ti me-rrucr val. Fu; \ .. l

' model is a pproxuna tuly the followuu;" (5&) IIH:lIl S thai ' \

a., m o st ,l p p rO p n;\l l" IS sl nr l "q ua lil y o f ( I·): j1f:+ \ == I

hI 111,,11 \'101.1.1 \011:0. \) r (I ll ) a rl - ."\C (" ·ptahl,· wuh \1('~rl'I' \0 <, .1. ... \ ..... I
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x

A

t ime

Fig. 8. Imersecrion of the duc t

c) grea t viola t ions of ( t · ) are not acceptable JJ.\:+ I = O.

\Ve cons ider now t he linear model

k = 0, .. . , N - 1

The analogous fuzzy model of the type ('I.) is:

k=O. . . . •N-I (~. )

where .4. . b a re pa rame ters , Z - st ate vector according to fuzzy equat ion .

From (8 ) we have for t he duet (where PHI E (0. 1)):

JI. to + I or

.I ; = J .t r) -- bul) .... 61 = A Z I) b"o + 61 = Z I ...... 11 1, =t l

.I t: = .I z; -- b UI + lJ, = Ax , ,115 1 + b UI + 62 = .l2 + "12 1'2 = All, ..,.. 62

k=O.. . .V-I. ( 10")
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For the duc t bound ries JJ.I:+I = 0 and cS " +l = 0 h l -

or

1' 1 = ,1")'1 + a'+I .

0 1 = 1'.1;+1 - Ai"' ,

7 1 = 01

1'1 = O't

k = 0, .. ,.v - I

k= O, ... , .V - I

( 11" I

( II ' )

The algorithm for design of fuzzy se ts which represents model with noo-
stochas tic uncertainties has the followi ng steps:

l ) Determine duct radius b",+d from experimental data ( Fig. 5 ).

2) Define a{+1 from ( 11') and construct membership fun ction (8).

For a more realistic nonlinear case the follow ing optimal co nt ro l problem is
considered:

subject to

n .v-I
J '" '" ('' iF )' .= L... L.... z .\: - .l'.\: - mm

i= l .1: =0

( 12)

( 13)

Solution of this problem are fuzzy sets parameters 0"1:+1" \ \' hen J - 0 they are
extremely close to the radius 7 .1: +1-

T his a pproach for cons truc tion of fuzzy model allows to express m ore realistic
ally and fully the dynamics of the systems: more appropriate is one curve but
other curves are also acceptable for the desc ription of the model (with a decreasing
degree) .

4. PROBLE~I SOLUTION

Various FOC problems « 2), (5) and (6» can be gene ralized as:

when

for (2):

for (5):

for (6):

J - m in

Fj :: a
C1 = 0

Fj = Silz ,v ) j=l, . . . . q;

C, = zHI - f(z" u,) [ = 1 \' :

Fj = Z ' +I - fl z" u,) j = 1. .\' :

C, = S; (z,V ) [= 1... .. '1;

Fj == Z t- + l - !( ,q,ud j == 1, . , . ,s ;
Fj = Sil r .v) j = N -t- I.. .. .\' - 'l-

( 14 1

These op tima ! contro l problems can be transformed in 10 1I11' inathemat rcal
progrnmnnng I F ~f P) problems with.v x til + 711) variahh-s IS x II ... t at e \ana blt ...
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Z deh ' ppro ch (or leer Ion In L:lng In (UU)' environment . de crsrc u rJlf" rnlu-r IIII'

Iunc n n ~D LS determmed an conjunction be tw en member hrp Iun tlun! I .f
the fUJI)' o bjec t ivto funcllon (s) ~G nd membership Iuncuom s } of the fun y on
.ltr.lOt( ) .ui,-:

( 15')

where tI = q for (~); u = .V for (5) and tI = N + q for (6) . Opti mal defuaaification

LS max, ." P D · Conj unc tio n of the fuzzy se ts JlG and Jl~ is Ill:

j=l • . . . ,v - l ( 15 ' )

For D = I'D: D < I' G

p rog rammin g problem :
and D < J

I' G· We derive t he following ma thema t ica l

F ind max D

S. t. C. D < JlG

D < j.J~

O S D < I

(16)

It is a crisp no nlinear mathem atical programming problem which can be solved. .
m a rcunne way.

a . "U~IERICAL EXAMPLE

We cons ider the following two dimensional fuzzy optimal cont ro l problem : Find
such a cont rol sequence whi ch sa t isfi es fuzzy object ive function (-I) where

J = ~ [ z' + y' + 0.2 i:"i ], a o = 1.8
c=o

Z .\:+ 1 := Z i: - O·:?Y.i:

' ) ')!I-': +1 = ,x .i: ~ o.:?r -.q ~ Ill, ..J.. ( I - Zt Vi:

and ao = 1. subject to:

k = 0..... -l

r ' := Z

Trnnsversality condition is S( .rs ) = I S +Y$ -1.;; . In it ia l condition is Zo = (0: I ).
\\"l" suppose that exnerimenra l d ata are such t ha t t here is .'\ duct \..-Iuch Includes

"II data and its radius "'1 .1: +1 determines ai +l (according to Ill·» is <\S cons t .a n t:

(. ~ .. 1 = 0.0 1 and U~+l = 0. 1 (k = 0 '1 - 1)_ O n t he basis of at.. , we co nst ruc t
membership functio ns o( type (8).

This fuzzy opt ima l co nt rol pro blem can be transform ed in f a the Iollowinu
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r pill th in tlc.ll prcgr amnung prcbl m

ranJ max D

D< I-(J- 1. l/ I

D < I - ( ' h ' - " - O ·~y, l/O . OI ! = ~

D < 1 - (YI: + I - ZI: - 0.2(- zl: + til:'" ( I - z! )y; })/ O 1

o< D < 1

Z, - !Is = 1.5

Zo = 0

Yo = I.

4

,

T his problem has been solved by the gradient method GRG -2 and software
program G INO [31. The solution is:

Table 1. Opt imal (Cuzzy optimal) control is:

! 0 I ? 3 4•

u, 3.869964 0.00002i I 0.0000:!5 0.000025 0.000025

Table 2 . Op ti mal (Cuzz y opt imal) traj«tory is:

k 0 1 2 3 4 •o

" 0 - 0.171 302 OA01706 0.603379 0.708839 0.74 9898

y, 1 2.852036 0.995361 0.5 H 289 0.192:!91 - 0.;50 102

The cont ro l st rategy sa t isfies fuzz y conditions with degree JJD = 0.73!l9 :! 7
which is as la rge as possible . This degree of sa tisfaction gives the va lue of crisp
object ive fun ction J = 2.060162. The solut ion of the analogous cr isp problem (of
type ( I) ) are:

Ta bl e 3. Opti mal (crisp op t imal) control is:

k 0 I ? I 3 I .j•

u, - 0.042960 0.193739 - 0.5981 61 1.:!40 191 I -1.5 05662 I

Table 4 . Op t ima l (crisp op timal ) tra jectory is:

k 0 1 ? 3 4 I o I•

" 0 I 1-".).},) 1.3:!9960 I 1.51 6313 I 1 : 6'j S"~~ I 1 9"G " '\". . -~- . .\ .) . -
y, 1 0.7805 9 1 0.93 1768 O.S i OS.... ! 1 .~ ~0~52 0. 4;1(i;),:<\

The o bject ive fun ction has t he val ue J = l. :m060S

It is t> 3."Y to see that roc approach allow s 0 1H' to find a mort' l' l f('c tl\l":-~ luti, 11

due to t he fact tlmt a ll possible dynamic ln-hn viou r Ica t ures ,}r thc "~ ,,tt III H

cons td e t ed. In t h is e xa mple we im pro ve t he \ :\1111." of t hc chjective fuuc t

,.I,O IlL 1-1 %. All poss tb le trajectories of the sys te m are "u.. II.,\I II 111" t h
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bet ter out ro l tra tt' I(Y IS found I II tt' II uf t llfO lIllltl u" e n: II lIH.. df" I

6. CONC LUSION

T he re prese nta t ion of the dynamics of the system by st r ict equartons leads to
neglectmg the information about possible syste m be ha viour. ;\ successful approach
to re prese nt all possible dynamic beha viour of t he sys tem using Iuzay se ts is de ve- I·
oped in the paper. A more rea listic fu zzy op t im a l con t ro l problem is formulated
and solv ed. The concept proposed prov ides more etfective contro l of t he sys te m
d ue to the fact that all possible state dy namics are considered . A class of op t im a l
co nt ro l prob lems of biotechnological p ro cesses in the presence of un certa in ties is
now arr recting our at tent ion.
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