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Abstract: The paper is devoted to the mathematical tools of fejer maps for the
construction of iterative procedures, which are applied to solving infinite systems of

convex inequalities in R".
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1. INTRODUCTION

The investigations of Motzkin [4] and Agmon [1] were the primary source of
the fejer method's approach. In the fundamental research of I.I. Eremin [3], the general
theory of fejer maps was developed. The main properties of fejer maps were
determined, as well as the properties of the sequences, which are recurrently induced
by such mappings. The basic constructions of fejer maps in their application to solving
finite systems of convex inequalities and to solving linear or convex programming
problems were introduced. The basic constructions were realized in the form of
sequential relaxation, suspended relaxation and extreme relaxation.

In the case of a finite system of linear inequalities with the set of solutions
M=J

1;(x):=(@j,x)~b; <0, j=1,.,m, (1.1)

the realizations are the following. Let

I+
9j(X)=X— A ” ;(TI)Z aj, 4;€(0,2), 17(x)=max{0,1;(x)};
J
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d(x) = mx 1 (X) (=15, (x)).

Consider the mappings

2D (%) = 1 (¢ (P (X)) ; (1.2)
o@D x)=Y ajojx), aj>0, Y aj=1; (1.3)
j=1 j=1
PP ) =x -2 d(x)2 a,, 4e(0,2). (1.4)
lag I° ™

Each of these maps is M -fejer and realizes the appropriate base construction.
Sequences which are inductively generated by them converge to some solution of the

system (1.1) (for arbitrary initial X, e R").

Several implementations of fejer methods based on the constructions of fejer
maps (1.2) and (1.3) with application to countable systems of convex inequalities were
considered in the papers [3, Theorem 3.2.7, page 114] and [5].

The fejer methods for solving convex inequalities of countable and continuum
power are developed and justified in the current investigation. The relaxation of the
(1.4) type is taken as the basic construction for the mentioned considerations.

2. FEJER MAPS: MAIN CONCEPTS AND PROPERTIES

The main definitions and properties of fejer mappings and recurrently induced
sequences are considered [3]. We affect only those properties which are necessary for
the substantiation of convergence of the fejer processes here considered.

Definition 2.1. The mapping ¢ <{R" - R"} is called M-fejer, if

o)=Y, [e()-y|<[x-y[. VyeM, vxeM.
It follows from the definition that such mapping transfers a point which does
not lie in set M into another point such that the distance from it to each point of the set

M decreases.

Definition 2.2. Multi-valued mapping ¢ e{R" - 2Rn} is called M-fejer, if

o(Y)=Y, [z-y|<[x-Yy|. YYeM, vxgM, VZep(X).
According to the definition, the points of set M and only they are the points of

immovability of the map ¢ .
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Denote by Fy, some class of M-fejer mappings (both single and multi-valued).

Property 2.1. If Fy, #J , then M is a convex closed set (see, for example, [2, 39.4]).

Definition 2.3. Sequence {X,} cR", {X,} "M = is called M-fejer, if forany y e M :

, VK.

[Xice1 =¥l <[xic -y

Now, let us recall some facts, which are used further on. Their proofs can be
found in [3, Chapter I1]. Let {X,}' be a set of limit points for a sequence {X,} .

Lemma 2.1. Let ¢ eFy and the sequence {x,} be recurrently induced by relation
X1 € (X)) with arbitrary initial Xq . If {X,} "M =, then {X,} is M-fejer.

Lemma 2.2. If X', X" are two different limit points of an M-fejer sequence {X,}, then
any point y e M (therefore, and set M) lies in a hyperplane being a geometrical place of
points, equidistant from X' and x".

Proof: From the definition of the M-fejer sequence we get that
vy e M :i(rg Xk -y =[x=-y|=x"y|. ie., (x-y.x-y)=(x"-y,x"-y). The transfor-

mation of that equality gives us (X"-X"y) =|x" 2 -|x 2 soevery yeM belongs to the

hyperplane (x"—x',x):y::\x"Z—HX'Z, which is obtained as a geometrical place of

points equidistant from x' and x".

Corollary. If peFy and M is asolid set, then {gok(XO)}k —>x'eR".
Lemma 2.3. If {x,} is the M-fejer sequence and {X,}' "M =, then {X,} >Xx'e M.

Proof: Assume, on the contrary, that there exists a limit point X"=X". According to
Lemma 2.2. we come to the conclusion, that every y e M is equidistant from X' and

X". The consideration of y :=X" gives us inconsistency.

Lemma 2.4. The mapping Pry,(X), that executes the projecting of a point X in the

convex closed set M c R", is continuous M-fejer. (The proof can be found in [2, Lemma
40.2].)

Definition 2.4. The mapping ¢ <{R" —2R"} is called closed, if from the fact that
{Xi 3 =X, {yil =2 Y YreoXy), vk, it follows y'e p(X) .

Denote by Fwm the class of closed M-fejer mappings.



134 S. V. Patsko / Fejer Methods for Solving Infinite Systems of Convex Inequalities

Example of a closed mapping [3, Chapter Il]. Let d(x) be a convex function and
{x\d(x) <0} =M = . An important representative of the class Fwm is the mapping ¢ :

xi{x—ﬂd;()z()hmead(x)}, @.1)

where 1¢€(0,2), and ad(x) means a subdifferential of function d(x). If h=0, then x

is a point where the minimum of the function d(x) is reached, so d*(x)=0. We
assume that ¢(x) =X in the case of h=0.

Note that in the case of the differentiability of d(x) the relation (2.1) can be
transformed as follows:

a9

pX)=X-1 >
[vdea

d(x) . 2.2)

If d(x) is alinear function, i.e., d(X)=(a,X)—«, a#0, then we have

@x)-a” (2.3)

(D(X) =X- 2
&

If M is the set of the solutions of the compatible system (1.1), then the
construction (1.4) is a particular case of (2.1).

Lemma 2.5. If a mapping ¢eF,, is closed, then the sequence {x,}, induced

recurrently by inclusion X, € p(X,) with arbitrary x, e R", convergesto x'e M.

Proof: If {x,} "M =, then the conclusion follows from Definition 2.2 of an M-fejer
map.

In the case of {X, } "M =0, we shall show that the M-fejer sequence {x}
converges to the element x'e M. The sequence {X,} is bounded, and we can allocate
the subsequence {ij} — X' S0, that {ij +1} = X". The points X', X" evidently are the

limit points of the sequence X, so, if X'e M, then according to Lemma 2.3, we have
Xk —->X".

If xX'¢ M, then the closure of ¢ gives us X"ep(X), ie, VyeM
|X"-y|<|X'-y|. The last inequality contradicts the fact that the points of M are
equidistant from x', x" (Lemma 2.2). The proof is complete.

Lemma 2.6. If a mapping ¢eF, and S is a bounded set, then ] ¢(X) is also a
XeS

bounded set.
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We note, that if TcR" and ¢ cR" —2R" | then o(T) means U o(x) .
XeT

— m
Theorem 2.1. If mappings ¢;(X) e FMJ_, j=1,...,m, and Z“j =1, >0, then
j=1

1) 2 ajei(x) R, M),
j=1
2) g1(Agm)-) < FAT, M, -

Proof: The proof of the fejer property of the constructed mappings is elementary. Let
us establish their closure.

m
1) Denote by go(x):Zcxj(pj(x). Consider {x }—>x", {yi}>VY'. YkeoXy),. ie.
i=1

m R R

Yk = Zocjyﬂ< , yll( €@j(Xy) . Taking into account the boundedness of sequences
i=1

{yli} Vj , one can allocate a subsequence yﬂ;' that Vj: yli —>)7j,y|£| €9j(Xy ) . We have

m R m .
Y = Zlajyqu . Passing to the limit for 1 >, we get y'= _zlajyj . In addition to the
i= i=

m R m
closure of the mapping ¢;(x) that means Y a;y'e Y ajpj(x), ie., y'ep(X).
=1 j=1
2) It is sufficient to check the validity of the statement for m=2. Let {X,} > X',

Yy =Y Yeeor(pa(Xy)) . Let us show y'eg(po(x)). Inclusion yy € ¢ (p2(Xk))
may be presented as yke(pl(y}(), y}(e(pz(xk). Thus by virtue of Lemma 2.6, it is

possible to assume ylk - y1 and y1 epy(X),andasaresult y'e (pl(yl) € p1(pr (X)) .
Theorem 2.1 is proved.

Corollary 2.1. From {p(x)eFy, N is a closed convex set from R", M N =@} it
follows from Lemma 2.4 and Theorem 2.1 that Pry (¢(X)) = Uye(p(x)PrN y)e IEMmN .

3. FEJER PROCESS OF COUNTABLE SYSTEMS OF
CONVEX INEQUALITIES

The method of constructing a converging fejer process for a countable system
of convex inequalities f;(x)<0, j=1,2,..,m,... is stated below. The construction of the

type (1.4) is founded on the basis of the mentioned process with the following
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difference: in each iteration of the process, instead of residual function d(x)=supf;(x)
(6)]

the function dy(x) = max f;(x) is used.
jel k

The necessary result about convergence of the circumscribed process to the
solution of a countable system will be obtained as a particular case of a more general
situation. Let us describe it.

Let d(x) be a convex function defined on R", and M :={x|d(x)<0} =& . Let
us assume

0, d(x)<0;

(=10 oo
P g

Here, head(x). In the second alternative (d(X)>0) we get automatically h=0.
Actually, if head(X), d(X)>0, then the inequality (h,x-X)<d(x)-d(X) (which is
identical on X) gives us 0<d(X)<dX)<0 (at h=0 and x=Xe M), which is a
contradiction.

The magnitude u,(X) can be written in the form

d"(x)
Ih?

bp(X) =

assuming u,(X)=0,if d*(x)=0,i.e., d(X)<0.
Introduce the following notations:
1) = {4 () [N € 2d(x)} 3.1)
P(X) =Xx-Au(x), (3.2)
where 1€(0,2).

The mapping ¢(X) is multi-valued. If h is fixed, then we accept the
representation

d*(x)
IhiP

p(X)=x-1 h, (3.3)

where 1€(0,2), heod(x) .
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Lemma 3.1. For a mapping ¢(x) from (3.2) the following inequality takes place:

lz-yll<lIx-yll. vX¢M, Vzep(x), VyeM, (3.4)
i.e., ¢ e Fy . This statement corresponds to the above-mentioned example (2.1).

Let us link the following M-fejer sequence {x,} with ¢(X) :

X~y <%=yl Vk YyeM, (35)
generated recurrently by relation

Xk+1 E@(Xk), k=0,1,..., (36)

i.e., we suppose that {X, }nM=g. If for some k:XpeM, then the process is

stabilized on element X from M, so the convergence is settled.

For the purpose of developing fejer processes for infinite systems of convex
inequalities, we shall introduce the concept of non-stationary fejer mapping. Let
{d(x)} be a sequence of convex functions converging to d(x) for every x and

di (X) < dy 1 (X), VK. (3.7)
We consider the mapping
Pr(X) =X = A (X) (3.8)
where

M el6,2-8]1=(0,2), §>0,

dg (x)
P

1 (X) = h, heddy(x).

Theorem 3.1. Under the suppositions made about functions {d(X),dy(X)}x, the process

X1 € ok(Xk), k=0,1,...

(3.9)
converges to the point X'e M (={x|d(x) <0} = @) (for arbitrary initial x,eR").
Example showing a situation of the non-stationary process (3.9). Let
fi(x)<0, j=12,. (3.10)

be a countable system of convex inequalities defining the set of solutions M =J . Let
us assume dy(x) = max f;(x) and suppose
jel k
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d(x):=supfj(x) <+, ¥vxeR". (3.11)
(1)

The functions {d(x),d,(X)}, satisfy all the conditions of Theorem 3.1 (this
theorem is to be proved).

We shall presuppose a series of lemmas to prove Theorem 3.1.

Lemma 3.2. Let {d(X)} be a sequence of convex functions converging to a convex
function d(x) for every x and the condition of monotonicity (3.7) holds. Then from the
fact {x,} — X itfollows d,(xy) - d(X).

Proof: The continuity of d(x) gives us an opportunity to select k for £>0, so that
ld(x,) - d(X) |<§, vk>k . (3.12)

Further, as ds(i)&d(i), then for sufficiently large s, let s>k, the
following inequality takes place:

— — &
[ds(X)—d(X) [<—.
4
According to (3.7) it means that
— — &
0< d(x)—ds(x)<z.
Let s=k, then
0<d(X) - d (%) <§.
From here and continuity of d(x) and di(x), the relation implies

0 < d(xy) — di (%) <%

for sufficiently large k, i.e. k>k>k. But in this case the difference d(Xy) —ds(Xy)

will decrease when s=k, k +1,..., which gives us
Ogd(xk)—ds(xk)<§, s>k, k>k. (3.13)

Write out an evident inequality

[ ds (%) =d(X) | <[ d(x) = d(X) | +[d(x) = ds (x;)]

From here in accordance with (3.12) and (3.13), we get the necessary result.
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Lemma 3.3. Let the assumptions of Lemma 3.2. hold. If {X,} > X' and hy, eddy(X),
then sup || hy || < +o.
(k)

Proof: By the definition of h, we have

(i, X — X ) < die(X) — di (X ), VX

Assuming X =X, + i , we get
by Il
hy
Iy Nl < die (X + )~ di(X) -
Iy Il
h

k ) and dyi(Xy) leads to the boundedness of {| hy ||} .

The boundedness of d (X +
Il huc

We pass to the proof of Theorem 3.1.

First of all, we allocate the situation when 3k, Vk>k:d}(x,)=0 (i.e.
dg(Xk) <0). It corresponds to the case Xy =Xy, =--=X'eM. If we eliminate this

case and remove possible repetitions in {Xx,}, then the sequence {x,} will be M -fejer.

The repetitions may appear if di(x,:)=0 and there exists k"> Kk': dg+(X,») >0. In this
case we have a repetition: Xy =X, .

Examine in turn two cases

limdy (x,)=0and limd{(x,)=y>0. (3.14)

1. The first case. Let us allocate a converging subsequence {ij} — X' such

that {d, (X )} 0. According to Lemma 3.2 {df{j (X, )} = d*(x)=0,ie, X'eM.

2. Let limdg (X, )=y >0 (we can remove "+" from d,(Xy) in this case). Then

35 >0 3k Vk>k:dy(xy)>5 >0. We use the following notations

(X))
di (X)) — 6

di (xk) = A (i) ~ G, 4k 1=
If 55 <35, 8 >0 is rather small, then the relations are

A2 €[80.2-50]1<(0,2), Vk=Kk.

The recurrent relation
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e di (X)
Il hye 1P

X1 =Xk Py, (3.15)

corresponding to the process (3.9), can now be written as

0
PRI (3.16)
X

X1 =Xi —

and the former subgradient hy,eod(x,) will be a subgradient for dE(xk) =
=dy(XK) — g - The process (3.16) now is a fejer process for the system

de(X)-00 <0, k=1,2,..., (3.17)

assigning a solid set of solutions. According to the corollary of Lemma 2.2, the sequence
{xy} converges to an element x'. Let us prove the inclusion x'e M. Applying the

relation (3.15), we get
1
i (Xk) = 1%z =X M- e I (3.18)
K

By virtue of Lemma 3.3 {||hy|[}x are bounded, so if we pass to the limit in
(3.18), we obtain d(x") =0, i.e.,, X'e M. The theorem is completely proved.

Theorem 3.2. Let the system of convex inequalities (3.10) be compatible and the
condition (3.11) holds. Let us assume dy(x)=max fj(x) and ¢y (x) are according to
jel,k

(3.8). Then the process (3.9) converges to a solution of the system (3.10).
The result follows from Theorem 3.1.

Remark. The conditions which provide the convergence of the iterative process (3.9)
being applied to a compatible countable system of convex inequalities are reduced to a
single condition, in particular,

sup fj(x) <+w, VxeR".
)]

The condition can be fulfilled in the case of linear system

I;(x)=(aj,x)-b; <0, j=12,..

If we multiply each inequality of the system by ¢;>0, so that ¢j|a;|<J,
€jlbjl<d, 6 >0, then the system

T, =¢1;()<0, j=1,2,..

will satisfy the condition
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sup Ij(x) <+, ¥xeR".
(1)
In fact,

s(u_g).sj[(aj,x)—bj]SS(u_g)gj[laj [Ix]+bjl<o(x[+1) .
i i

4. FEJER PROCESS FOR A CONTINUUM SYSTEM OF
CONVEX INEQUALITIES (BASIC TYPE W)

Consider the system of convex inequalities of the kind

f,(X)<0, YVaeN (4.1)

with the set of solutions M =& . The following limitations are superimposed on this
system:

1) N is acompact set from R:

2) function f(z):=f,(x) is convex in the variable x for every <N and
continuous in the variable z=[x,a] € R" x RK;

3) the mapping [X,a] — 0xf,(X) is closed in the variable z=[x,], i.e., from
{IXa i = XL and  {hgy > h', heeoyf, (Xy) it follows
h'e 0y f, (X ;

4) VaeN 3p,:f,(p,)<0.

Let us establish the residual function for (4.1)

d(x) = max fy (%) (=g, (X))

This function is continuous.

Let us note the following fact. The operation of determining the maximum of
f7(x) in the variable a<N only identifies index ay, at which this maximum is
reached. It is possible to speak about the complexity or simplicity of realizating such an
operation only in concrete situations. Consideration of its complexity in general is
senseless.

Let us assume J(X) ={ay |d(X) = f,;x (X)} . We construct a map ¢(X) :

X, if dxX)=0 (Xxe M);

p(X) = {X_AL’G;h 1€ dxfy (%), ax € I00}, if d(x)>0, (4.2)

Ilh
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where 1e(0,2). The subgradient h from (4.2) is not equal to zero for any X, if
d(X)>0. Actually, if h=0, then from 0=(h,x-X)< fa,—( x)— fai (X) (the last relation
takes place for all x due to convexity of the function f, (x)) it follows
)*(eArgrBi)n fai (X) . This is a contradiction because fai (X)=d(X) >0, and at the same

time there exists X:=X'e M: fai (xH<0.

Theorem 3.1. Let system (4.1) satisfy assumptions 1)-4). Then the mapping ¢(X)
assigned by (4.1) is a closed M-fejer mapping.

Proof: The fact that (4.2) is a fejer mapping with respect to set M follows from the

example (see Definition 2.4). It is necessary to establish the closure of this map. Let
X3 =X Ay =Y . Ykeo(Xy). Due to the definition of mapping closure, we are to

show y'e @(X") . Inclusion y, € ¢(Xy) means, that

Yk =Xk—ﬂd(xkg hk! (43)
Il by Il

where hy is selected according to (4.2), i.e., hy €0xf,, (Xi), and ey is a shortening for

ay at x=Xy. Bearing in mind the compactness of set N, one can assume
{a} > a'e N (otherwise it is possible to allocate subsequences from {x,}, {y\} and to
obtain the necessary convergence of {¢} ).

Two cases are possible.

1. d(x)>0.
Let us prove the boundedness of the sequence {h}. The inequality
(he,x=xy) < fak (x)- fak (xi) takes place for any x, so if we assume X =X + i E'; 0 we

hy
byl
second condition this fact completes the proof of the boundedness of {h,} . Now, we are

get (by analogy to the proof of Lemma 3.3): || h||< fle (X + )— fglk (Xy) - Due to the

able to reckon that {h} — h', and the following inclusion is valid due to the third
condition: h'edyf, (X' . Besides, h'=0. In fact, if h'=0, then an inequality takes
place for all x:(h',x-x")<f,(x)-f,(X); thatis why f,.(X)<f,(X).

But d(x')=f,(x") >0 and according to the fourth condition 3p,:f, (p,) <0,
so if x=p,: then we get a contradiction. We have proved that h'=0. Passing to the
limit in (4.3), we obtain
x'—ﬂd(xz) h',
[

i.e. y'ep(Xx"), which means closure of the mapping ¢ .

y'= (4.4)
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2.d(x)=0.
Examine in turn two subcases.

2.1. El{xkj}c{xk}:d(xkj)zo. This corresponds to the case when sequence
{ij} lies in the set M . Taking into account that in this case f/’(ij):ij , We obtain
Vi = 00) =Xy, > X' e, Y =p(X) =X, ie, y'ep(X).

2.2, 3k:d{x,} >0, vk>k. As above, we show that h'ed,f,(x)=h'#0.
Because of the correctness of the following inequality for all x (h',x-X')<
< fp(X)— (XY, in the case h'=0, we get f,.(Xx)<f,(x) vx. But d(x)="f,(x)=0,
ie, f,(X)=0Vvx. At the same time the conditions of the theorem dictate
3p, : fu(p,r) <0 . We have a contradiction at X = p,-. Thus in this case, (4.4) is valid

also, i.e., y'e p(X") .
The theorem is completely proved.

Corollary. Sequence {x,} cR" initiated recurrently by inclusion X5 € ¢(X,) with
arbitrary initial Xy converges to the solution of the system (4.1) (see Lemma 2.5).
Consider the system (4.1) with the additional requirement xe S, i.e.,

f,(X)<0, YVaeN, XcS, (4.5)
where S is a convex closed set, SeR".

Consider an analog of the mapping (4.2)

y(X) = Prs(p(X)) . (4.6)
Theorem 4.2. Let the assumptions of Theorem 4.1. hold and the system (4.5) be
compatible. Then sequence {X,}, generated by relation X,,; €w(Xy) with arbitrary

initial X, e R", converges to a solution of the system (4.5).

The proof of the theorem follows from the facts of the closure of mapping ¢(:)
and the continuity of projecting operation Prg(:) . These facts mean that superposition

Prs(p(x)) (= |J Prs(y)) realizes a closed mapping.
yep(X)

5. CASE OF ASYSTEM INTEGRATING A FINITE NUMBER OF
SUBSYSTEMS OF THE TYPE W

The offered method to solve system (4.1) can be upgraded to finding the
solution of the system of inequalities of the following kind:
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fi(x,vj)<0, vvjeVj, xeS;cR", j=1,..m; (5.1)

where {fj(x,v;)} are functions satisfying conditions 1) - 4) from the previous section

with o replaced by v;; S; are convex closed sets.

We shall upgrade the iterative process discussed in the previous section to
receive a solution of the system (5.1). Let us put into consideration the residual
functions for (5.1):

dj(x)= vmg\)/( foxvj) = (x,vj(x).

As before, we shall generate mappings w;(x), j=1,...,m, by analogy to (4.6),

v j(X)=Prs (X)),
X, if d;j(x)=0;
dj(x)

I —
hj I

Pj(X) = (x-

hjlhjedxfj(x,vj(X)), vj(X)e J;x)}, if dj(x)>0.

Here, 1;€(0,2), j=1,...m; J;(x)={v;(X)|d;j(x)="f;(x,v;x)}.

Since the subsystem corresponding to the index j in the system (5.1) is a
subsystem of the type (4.5), Theorem 4.2 (naturally, under the assumptions of Theorem
4.1) is valid. Namely, the sequence {x,}, given recurrently by iterative mapping ¢;(x)

with arbitrary initial X, eR", will converge to X'eSjnMj, where
MJ-::{X|TJ-(X,VJ-)§O,ijer}.

From here, using property (pj(~)eE|v|j, j=1,...,m, and Theorem 2.1, by
Lemma 2.5, we get the following statement.

Theorem 5.1. If the assumptions on the system of inequalities (5.1) hold, then the
sequence {X,}* obtained by relation

m m
Xk+162ai(pi(xk), Zaizl, ai>0, i=1,....m
i=1 i=1

converges to a solution of the system (5.1) with arbitrary initial Xg .
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6. SOLUTION OF CONCAVE-CONVEX GAMES ON THE BASIS
OF REDUCTION TO SYSTEMS OF CONVEX INEQUALITIES
OF CONTINUUM POWER

Consider a game T' of two persons with a zero sum. The game is uniquely
determined by two sets of strategies M and N of the players and by payoff function

F(x.y) [6].

The function F(Xx,y) is interpreted as a scoring of the first player (penalty of
the second player). The principle of guaranteed result, applied to the considered game,
leads to problems of searching

max min F(X,y) =v
xeMyeN

and

min max F(X,y) =V .
yeNxeM

If t:=v=v =F(X,y), XeM, ¥e N, then the common value of v and Vv , i, t is
called the value of the game, X,y are the optimal strategies of the players and
{X,y,t} is asolution of the game.

The solution of the game T' reduces to the solution of a continuum system of
convex inequalities [6]:

Fx,v)>t, YweN, xeM, F(w,y)<t; YweM, yeN. (6.1)

The connection between the game T' and the system (6.1) is the following:
Z =[X,y,t] is solution of the game T if and only if Z is a solution of the system (6.1).

Making renames in (6.1)
FYX ) =-FxVv)+t, RP(y.t)=Fw,y)-t,
we rewrite (6.1) as
FPx,t)<0, wweN,xeM, FP(y,t)<0, vweM, yeN. (6.2)

Before we construct the mapping @() € IEM for the set of solutions M of the

system (6.2), let us consider a more general construction of formulating a fejer process
with the help of the system of partial fejer maps {¢;()} having distinct spaces of their

images.

In particular, let the union of M,; -fejer mappings be given: {g;(X;,y)}1", where

xjeR"M, yeRS®, ¢;:Z; >2%, Z;=R" xR®%, Mjc Z;, i=1,..,m.
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The dot Z=[X;,..X,¥Y]e Z=RMx---xR™ xR® is called the dot of
immovability for {g;}1", if Vi:@;(X;,¥)=[X;,¥]. The set of immovability dots is denoted
by M. Letusassume M %= .

Let z; € pj(X;,y) and

(6.3)

where X; is a trace (algebraic projection) of an element z in subspace R™ of the

space Z;, y; is a trace of an element z; in R® c Z;.

Put z=[Xq,...Xq:Y] € Z . Consider the mapping

0(2) :={[xl,...,im;%zyi]|(6.3), Z € gi(xiy), i=1,..m},
i=1

where {X1,...Xn:¥1,--Ym} is defined by (6.3).

Theorem 6.1. If ¢()eFy , then ¢()eFy. Any sequence {ZYcz, generated

k

recurrently by mapping ¢(z), i.e. z e (p(zk) with arbitrary initial z; converges to the

dot Z from M.
Proof: The property Ze M= ¢(Z) =Z isevident. It is necessary to prove

{Zep(), z2¢M, Ze M} || Z-Z|<llz-Z]. (6.4)

m
We have 7=[7(11---5(m?i2)7i] , where X; is a trace of the dot z; € pj(Xj,y) in
Mi—1

R, yi is a trace of gz in RS, Z=[Xq,...Xm;y¥], and at the same time
Vi:pi(Xi,¥)=[X;,y] . Dueto Ze M , there exists an i for which the following inequality
is valid:

I%;. Vil - (%, 91 1P < 1[;. Y] - [%:, Y1 1P - (6.5)
Let us turn to proving ratio (6.4):

_ . _ _ 1 -
1Z=Z1P= [y Xeni— 2 ¥il =[Kgse K
mizy

1 N
=S ylIP=
mj

M3

1

_ 5 _ - (LU
=[1[Xy =g 1eees Ky = K — . (Fi =9 [P =
Miz
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3

m
_ . 1 .
=% =% P+ 2 1¥i -y IP=
i=1 m=j=1
mo_ _ m2-1m
=2 A% =% P +1¥i -y ) -—=2 Vi - IF <
i=1 m i=1

<SR =% 1P+ 15 - ¥ 1P) < Y Ixi,y1-[%:. 91 IP= N1z - 2|,
i=1 i=1

as it was required. Thus, the inclusion ¢(-)e IEM is stated. The inclusion ¢(-)e IEM

easily follows from the closure of mapping ¢ (due to the closure of mappings {;(-)} ).

Let us return to the system (6.2). As mentioned above, a solution of the game
I' reduces to a solution of this system. We rewrite it in the form

{F\Sl)(x,t)so, XeM, WeN;  (6.6) 66)

F2(y.)<0, yeN, yweM.  (6.6),.
Also we allocate subsystems

F(x,1) <0, weN;  (6.6));
FP(y,)<0, vweM. (6.6)3.

These are the systems (6.6); and (6.6), without requirements of xe M and ye N .

Let us take into consideration residual functions d;(x,t) and d,(y,t) for

subsystems (6.6)‘1) and (6.6)8:

o (1) = maX{ R 06,01 (= [Fyg (<, 017) (6.7)
d(y. 1) = max (R (y, O] (=[Fy (1) (6.8)
Denote

J1(x 1) ={v(x,)[(6.7)}, Ja(y.t) ={w(y,1)[(6.8)} .

Assume that

_ di(xt) @ N
P1(X,1) -—{[X,'f]—/ﬁi” h‘(,ll) 7 +1[ hy” 111V e 31(X,1), hy” € 0xF(X,V)}, (6.9)

) :—{[y,t]—ﬂz”dhé’l’l';il[h%),—11|wdz<y,t), h@ o Fw.y)}  (6.10)
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where 4; €(0,2), 4, €(0,2). Denote by o« (X,t) and py(y,t) the coefficient before
[—h\(,l),l] and [h\(,g),—l] . Then ¢,() and ¢,(-) can be rewritten as

o1 (X, 1) ={[X + &y, .1 t—a, (X, )] |V € Iy (1), hH € o, F(x,V)} , (6.11)

X t'

P2y, ) ={[Y + B (V. DD  t+ By (Y, O] W € Iy (y, 1), hE) coyF(w,y)}. (6.12)
y t

Let us define a purpose mapping

t'+t"
2

Xy, t) ={[Pry (X),Pry(Y), 1} (6.13)

where X is the first vector fragment in (6.11), y is the first vector fragment in (6.12)
and t', t" are scalar fragments in (6.11) and (6.12), respectively.

Let us take together all constraints on the game TI', which provide the
converging of the iterative process generated recurrently by mapping #(X,y,t), to a
solution of the game:

1. M and N are convex compact sets, McR", NcR;

2. F(x,y) is continuous in z=[x,y]eR"xR™, concave in x and convexin y ;

3. Mappings [X,y] — 0xF(X,¥), [X,y] - dyF(x,y) are closed.
Theorem 6.2. If suppositions 1.-3. hold, then
#(X,y,t) e Fyy

where M is a set of vectors [X,¥,t]e R" xR™ xR , which are solutions of the game T .

From here it follows that any sequence {zk}a“’, generated recurrently by ratio

Y e 3(z) (with arbitrary initial z°

T.

:[xo,yo,t]) converges to a solution of the game

We shall divide the substantiation of the formulated statement essentially
prepared by the previous theorems into a series of items.

1) Resolvability of the game T is provided by conditions 1 and 2 (it is a known
result, see, for example, [6]).

2) Mappings ¢ (X,t) and ¢,(y.t), i.e., (6.9) and (6.10) corresponding to the
systems (6.6)? and (6.6)2, are constructed just as mapping (4.2) for the system (4.1)
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(the differences are only in the notations). The closure of mapping (4.2) is valid due to
conditions 1)-4) (Theorem 4.1). With application to systems (6.6)? and (6.6)3 these
conditions take place due to suppositions 1.-3.

Explanations are required only for condition 4), which can be written for the
system (6.6)7 in the following form: wv e N 3[%,t]: F$V(%,T) <0, i.e. —-F(X,V)+t <0.
It is evident that for any X and Vv, the corresponding t is selected trivially. The
system (6.6)8 is treated by analogy to (6.6)8. All these facts provide (with respect to
Theorem 4.1) the closure of mappings ¢, (X,t) and ¢, (y,t) .

3) We have proved that
P1() € Frixg, () 920) € Frixp, ()

where Fixg;(-) is a symbol for notation of the immovability sets of the maps ¢;()). The

sets of solutions of (6.6)? and (6.6)8 are these immovability sets. According to the
scheme for construction of the map ¢(z) from Theorem 6.1 it is possible to use ¢ (X,t)
and ¢,(y,t) to establish a mapping ¢(Xx,y,t), which has the following form:
B T
p(X,y,t)={[X,Y, 5

subspace of the space R" xR, ¥ is the trace of the vector z, e p,(y,t) in R™ as the

1}, where X is the trace of the vector z; e p;(X,t) in R" as the
1€P

subspace of the space R™xR, t' and t" are the traces of z; and z, in one-

dimensional subspace R of the spaces R"xR and R™xR.

Thus, the mapping ¢(X,y,t) will be closed and fejer for the set of solutions of
the system

FP(x,1) <0, vwweN; FP(y,t)<0, vwe M. (6.14)

The system (6.14) is the union of the systems (6.6)2 and (6.6)8 .

The requirements of Xxe M and y € N are taken into account with the help of
using the projecting operators in M and N as shown in (6.13).
Vector [Pry,(X),Pry (y),%} from (6.13) realizes the projection of the vector
t+t"
2
of all vector projections from ¢(X,y,t) in the mentioned set. Mapping ¢(X,y,t), as

shown above, is a fejer mapping for the set of solutions of the system (6.14), and the
projection operator is continuous and fejer mapping for the set on which the projecting

1eR"xRM™xR in MxNxR, and the mapping @(X,y,t) realizes the unity

Xy,
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is done (Lemma 2.4). That is why their superposition $(X,y,t) is a closed fejer map for
the set Fix@(-) (Theorem 2.1, Property 2). Using the statement of Lemma 2.5, we get
the validity of Theorem 6.2.
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