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Abstract: The equilibrium programming problem with coupled constraints is stated
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1. STATEMENT OF THE PROBLEM
Let us consider the problem of computing a fixed point of the extreme coupled
constrained mapping

find v' T W, such that v'T Argmin{F(v",w)|g(v",w) £0,wi W}, (1.1)

where F(v,w):R" " R"® R, g(v,w):R"" R"® R™,W, T R" is a convex closed set.
It is assumed that F (v,w) and each component of vector-function g(v,w) are convex
in wi W, for any vi Wy. It is also assumed that the extreme (marginal) mapping
w(v) © Argmin{F (v,w) |wil Wy} is defined for all vi W, and the solution set

W ={v'T Wv'T w(v")}1 W, of the initial problem is nonempty.
By definition (1.1), any fixed point satisfies the inequality

FOV O V)EF(M ,w) "wi Wy, g(v',w)£0. (1.2)

Let us introduce the function Y (v,w) =F (v,w)- F(v,v) and using it let us present (1.2)
as
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Y ,w)30 "wil W, g(v,w)EO0.

The inequality obtained is a consequence of (1.1) [8].

The statement of (1.1) includes the so-called coupled constraints g(v,w)£ 0,
which associate parameters v and variables w. The presence of such constraints
makes the model more realistic for the description of conflict situations, but on the
other hand more difficult to solve. This fact explains why there are almost no articles in
the literature devoted to solution methods of problems with coupled constraints.
Among a few we note the J.B. Rosen article (1965) [18].

In this paper, we propose a new method for solving the equilibrium
programming problem with coupled constraints and study its convergence.

2. PROBLEM GOALS

In this section, we will make a brief review of the best known problems where
the presence of coupled constraints matches reality.

1. Two person game with coupled constraints. For the sake of simplicity we consider
the two person game with scalar coupled constraints [10]

xg T Argmin{ fy (%1, X2) | 91(Xg, %2) £91 (X1, %2) % T Q)

Xo T Argming f5(x1,%;) 192(X1,%,) £ 92 (x1,X2), %2 T Qa}, (2.1)

where f;,f,,9;,9,:R"" R"® R All of these functions are convex in their own
variables for any value of improper variables, i.e. f;,g; are convex in x; for any X,
and, respectively, f,, g, are convex in x, forany x; .

Any n-person game can always be scalarized and reduced to computing a fixed
point of an extreme map. This procedure was described for the first time in [13] for a
game without coupled functional constraints. However this procedure can be
transferred to coupled constraint games. It can be done as follows. We introduce two
normalized functions of the type:

Fv,w)=f1(xg,y2)+fa(y1,%x2), Gv,W) =01(X1,¥2)+92(Y1.X2),

where v =(y1,Y2), W= (X1, X2), V,Wl Wy =Q; " Q,. With the help of these functions
we formulate the problem as follows. Find a vector v*T W, satisfying extreme inclusion

v 1T Argmin{F(v',w) |GV’ ,w)- G(v',v ) £0, wi Wy} . (2.2)

Now let us demonstrate that any solution of (2.2) is a solution of (2.1).
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Problem (2.2) can be presented as
f1(X1,%2) + T2 (X1, X2) £ F1 (X1, Xp) + 2 (X1, Xp)

for all x;,x, satisfying conditions

91(X11X;)+92(X11X2)' 91(XI,X;)' gz(XZfXE)EO "X TQp, T Q.

In particular this system of inequalities is correct for all pairs of the type
X1,X31 Q" X5 . The latter means that in this case the system takes the form

fl(XI1X;)£f1(X17X;)

for all x4,X, subjected to inequality
01 (X1 X2)E 91 (X1, %) "Xy T Q.

Since the set contains the point xI it is obvious that the last system of inequalities is
equivalent to the first problem from (2.1). Similar reasoning with respect to the pair
XI , X, leads us to the second problem (2.1).

It is easy to see that problem (2.2) in the case of differentiability of the
objective function always can be presented in the form of the variational inequality

<NWF(V*,V*),W- v*>3 0 "wl W, GV ,w)EgNV,Vv),

where N F (v,v)=NyF (V, W) [yzy -

2. Elementary model for price equilibrium. Let us consider the elementary market
where one aggregated customer acts [16]. Let f(x) be his utility function, b be the

amount of money which the customer has to spend and x be the vector of resources
which he wants to purchase. The cost of resources is described by the vector of prices
p. The situation is characterized by the fact that, on one hand, the customer cannot

purchase goods which cost more than b and, on the other hand, it is impossible to
purchase more goods than are present in the market, namely more than yg. Thus,
assuming that when purchasing goods the customer maximizes the utility function, we
come to the following problem: find the vector of equilibrium prices p= p* and optimal

resources X =x" such that

X1 Argmax{f(x)|<p*,x>£ b, x1 Q},

X" £Yo.

(2.3)
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Let us strengthen the material balance x" £y, in this problem by adding it to

the requirement of the financial balance <p*,x* - yo>:O. Then the set of these
conditions will satisfy an inequality of the kind <p- p",x" - y0>£ 0 " p3 0. This means
that the nonpositive linear functional <p- p,x" - yo> reaches its maximum at point

p* over the positive orthant. In other words, we come to the problem

x' T Argmax{ f(x)|<p*,x>£ b, xI Q
p' T Argma (p- p*, x- Yo )Ip® 0}
such that its solution satisfies (2.3). The problem obtained is of the type (2.1).

In the considered market the aggregated producer is submitted by vector yq.

However, his presence in the market can be essentially strengthened by enabling him
to minimize the production of goods which will never be bought at the specific prices.
Thus, we obtain the following model of the situation

x 1 Argmax{f(x)|<p*,x>£ b, xI Q},

. ) . (2.4)
X TArgmin{<p ,y>|x £y, yi Y},

where Y is the set of admissible plans of the producer. In the general case, the
admissible set of the producer can appear empty at the price of p, therefore it is

required to select the prices p= p* so as to ensure the non emptiness of the set
{ylx £y, yiy}to,

and, therefore, the existence of a solution of the problem.

3. Multicriteria decision making model on a subset of effective points. The specificity
of the multicriteria decision making problem [19] is that there is some set of
alternatives  x1 Q on which the wvectorial criterion of efficiency

f(x) =(f(X), f2(X),..., Tm (X)) is given. The decision maker tries to increase each of the
scalar criteria on a specific alternative set. In the convex case the scalarization of
vectorial criterion (I, f(x))= é:jl“l ifi (x), where | 3 0 allows the optimal alternative
set (Pareto set) to be described as a set of optimal solutions for the set of scalar
problems x; T Argmax{{l, f(x))[xT Q} [12]. In other words, in the general case for a
multicriteria decision making problem the value of parameter | =1" and, respectively,

optimal solution x* must be selected so that both vectors belong to some a priori given
subset of effective points, i.e.



A. Antipin / A Gradient-Type Method for the Equilibrium Programming Problem 167

X" T Argmaq <I*,f(X)>I x1 Q},
g(x')£0.

(2.5)

Assuming that the dimensionality of vectors | and g(x) is the same and
strengthening the requirement g(x*)£0 by condition <I ,g(x*)>=0 we come to a

problem where the solution satisfies the following simultaneously

x 1 Argma>({<l*,f(x)>| x1 Q},

11 Argma<{<| - |*,g(x*)>| I3 0.

This is a problem of type (2.1).

If model (2.5) describes some technical project, then the maximization of a
vectorial criterion provides efficiency of the project and conditions g(x)£0 denote
financial, ecological and other restrictions.

4. Quasivariational inequalities. Consider a bilinear two person game with coupled
constraints, which are put together with the help of convex closed sets

KT Q Q,1 R" R" [9]. We conduct two cross-sections through a fixed point
X =(X1,X2)1 K of the kind K (X) ={x; T R" [(x{,%)T K}, K,(X) ={x, T R" | (X, %)1 K}
and consider the game

xi 1 Argmin{(Asx;, x5 )+ (loxa ) xa T Ky (),

. . ) . (2.6)
X5 | Argmin{<x1,A2x2>+(I2,x2)|x2I K, (x )},

where x" :(XI ,x*z). Let us introduce the matrix AT (T is the transpose operation) with

elements a;; =0,a;, =A[',a,; = AJ ,a,, =0 and vector |1=(l,l,); then problem (2.6)
can be presented in the equivalent form of the variational inequality

<ATx*,x-x*>+<I,x- x*>30 "xl K(x"), 2.7)
where K(x") =K (x") K, (x").

When A and AJ are differential operators and KT Q" Q1T H!" H?,
where H H? are Hilbert spaces, problem (2.7) is a so-called quasivariational
inequality [9].

We note that if gq(X1,X2)=02(X1,X2) in (2.1), then this problem takes the
form (2.6).
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5. Two-level programming. The well known minimax problem can be considered an
elementary problem of hierarchical programming [11]. We are actually searching for an
optimal strategy for the minimum function

max{min f (X, y) [g(x,y)£0, yT Y}=maxmin{ f(x,y)| g(x,y) £0, yT Y}.
X y X y

Here x1 X(y)1 R" and ylYIi R". Any point of a variety
y(x) =Argmin{ f(x,y)| 9(x,y) £0, y1 Y} can be a solution of this problem. However, if

f(x,y),g(x,y) are convex iny for any x, and x" is a fixed point of extreme inclusion
x" 1T Argmin{ f(x",y) |g(x", y) £0, y1 Y},

then the minimax problem can be reduced to calculating a fixed point of this extreme
map.

3. SPLITTING OF OBJECTIVE FUNCTIONS

In the linear space of bifunctions (functions of two variables) F (v,w) we mark
out two linear subspaces by means of conditions

Fv,w)-Fw,v)=0 "wl Wy, "vi W, (3.1)

Fv,w)+FWw,v)=0 "wl Wy, " vl W,. (3.2)

The functions of the first subspace are called symmetric; those of the second

class, antisymmetric. If these functions are defined on a square grid, we have the
conventional classes of symmetric and antisymmetric matrices.

Recall that a pair of points with coordinates w,v and v,w is situated
symmetrically with respect to the diagonal of the square Wy~ W, i.e., with respect to

the linear manifold v=w. This allows us to introduce the concept of a transposed
function [3]. If we assign the value of F (w,V) calculated at the pointw, v to every point
with coordinates v, w, that is v,w® F (w,v), then we obtain the transposed function

FT (v,w) =F (w,v). In terms of this function conditions (3.1) and (3.2) look like

Fvw)=FT(v,w), Fv,w)=-FT(v,w).

Using the obvious relations F(v,w)=(F T (v,w))", (F(v,w)+F ,(v,w))T =

=FJ (v,w)+FJ (v,w), we can readily verify that any real function F(v,w) can be
represented as the sum

F (v,w) = S(v,w) + K (v, w), 3.3)
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where S(v,w) and K(v,w) are symmetric and antisymmetric functions, respectively.
This expansion is unique, and

S(v,w) :%(F(V,W)HZ Tw,w), K(v,w) :%(F v,w)- F T (v,w)). (3.4)

The classes of symmetric and antisymmetric functions are subsets of more
general functional classes, namely of pseudo-symmetric and skew-symmetric functions.
In the following sections we will investigate properties of these classes.

4. SYMMETRIC FUNCTIONS

Now we introduce the following definitions.

Definition 1. A differentiable function F(v,w)from R"" R" in R! is called pseudo-
symmetric on Wy~ W if there exists a differentiable function p(v) such that

Np(v) = 2N, F (v,W) [pmy " VI Wo, (4.1)

where Np(v) is the gradient of p(v) and N, ,F(v,w) is the partial gradient of the
function F(v,w) in w. The function p(v) is called the potential for the operator
N wF (v, W) =y -

The latter means that there exists function p(w), such that its gradient
coincides with the operator 2K,,F (V, W) [y=y -

If the function p(w) is twice continuously differentiable, then the Lagrange
formula follows from (4.1)

p(v+h) = p(v) +21¢,(NWF (v+th, v +th), h)dt. (4.2)
0

On the other hand, if the Jacobi matrix KF(v) for the operator
F(v) =N F (v,W) jy= is symmetric for all vi Wy, then (4.2) holds and, in this case,
operator N,,F(v,v) is potential [15].

So, if the objective function of (1.1) satisfies (4.1) or (4.2), then the equilibrium
problem is said to be potential.

The set of all pseudo-symmetric functions makes itself a linear space. The
pseudo-symmetric functions include all symmetric functions (3.1).

Furthermore, the symmetric property plays a crucial role for the description of
both objective functions and functional constraints. Therefore we enter the following
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Definition 2. A vector function g(v,w) from R"" R" in R™ is called symmetric on
R" " R" if the following holds

gv,w)=gw,v) "vi Wy, "wl W. (4.3)

It is not hard to produce examples of symmetric functions. First of all they are
functions generating budget constraints in economic equilibrium models:

g(v,w) =(v,w) or g(v,w) =(Av,w), where A is a symmetric matrix. In applications the

Cobb-Douglas and constant elasticity-of-substitution production functions are widely

b -g/w

known: g(v,w)=AvV?w" and g(v,w)=A@v™" +bw™") , where A>0,a>0,b >0,
w >0 are parameters. If a and b are equal, then these functions are symmetric in
the sense of (4.3). It is possible to check that the function
F(v,w) = (X1, ¥2)+f(y1.X2), where v=(yq1,Y2).W=(X{, Xp) , is symmetric.

Let us explore the crucial properties of symmetric functions [6]. To that end
we differentiate identity (4.3) in w and obtain

NEgv,w) =R gw,v) "wi Wy, " vi W, (4.4)
where N[ g(v,w),NT g(w,v) are m" n matrices, and N,g;(w,v),N,g;(V,w),i=1.2,..,m
are line-vectors.

If we put w=v in (4.4), then we have

NEgv,v) =NT gv,v) " vi W,. (4.5)
Thus, we can formulate the following:

Property 1. The matrices of the gradient-restrictions of vector symmetric functions
g(v,w) with respect to variable v and w on the diagonal of the square Wy W, are

identical.

By the definition of the differentiability of function g(v,w) we get[20]

g(v+h,w+k)= g(v,w)+ KT g(v,w)h+RJ g(v, w)k +w(v,w, h, k), (4.6)
where w(v,w,h,K/(h]? +|k[>)}’2® 0 as |h|? +|k[?® 0. Let us take w=v and
h =k ; then using (4.5) we get from (4.6)

g(v+h,v+h) = g(v,v) + 28] g(v,v)h +w(v, h), 4.7
where w(v,h)/|h|® 0 as |h|® 0. Since (4.7) is a particular case of (4.6) this means

that gradient-restriction NVTVg(v, w) onto the diagonal of the square Wy~ W, is the

gradient N7 g(v,v) of the function g(v,v), i.e.
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2R g(v, W) [y=w=NTg(v,v) " vi W, . (4.8)
That proves the following [6]:

Property 2. The operator 2N, g(v,w) | =, is potential and coincides with the gradient-
restriction of symmetric function g(v,w) on the diagonal of a square, i.e.

2N, g(v,v) =R T g(v,v)

This key property plays an important role later on.

We have already pointed out that if functions gq(X1,X2) and go(x1,xp) are

equal in (2.1), then this problem reduces to (2.6). Let us verify that in this case the
normalized function G(v,w) from (2.2) satisfies symmetric property (4.3). Really

G(v\w) = g1(X1,Y2) +92(y1, x2) and  G(w,v)=01(y1,X2)+92(x1,y2) but as
01(X1,X2) =9g2(X1,Xp) it follows that G(v,w)=G(w,v). Thus, problem (2.1) in the
considered case has symmetric coupled constraints.

5. SKEW-SYMMETRIC FUNCTIONS

Let us introduce the following:

Definition 3. A function F(v,w) from R"" R" to R! is called skew-symmetric on
Wg ™ W if it obeys the inequality [2]

F(w,w)- F(w,v)- F(v,w) +F(v,v)3 0 "wl Wy, "vi W,. (5.1)
If the inequality

Fw,w)- F(w,v')- F(V' , w)+F (" ,v)30 "wi W, (5.2)

holds, where v'T W', then the function F(v,w) shall be called skew-symmetric with
respect to an equilibrium point.

The class of skew-symmetric functions is nonempty, as it includes all anti-
symmetric functions (3.2). If we put v=w in (3.2), then F(v,v)+F(v,v)=0, i.e., the
antisymmetric function is equal to zero on the diagonal of the square Wy~ Wy . If this

function is convex in w, then it follows from (2.2) that it is concave in v. In this case
F (v,w) is a saddle point function. To illustrate that we consider the normalized

function F (v,w) for the saddle-point problem, which obeys the relations [1]
F(v,v)=0, F(v,w)+FWw,v)=0 "wil Wy, vi Wy.

From the above it follows that skew-symmetric equilibrium problems largely inherit
the properties of saddle-point problems.
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Note that condition (5.1) in the case of monotonicity for F(v,w) in wi W,
entails the monotonicity of gradient-restriction N,,F(v,v) on the diagonal of square
Wy~ W . Indeed, let function F (v,w) be convex in w, then using the system of convex
inequalities

(NEC), y- ) E£(y)- FOOE(NF(y), y- %) (5.3)

for all x and y over some set, from (5.1) we have the monotonicity of the gradient-
restriction

(NyF(v+hyv+h)-N,F(v,v),h)3 0 "vi W, "v+hl W, (5.4)

Note that if F (v,w) is the normalized function of the saddle-point problem[1],

then (- N, L(x, y),NyL(x, y)T is a monotone operator. The latter fact follows from
(5.4) and is established in [17].

Let us consider another useful inequality which allows us to estimate the
growth rate of the function F (v,w) in the neighbourhood of a point v,wl Wy~ W

KFw+h,v+K)- F(w+h,v)}-{F (w,v+k)- F(w,Vv)} £ L|h]| K| (5.5)

for all w, w+h1 Wy, v, v+ki Wy, where L is a constant. The class of functions
satisfying condition (5.5) is nonempty [2].

It was stated previously that symmetric functions possess the potential
property. But some of them are also skew-symmetric. Indeed, consider a subset of
functions subject to the condition:

F(v,w) £.JF (W, WF(V,V) "v,wl Wy W,.

Let us write out an expression similar to the left-hand side of (5.1). Using (2.1)
and the condition introduced, we rewrite this expression to obtain:

Fw,w)-FWV)-F(v,w)+F(,Vv)=F(Www)- 2F (w,V)+F (v,v) 3
3 F(w,w)- ZJF(W,W)F(V,V) +F(v,v):(JF (w,w) - JF (v,v))2 30 "vwl W,

i.e., the function F (v,w) obeys the skew-symmetric condition. From here, it follows
that if F (v,w) is convex in w for any vi Wy, then N,,F(v,v) is the monotone operator.
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6. REDUCTION TO A DOUBLE SADDLE-POINT
Let us consider a function of three variables
L(v.w,p) =Y (v.w)+(p,g(v,w)) "vi Wy, wi W, p30,

where Y (v,w) = F (v,w)- F(v,v). Point v ,v', p" is called a double saddle-point, if the
inequalities hold

LV VvV, p)ELW ,V,p)ELNV ,w,p) "wi W, "p30, (6.1)
and

L(v,v,p ) ELW V' ,p)ELWV ,w,p") " Vi Wy, "wi W,. (6.2)

The inequality (6.1) means that the last two components of vector vV, p*
(when the first one is fixed) represent a saddle-point of Lagrange function L(v* WV, P)
for the convex programming problem v'T Argmin{Y (v",w)|g(v",w)£0, wi W} .

Inequality (6.2) in turn means that the first two components of vector vV, p* (when
the third one is fixed) are a saddle point of function Y (v,w), i.e.

YWVYEYNV V)EY (VW) " vl W, " wi W, g(v,v)£0, g(v',w)£0. (6.3)
In particular, from (6.3) the initial problem follows
FOV V)EF(NV, W) gV ,WED, "wi W,.

If the function F (v,w) is skew-symmetric and convex in w for any v, then a

double saddle-point vV, p* for function L(v,w,p) exists. To calculate a double
saddle-point the system of inequalities (6.1) and (6.2) must be solved.

Let us consider the described situation in more detail. For the fixed value of
parameter v=v" problem (1.1) represents a convex programming problem with respect
to w. The Lagrange function L(v*,w, p) under Slater-type regularity condition has a
saddle point, which satisfies the system of inequalities (6.1). In the case of
differentiability this system can be presented in the form of variational inequalities

<NWF(V*,V*)+N\T\,g(V*,v*)p*,w- v*>3 0 "wl W,.

<p- p*,g(v*,v*)>£0 p3 0. (6.4)
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Now we transform separately the second term in the first inequality. Taking
into account a key property of symmetric functions (4.8) and the convexity of vectorial
function g(v,v) component-wise, we have

(o Ve w-v') =2 (0" Rg(v v )w-v))) e (b7 gww)- g(v' V)< 0
In view of the obtained evaluation we copy the first inequality from (6.4) in the form
<NWF(V*,V*),W- v*>+%<p*,g(w,w)- g(v*,v*)>3 0 "wl W. (6.5)
If operator N,,F(v,Vv) is monotone, then by virtue of (5.4) we obtain from (6.5)
<NWF(W,W),W- v*>+%<p*,g(w,w)- g(v v )>3 0 "wl W,. (6.6)

This inequality is obtained from the condition of monotonicity of the operator
NwF (v,v). However, this inequality can be valid for non-monotone operators. As this

inequality is a key and underlies the proof of convergence of gradient-type methods, we
put sufficient conditions providing fulfillment of (6.6).

1. Ifthe function F(v,w) is skew-symmetric in sense (5.1) and convex in w for any v,
then by virtue of (5.3), (5.4) the gradient-restriction of this function N,F(v,v) is a
monotone operator.

2. If the function F (v,w) is not skew-symmetric, then it has expansion (3.3), and its
gradient-restriction is presented as

NWF vV, W) ly=w= NWS(V: W) [y=w +NWK(V!W) lv=w -
Since the operator N,S(v,W) |~y is symmetric (or in the more general case it is
pseudo-symmetric), then by virtue of (4.1) we have N,S(v,v) =(1/2)Np(v). This means

that there exists a function P(v,w) =(1/2) p(w) + K(v,w) (which is natural to be named
a saddle-point potential), such that

NWF(V-W) |v:W:NwP(V:W) lv=w

and P(v,w) is a skew-symmetric function as the sum of a function of one variable and a
skew-symmetric one. In this case inequality (6.5) can be presented in the form

<NWP(V*,V*),W- v*>+%<p*,g(w,w)- g(v*,v*)>3 0 "wl W,.

Now, if the function P(v,w) is convex in w for any v, then by virtue of the same
inequalities (5.3), (5.4) the gradient-restriction N,P(v,v) is a monotone operator and,
therefore, we get from the last inequality
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<NWP(W,W),W- v*>+%<p*,g(w,w)- g(v*,v*)>3 0 "wl W.
From here, by virtue of NF(v,v) =N,,P(v,v) we obtain (6.6).

3. In the previous section we saw that if function F(v,w) is not skew-symmetric,
then there always exists a skew-symmetric function P(v,w) such that
NwF v, v) =N, P(v,v). In this section we shall expand the class of skew-symmetric
functions and we shall enter following

Definition 4. A function F (v,w) from R"" R" in R? is called skew-convex on W~ W,
if it satisfies the inequality

(N F (w,w),w-v)- F(v,w)+F (v,v) 3 0 "wi Wy, "vi W, (6.7)
If this inequality is made with respect to the solution of the problem

<NWF(W,W),W- v*>- Fvi ,w)y+F(v',v)30 "wil W, (6.8)
then the function F (v,w) is called skew-convex relative to equilibrium.

The class of skew-convex functions is honempty as it includes all the skew-
symmetric functions convex in w for any v. It is not hard to be convinced of that with
the help of inequality (5.3).

Let us show that the condition (6.6) can hold in the class of skew-convex
functions without the monotone condition for the operator N,,P(v,v). We copy

inequality (6.8) as

<NWF(W,W),W- v*> +£<p*, g(w, w) - g(v*,v*)> -
21 (6.9)
SFE(W, W) +FN V) - E(p g(w, w) - g(v*,v*)>3 0 "wl W,
From necessary condition (6.4) and symmetry of function g(v,w) we have
<NWF(V*,v*)+(1/2)NTg(v*,v*)p*,w- v*>3 0 "wi W.
Assuming the property of pseudo-convexity for function F (v,w)+(1/2)( p, g(w, W)) we
have from the last inequality

F,w)- F(v*,v*)+(1/2)<p*,g(W,W)- g(v*,v*)>3 0 "wi W,.

Comparing this inequality with (6.9), we obtain (6.6), under the circumstances
that the operator N,,P(v,w) |,=. generally speaking, is not monotone. This reasoning

is true with respect to function P(v,w) as well.
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7. SYMMETRIZATION

The argumentation of the previous section indicates that the symmetry of
functional constraints plays a crucial role in the construction of methods for solving
equilibrium problems with coupled constraints. However, the coupled constraints in
(1.12) may not have properties of symmetry, for example, they can be antisymmetric, i.e.
satisfy condition g(v,w)=- g(w,v) " v,wl W,. We show that in this case the coupled

constraints do not affect the solution of (1.1) and therefore can be discarded. Let us
consider a pair of problems

v T Argmin{F(v",w) |wi Wy}

and

v'T Argmin{F(v",w) | g(v',w) £0," wi W},

where g(v,w) is an antisymmetric function. Such a function on a diagonal of square
Wy~ W, is always equal to zero, since v=w from g(v,v)=-g(v,v) it follows that
g(v,v)=0. We consider the intersection of two sets W, C{w| g(v',w)£0}. This
intersection is not empty (contains point v*) and is a subset of Wy . Since v'is a
minimum point of function F (v* ,w) on W, i.e. it is a solution of the first problem, it is

especially a minimum point of this function on any subset, i.e. it is a solution of the
second problem. Thus, antisymmetric coupled constraints can always be discarded in
equilibrium problems.

In the general case, if the function g(v,w) is neither symmetric nor

antisymmetric, the constraints of problem (1.1) can be symmetrized. It can be done
under the scheme (3.1)-(3.3). Let us introduce two subclasses of vectorial symmetric
and antisymmetric functions

gv,w)- gw,v) =0 "wi Wy, " vi Wy, (7.1)

gv,wW)+gw,v) =0 "wl Wy, "vi W. (7.2)

These conditions generalize the concepts of symmetric and antisymmetric matrices.

The transposed function can be defined as gT(v,w):g(w,v). Then any vectorial
function has expansion

g (v, w) =s(v,w) + k(v,w), (7.3)

where s(v,w) is a symmetric and k(v,w) is an antisymmetric function. This expansion
is unique, and

SV =2 (gw) + g7 (W), KW =Z(g(vw)- g7 (v,w). (7.
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Using the obtained expansion we present the functional constraints of (1.1) in
the form {w|g(v" ,w)=s(v',w)+k(v',w)£0, wi W,}. From the argumentation above,
it should follow that the antisymmetric part of the constraints can be discarded here.
Let v* be the solution of the problem

v 1T Argmin{F(v",w) [s(v',w)£0, wi Wy}. (7.5)

Let us introduce denotations D={w|g(v",w)£0, wi Wo} and Ki =
={w| k(v ,w) £0, wi Wy}, K, ={w| k(" ,w)>0, wi Wy} . We split the admissible set
of the initial problem D in two parts D; =DC K4, and D, =DCK,,and D=D;E D, .
For all wl D, it is possible to omit the value k(v*,w) in the inequality
s(v',w)+k(v',w)£0, wi W, and then one can approve that
D, i {w|s(v',w)£0, wi W,}. On the other hand, let us consider the intersection
D; G{w|s(v',w)£0, wi W,}. The solution v* belongs to it and the function F (v",w)
has a minimum point in that. Any point of this intersection satisfies the condition
s(v',w)+k(v',w)£0, wi W,. Therefore, if the solution of problem (1.1) has a feasible

neighbourhood, for example, when condition g(v*,w) <0, wi W, holds, then solution

(7.5) is the solution for (1.1). Thus to find the solution of problem (1.1) it is necessary
to solve the symmetrized problem

v T Argmin{F(v",w)|g(v",w)+g" (v',w)£0, wi Wp}.

The idea of the symmetrization of constraints opens the possibility of solving
equilibrium problems with coupled constraints.

8. GRADIENT PREDICTION-TYPE METHOD

Let us consider the following gradient prediction-type method. Let vo, pO be a

given approximation; then next iteration can be calculated by means of recurrent
formulas [4], [5]

P"=p. (p" +ang(v" V")),
VT =pyy, (v - an (R F " v+ RG g (v, v B™), 8.1)
" =p. (p" +ang(@" V")),

YN+t =Py, W" - an(NWF(Vn,Vn)*'NVTvg(Vn:Vn)ﬁn ),

A steplength a ,, can be determined in process (8.1) either from the condition
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O<e£an<1/\/2(|Nl|2 +C2|N2|2)+%|g|2, e>0, (8.2)

where constants |N4 |,|N5 |,C,| g| are determined in (8.4), (8.6), or from the condition

af(N,F@",v")- R, FE" v+ Gg@",7")- Rig(v",vh))p" f +
+£ on ony_ " VvMYI2)E(1- on _yh |2 (8.3)
2Ig(v V- gV V) E@R- )V -vE T

To check the fulfillment of condition (8.3) we first select any number ag (the
same for all iterations, for example ag =1), then we calculate two first iterations (8.1),

i.e. vectors p",v" and we check the condition. If it is satisfied, then we take the
obtained value as a steplength. Otherwise we decrease the parameter until the
condition (8.3) is met.

At first sight it seems that the considered selection of steplength is too hard.
Indeed, in order to determine parameter a,, generally speaking, the problem of

minimizing a strong convex function on a simple set must be solved several times. But
such an approach does not assume knowledge of a priori constants of the Lipschitz type
or an upper estimate of the Lagrange multiplier. Besides it is not necessary to
determine new values of parameters at each iteration. It can be sufficient to use the old
values of parameters, occasionally correcting them.

n+1

Estimates of deviations for vectors v" and v"*! and also p" p can be
obtained from (8.1) as follows:
=n n+l n n n wn
- fa vivh)- g™ vh) |,
IP"- P [Eay, [9( )-9(v )| (8.4)

7" - v Eay, [N, FO" ) - N FE7M) + (590" v - NG g(@ . v")p" .

Now, we justify the selection of parameter a, from (8.2) or (8.3). It is

assumed that functions g(v,w) and N,F(v,v),N]g(v,v) satisfy the Lipschitz
conditions

lg(v+hyv+h)- g(v,v)|E|glh] (8.5)

forall vi W, and hi R", where |g| is constant and

[N, F(v+h,v+h)- R, F(v,v)[£]R, [ h],

N N 3 (8.6)
INGg(v+h,v+h)- Ny g(v,v) [£IR [ hl,

forall vi W, and hi R", where |N; |,|N, | are constants, moreover |p" |£C.

By virtue of (8.5) and (8.6) we have
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INWF @9 Ny F " V) + (R, 0@" 77 - KL g(v" V) B" £
£(|N1 [+|p" ”Nz DIVM -V,

lgv",v")- g(v" v")IE|glIV" -
Since |p" |£C, then

INWFE" VM- Ry F " v+ (N5 o@", V") - Ny g vM)ph |2 +

(8.7)
+(1/2)|g@" . v")- g(v" V) PE{INy [+|N, D2 +(@/2)[g P}V - v .

From this it is evident that if the condition holds, ([N, [+|N, )2 + @l PE@-e)/a?,

i.e.
l-e

(N [+C IR, D2 +(1/2)| gl

a2f

then always there exist a, satisfying evaluation (8.3).

Let us present this process in the form of variational inequalities. We write the
first and the third equation from (8.1) in accordance with the definition of the
projection operator as

(P"- p"-ang" v, p- )20 "p20, (8.8)
and

(Pt p"-a,g@" @), p- 7Y 0 "po0. (8.9)
We present the second and the fourth equations as

<\7“ v +a, (N, FO" v +RT gv", v")P"),w- v”>3 0 "wi W, (8.10)

and

<vn+l -v"+a, (N, ,FE",v")+NT g@" . v")p"), w- v”+1>3 0 "wl W, (811)

We will now show that the process (8.1) converges monotonically under the
norm to one of the equilibrium solutions. In the theorem presented below we require
the fulfillment of non-constructive condition (6.6), noting that Section 6 describes three
situations when fulfillment of (6.6) is assured.

Theorem 1. Suppose that the solution set of problem (1.1) is nonempty and satisfies
condition (6.6), functions F (v,w), g(v,w) are convex in w for any v, vector-function

g(v,w) is symmetric and its restriction g(v,w)| =, iS convex along each component,
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moreover the Lipschitz conditions hold in (8.5), (8.6), dual sequence |p" |EC is bounded

for all n, and Wi R" is a convex closed set. Then, the sequence v", generated by
method (8.1) with selection of parameter a , using (8.2) or (8.3) converges monotonically

under the norm to one of the equilibrium solutions, i.e. vV ® v'T W as n® ¥ .
Proof: By putting w=Vv" in (8.11), we get
<vn+1 " ,v* ) vn+1>+an<NWF (Vn,Vn),v* } Vn+l>+
(8.12)
+an<NvTvg(V”,V")5”),v* - V”+1>3 0.
Take w=v"*! in (8.10)
<\7” v +a, (R, F (v, v +RT gv™, v pn), v - v”>3 0.
Hence
<\7n } vn,v”+1 } Vn>+an <NWF (Vn gn ),Vn+1 } \7n>_
_ an<NWF ©",v")- R, F (v, V)Vt \7”>+an <N'Iv:/g(vn‘vn)5n L Vn>_
-an([Rlg@". 7" NLg(v" v )p" v - 7") s 0,
or taking into account (8.4)
<\7” SEVARVAAL V”>+an<NWF ©" VM)Vt \7“>+
+an<NvTvg(V”,V”)E”,v”+l - \7”>+ (8.13)
+af N, F @™ 7" - Ry F " v+ g g@" . 7")- Ry g(v",v)p" > 0.
Now add inequalities (8.12) and (8.13)
<v”+l ERVILVARS v”+1>+<V” YRV V”>+an<NWF " vV - V”>+
+an<ﬁ”,NWg(\7”,\7“)(v* - v”)>+ (8.14)
+af N, F@"7")- Ry F " v+ 7 g@" . 7")- Ry g(v",v)p" 2 0.

Using (4.8) and the convexity of the function g(v,v), we transform the fourth
term from (8.14) as follows

(P Ry g@"v")v" - 7)) == (P Rg(@" . 7")(v' - V")) £

£

Nk NP

<6”,g(v*,v*)- g(V",V”)>,
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and then we obtain
<v"+1 vV v”+l>+<V” -y oyt V”>+an<NWF " V")V - V”>+
20 (B" g0 V)- 0@ 7)) +
+af [N FE",¥")- Ry, F (", v+ 9@ ,v")- Ny g(v",v")p" 2 0,
We put w=V" in inequality (6.6), which yields
~ — — * a. * — * *
an<N\,\,F(V”,vn),vn -v >+—“<p g™, v™h- g(v ,v )>3 0.
2
Adding two last inequalities gives
<vn+l -yn ,V* _ Vn+l>+<vn _ Vnyvn+l_ vn>+aTn<ﬁn _ p*,g(v*,v*)- g(vn,vn)>+

+af N, FE",.V")- R, F" v+ (N oE@",v")- N g(v",v")p" 2 0.

(8.15)
Consider (8.8) and (8.9). Put p=p  in (8.9)
<pn+1 - p", p* _ pn+1>_a<g(vn,vn), p* _ pn+1>3 0 (8.16)
and p=p"* in(8.8):
—=n n n+tl —n =N —=n n . n n+tl —n
<p -p.Pp -p >+an<g(V VU)-gvi,vi), p -p >'
(8.17)

-an(9@".7"M),p""- ") 0,

The second term in this inequality can be estimated by means of (8.4), and then we add
both inequalities (8.16) and (8.17)

<pn+1_ p",p - pn+1>+<ﬁn Sp",pmtL. ﬁn>+

+aZ [g@".v")- g(v" VI -an(9@" VM), p - )2 0

Using the relations <5” Lg(v' v )>£0, <p* gV ,v*)>:0, we rewrite the latter

inequality in the form

%<zn+l_ pn’p*_ pn+1>+%<ﬁn_ pn’pn+1_ 5n>+ o0

+Z2g(@", ")~ g(v" v +22(g(v V) g@".7"),p - )7 0,
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We add inequalities (8.15) and (8.18)

<vn+l ) Vn,V* ) Vn+1>+<vn ) Vn’vn+l _vn>+%<pn+1 ) pn, p* ) pn+l>+

+2 (57 p" P B ) ra 2R F @ ) Ny F (v

+(Ny9@",7")- R g(v",v")p" |? +%I 9", v")- g(v",v") )2 0.
By means of the identity

2 2 2
[Xg - X3 P9 X1 - X5 | +2(x1-x2,x2-x3)+|x2-x3| , (8.19)

we expand the first four scalar products into a sum of squares

|vn+l_v* |2 +%| pn+l_ p* |2 +|vn+1_ vn |2 +|\7n_vn |2 +£| pn+l_ En |2 +
1, - o .
+>l p"- p" |2 +af (N, F(@",V")- Ny F (", v")+
1 (8.20)
+(NL @™ V") - NG g(v " v )R P +=19(@" V") - g™ V)" £

* 1 *
EVT-v P = p- p P
2
Taking into account the estimate

%lpnﬂ_ pn |2£|pn+l_ 5n|2 +|5n_ pn |2

and condition (8.3), we obtain

|Vn+1_v* |2 +%| pn+1_ p* |2 +%| pn+1 _ pn |2 +|Vn+1 Eval |2 +e|vn_vn |2£

(8.21)
BV -V P el p" - p

If in the process (8.1) the steplength a |, is selected using condition (8.2), then

we estimate the seventh term in (8.21) with the help of (8.5) and (8.6) also using
evaluation (x,y)£|x[* +|y[?

|vn+l _ V* |2 +1

. | pn+l ) p* |2 +%I pn+1 _ pn |2 +|Vn+1 -yn |2 +(1- a%(Z(lﬂllz +

1 L (8.22)
+C2 N, [F)+ =g )1V - v PAV -V P42y p" - p
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Since 1-a2(2(IN; > +C? [N, |?)+(1/2)|g|?3 e, then the obtained inequality

looks like (8.21). Thus, irrespective of how steplength a is selected we come to
inequality (8.21) in any case.

Summing (8.21) from n=0 upto n=N we get:

N+l 52 g L) N+ *2+1k§N K+l k2+kt:>N—k_ k24

\ v [+=|p plr+=alv vilc+ea |VO-vY
2 k=0 k=0

+1k§N K gk 2 g0 - v 2 421 p0- p" 12

—alp - p PENVT -V [ +=]pT-p [T

4 y=o 2

From the obtained inequality follows the boundedness of the trajectory

N+ +2,1 N+t *2..0 2,1, 0 *p
VIV ST p PRIV -V TS p

v )

and the convergence of the series

¥
o k+1
alv -
k=0

2

¥
VP <x, Alptt-pf Py,

k=0

and, consequently, convergence to zero of quantities

|vn+1_vn |2® o’ |pn+1_ pn |2® O, n® ¥

Since the sequence v", p" is bounded, then there exists a point v¢ p¢ such
that v ® v¢ p™ ® p¢n; ® ¥ ,and

|Vni+l -y |2® 0, I pni+l _ pni |2® 0.
Considering inequalities (8.8)-(8.11) for all n; ® ¥ and, passing to a limit we get

<NWF(V¢VQ)+NI,9(V¢V<)p¢w- v¢>3 0 " wl W
(- 9(v&v9, p- p430 "pso0.

The inequalities obtained coincide with (6.4), then ve=v'T W', p¢t=p" 30,
i.e., any limit pointv", p"

is an equilibrium solution to the problem. The monotonicity
condition of decreasing value |v" - v [+]p" - p* | provides uniqueness of the limit
point, i.e. the convergence v" ® v', p" ® p" as n® ¥ . The theorem is proved.
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