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ANALGO FOR GENERATING RANDOM NUMBERS
WITH BINOMIAL DISTRIBUTION
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Abstract: In this paper we introduce an algorit hm for generating random numbers
with binomial distribution. The algorithm is based on the idea of a "pipe" be tween the
simula t ion of a stat ist ical exper iment and the algorithm for selection according to
utility, ofte n invoked in genetic search problems.
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1. PRELIMINARIES

First, we shall introduce several definitions and results t hat a re useful in the main
statements of the paper.

Definition 1.1. We call a system a set of interacting components that operate within a
boundary to a certain predefined purpose.

The boundary filters the types and flow rates of inpu ts and outputs between
the system and its environment. The specification of the boundary defines both the
system and the environment of the system .

We denote with S an object, process 0 1' phenomeno n indicated according tu
Definition 1.1.

Definition 1.2. We call the context ofa system the set of restrictions under which the
system can achieve its purpose.

Eliminating or adding restrictions to the context of a system S affects its
knowing, so it requires a new specificat ion effort.

We denote with Cs the context of system S .
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Definition 1.3. We call the observation criterion ofa system S by an instance 1 the set of
all different and significant states of system S from the point of view of instance 1. We
denote with OS] the observation criterion of system S by instance 1. We remark that

O S] is a representing model of system S in context Cs , according to the perception of

instance 1.

Definition 1.4. We call an experiment the repeated analysis of a system S working in
the same context Cs and according to the same observation criterion O S] ,

We denote with E a generic exper iment.

Definition 1.5. We call an elementary random event the result of an unpredictable
experiment. If S is a system which is the object of an experiment E, we call the result of
the experiment the state in which system S arrives at the end of experiment E. The set of
dist inct events, characteristic of an unpredictable experiment, is called a complete event
system.

We denote with E the com plete eve nt system associated to exper iment E.
•

Definition 1.6. We call a random event any proper subset of E.

We denote random events by A, B, C, ...

Definition 1.7. Let E be experiment whose complete system event is E. If
(3) p . p eE ) 10.11 so that p is a measure of the posibility of the occurence of events

A k E then we say that p is a probability.

Definition 1.8. Let E be experiment whose complete event system is E . We call the
distribution law of the even ts related to E a mathematical model by means of which
we can make probabilistic predictions about the results of experiment E.

uch mathematical models IU'e: probability density , repart it ion function.
cha racteris t ic function the random variable. Out of the u sual di t r ibu t ion laws we
illustrate : uniform distribution, binomial distribution, Poisson distribution , e tc.

This paper does not aim to discuss aspects rela ted to the theoretical contents
of any of these laws. However, we sha ll study to obtain all algorithm which allows the
simu la t ion of the behaviour of a system with a binomial distribution of eve nts .

I{ la ted to the binomial exper iment we pres sn t the d sfi nitio n blow.

Definition 1.9. We say that a random variable X given by table:

x o
Po

1 2 ...
...

n

PII

has a binomial d istribut ion with parameters n and p if:
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. . .
Pi =P(X =i) =C:, p ' (1 - p )'I-I : i =O,n

Remark 1. 1. The most simple way to introdu ce a binomial distribut ion i.:; by studytng
the [ollouiing experiment:

"Let E be all experiment related to which euent A OCC/l!":; with probability p and
-

euent A occurs with probabil ity 1 - p . Giuen the experiment EI tuliic h is obtained by

repeat ing experiment E n-times we raise the question: what IS the probability that A
occurs i-times ?". The theoretical probability that the above-mentioned event occurs I':;

specified ill Defin it ion 1.9. In this paper we are looking for all algorithm ioluch
generates integer numbers belonging to 10.1.. .. .n I according to th e law of binomial

d istribut ion ofn and p giuen param eters.

Proposition 1.1. A random variable Y which tokes values uniform ly distributed III

10.11 has the repartit ion (unction:

Fy (x )=
0: if x E ( .01
x ; if x ElL )

Proof: Because Y has the unifurm distribution of values in 10.11 the n the pro bability

density is :

Su :

Iv ( x) =
L ifx EIOJI

o. if x E R \ [OJ I

~

Fy (x) = f Iv (x)(lx =
o

0: if x E (--00.01

x: if x E (0.11

1: if X E ( l. )

Proposition 1.2. Let h E(0.1) and experiment E be defined In this way:

1) A random number NRA E (0.1) is generated according to the unifo rm d istribution

law;

2 ) I f NRA < k then we consider that event A is realized;

3 ) If NRA > k then we consider that event A is not realized;

What is the probability of event A?

Proof:
P(A ) =P(NRA ~ k ) =P(O ~ NRA ~ h ) =P(NRA =0) + P(O < NRA < h) .

Because N HA is uniformly distribu ted in 10.11. according to Defin it ion 1. 1 we

have P(A ) =FN HA (k ) - FN HA (0) =k .
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The statement of Proposition 1.2 represents the basis of a procedure which
models an abstract experiment E related to which an event A occurs with probability h ,
So, the experiment E which represents the basis of introducing binomial distribution as
a consequence of E repeated n-times.

Proposition 1.3. Let RND be a function which returns randomly and uniformly
distributed numbers in 10.11 and let S be a system having the space of states

n = lO.l.." . n} . Let F = lfo.fl . .. . .f,, } be the utility vector related to the states of system

S so that f ; E [0.1] "Ifi E lO.l.." .n} and

"'LJ;=1.
;=0

Then the algorithm:

NRA=RND

IndSel = min l fo+ f l +· ,,+fi-I < NRA~ fo+fl +"'+ f;J
0 :" / :" "

is a selection algorithm according to the utility of the states ofsystem S.

Proof: Because RND returns randomly, uniformly distributed numbers in 10.1 1,

according to Proposition 1.1 we have:

0: if x E (-co.OI

FRND (X ) = x; ifx E (O.l]

L if x E (Leo

So, we have:

P(lndSel = i) = P(fu + f 1 +... +1;-1 < NRA < fo +f l + ...+ f ; )

= FRN[)( fo + f 1 +" '+f; )-FRND (fo +fl +,,·+ f;- I)= f;.

The demonstration is concluded.

2. ALGORITHM GBDRN

GBDRN is the abbreviation for Generating B inomially Distributed R andom
Numbers .

Theorem 2.1. The algorithm GBDRN specified by:

PrelParDB(n , p )

Z eroCom(VUABS )

,
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PrelAmplExp lnre)

(or i := 1 to nre d o

begin

ConApA:= 0

(or j : = 1 to n do

beg ill

rA :=H LJ

i( NrA ~ p then COIIA pA : = onA pA + 1

end

VUAB IConApA I := VUABSI ConApA I + 1

en d

VUHEL : = Convert(VUABS)

N AL := HNLJHLJ

I t generates randomly, binomially d istributed numbers in lO. l. .... n } .

In the above algorithm:

-PrC/ParLJHln, p ) is a procedure iohicli tokes over the porametcrs 0/ bmonual
dist ribution uiliicli represent the basis ofgenerating random numbers.

-Zerotlomt;VUABS ) is a proced ure uihic li sets at zero the com ponen ts 0/ absolute
ut ility vector VUABS .

-Prel.Amp l.Exp is a procedure which tahcs over the size o( th e generating
experiment .

-ConApA is a variable which coun ts the number 0/ occurenccs o] the
hypothetical event A having probability p .

-Conuert is a [unction. uiluch. transforms absolute ut ility vector VUAB to
relat ive ut ili ty vector VUHEL.

-HN LJHLJ is the [u nction. which returns a nil mbcr ill :0.1.. .. /1 : that /~...

randomly , binomially d istributed by p arameters nand p. The select1011 ofthe returned
number is made according to the ut il it ies associated to them in VUHf.,'L.

Proof: Let n E N · and p E (0.1) be the number taken over by procedure PrelParlrb ,

Let nre be a number high enough taken over by procedure PrelAmpllsxp .

According to Proposit ion 1.2 the sequence

N rA := HNLJ

i(NrA ~ p then Co/tApA := Co/tApA +1

simu lates exper iment E.
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The sequence

for j := 110 II do

begin

NrA :=RND

if NrA :::; p then. ConApA:= COIIApA + 1

end

simu lates experiment EI indicated in Definition 1.9 .

After repeating experimen t EJ many times, absolute utility vector VUABS will
contain the frequency with which A occures i-t imes in experiment EJ for i E {D.l.. . . . n }.

Applying Proposition 1.3 the result is that the random numbers are generated
according to a binomial distribution .

3. BORLAND PASCAL IMPLEMENTATION OF GBDRN

unit RNDBD:

: $IFNDEF CPUln :

:$N+ :

:$E DlF l
1 1

I •

:The unit contains thc capabilities necessary to
:gene ra te random numbers with a binomial di tribution
:by parameters <n> and <p> given.

I
I

I
I

I
I

I I---------------------------------------------------------------------------------------------------I I

interface
uses crt.dos.objects:
type

:--------------------------------------------------------------------------------------------------- :
:Object type which incapsulatcs the capabilities or
:generating random nmnbcrs with a binomial
:distribution.

I

•
I,
I
I

:lougint:

.doublc:

:longint :

.doublc:

:--------------------------------------------------------------------------------------------------- :
PTa RNDBD ="TO RNDBD:- -
TO RNDBD = object- .

N

P
NR -:

TOla l
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PColU Abs : PCollcction:
constructor lnit (FN:longint :FP:doublc :FNRE:longint):
destructor Done.virtual:
procedure GcnExpBinom:
function RNDBD :longint:

end:
implementation
type

{ ---------------------------------------------------------------------------------------------------:
{Object type which specifies a generic clement
{of the collection in which absolute utility is

(kept.

I,
I,
I,

, I--------------------------------------------------------------- .._--------_ .._-----------------------I ,

PTEICol = "TElCol:
TEICol = object (Tobjcct)

UAbs.longiut :

const ructor ini t(U:longint ):

destructor done.virtual :
end:

{---------------------------------------------------------------------------------------------------:
{Constructor TElCo!....
const ructor TEICol.Init (U:longint ):

begin

UAbs :=U:
end:

I,

{---------------------------------------------------------------------------------------------------:
{Destructor TElCo!... .

destructor TEICoI.Donc:
begin
end;

I,

{ ---------------------------------------------------------------------------------------------------:
{Constructor TO_RNDBD....
constructor TO_RNDBD. Init (FN: longint : FP: double: FNRE: longint ):

begin
if (FP>=O) and (FP<= I) then

begin
N:=FN:
P:=FP:
NRE :=FNRE:
PColU Abs:=new (PColIection, init] FN+ I. 10» :

I,
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GenExpBinom:

end

else
begin

gotoxyt 1. H ): clrcol:
textcolort red): textbackgroundtwhi te+blink):
write('The parameter <p> is not in 10. II !! !'):

readkev: halt:
•

end:
end:
, ---------------------------------------------------------------------------------------------------,I ,

[Destructor TO_RNDBD....
destructor TO RNDBD. Done:-
begin

dispose (PColUAbs. Done):

end:

I,

.:---------------------------------------------------------------------------------------------------:
: Procedure simula tes a binomial experiment by
tparameters <u> and <p> given.

procedure TO_RNDBD. GenExpBinom:

var
1. J :longint:
ConApA :longint:

NRA : double:
MA : longint:

PEICol : PTEICol:
begin

fo r (:=0 to N do

begin
PCoIUAbs" .Insert (new( PTEICol. ini t (0))):

end:

randomize:
fo r 1:= I to NRE do
begin

onApA:=O:

for J:= I 10 N do

begin

NRA : =random:
if NRA ' =P then inc( onApA):

end:

,
J

,
J
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PElCol :=PColUAbs" .AT(ConApA):
MAN:=PEICol" .UAbs:
inc(MAN):

PElCol" .UAbs:=MAN:
PColUAbs" .AtPut(ConApA.PEICol):

end:
Total :=O:
for 1:=0 to N do
begin

PEICol :=PCoIUAbs" .At(1 ):
Total :=Total+PEICol" .UAbs:

end:
end:
f -
I ,

: Function returns the numbers which can take values
(fwm <0> to <n>. binomially distributed.
function TO_RNDBD.RNDBD: longint :

var
I: integer:
Tennen: double:
GenAl. Suma: double:
PElCol : PTEICol:

begin
GenAl :=random:

1:=-1
Suma:=O:
repeat

inc(l):
PEICol :=PCoIUAbs" .At (I) :

Tennen:=PEICol" .UAbs:
Suma:=Suma+(Tennen/Total) :

until Suma>=GenAI:
RNDBD :=I:

end:
end.

,
J

,
J
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4. CONCLUSIONS

The prsesent algorithm ca n be used from a ny Pascal program which impor ts
unit RNDBD.

The relation between the theoret ica l probabili ty uf binomia l reparti t ion by It, P
parameters a nd the frequency with which random numbers are generated by the
capabilit ies of the RNDBD u nit will be analyzed in a future paper .
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