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Abstract: The paper disc-usses fuzzy cont ro lle rs based on fuzzy relation equations in
the case when fuzzy controller inpu ts a re exact. The Godelian implicat ion and
minimum function as z-norm are considered. The fuzzy rela t ion equation with sup-t
composition results in plausible control and the adjoint equation leads to simple fuzzy
control (m in-max inference method). The com putation of fuzzy relations is not
necessary. The relation between fuzzy plausible control and sim ple fu zzy control is
discussed. Con trol algorithms are com pared on a simu la tion example.
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1. INTRODUCTION

Fuzzy logic control is one of the expanding application fields of fuzzy set
theory [6]. Recent applications of fuzzy logic control have spread over various a reas of
automatic control, partic-ularly in process control [3, 7-9, 111 . A fuzzy logic controller
(FLC) allows a simple and more human approach to contro l design due to its ability to
determine outputs for a given set of inputs without using a conventional, ma themat ical
model. FLC follows the genera l strategy of control worked out by a human being.
Including a set of control rules and membership fu nctions, t he fuzzy controller
converts linguistic variables into numeric values required in most applica tions . Altering
control rules or membership functions provides fuzzy controllers with adaptive
capabilities that a re very important for industry. .

A typical FLC is com posed of t h ree basic parts : an input signal fuzzification
where continuous input signa ls are transfo rmed into linguistic var iables, a fuzzy engine
that handles rule inference, and a defuzzification part that ensures exact and physically
interpretable values for control variables .
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The design of FLC may include: the definition of input and output variables,
select ion of the data manipulation method, membership function design and the rule
(cont rol) base design. The most frequently used data manipulation method is the "m in­
max-gravity" m ethod (simple fuzzy control). This Mamdani-type controller assumes
min-max inference operators and center of gravity defuzzification 16, 8 , 111. However,
any t-norm and r-conorm as inference operator can be used. Some properties of FLC
using different inference operators can be found in 12 , 41 .

Simple control is a reasoning procedure based on modus ponens
lA l\lA=>B»=>B tautology 18, 111. Modus ponens tautology reads:

•
•
•

Impl ication:

Premise: .

Conclusion:

if A then B

A is true

B is true

where A and B .are fuzzy st a temen ts or propositions.

Approximate reasoning based on other tautologies , su ch as modus tolens,
syllogism or generalized modus ponens, which gives lA=>lA=>B»=>B [111, have also
been suggested 15, 10 I. H ere we are concerned with plausible control. Fuzzy control is
plausible 181 if it fulfil features given with FI-F4. Plausible control reads:

with implication if A t hen B

Fl - Premise A is t rue Conclusion B is true
•

F2 - Prem ise A is not t rue Conclusion Bisunknown

F3 - Prem ise A is more fuzzy Conclusion B is more fuzzy

1'4 - Premise A is less fu zzy Conclusion B isB

where feature F'I describes modus ponens tautology.

Inference methods can also be obtained by utilizing fuzzy relation equ a t ions
161 with different implication functions. Fuzzy sets and fuzzy relations , calculated for
s im ple control, sa t isfy neither the fu zzy relational equ at ion with sup-z composition nor
t he adjoint equa t ion . Therefore , s im ple control is not "m at hema t ically correct".
However, the solu t ions uf fuzzy relation equa t ions are no t unique , because the tp­

operator presented in 161 and t he r-norm 12, 8, 111 are not unique . It is shown in 181
which com bin a t ions of differen t implication functions lq>-operntor) and t-norms give
plausible contro l. In this paper t he Godelian implication for q>-uperatur and minimum
fu nction (intersection) for t- norm a re considered.

Despite being "incorrect", s im ple control is applied rather t ha n plausible
contro l. Fu zzy contro l a lgor ithms based un fu zzy rela tion equations require t he
calcu lation of fu zzy r ilations . Fu zzy rolations often need more memury requirements
as disposed . 1:3 isides. a ll t he necessary cnlcu lntions for s im ple control nre trivial,

,



V. P avlica , D. P et rovacki I Fuzzy Co nt ro l Based o n Fuzzy Re lni.io n Equa tio ns '27fi

demanding minimum t ime, whish is of great importance , especia lly for real t ime
applications .

This paper discusses the case when fuzzy contro lle r in pu ts are not fu zzy . T his
is the case when measured variables and set points are not fuzzy , 0 1' when they are
fuzzy , they are defuzzified before succeeding to t he fuzzy contro lle r. From the practical
aspect , this assumption is not restrictive . The assumption of defu zzified cont ro lle r
inputs leads to many sim plifica t ions in fu zzy control bas ed on fuzzy relation equations.
These simplifica t ions concern the fu zzy relation for there is no 11101" need to calcu late
the fuzzy relation . All mathematical com putations li re s im ila r to fuzzy simple contro l,
providing the enhanced application of plausible cont rol.

2. FUZZY CONTROLLER AND CONTROL BASE

A typical closed loop system with a fu zzy contro lle r is shown in Fig. I ,
Controlled variables (in pu ts to the fuzzy cont ro lle r) and set poin ts ca n be first fuzzified
and then used. However, that phase is skipped here , causing exact data to succeed to
control rules .

The main sou rce of knowledge to const ruct t he set of control rules comes from
the control protocol of the human operato r. T he protocol consi ts of a set of conditional
"if-then" sta temen ts, where the firs t part (if) con ta ins a condition and the second part
(t hen) deals with an action (contro l) t hat is to be taken , It conveys t he human strategy,
expressin g which control is to be applied when a certa in state of the process being
controlled is matched. A set of n control rules (cont ro l base ) is given with ( L )

• IF Xu AND Xlj AND X lin THEN U 1

• W XiI AND X .. AND X im THEN U 'IJ I

• IF X n 1 AND Xnj AND Xnm THEN Un (1)

Condition X ij is expressed by its membership function j/(Xij (x )) , where x

belongs to the space of X ij ' The space IX ij I is the same for all i = 1.. .. .n . In the case

when any X .. does not exis t in the control base , it is assumed tha t the membership
IJ

function equals one over the ent ire space.

Control variables U, tha t are to be applied when certa in condit ions lire

satisfied are expressed by membership functions j/(U i ( II )) , where u belongs to the

space of U, . All U, are defined over the same space, here denoted as IU I .

Statements like else or or are easy to incorporate in the contro l base Ill . For
reasons of simplification here we observe the contro l base in the following form:

• IF X-I THEN u. , i = 1.. .. .n (2)



276 V. Pavli ca, D. Petrovac ki / Fuzzy Cont ro l Based on Fuzzy Relation Equations

where membership functions Il (Xi (X » are defined over the same space, here denuted

with IXI. The generalizatiun from (2) tu ( 1) can be easily made.
•

The defuzzification phase ensu res exact and physically interpretable values for
control variables . There are severa l defuzzification methuds and here the center of
gravity procedu re is used 16 1.

3. SIMPLE FUZZY CONTROL

Su pposing the control base is given with (2) and using fuzzy relation notation,
sim ple fu zzy contro l is given with 161

•

• R, = X i * Vi :

• R = v R,

• V = X0 H

i = l.. ...n

(3)

where * denutes the Cartesian product operator and 0 denotes the
cumposition . Fu zzy relations R, are defined over product space IX. V I
calcu lated as [1,6, 111 ../

•su p-mm
and are

Ri (x .ll ) = X i (x ) * Vi(ll) = min lXi (x). V i (ll ) l for all x E [Xl and II E IVI (4)

where X i (x ) and Vi (ll) are expressed by their membership functions . In (3) the

maximum (un ion) function is denoted with v 1111: The contro ller's input (condit ion­
value obtained from the system) is denoted with X. Cont rolle r input X (x ) is defined

over the space IX I . In the case when t he cont rol base is given with (1) X i and X , in

(3), are fuzzy relations .

•
The calcu lated fu zzy contro l is denoted by V (Il ), which is defined over the

space IV I . Dofu zzification is later applied to obtain the exact control value. Relating to

su p-min com position 11 , 61 , fuzzy cont rol is

V (Il ) = X (x ) 0 R( X,Il ) = slIPx~IXI {min{X (x), R (X,Il ) } } (5 )

More generally, operator 0 describes the su p-r com position, and here the
minimum functio n for the r-norm is observed 16, 8, 11 1. Subject to (3)

V (Il ) = SUPn IX l l min lX (x), V i Hi (x ,ll ) l l ( 6 )

The su p-min com posit ion is distributed with respect to union 11, 61

V (Il ) = SlIpx, IXllui min {X (x ), Hi (x ,ll ) l l

Su bject to (3)

t7)
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U (u ) = sUP.n IXI lu, 1111 11 {X( x ). X /ex ) * U,(lI):: I Rl

ubject to associative ly this ClU1 be rewr it ten as

U ( ll ) =U ; sUP.n-IX I : JI1I1l{ X(x\. X ;(x ) : 1 * U,( u ) = u , \, * U/ (II ) (9)

where .\; is a sca lar va lue , ca lled the possibility of X with respect to X, 161. defi ned hy

'\ i = n (X I X i )'- SUPt< IXI IJl1 J11{ X (x). X /(x ): : ( 10 )

In sim ple fu zzy contro l, .\, is a sca la r va lue even in the case when th«

cont roller 's input is fuzzy . However, here is a particu lar case , when X (x ) is non fu zzv,
•

which means

X (x ) =
1: x = Xu

0: otherwise
(11)

In that case, .\, is ca lcu la ted as

4. FUZZY CONTROL BASED ON A FUZZY RELATION
EQUATION WITH su p -r COMP OS ITIO

( 12 )

sing fu zzy rela t ion notation a nd contro l bas ' ( 2) this type of fuzzy contro l IS

given with 161

• R; =X; f/JU ; :

• R = rl R;

• U =X0 H

i = L .. .n.

( 13)

T he minimum (inte rsection) funct ion is denoted with rl 111 1. and operator 0
describes the su p-t (here su p-min) com position. Operator qJ represents the implication
function 161 . In this paper t he Godelia n implication, defined in II , 6, 81 is concerned:

1:
( X tp Y )(x ,Y ) = X ( x ) f/J y(y ) = ) I( X(X» :

From (5) and (13) fu zzy cont ro l is

U (u ) =sUP-x E( X I { ll1 l11{ X (X ), rli H, ( X,ll J} }

) I( X(X » < p ( Y ( y »

p( X (x » > p ( Y (y »)
( 14 )

115 )

Sup-min com position is not dist ributed with respect to in tersection II I
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x 0 (Y rl Z) <= ( X 0 Y)rl( X 0 Z ) 1I6)

Therefore, obtaining fuzzy control U( Il) , in 1I3), demands the calculation of

fuzzy relation Rtx .ti ): However, in the particular case. when the controller's input

X (x) is exact (11), equat ion (15) can be rewritten as:

U (Il ) = sup{ min{ l. rli Ri (xo.Il ) } . min fO, rli Ri (x .u ) } } = rli Ri (xo,u ) (17)

Subject to (13) and (14) , equat ion (17 ) leads to

U (U) = rli X i (xo ) rp Ui (u ) = rli I\ i rp U i (u )
•

( 18)

•
where I\ i is a scalar value given by (12). The computations of plausible fuzzy control

(18 ) and simple fuzzy control (9) are very similar , enhancing the possible application of
plausible control.

5. FUZZY CONTROL BASED ON AN ADJOINT FUZZY
RELATION EQUATION

This fuzzy control, concerning (2), is given with [61

• R, = X i * U, : i = 1.. ...n

• R = vR-I

• U =X rpR ( 19)

where operators * and v are already defined. Operator rp in (19) denotes the Godelian
implication between fuzzy set and fuzzy relation [61

•

U (u ) = infxE[X I{X(x ) qJ R (x ,u ) }

In the particular case when X (x ) is nonfuzzy ( 11), equat ion (20) leads to :

U (u ) =infxEIX I{(1 qJ R (xo ,u» , (0 qJ R(x ,u» }

Concerning (14) and (19), fuzzy control is given with

U(U) = vi Ri(xO'u) = vi Xi( xO) * Ui(u) = vil\i * U i (u )

(20)

(2 1)

(22)

Obviously , fuzzy cont rol based on the adjoint fuzzy relation equat ion, in the
case when the contro ller's input is nonfuzzy, gives the same cont rol algorithm as simple
fuzzy contro l.
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6. SIMULATION EXAMPLE

The cont rol problem is to hold an object with mass m on the top of a "hill", F ig.
2. The observed object is influenced by force F:

- -
F = Fm + Fd + 1'1 (23)

where Fm denotes "movement" force , Fd denotes random disturbance force and Ff
denotes fuzzy cont rol force, and

Fm = Fg G'(p ) = mg G'(p)

J1 +<G'(p ))2 J1+( G'( p))'
(24 )

where G'(p ) denotes the derivation of ground shape. Two ground shapes (fu nctions)
were considered

•
•

2
G1(p ) = e- P

G2(p ) = _p2 (25)

The object's position ( p) and velocity (v) are calcu lated in discrete time rt) domain as

•
•

p ( l + 1) = p ( l ) + v( l ).11

v(t + 1) = vet) + F (t ) / m S: - Crv(t) (26)

where friction constant is denoted with Cr and L\ l represents sample time. Concrete

values were

• m =1OKg

• g =9.81m l s2

· Ol = 0.01 s

• Cr = 0.04

The control base is given with Table 1. Membership functions for position and
fo rce are shown in Fig. 3, and velocity membership functions are sho wn in Fig. 4.

Experiments with simple fuzzy control and plausible contro l were done under
the same circurnstances > the same set of control rules , the same membership functions
and the same disturbance force. Simula t ion was done for 3000 sampling intervals and
the sum of the squares of the applied disturbance force was

3000 , 6 2
I .F/ (t) =2.176 ·10 IN I
1=1

For both ground functions, two initial points were considered p ( O) = 0 and

p (O) = 1 with exact controller input. Position er ror (PE) and fuzzy power WP) were as

results concerned.
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•

•

1=3000
PE = L p 2 (l ) 1m2]

1=1

t ~3000

FP :: L [</ ( t) II06 N'LI
1= 1

(27)

The obtained results with simple fuzzy control are shown in Table 2 and with
plausible control in Table 3.

7. CONCLUSION
,

It is shown that in the case when fuzzy controllers' inputs are exact, simple
fuzzy control arid fuzzy control based on the sup-z relation equa t ion result in similar
control algorithms. Both algorithms do not require calcu lation and memory storage of
the fuzzy relation. Here was minimum function as i-norm and Godelian implication
function observed, that gives plausible control. T he application possibility of plausible
con trol is , therefore, enhanced.

Fuzzy con t rol based on the adjoint relation equa t ion result s in the same
control algorithm as sim ple fu zzy contro l when cont ro ller " inpu ts 'e nonfu zzy.

The sim u lation exam ple shows t ha t the qu ality of system behavior with a
fuzzy plausible cont rolle r can be su per ior com pared to system behavior wit h a sim ple
fu zzy cont rolle r .
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Outpu ts

Figure 2: Simulation example

•

•

Figure 1: Closed loop system with fuzzy controller
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Table 1: Fuzzy control force

PB PH PS

PS P S ZR

PS ZR NS

ZR NS NS

NS NH NH

P

o

S NB

1 NS

T ZR

1 PS

o PB

N

NS

VELOCITY

ZR PS

PH - posi tive big

PS - positive small

ZR - zero

NS . negative sm a ll

N B • negative big

Table 2: Obtained results with sim ple fuzzy control

Gl(p ) G2(p )

p(O )=o p (O )= 1 p(O )=O p(O )=l

PE 0.535 20.01 8 0.434 19.306

FP 4 .589 5.921 4.656 6 .022

Table 3: Obtained results with fuzzy plau sible control

Gl(p ) G2(p )

p (O )=O p (O )=1 p(O )=O p(O )=1

PE 0.172 19.857 0.162 19.047

FP 6.727 7.949 6.803 7.992


