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Abstract: In this paper, a Fortran Computer Program for jointly determining
economic production quantity, inspect ion schedu le and control chart design is
presented. T he program is written based on the work of Rahim t1994 ). A Weihull
distributed shock model having increasing failure rate is considered and age­
dependent salvage value of the equ ipment is utilized. The not ion of a tru ncat d
production cycle is introduced which begins when a new component is installed and
ends with a repair after t he detection of a failure or after a specified nu mber of
inspection intervals , whichever occu rs first . The product quality characteristic of the
product is assumed to be normally distributed and monitored under the urveillance
of a control char t. The optimal values of the econo mic production quantity and the
economic design parameters are determined by minimizing the total expected cost
{inven tory and quality control cost ) per unit time. Both uniform and non-uniform
inspection schemes are presented. For a uniform scheme, the lengt h of the inspection
in tervals is kept constant. However, for a non-uniform scheme, the length of the
inspection intervals is regula ted to mainta in a constant integrated hazard rate over
each inspection interval.

Keywords: Economic product ion quantity, inspection schedule, cont rol cha rt design , Weibull
shock mode ls.
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1. INTRODUCTION

In many industria l situations, both product quali ty and produ ction quan t ity
are equally importan t . The problem of the determina tion of t he econom ic production
quantity t I!:PQ) for man ufactu r ing processes has been well stu d ied in t he inven tory
lite ra tu re (see, for exam ple, S ilver and P eterson 11985 1l , The effect of de teriorating
items on £ PQ has a lso received sign ifica nt a t tention (for exa m ple, Ghare a n d

Schrader 119631, Covert a nd Philip 11 97:3 I, Sha h 119771, Elsayed and T eresi 1198:3J, and
Hollier a nd Muk 11 98:3J, a nd othe rs). However, very lit tle a t t ention has been paid to
s t udying t he e ffects of a deteriorating production process on £PQ , Roscnhlatt and Lee
( 19R6l, ha ve st udied t he effect of an imperfect produ ction process on the optimal
production cycle , The problem of the joint determination of £PQ and inspection
schvdu l rs was stu died by Lee and Husonblatt t1987 ), They assumed t ha t the process
Iailure mechanism follows a Markovian shock model , On the other hand, the prohlem
of main taining s t a t is t ica l quali ty cont rol is becoming increasingly populur. This can be
soon hy t he considera bl • a t t en tion that the econom ic design of X -control ch a rts has

received since t he pioneering work of Du ncan (1956 ), Details of work in t h is area m ay
,

I ll ' fo u nd ill Montgomery ( 19HO, 1991) . Vance (1985), Mcwilliams 11 989 ' , Svobod»
( 1991 ), 1-1 0 a nd Case (1994) and in some of t he re ferences t herein, Fullowing t he
mude ls of Du ncan (1956) a nd Lor mzen and Vance (1986), Ruhim ( 1994) develuped an
integrated m odel for inven tory control a nd quali ty control problems for a class of
deterioruting processes where the process failure mechanism follows a t r u ncate-d
Wc-ihu ll shuck model. In t h is paper, a FOi{'I'HAN progr am fur t he s im u lta neous
dr-t sr m inut iun of econom ic production quanti ty , econom ic inspection schedu le and
econom ic x -control chart design , is presented based on t he econom ic model of Rahim

(19901 ), The sea rch a lg-( ,rit lu n used in t h is puper is s im ila r to t he Oil(' presente-d hy
Ra him ( 199a) with t he exception of t he fnllowing additiona l features . An ag"('­

d 'pendent sa lvage va lue of t he equ ipment is in troduced and t h« possibili ty of ea rly
ro pluco mc nt of t he equ ipment hefor« its failure is considered . A t r u ncated produ ction
cyck- iR defined which hehrins when a IH'W com ponent is in s talled and e nds wi th II

rr- pu ir nr lifter a s pecifi ed number of inspection intervals . whichever occurs firs t , 'l' he

~( ' II I 'c h t ime 1'01' de tecting- II lill s(' ulnru, is ussumod to he nl'gli/:,rihk" Intui tively , t ho idt'a
th llt it cou ld be 1JI00'e econom ica lly honoficinl to scra p 01' replace a muchinc prior to its
fuilu r« is very in ter 'Hli ng-, 'l'ho program is quito s im ple to uso. 'l'ru ncutod uuifurrn ,
t ru ncnt id non-uniform li nd nnn-trunea t ·d uniform SclWIIWS an' presented .

2. DgFINITIONS, ASSUMPTIONS AND NOTATIONS

TIH' ou t put qu nl ity chnructc i-istic of t ho product va r iuhl« is assu uu-d to 11('

nnru urlly d is t. r ihu u «] with 1111 ' 1111 1111 a nd vm-innco (T(~ , ' I'h« production Ill'OCI'HS hl'g'in~

in a Hta l.(· of . tatistica l contro l a nd is su bject to II s in g-It' a ss ih'1 ll1h lt' cuuso wh ich m ay

s h if th« PI'OCt'HH 1JI t'11ll 1111 to 1' 1 - 1111 I ,)(rll. where I)' is t h« s h ift plll'anwtl' l' ,
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However, the process variance
'J-(To remains constaut. The duration of the in -con t rol

period is a ssumed to follow a Weihull shock model Lb a ncrjoo and Rahim 1198 7, 19HHIJ .
The density function for the in-control period is given by

/ , . . ,,' . "eI ) = I. It c:\p(- )J ) I 1)

where A > 0 is the sca le parameter, and II is the sha pe parameter. The cu m u lative
distribution is given by

F(l ) = 1 -c:\p(- Ai 1')

and the hazard rate is defined bv•

r(l ) =;{ I t " 1

I ~ )

The output quality of the product is monitored by an x -con trol cluut. The

production process is inspected at times lU, = 11.1 ' lU '2 = 11., + 11. '2 . . .. to determine it s

st a t e . If any inspection sh ows t h a t the st a te of the process is out-of-cnn t.rul .

production ceases until the accumulated on-hand inventory is depleted tu ze- r o . If th e
s ta te of the process is found to be in-control , production continues un til a
predetermined level of inventory is accumulated.

The proposed model assumes that a production cycle e nds with a tru e alurrn
or at lU //I , whichever occurs first. In other words , if no tru e alarm is observed by t he

t ime lU //I , then the cycle is allowed to continue for an additional t ime II III • At t une

I V //I the old component is replaced by a new one. Thus , there is nu cost of sa m pling

and charting during the /11th sa m pling interval. The Rahim (199:3) model assumes
that /II is infinity, i.o. a production cycle ends only with a true alarm . In the proposed
model, /II could be a decision variable along with II , h and h i ' j = 1.2, .. .. III .

3. PROGRAM DESCRIPTION

The objective of the program is to derive the optimal decision variables .
These are the sim ple size II , the cuntrul limit coefficient k, the number of inspection

intervals /II , and the length of the jth sa m pling interval h i (j = 1.2.... . /II ) . 'I'h«

program achieves this by minimizing the expected cost per hour KCT(III ).

A computer program was developed based on the sea rch algorithm of Huo kt·
and -Iecves (196 1) and similar to the one developed by Rahim ( 1989, 199:3 1. Fur a nun­

uniform sch em e, the lengths of the sa m pling intervals are chosen to main tain a
const a n t integrated hazard rate over ea ch sa m pling interval. For the Weihull sh uck

model , the expression fur h i is given by:

,
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• (4)

Three different schemes are considered in this program: Scheme A is used for
t ru ncated non-uniform, Scheme B for truncated uniform, and Scheme C for non­
t ru ncated uniform.

The following notations will be used for developing the economic model of an
x -cun trul chart:

•

III

n

h ·I

a

b

y

W

D I

a

fJ

= the number of inspection intervals

= the sam ple size

= the length of thejth sam pling (inspection ) interval

= the control limit coefficient for the x -control chart

= the expected time to repair the process if a failure is detected (or the

expected preventive maintenance time at the end of the mth sam ple if
•

no true failure is detected )

= the fixed sam pling cost

= the cost per unit sam pled

= the cost per false alarm

= the cost to locate and repair the assignable cause

= t he quali ty cost pel' hour while producing in-control

= the quality cost pel' hour while producing out-of-control

= PI' (exceeding cont rol limits I process in-control)

= PI' (not exceeding control limits I process out-of-control)

J

W j = r. h. , j =1,2, ... .m: IOU =0
;=1

Ft ioj) = the cum u lative distribu tion function

-
Ft u) . ) =1 - Ft u: . )

./ .f

S (x ) = t he sa lvage va lue for working equ ipment of age .r

E(T ) = the exp ect ed tota l length of t he produ ction c -cle including repair

t ime
•

E (C ) = the totul oxp ict cd quality control cost p CI' production cycle including

th • I' 'pa ir cost
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The notation for the l!.'PQ model will be used as follows:

lJ = the demand rate

P = the production rate

C" = the holding cost per item per unit time

Co = the set-u p cost for each production cycle

1'" - t he lengt h of the production cycle including the 11/ t h inspection ,

during which inventory is built up

T[ = the total length of the inventory cycle

ETC = the expected total cost per unit t ime for the integrated produ ction ,

inventory and quali ty con t rol cycle

Expressions for t he E(T ) , E (C ) and E'l 'C are shown in the Appendix. For

details the readers are referred to Rahim 11994 l.

4. PROGRAM OPERATION

The program requires the user to specify the expected time to repair the
process Z I , the fixed sa m pling cost a, the variable cost per unit sam pled b, t he cost

per fal se alarm Y, the quality cost per hour while produ cing in-control Do , the qual ity

cost per hour while producing ou t-of-control D) , t he sa lvage of the machine at age

zero 8 (0) , the demand rate D, the produ ction ra t ' P, the inventory holding cost per

unit time C", and the set -up for each production cycle Co ' Further , the program

prompts the u ser for the type of sea rch scheme desir ed (non-u niform or uniform ) a nd
the initial values of!l and II I .

The output consists of the optimal control limit coefficient h, t he sa m pling"
interval h 1 , the probability of a point falling outside the control limi ts when the

process is in-control a, the probability of a poin t falling outside the control limits
after a sh ift of () (the power ), and the valu e of the expected cost per hour. These

quantities are computed for the range of sam ple sizes II . The program determines the
ove rall optimal design parameters ( n . k: II) corresponding to t he minimum cost va lue

for a given m , The program then searches for the optimal valu e uf m , determined by
the following inequalities E CT(m - 1) ~ ECT(m ) > ECT(m + 1) . The optimal produ ction

run length /VIII is then determined. The )H'O/:,'1'am is limited to a Weibull type shock

model having a non-decreasing failure rate,
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4.1. Examples

Example 1. Truncated Non- Uniform Sampling

Assume that the values of the t ime parameters , cost parameters , and sh ift
parameter are as follows: Z I =1.00 hours, Do =S50.00 . D1 =S950.00, W =S1100 .00

and }' =S500.00 , 0 = S4.00 , b =51. 20, (i =0.50 . 1) =1400 units. P =1500 units.

C'" =SO.10 and Co =520 . Suppose that the process-Iailure mechanism is governed by

a Woibull distribu ted with parameters A =0.05 and I ' =2.0 . A non-uniform sa m pling

scheme is desired. The resulting optimal plan is II =50 , h) =1.91 hours , It = 2.50 ,

(/ =0.0124 and 1 - /J =0.8494 . The expected cost per hour is $429.12, and the optimal

number of sa mpling intervals III is 25 . The optimal solu t ion yields a production run
length of IV 11/ =4.34 time units and provides an EPQ =651:3 .

Example 2. Truncated Uniform Sampling

Using the sam e parameter values as in Example 1, the resulting scheme fill' a
un ifo r m sam pling yields the following valu es . The resulting optimal plan is /I = 5Ci ,

II =0.90 hours , and It = 2.49 . The charactei-is tics of this plan are a = 0.0127 ,

power = 0.8944 , the expected cost per hou rs is $455.86 , the optimal number of

sa m pling' in tervals III is G with ErC"; = 6016 and the opt im al production run lengt h

/1' 11/ is 4 .8 1 hours . Thus , a non-uniform sam pling scheme result s in about 5 .8 7(~ lower
-

cust t ha n a uniform sa m pling scheme.

5. DISCUSSION ON THE LIMITATIONS OF THE MODEL

The assumption that has been used in th is study to stop the production run
with the occurrence of a n assignahlo cause and not to restart until accumulated
inventory is used up may no t be practical in many industrial situa t ions. In a realis tic
model , t he EPQ would involve a situa t ion where production capacity oxceods demand.
In the course of a year, many inventory cycles may occur where production is started
and continued until a desired level of inventory is reached. Then production of tho
product of in terest is ceased . Consider ing the impact of the multi product
«nvironmon t and how lit tle t ime it takes to restart t he run . it may no t Iw logical to
.~ to Jl t h« process and restart again un til all accumulated inventory is dcpk-tod .
Furthermore , s ta r t ing and stopping may affect t ill' schedu ling of other runs , which
leads to costs not captu red in the model.

In the t..:os t ca lcu la t ions. it is clear tha t a cost penalty is incurred WIWIH'Vl'r
t.h« system sh ifts to an out-of-con trol s ta te , However, it appears that, regardless of
whe-the r a production cycles ends with an ou t -of-control s ign ul or normal ter m ination
a ft< ~ r III cycles, the iruplicit -assumpt iun is that a ll items produced are con form ing a nd
ca n 1)(' used to m eet demand. A muro realis t ic model would consider that, if a
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production cycle ('IHb with 1II1 ou t -of-cuntrol s ig-lIld, t.Iu- il l'IIIS pruduci-d III t ill' lilli , I

recent sa m pling interva l an' of qu est.iounhle quali ty . T hai IIligh t. uu -an thev 11l'1'd I II I II '

scra pped . I OWYi inspected , «tc , Costs rc-lu u-d to t hi s pruhk-ru muv have- 1J1" '1I ClI pl UI"I'd

in till' model. H oweve r . it !t'ft ou t t ill' t im ing issur -» which wi ll a ffl 'ci eyck- 11'lIg t.h s a .
well a s costs . If all uf t ill' a ccumula ted invontorv is III I\. u suhl«, t.lu- n t h« t un. to dl'I'I ,' l t.

the invontury to iu eut deuumd is IIffl,ctl'd . The ussu mpt.iun lh llt. 1111 il l'llIS III1Idl' cun Ill '
u sed to nu-et demand , r l'gardk'ss of how t h« prudu ct iun run is u- ru rinau«], 11I 1I.\' 11 11 1 Ill '

a g"l' Ill'ra l o ne .

6. CONC LUS ION

' l'Iu: paper provides a 1I10d,·1 iucorpurut.i rur t.l i« I' l lI'd of I'CIJIl Olll i(" Pl"lIdli CIIOII
quantity on the X -co ntrol cha r t, d,'sig'n III' lin impc-rfoct pruduc t.iuu pl"lI ("I'SS. 'l' h« IIll1d , '1

a llows joint. optimization of sa m p l« s ize, t.11I' sa ill plillg' in te -rvals . cu nt.ro l 11111 11

coeff icie n ts a nd the eco nom ic produ ction qunn titv lo mimuu z« th« loud expl·ct(·d CII . I

REF ERENC ES

I I I Buru-rj v«, P.K., a n ti Rahim, M ,J\. , "T Ilt' " cllrHllll i,' d, ·" i ~n "I' "lInl rill c hnrt , A n ' Ill' \I'a l I h ,'" r \

upprouch", F:1IJ.: /l/ l' l' r i ll J.: ()/JI IIII I ': lI l w l/ , I :! ( I ! '~ 7 ) f; :~ - 7 :t

I~ I Ilnnerjee, P .I<. , a nd Rah im , LA., "Ern nomi,: d t' ~i ~n Ill' ,¥ -rru u ru l ,' harl " u mh-r " " ·. h ll il h Ol d .

model s ", Tcch nomet rrcs , ::\0 ( l l J~~ ) 407..11 4 .

1;1 Cllvl' r t, R.P ., and Ph il ip. ( l .C ., "A n E( )( l nHllh ·1 Ii,,' Ilt· lll . w u h \\" ' Ih ll il di t riluu run

d et erio rut ing' ', AUF: T rnnscu -tunrs , 5 ( I !17::\ ) : 3:~ ::\. :~ :! (j

14 1 Duncan . i\.J .. "T h e eco n o mic c1 l' ~ i gn 111' .1 churt s II s"c1 I. ' nuu n t a iu ('II IT" n l cll nlr"I,,1' a p r" "t ' ,

.Iou rnal ll{ I il l' A m erica n S ln ttstu -n ! A SSIJI'/(/I IUI/ , 5 1 ( 1!15(j ) :!:!~·:! · I:! .

1' 1 Elsuyed, E.A.. a n d Teresi, ( :.. "A nalysi s o ]' inve ntnry . .\' . II' Ill ' wii h c1 "l t'l"\ ll rallll g 11"111 ". I ·J I'/(

:! 1 t 1!)H::\ ) 44 l)·4(jO .

Ill i (:harl' , P .M ., a n d Schrudvr. (: ,F., "A Ill llfll" lo r l' xlHllll'nl iull v c1 1' , ·a.\' ln l~ IlI l' t·nl lll'.\' ". ./11 11 1'//(/1 11/

ln d ust r iul l ;;ilJ.:II Il'l'ril/ J.: , 14 ( 1!J(j :i I :! :~H·~4 ::\ .

171 l lu, C ., ancl Case, I<.E ., "Eco n o m ic dl · ,i J~n IIl' cnnll'nl "hHl'I " : 1\ lit r-rnt u rr- n'vi , '\\' Ii ,,' ]l lHI · ] l l!ll "

.JII /l I'I/ II II1( ({ lI u li ly T e, 'illw l lIJ.:Y , :!(j I I !I!I.j ) ;~ !I·5:~ .

[x] l lo llie r . H.I L, and Mak, KL. , "In vc-nt o ry rl'pl"ni ,hnll'nl plll il' i, '" 1(11' dt'l " r io ral ll l/' II t 'lll ~ In a

d" ,'lining marker ", /.lPH , :!1 ( I ! J ~:~ ) ~ l :~·~~(j .

1" 1 l looke, R., and .Ieeves, '1' .1\ ., "ll ir pe l spa )...h snlu t ion 01' nu.m-r u-nl .u u l , Ia l ist i,'al p ro"'t"1I 1 '

.lou rnul o]' III I' A SSUt:l ll l i ll // [ or ( 'II I11 /J// II //;': M I /I ·II I I/ (·ry . H I I!I(j 1J :! ] :! -~~! I

[ l O] Ll'e, I LL. , and Ros nhlat t , 1\1..1.. "Si mu lt n m-nu s dpl pl' llli rwlion 01' prudur-t mn ,'cit· and

in s pec t.i o n sc h ed u les in a fl)'odli Ct illll sys t e m". M II IIIIJ.:('// I(' // 1 S " /I '//I" ', : ~ :~ ( 1 ! '~ 7) Il :! 5 ·11 :~l i

I I II Lo re nze n. T .J.. a nd Vanc«. 1,,1; ., "T he l' cnn nlll ic d""i g n 01' r u n t 1'01 l'Iw rl ,,: A II ni li t~d a p pro ';ll' h "

T e,·III /IJ III I'lri l 's . :!I:\ ( I !JH6 ) :~- I ll .

112 1 McWilliums. 't'.f ' ., "Eco no mir ,'o nlrnl" harl d ,' sigll ' a nd 111l' in-r-unt 1'01 · 1Inu- dl "ll'Ihllll"n .\

se n s it iv ity s t u dy ", -lou rnal o] () /I II /I 1.1' Tcvh n ulouy, :! 1 I:! ) ( 1~JH!' ) lu.l-I lu .

11.\ 1 Mont unm e ry , D.C., "The pl'll nlllllic d l's i ~n 01' "01111'01 c hari ' : 1\ rt'I' Il '1I' a nd li n-r.uu n - 111' 1'1' \ '

.Iou rnol ll( (J II II // li ly T I' ,·III /lJ l ug v . I ~ ( I !lHll ) 75 .
114 1 Mongonl('ry , D.C., I//Irlldl lt' l i u // l u ." 'llIlislil'/ll ({// u l , 'Y ( 'll // I m l , .)" hn W ilt ·,1' a nd S o n " . I Ill' . . ' ,. 11'

York , I! IUl.



M.A. Rahim I Simultaneo us Determination of Economic Production Quanti ty

1151 Rosen blatt, M.J., a nd Lee, H.L., "Economic production cycles with imperfect production
processes", llE Transactions , 18 (1986) 48-55.

1161 Ra him, M.A., "J oint determination of production quality, inspec t ion sc hedu le, a nd control
cha r t design", llE Transactions , 26 (1994) 2-11 .

117 1 Rahim, M.A., "Economic design of X -control cha rts assuming Weibull in-control t imes",

Journal ofQuality Technology , 25 (1 993) 296-305 .

11 ' I Ra him, M.A. , "Determinat ion of opti mal design parameters of joint X a nd R charts", J ournal

o{ c;uality Technology , 21 (l H89) 65-70.
I I'J I Shah, Y.I<. , "An order- level lot- ize inventory model lor deteriorating item s", llE Transactions ,

H (1977) 106-112.

120] ' ilver, E.A. , a nd Peterson . R.. Decision Systems {or Inventory Management and Production
Planuing , J ohn Wiley a nd Sons, Inc, New York, 1985.

12 11 Svoboda, L., "Economic design of cont ro l cha r ts : A review and literature su rvey (1979- 1989)",
in: J .n. Keat , and D.C. Montgomery (eds.). Stat istical Process Control in Manufacturinu,
Marcel Dekke r, New York , 1~HJl .

1-21 Vance, L.e., "A bibliography of sta t ist ica l quality control cha rt techniques , 1970-1980",
J ournal o{ c;lIrzli/y Technology , 15 (1 985) 59-62.

•

•



M.A Rahim / S imu ltaneous Determinat ion of' Economic Productio n Quan t ity 4::l

APPENDIX

III 111 -1 III

E(T ) = ZI + L h)i(w J - I) + fJ L ~\F(W) ~ hifJ i - j - 1

j = 1 j =1 i = j l l

That is, the expected cycle length E(T ) can be described as the repair t ime,

the expected time for inspection intervals when the process is in-con trol, and the
expected time for detecting the presence of an assignable cause.

And,

Ulm III

E (C) = (Do -DI ) Jxf"(x )dx + (D I - Do }L Wj L\F(W) +
o j = 1

III III - I III - I III .

+ Do Lh)F(w )_I )+ aY LF(w j )+D1 PI L L\F(Wj ) Lh;P ' J ) I+W +
) =] ) =1 j - I i=), 1

11I -2 11I -2 11I - 1- ) .
+(a+ bn )ll+ LF(wj )+ fJ L ,\F' (w) l (l - jJ) L ifJ' I +(m - l- j)fJ lII

I ' : 1_
) = 1 ) = 1 i= 1

-
- F' (u: III )S(w lII ) :

That is, the expected cost pel' cycle E(C } can be described as the expected

cost of operating while the process was initially in-control and then went ou t-of­
control, subsequent ly triggering a true alarm; the expected cost uf operating while in­
control with no alarm; the expected cost of false alarms; the expected cost uf operating
while out-of-control with no alarm; the repair cost and the expected cost of sampling;
minus the salvage value for working equipment uf age x .

-

That is, the expected total cost for the integrated production, inventory and
quality control cycle per unit time can be described as the set-up cost, the expected
inventory cost, and the expected quality control cost.

Here,

Co +! P (P- LJ ). E( 1',~)·Ch + E(C )
ETC = 2 D

E (T[ )

D Co +!CP - LJ ) .C, .EC1'2 )+ E CC ) LJ
P 2 I P P

= -=-----=-----~--------='-

EI1~) I

r, = T- Z ]

E(Tp ) =E(T )-ZI

•

•

,

derivation of E(1',~ ) can be found in Rahim (1994).


