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Abstract: Innovations in the field of microelectronics and micrun u-chan ics have
enhanced the involvement of "smart" robots in variou s techn ica l applications.

•
Unfo r tu na tely. no robot is completely reliable. Therefore. up- to-date robots art· ofton
connected with a (repairuhlc) safety device. Such a device prevents possible dumug«,
caused by a robot failure , in the robot's neighbouring environment. However. the
random behaviour of the entire system (robot, safe ty device. repair facility ! cou ld
jeopardize SOIlW prescribed safe ty requirements. Therefore. an appropriate sta t ist ica l
analysis is quite indispensable to su pport the system designer in problems of risk
acceptance and safe ty assessments . We introduce a robo t -safety device :;,\'Stl'1I1
attended by two sta t is t ica lly different repairmen . Our system is character ized by tlu­
na tural assumption of cold standby and by an admissihk- "r isky" state. 1n orde r to
descr ibe the random behaviour of tilt' system. we introduce a stochastic prOCl'SS
«ndowod with probability kernels sa t is fy ing Kolmogurov-type equations . The sulut.ion
procedure is based on advanced methods of renewal theory. Next . we derive the
invariant measure uf the' 'I'<system and the long-run availahility of the' rohnt. Finally .
Wt' consider the particular but important case of fast repair.
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1. INTRODUCTION

Innovations in the field of microelectronics and mieromechanics have
enhanced the involvement of robots in all kind of manufacturing systems 12 1.

Nowadays, "smar t" robots are used in various technical applications, such as
monitoring a complex standby system operating in remote areas.
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Unfortu nately, no robot is completely reliable. In general, the failure -free
time of a robot is a random variable characterized by a su rvival function 191 ·
Therefore, up-to-da te robots are often connected with a (repairable) safety device 141 , 1
51, 161 . Such a device prevents possible damage, caused by a robot failure, in the robot's
neighbouring environment. However, the stochast ic behaviour of the en t ire system
(robot , safety unit , repair facili ty ) cou ld jeopardize some prescribed safety
requirements. For instance, if we allow the robot to operate during the repair time of
the failed safety device. Such a "r isky" state is called admissible if the associated even t :
"The robot is operative bu t the safety device is in repair" , constitutes a rare even t.
Therefore , an appropr ia te sta t ist ical analysis is quite indispensable to su ppor t the
system designer in problems of risk acceptance and safety assessments.

In order to avoid undesirable delays in repairing failed units , we introduce a
robot-safety device system attended by two sta t ist ically different repairmen. Each
repairman has his own particular task. Repairman S is skilled in repairing the safety
unit , whereas repairman R is an exper t in repairing robots . The system sat isfies the
usual conditions (inde pende nt identically distributed random variables and perfect
repair [8 j) . Both repairmen are jointly busy, if and only if, both units (robot + safety

•

device ) are down. In the other case, at least one repairman is idle. In any case, the
safety device always waits, in cold standby Ill, until the repair of the robot has been
completed.

In orde r to describe the random behaviour of the en t ire system (henceforth
called aT-system) we introduce a stochast ic process endowed with probability kernels
sa tisfying Kolmogorov-type equat ions. We transform the basic equat ion into an
integro-differontial equation of the (St ieltjes) convolu tion type. T he solution
procedu re is based on advanced methods of renewal theory.

Next , we derive the invariant measure of the Tvsystern and the long-run
availability of the robot-safety device.

Finally , we consider the particular but important case of fast repair.

2. FORMULATION

Consider aT-system satisfying the u sual conditions,

T he robot has a constant failure rate A > 0 bu t a general repair t ime

distribution 11'( .1. 11'(0 ) = 0 with fini te mean p . Let H (.) := 1 - H(·) . The operative

safety system has a constant failure rate As , 0 bu t II zero failure rate in standby (t ill'

so-called cold standby state) and a genera l repair t ime distribution Rs (. l. Rs (0 )= () ,

with finite mean f's'

-
Withou t loss of generality (see forthcoming remark ), we may assume that

hoth dist ribu tions have density functions (in the Hadon-Nikodvm sense) defined lin-10. ) .

•
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In orde r to describe t he random behaviour of the 'l'<system, we introduce a
stochas t ic )H 'OC{' SS :N" t > 0: , with a rbitrary discrete sta te space :A . IJ .c.D: c 10.z)

cha racter ized by the following events:

:N, = A: : "Both unit s are operating in parallel at time t ",

Note that A is a renewal st a te. Figure 1 shows a functional hluck-diugrmu of
th« 'I'<syste rn operating in state A,

operative safety device

operative robot

idle repairman oS

idle repuirman l\

Fib'lIre 1: Fu nctiona l hlock-diagrum of the 'l'<sys tom operating in state A

:N, = B; :"T he robot is operative hut the sa fe ty device is in repair a t time

Figu re :2 shows a fu nctio na l b lock-diagram of the 'I'<sys teu! operating ill
-o-called "riskv'' s ta te B ,-

busy repairman S

operative robot

,

idle repairman R

,

Figure 2: Fu nctional block-diagram of the 'I-system operating ill s ta te H
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:N
I

= C: "'1'11(' sa fety device is in cold sumdhy and t ill' roho I. III 1'( '1'1111 a

:N I = D : "Both repairmen ar« jointly hu sv a t

Markov characterizatio n of the process

cund it iona llv de fin ed by:- .

. "
Iml ' 1 .

'1V f, I 0: IS IJIf ' CI'WI. I' a ll d

T - AI - .

I( N I . X I ): if N t = B where X I denotes the e lapsed repair time of t ill' suf<' y

device in progressive repair a t t ime I .

:(N t •YI ) : if N, = L' where Y, denotes the e la psed repair time of t h« I'ol,o t ill

progress ive repair a t t ime I.

:( - D- .
•

•

ote t hat t he na tural fea ture of co ld sta ndby implies I J:X I Y, : = u .

T herefore . the state space of the underlying Ma r kov process is given hy

:A : v 1(B .z ); x ~ 0: v :(C. y ): y :::. 0l v :(D. x . y): x _ y _ 0: .

Finally , we consider the system in sta t iona ry s ta te (t he so-ca lled e rgodic statl' ) wi h

invariant measure :P" . Pfl ' P(.. I'lJ : . P" + I ' fl + 1'(, + I'lJ = 1 . where I JK : K = A B.(' IJ

is defined bv
•

PK := lim P INt = K
l - ). 'J

Furthermore . le t

N o = A : .

Pn (x }elx := lim 1' :Nt = IJ. X, E dx 1\ 0 = A : .
t "

Pr( y )dy := lim P iNt =C. Y, E ely No = A: .
l v r

p{) (x .y )dxdy := lim P iNt = D. X t E dx . Yt E ely N o = A :
t "

ote that. for instance .

r .r

Pf) = f fPf) (x ·Y lelydx .
x =(J ,Y- ()

•
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;{.INTEGRO-DIFFERENTI L EQ ATIO

In order to co nst r uct a sot of diffl'r l'n tial «q u ut.iu n s , WI' app ly o UI' II u al

tech n ica l manipula tions r oluu -d t o a vo rs iu n of t.h« s u pp k-m c-n u uv vaI 'w h ll' u-cluuq u « I
II) I.

For .r 0. ." O. W (' ohtain t h« l\ollllog-oro v-tYIH' '·q uallo n .

" Ii ( v )
v ),

N r v)
,

1 d .t
( N ( v ) + j / '(·( v)

N (y) dy , dy , , \'

A s im p le co n d it io n a l prol nrh ili s t ic arg-ullI('n tr( 'v( 'al s tha t

IJn (x - .1'
l )n l x . .1' )=

( VI,

VI
if x \ ' o

O.otlH'rw isl'

TIll' houndarv co n d it io n s a r l' .•

[ ' /1 ( 0 ) = ):,;1',1 .

1'( , , 0 ) = )l'A'

J)1'/1 (X) . it' x
[ 'n (x . OJ=\

Ocot.her -wise.

O.

In order to s im plify uu I' equations, !..t

a nd

['n (1I 0 )

). )s [ ),I Ns (II )

it' II _ 0.

[ )C ( II ) 'f'
- ---.::::...-----.:- . I II _ () .

,j ; [ ), I N ( II )
'jJ(" ( II) -

0.0 h..rw i. P ,

Invoking the boundary condit.io n s a nd . 0 1111' u -chnical nuuupul» 1011. ('l 'vl'al

hat
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•

Pfj (x ) = ASPA ¢[) (x )RS(x) ,

Pc (y) = APA ¢C(y)R - (y),

p[) (x, y ) = AA.SPA ¢[) ( X - y )RS(x)R (y).

Finally, inserting the above transforms into the corresponding Kolmogorov
equa t ions yields the following preliminary result:

For v> 0 ,

d " ,
l rfic( y) = As f¢[) (x - y )dRs (x ) ,

ay x =y

¢c( O)= l.

The function rfi [) (x) sat isfies the integro-differential equa tion

l x
( .

(A + )r/J[)( x) = A frfi[)( x - y )dR(y ) ,
dx y _ 1I

with boundary condition rfi n (O) = 1 .

4. SOLUTION PROCEDURE

Without ambiguity, we employ the notation

I

(F * /l )(t ) = f/l (t - r )d F ( r ) ,
o

fo r the convolution of a function /l (t ) , bounded on cumpact in tervals , with an

arbitrary probability distribution F (t) , t > O. Then the » -fu ld convolution of F is

denoted by F il e , where F O
+ denotes the Hoaviside unit-step function with unit-jump

at t = 0 '

The following theorem, sta ted for direct reference, is a basic tool of advanced
renewal theory 131.

Theorem.
•

S uppose that aCt ) is a bounded [unction.

Th en the integral equation
•

A (t ) = a(t ) + ( F * A )(t ) ,

has a unique solution, bounded 0 11 compad internal», giuen by
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r

A (I ) = ( , F "o . a )(I ) .-,, - u
•

Moreover, if a(t ) is directly Rictnonn integrable on IO.Cf ) and If F (/ ) is nun lot tuc.

then

"

where

lim A (t ) = II
t ) (1 1

,,.

1 fa( r )e1 r ,
n

1' := f rdF( r) .
o

In order to determine th« solu t ion of our inu-gro-diffcrentinl equa t iun

d
(A + )rjJ IJ (x) = A( Ii • rP /l )( .r ) ,

dx

w« firs t t ra nsfor m the equation into an appropriate in tegral equat ion .

Invoking the integruting factor c'·' and

reveals that rjJ IJ (x ). x 2: 0 satisfies tilt' equation

•

t/J lJ (x ) =e 'J + (F • t/J IJ )( .r ) ,

where

J"

F(x )= f (1 - e ).( X 1J » e11i(u).
o

l ute that

U J

fxdF = .0 + ;.-1 .
U

the boundnrv condition-

Consequent ly, a st raigh t forward application of our theorem reveals that

'"
rjJ IJ (x) = r. F II ' (x)· (' '.' .

,, - 0

Observe that

lim rP lJ(x) =( l;.- pA) J •
.r ~ "

•

•
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Therefore , ¢n is bou nded in 10. -f) ) . Moreover, r/l n is decreasing (s im ply not e

that rft iJ( x) <, 0 l.

Finally, we remark t hat r/l n is absolu tely con t inuous (wit h respect to the

Lebesgu e measu re r on lO. -f) , irrespective of the ca non ica l st ructu re of K

A s im ila r re mark ho lds for r/le .

As a mat ter of fad .

.v ,

¢C(y)= l+ AS f f ¢n (X- II )dRs (x )d ll .
II Ox u

Consequ en t ly, the Hadon-N ikodym theorem 171 e nsu res tha t r/I(' is abo

a bsolu te ly con t inu ous on (O.:x:» , irrespective of t he ca nonica l s t ructu re of Rs .

'l'here forc , our initial assumptions concer n ing t ill' exis tence of repair t ime densities (Ill

Ill. r) a1"(' tota lly su per fl uous to l' nSU1"(' t ill' existe nce of an invarian t m easure .

5. THE INVARIANT MEASURE

In orde- r to derive t ill' in va r ian t mca su ro of t ill' ' I'<sys tem , we fi rs t r ecall the

P/I ( x) = ;·s P" ¢ n (x )1(-; ( x I ,

1'c lY )= ;Y ,\ ¢e lY IU (v }.

I 'n (x . y ) = ),.J",,;l',\ ¢n (X - y)Hs (x)U tv ) .

,

f /l := As f tP n (.I") R s i xv!» ,
II

,

f (' = Afr/lc( Y)U ss»!»:
II

J I

f n = ,.lAs f f Ip n(.'· ,1' )/,' (y )Rs( x)dydx ,
.• II v II

Using till' rola t.ions

1',\ t 1'/1 1'(. + I 'n = I . f /l-+ fn = ,.lS I 's . f n + fC = ,1 / ,( 1 + f /l)., 1"('vpa ls that

1
[ ',\ = - ,

( I + t /I )( I + AI')
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T fj
P fj - ---,

( 1 + Til )(1 +Ap)

_ Tfj(l + Ap )+ Ap - A:;PS

(1+ Til )( 1 + AI')
,

AS PS-Til

(1+ T fj )( 1 + AI')

The robot-safety device system is only operative in sta te A. Therefore , th«
long-ru n availability , denoted by A, is given by p,\ '

Finally , we propose the following risk-cr iter ion: State H is udmissihk - if / '/1

sa t isfies t he relation I'fj < ,) " 1 , for sonic ,)' .» 0 , called the secu ri ty leve l.
•

Next , we conside r the case of fast repair, i.e . le t A:; I' :; ,. 1 and Af' " 1 , Note

that the not ion of "fast" repair does no t necessa rily imply a small average repair time.
The mean repair time is on ly su pposed to be considerably sma lle r than the average
life time uf the corresponding u nit . A natural assumption tha t covers ulmus; a ll
engi neer ing a pplica tions '

We recall that Vii "': 0 and for any H with mean p. (1+ / ,} ) I '. ¢ /J( /1 1:....1 ,

Whe nce ,

As PS( l + p ), ) I
•

< T fj <: ".:; 1':; ,

Or

1

(1+Ap)( l+A:; Ps )
A > - - - - - - - .

,

Consequen t ly, the case uf fast repair induces a very tight lower bound for A.
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