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SECOND ORDER OPTIMIZATION METHODS IN LISP®
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Abstract: We describe the implementation of main second-order gradient methods
for unconstrained nonlinear optimization in the programming language LISP. This
approach ensures significant improvements of the known procedures in procedural
programming languages.
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1. INTRODUCTION

A general introduction to fundamental second-order derivative methods for
unconstrained minimization i1s given in [2], [9], [12]. In Newton's method, the
=(k)

transition from the kth approximation x'*’ of the local minimum for the objective

function Q(x), to the new approximation x** 1 ig defined by

where

] (‘3Q(x"(k) ) -
Ox]

VRGE®) = grad vz =| -

( ”xn

k)

denotes the gradient of the objective function @(x) at point x'*’, and
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represents the Hessian matrix of Q(x).

We can suggest at least two advantages ensured by implementing this
method in the functional programming languages [3], [7], [8], [10]:

|.  Possibility of direct application of the implementation procedure to an
arbitrary objective function, given as a formal parameter;

2. Possibility of the functional programming languages in symbolic
derivation.

Also, we describe the mmplementation of the modified Newton method,

defined by the parameter for the step length A%’ :
_i.(k““l) - j‘:(k) _h(k)[\—_'QQ(i(k) )| 1 \?Q(.‘f(k)) .

The search direction is given by §® = v2Qx") 'vx")), and the parameter
") is defined by

R®) = m/in Q(.f(k) —hl\-?QQ(i(k))]_l V"Q(i(k)))-
1

In addition to the above — mentioned advantages, during the implementation
of the modified Newton method in the LISP environment, we would mention the
following:

3. It 1s considerably convenient problem for functional programming
languages to form the new function, defined by

F(h) = min Q(x™ — mv2QE")] T veE™y).
!

From the class of methods termed variable metric, we implemented the
Davidon-Fletcher-Powell method [2], [9], [12]. In this method the inverse of the

Hessian matrix H '(x*)) is approximated by the matrix H » > computed using
information from only first-order derivatives. A new x from the preceding stage can
be computed by means of

i(k+ L) _ f(k) —’l(k]Hk\"Q(.‘f(k) ),

where
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Rk — n}inQ(x'"” ~hH,VQ(x")y) .
!

For the implementation language we selected SCHEME (8], a dialect of LISP,
which is one of the most versatile programming languages available today, useful for a
variety of programming projects. Standard SCHEME is applicable in symbolic
processing as well as in numerical processing. The largest possible integer varies
among 1Implementations, but is typically very large. The precision of the results given
by expressions involving real number operations is typically quite supportive for
scientific computation.

For this purpose, we preferred the programming language LISP when
mnplementing the methods of unconstrained nonlinear programming. As far as we
know, such an approach has not been, employed before.

Note that in the programming package MATHEMATICA [5], [11] a few
functions for numerical optimization are available. The function FindMinimuwm, for
finding a local minimum, starts at the specified points, then follows the path of
steepest descent on the surface.

FindMinimum|f, {x, x,}] search for a local minimum of the function /,
starting from the point x = x ;

FindMinimuml|f, {x, X,}, {V, Vo!, ...|] search for a local minimum in a function
of several variables:

FindMinimum|(f, {X, {x,, X,!}| search for a local minimum using x;, and x,

as the first two values of x (this form must be used if symbolic derivatives of / cannot
be found);

FindMinimum/|f, {x, xstart, xmin, xmax}| search for a local minimum,
stopping the search if x ever gets outside of the range |xmin. xmax]| .

The functions ConstrainedMin and ConstrainedMax allow you to specify an
objective function to minimize or maximize, together with a set of linear inequality
constraints on variables. In all cases it is assumed that the variables are constrained
to have non-negative values.

ConstrainedMin[f, |inequalities!, {x, y, ... {] find the global mimmimum of /, mn
the region specified by inequalities;

ConstrainedMax|f, {inequalities}, {x, y, ... {] find the global maximum of /, in
the region specified by inequalities.

This 1s an incomplete system in consideration of numerous optimization
methods.

The paper is organized as follows: In Section 2 we briefly describe
implementation of Newton's method, the modified Newton method and the Davidon-



1 16) I’ Stanimirovic, 8. Randid¢ / Second Order Optimization Methods in LIS

I'loteher-Powell method in LISEP environment, In Section 3 a few computer results are
reported, and relations with the corresponding results obtained by means of the
procedural programming languages are discussed,

2. I IMPLEMENTATION DETAILS
In this section we describe the mamn details of implementations procedures,

2.1, Internal form of the objective function

I'he selected real objective function Q(xy ... x (Q(x) 18 represented by a

n

lint, denoted ¢, of two eloments:
(C<function>) (< largs =)

The first element is the selocted PC SCHEME arvithmetic function and the second
reprosents ity mrgument list, Consequently, the function contained in the internal
torm ¢ can be selected by the expression (car ), and the corvesponding parameter lis

by the expression (cadr ). This internal representation ¢ of a given objective

tunction can be transformed into the corvesponding lambda-expression:
(wet! fun (eval (hist 'Tambda (eady ) (car )

This lnmbda function can be applied to the argument list o:

(apply fun v)
[I‘I " [ 1 A i W
e argument hst can be transformed into the corvesponding vector varg:
(BoL! vary (hst-=voctor (eadr ¢)))

We  moentioned  before that in the built<in functions  for numeoerical
optimization, nvailable in MATHEMATICA, the arguments of the objective function
must also be specified,

2.2, Symbolic differentiation and declarations

The symbohie differentintion i our package is implomentoed in the function
derw, oxtending the corvesponding functions in [1], 14], [7]. The call of the function
deree s of the form

( doriv < function> <vars )

where < function > denotes the intornal roprogentation of the objective function and
“var w any selocted variable from the paramaotor list,
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The vector grad =VQ(x'*’) must be declared by means of the following
mitialization:

(grad (make-vector (length (cadr q)) 0))

The vectors hest =V2Q(x™) and hesti =[(VZQ(x"™) ! are specified by the
following initializations:

(hest (make-vector (length (cadr q)) 0))
(hesti (make-vector (length (cadr q)) 0))

Moreover, each element of these vectors can be defined as a vector of
unspecified elements:

(do ((j 0) (n (length (cadr q))))
((=n)) ()
(vector-set! hest ) (make-vector n ))
(vector-set! hesti ) (make-vector n ))

(set!1(+11))

2.3. Elementary matrix algebrﬁ in LISP

We begin implementation of Newton's method by describing a few useful
operations from the matrix algebra. The addition, subtraction and multiplication (and
other dyadic operations) on two given vectors x, y can be implemented in the following
common functional, which uses the function op as argument:

(define (vecop x y op)
(do ((1 0) (n (vector-length x))
(vep (make-vector (vector-length x))))
((=n1) vep)
(vector-set! vep 1 (op (vector-ref x 1)
(vector-refyi)) )

(set!1(+11))))
where op e {+.—.*}.

In a similar way the function (matop a b op) can be written for the
multiplication, addition and subtraction of two matrices a and b, where ope |* + -]

The function implementing product of two matrices in LISP 1s written in [3].
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The multiplication of a given matrix mat and a given vector vec 1s
implemented as follows:

(define (matvec mat vec)
(do ((10) (n (vector-length vec))(m(vector-length mat))
(vep (make-vector (vector-length mat))) (s 0))
((=m1) vep)
(set! s 0)
(do ((3 0))
((=n) )
(set! s (+ s (* (vector-ref (vector-ref mat 1) j)
(vector-ref vec)))))
(set!j(+31)))
(vector-set! vep 1s)

(set!i1(+11))))

2.4. Computation of gradient and Hessian

The gradient of @ at a given point pi can be computed as follows:

(define (gradientin g pt)
(do ((1 0)(var (hist->vector (cadr q)))(n (length (cadr q)))
(nabl (make-vector (length (cadr q)))))
((= n 1) nabl)
(vector-set! nabl 1 (apply (eval (list 'lambda (cadr q)
(deriv (car q) (vector-ref var1)))) (vector->list pt)))

(set!'1(+11))))

.‘l?'k')

T'hen the vector grad = VQ( )= VQ(vx0) 1s equal to

(set! grad (gradientin fun vx0))

In a similar way the Hessian matrix of the function § can be formed at point
pl

(define (hessin g pt)
(let 11 0)(var(hst->vector (cadr ¢)))(n(length (cadr q)))
(hes (make-vector (length (cadr q)) 0))(f 1))
(do ((10))
((=n1 ())
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(do (( 0))
((=n) )
(vector-set! hes j (make-vector n))
(set!j (+3 1))
(set!1(+11)))
(do ((10))
((=n1) hes)
(do ((§ 0))
((=nj)y )
(set! f (eval (list 'lambda (cadr q)
(deriv (deriv (car q) (vector-ref var 1))
(vector-ref varj)))))
(vector-set! (vector-ref hes 1) j
(apply f (vector->list pt)))
(set!j(+31)))
(set!i1(+11)))))

2.5. Implementation of Newton's method

119

The matrix hest = \’2Q(£“"))= \*ZQ(uxO) can be generated by means of the

expression

(set! hest (hessin fun vx0))

The iInverse matrix

hesti = hest ' =[V2Q(x™)] ! =[V2Q(vx0)]

can be computed using the known transformation [5]

PAT S =1 AT,

where I, denotes the identity matrix of the order n. This can be achieved using the

extended Gauss-Jordan transformation. The corresponding routine 1s similar to the
corresponding, implemented in procedural languages, and can be described as follows:

Step 1. Initialize hesti =1,

(do ((10))

(=)o)
(do (( 0))
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((=mg3) O)
(vector-set! (vector-ref hestii) j (if (=13 10))
(set!j(+31)))

(set!1(+11)))

Step 2. Perform the extended Gauss-Jordan transformation

lhest | I, | >[I, | hesti] .

Step 2.1. A for loop, determined by the index i =0.....n—-1:

(do ((10))
((=n1) ()

In the body of the cycle perform steps A and B.
A. Compute

for ) « 0 to n-1
hest(1)) <« hest(ij)/hest(i,1)
hesti(l,)) « hesti(ij)/hest(i,1)

(set! el (vector-ref (vector-ref hest i) 1))
(do (3 0))
((=n) ()
(vector-set! (vector-ref hest 1) j
(/ (vector-ref (vector-ref hest 1) j) el))
(vector-set! (vector-ref hestii) j
(/ (vector-ref (vector-ref hestii) j) el))
(set!j(+31)))

B. Compute

for ) «- 0 to n-1
hest(j,k) « hest(j,k)-hest(j,k)*hest(j,i1)/hest(i,i)
hesti(j,k) « hesti(j,k)-hesti(j,k)*hest(j,i)/hest(i,i)

(do ((3 0))
((=mn)) ()
(set! elp (vector-ref (vector-ref hest 1) 1))
(set! elk (vector-ref (vector-ref hest j) 1))

(set! koef (/ elk elp))
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(if (not (=13))

(begin
(do ((k 0))
((=nk)()

(vector-set! (vector-ref hest j) k
(- (vector-ref (vector-ref hest j) k)
(* (vector-ref (vector-ref hest 1) k) koef)))
(vector-set! (vector-ref hestij) k
(- (vector-ref (vector-ref hesti j) k)
(* (vector-ref (vector-ref hestii) k) koef)))
(set! k (+ k 1)))))
(set!j(+31)))
(set!1(+11)))

Finally, the transition from point vx0=x"

i:(k-%l)

to the next approximation

pxl = 1s implemented as follows:

Step 1. Compute
vt =[V2Q(x"® ) 1 vQ(x ™) = hesti - grad
(set! vt (matvec hesti grad))

Step 2. Compute vxl =uvx0-vi .

(set! vx1 (vecop vxo vt -))

2.6. Implementation of the modified Newton method

The crucial point in the implementation of the modified Newton method is
determination of the new function

£0)=QE™ - viQx"™) 1 vRGE™)T) = Qux0-6%g).

This goal can be achieved substituting the vector vx0=x=(x;.....x, ) by the vector

vx0—h=* g, 1e. by means of the substitutions

x; <« (vx0-h*g), 1=0,....n-1

in .the expression (car q). The function performing these substitutions is defined in

the standard way [3], [10]:
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(define (subst x y p)
(cond ( (equal? py) x)
( (atom? p) p)
(t (cons (subst x y (car p)) (subst x y (cdr p))
)

The routine which forms the function f(8) is defined in the following code:

(set! f (car q))
(do ((10))
((=n1) ()
(set! argstari (vector-ref vargi))
(set! vt (vector-ref vx01))
(set! vx (vector-ref gi))
(set! argnovi (list - vt (list '* 'teta vx)))
(set! f (subst argnovi argstari f))
(set!1(+11)))

Now, an arbitrary function implementing unidimensional optimization can be
invoked using the parameter representing the internal form for f(@) :

(st f (list 'teta))

in the place of the internal form of the objective function. It 1s recommended that the
precision in the unidimensional optimization be at least equivalent to that returned
for termination of the main algorithm [2].

2.7. Davidon-Fletcher-Powell method

During the implementation of the Davidon-Fletcher-Powell method we use
the following function, performing multiplication of the vector-column xeC” ' and

the vector-row ye C''" .

(define (vecvece x y)
(let ((1 0) (m (vector-length x)) (n (vector-length y))
(a (make-vector (vector-length x) 0)) )
(do ((10))
((=m1i) ())
(vector-set! a 1 (make-vector n))
(set!1(+11)))
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(do ((10))

((=m1) a)

(do ((3 0))
((=mn) )
(vector-set! (vector-refai) )

(* (vector-ref x 1)(vector-refy))))

(set!'j(+3)1)))

(set!1(+11)))))

It 1s not difficult to write the following functions:

(skalpr x y), for computing the scalar product of the vectors x and y;
(numvec r v), which multiplies elements of given vector v by a number r;
(nummat r a), which multiplies elements of given matrix ¢ by a number r.

(define (skalpr x y)
(let ((r 0) (10) (n (vector-length x)))
(do ()
((<=n1r)
(set! r (+ r (* (vector-ref x 1)(vector-ref y1))))

(set!'1(+11)))))

(define (numvec r v)
(let ((10) (n (vector-length v)))
(do ()
((<=mn1v)
(vector-set! vi (* r (vector-ref vi)))

(set!1(+11)))))

(define (nummat r a)
(let ((1 0) (m (vector-length a))(n 0))

(set! n (vector-length (vector-refa 1)))

(do ()
((=m1) a)
(do (3 0))

((=nj)) )
(vector-set! (vector-refai))
(* r (vector-ref (vector-refai) j)))

(set!j(+)1)))
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(set!1(4+11)))))

Now, the main steps in the Davidon-Fletcher-Powell method can be
implemented as follows.

Step 1. Select an internal form fun of a function, an initial approximation vx0 = x'"

and compute the following values:
grad = g0 = vQ(x'") by means of
(set! g0 (gradientin fun vx0))
and h=H, =1, ,using the known technique.
The stopping criterion is given by the expression
(< (sqrt (skalpr vx0 vx0)) eps)
where eps 1s a small real number.

Step 2. Compute d =d, =H,g, = H,VQ(x™):

(set! d (matvec h g0))

Step 3. Perform the unidimensional optimization

(), = min Q(.f(k) +@d ;) = min Q(vx0 +@&l)
0 7

using the known principles from the modified Newton algorithm.

~(k+1) k

Step 4. Compute z;, = @, =teta*xd and x =vxl =x") +2, =vx0+teta*d.
P k Je k

(set! z (numvec teta d))

(set! vx1 (vecop vx0 z +))

Step 5. Compute the new approximation H,, ; by means of

5+l =\?Q(f(k+l))a Wp =8re1 — 8k

" zkz,f B H;l,wkw’fH,:
k= . Dy =
(2),.Wy) (z),.Hpowy,)

Hk+-l ZHk +Ak_Bk'

(set! g1 (gradientin fun vx1))
(set! w (vecop gl g0 -))
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(set! a (nummat (/ 1 (skalpr z w)) (vecvec z z))
(set! p (matvec h w))

(set! b (nummat (/ 1 (skalpr w p)) (vecvec p p))
(set! h (matopha +)) (set! h (matophb -))

2.8. Formal parameters

T'he formal parameters of the described procedures are:

q: the internal form of the objective function;
x0: the list containing initial values for Varldbleb
eps: a small real number, defining precision.

*(0)

The initial point vx0 = 1s equal to

(list->vector x0)

3. COMPUTATIONAL EXPERIENCE

Example 3.1. Newton-like methods and the Davidon-Fletcher-Powell method are
lustrated for the problem

minimize :.ac;1 +.x'i3 — X +x§ —xé + X9 +x§1 —X3 TX)1X9X3,

using the starting point given by the list x0=(1 -1 1). The internal form ¢ of the

objective function is

( (- (+ (expt x1 4)(expt x1 3)(expt x2 4) x2 (expt x3 2)
(xlixd x3)")
x1 (expt x2 2) x3)
(x1 x2 x3) )

The functions implementing the Newton methods and the Davidon-Fletcher-
Powell method, applied with the precision eps =10 °, give results analogous with the
results derived in [12] for these methods:

x = 057086, x(¥ =-093956 , x\* =0.76818, F(x*")=-191177

Moreover, we can obtain results with greater precision. Using Newton's

method with the precision eps =10 '“, we obtain the following results:
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xgk) x;k) xgk) Q(;f(k))
0. 1 o 1 1
1. | 0.710365853658 | —0.954268292682| 0.832317073170| -1.836689396285
2. | 0592551924079 | —0.941653842008 | 0.778246318947| —1.910144342363
3. | 0571502823844 | —0.939615161558| 0.768474902884 | —1.911770770299
4 | 0570856568381 | —0.939555960428| 0.768175826556| 1911772189070
5. | 0570855968375 | —0.939555906203 | 0.768175548339| —1.911772189071
6. | 0.570855968375 | —0.939555906203| 0.768175548339| -1.911772189071

Application of the modified Newton method with the precision eps =10 °
gives the following:

0. H gl ) 1 | o

1. 0.571451 -0.932334 0.751892 1.911337
3 0.570853 _0.939589 0.768111 _1.911772
3 0.570855 ~0.939555 0.768175 1.911772

Application of the Davidon-Fletcher-Powell method with the precision
eps =10°° produces the following approximations:

x (8 L x(b e QG
0. 1 | i 1 | =
1 | 0593889 0916553 |  0.916553 _1.886319
2 0.582650 ~0.938019 0.768282 1.911233
3| 0571404 [ -0.940625 0.769439 1.911766
4. 0.570865 ~0.939551 0.768185 1911772
5 0.570855 ~0.939555 0.768175 |  -1.911772

Note that in the unidimensional optimization the Davies-Swan-Campey
method [2], [9] is used, with the precision eps/5.

4. CONCLUSIONS

Our tendency is primarily to improve the implementation of second-order
(and other) optimization methods, without changing their essence. The improvements
are ensured primarily applying the possibility of symbolic processing of the functional
programming language PC SCHEME. Of course, similar principles are valid for the



P. Stanimirovic, S. Rancic¢ / Second Order Optimization Methods in LISP L 27

other functional programming languages. But, we prefer PC SCHEME because of its
ability in symbolic processing as well as in numeric processing. The main purpose is to
point out that the proper selection of the programming language in nonlinear
optimization 1s not FORTRAN, but a language applicable in symbolic processing and
powerful in numerical computations.
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