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Abstract: 'I'h I.~ paper analyzes a two-level queuing production system with fini te
dedicated buffers under exponential assumptions. We consider /l types of arriving jobs
which upon completion of service at the first-level workstation proceed to the second
level and join t heir dedicated workstations that are laid ou t in parallel. Blocking
occurs when the flow of job i t hrough the first-level qu eue is momentarily stopped
owing to the ca pacity limitation of it s second-level dedicated qu eue having ' heen
reached. Approximate results are derived for the blocking probabilities and the mean
effect ive service time in the first-level workstation.
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1. INTRODUCTION

Production systems consist of a number of interconnected stat ions at which
opera t ions are performed on workpieces in order tu convert the inpu ts to outputs.
Queu ing networks have enjoyed grea t popularity as models of production systems 121.

A qu euing network is a multiple-node system in which a job requires service
at more than one workstation (node). When limitations are imposed un the length of
the queue that can be formed in front of the nodes then t he interesting physical
pheno menon of blocking is encou ntered. Blocking occurs when the flow of jobs
through the queue is momentarily stopped owing tu the capacity limitation of another
queue having been reached.

While there is extensive 'litera tu re dealing with the study of queuing
networks with blocking II , 3, 4, 6, 7, 8 1, a common characteristic of all studies is the
assu mption of single-class jobs. Limited results have been reported for qu euing
networks with blocking and multiple job classes 151 . It is the purpose of this paper to
a nalvze such a t wo-level queuing production network with finite buffers.-
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2. THE MODE,L

Co ns ide r the s ituat io n where there are /I types of jobs , which arrive according

to indl'!H' ndl' nt Poisson processes with respective rates A, ( i = 1.2. . . ..ny , to a two- leve l

prod uct io n sys te m l F i ~. J l. The workstation at leve l one has a n u n limited waiting

SJIl ICI' a n d a s i n~ le muchine . The ser vice tim es are ex ponen t ia lly distributed with

parnme u- r 1'," for typ« / jobs .

I.c-v« I t wo co nsists o f' /I works tations working in parallel. Each workstation

has 11 fin it« hu lf c-r o f SIZ (' I'd , ( i. c. the ca pa ci ty of each s t a t io n is M, + 1 ) a nd a s in g le
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Figure I.
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Upo n cu ru pk-t iun of se rvice at level o ne workstatio n, a type i job join s its

dl'dicate d ck- st. iuut iu n works ta tion i to co nti n u e its processing, provided that there is

lit Il'a s t OIH' uvuilnhk- Slll lCl' t. lu-r« at that ti m e . At the ith workstat io n of le vel t wo, t he

.101• of'tVpl'/ )'('l'(' IV('S «x po nc- nt. i» ] se rvice with rut« I'i lind departs fro m the prod uctio n

Vstl' lll
•

I luwc-vvr, if upon cn m plot. io n of se rvice at leve l one workstation. a type i job

fillds its dvs t. inu ti on works tu t.inn in fu ll ca pac ity, then it becomes blocked . During this

tuuo , t h « ll'vl'1 0 1H' 1II 11 'h im' r eiunins idl e and it cn n n o t provide ser vice to any other

Job. of any typl' t.lu rt 11I1 ~h t hI' wu it iru; in th« qU PIH' .

TIll' uurclu u« hI' 'OIl IL'S uuhlockcd if t.h« blocked job's dedicated workstation at

le-ve-l two ~lIim; II 1'1'1' ( ' s p IC(' (a. dr-pnr tu rc occurs from t hat finite qu eue ).
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For i = 1.2..... n define:
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3. APPROXIMATE ANALYSIS

•
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Soi + S, with probability fJi

s; with probability 1 - fJi
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sF = effect ive service time of a type i job at level one sta t ion; and

S, =service time of a type i job at its dedicated destination workstation i .

fJi = steady-sta te probability that a type i arrival becomes blocked upon

the completion of its service at level one workstation .

S oi = service time of a type i job at level one worksta tion

II

The input process is Poisson with rate A = L A; , which follows since the
i= 1

superposit ion of n independent Poisson processes is itself a Poisson process whose
rate is the sum of the rates of the component processes.

Let S be the time elapsed from the beginning of service at the level one
workstation ur-ul the machine becomes again available to se rve the next job. This is
ca lled the effect ive service t ime at the level one workstation and is important in the
assessment of the delay inflicted by blocking. In this section we shall derive
expressions for the mean and the variance of S in terms of the blocking probabilities.

The effect ive service time of a type i job at the level one workstation can be
expressed as follows Wig. 2 ).
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T he e ffec t ive service time at the level one workstation is :

s = S",
A,

with probab il ity . i = 1.2. . . .n
).

The mean effec t ive service t ime at the level one workstation is :

EISI = ~
).

/I

AiEI 8 ~ I
- I
i - I

(2)

The probability density fun ction of SF (Coxian distribution ) is :

_ I'oi<1 - Pi ) - I'i- and 1:1 ' = 1 - I: ., 0'

•

The mean of the t wo -stage .oxia n distribution is :

, ,

f!.' = I· rI= f tb, (t id t = f tl l:oil'oie
I I ()

1/",/ + (; ' I,. e JI, ' Idt =I , I

, ,

= I: ,,,I'0' f tC! JI" ,/ dt +c I' f Ie JI,I dII , ,
II II

I:0; I: J; (;0/ 1 - I: .
+ '"- -- -

I'0' I' , 1'0/ 1';

Finu llv ,- -
(2 )

I
- /1,
I' ,

IE18;'1 =-
1'0'

'om hin ing t 1) and (2) we obtain :

EI'<"I = ~
A

Also, the va l"
/I I /I , :!

-" , .S" ·' = " , S"---,:- val" I . I
- ) ' :! ', I . ,i A

(3 )

Huwovc r. the varia nc« of t ill' t wo-stage Coxia n distributiun ca n be obtained
u s IIJllows:

"
1/ I I " l 21:0 i 2Ci

'" + l:il ';1! ' Ie t = :! + :!
1',,; I'i
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Ll'vel two svstem:

Level one system:

• The inpu t process is Poisson with rate Ai for type i jobs.

(4 )
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(5 )
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/I A 1
L i 81' - 2
i= 1 A A

I -PM,

EI (81' ):!I = ~ + 2{Ji

f./oi f./oif./i

:!
va r] S ~ J == 1 + 2Pi _ Pi

I :! 2 :!
f./oi f./ i f./ i

val'

Combining (3 ) and (4 ) we obtain:

• •J-; = - ----'--

where PM == Prob li th destination workstation is full) , i == 1.2.. ...n. .
I

or

and

The approximate analysis performed in this sect ion decomposes the two-level
queuing network into two individual qu euing systems as follows:

• The service time of a type i job will be its effective service time , 81'
• The service discipline is FeFS

• All the processes are independent.

• Although the arrivals to t he ith destination workstation are not Poisson . we
assume that the arrival process is Poisson with revised arrival rate Ai . defined as

follows:

• Service times at the ith destination workstation are exponentially distributed
with rate f./i

• The service discipline for each destination workstation is FCFS

• All the processes are independent.
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Then for t he i th destination workstation we have:

1 M
X '

I

(6 )

.

AiI - -
Pi

M ,.]
Ai1 -

PiPM . = .=..:.....:....=...~'----,-,,...:......:--=- " i = 1.2." ,.n,

u,

However , since PM = fJi from (5) and (6 ) we obtain:,

A-I--- --
)/i(l - fJi )

Ai-- ..

Pi(1 - Pi )
1 -

M
' 1- A,-i_

)/i (l - fJi )
M i + 1

. The above equat ion can be easily solved numerically for fJi. using for

exa m ple Newton 's method as follows: '

Let

,
"-,

r (fJi ) = fJi - fJi
Pi(l - fJi )

l Mi • I
A-I

AI ,

. 1 - Ai
Pi(1 -fJi )

Sta rt with /1 (0 ) = a where a small, ' O< a <1

/
" 13(11 - 1)

p lll i = 13(11 - 1) _ ( i )
, , refJ/" I J) •

with

((fJi ) - 1 -
,IIi ( 1 - IJ;)

M i ' I

r ) ,
-lPi (I '~ fJ; )

M , ' I - ), . 1 r ), 1 ) M, !vI .
----''-, --:-;- - 1 - " '"
) /; ( 1 - /3; ) '2 L )/i (l - P;) Jp ;\[, ( 1:- /3; )M ,. ]

The method will conve rge,

•
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4. STABILITY CONDITION

In this paper we modeled and approximated a multiple class two-level
qu euing production system with finite capacity. The approximation procedure
decomposes the production network into two qu euing systems with revised arrival
and service processes. These individual queuing systems are then analyzed in
isolation . Results on the mean effect ive service time and blocking probabilities are
obtained.

An open network is stable if long-run distribution exists for the number of
jobs in the input queue. Thus , the system under consideration is s table if jobs arrive a t
a rate that is smalle r than the rate at which they can be served at the level one
workstation. Then, the condition for stability is:
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