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Abstract: 'Thi- paper analyzes a two-level queuing production system with finite
dedicated buffers under exponential assumptions. We consider n types of arriving jobs
which upon completion of service at the first-level workstation proceed to the second
level and join thenr dedicated workstations that are laid out in parallel. Blocking
occurs when the flow of job 7 through the first-level queue i1s momentarily stopped
owing to the capacity limitation of its second-level dedicated queue having been
reached. Approximate results are derived for the blocking probabilities and the mean
effective service time in the first-level workstation.
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1. INTRODUCTION

Production systems consist of a number of interconnected stations at which
operations are performed on workpieces in order to-convert the inputs to outputs.
Queuing networks have enjoyed great popularity as models of production systems |2].

A queuing network 1s a multiple-node system 1in which a job requires service
at more than one workstation (node). When limitations are imposed on the length of
the queue that can be formed in front of the nodes then the interesting physical
phenomenon of blocking is encountered. Blocking occurs when the flow of jobs
through the queue is momentarily stopped owing to the capacity limitation of another
queue having been reached.

While there i1s extensive literature dealing with the study of queuing
networks with blocking [1, 3, 4, 6, 7, 8], a common characteristic of all studies i1s the
assumption of single-class jobs. Limited results have been reported for queulng
networks with blocking and multiple job classes [5]. It 1s the purpose of this paper to
analyze such a two-level queuing production network with finite buffers.
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2. THE MODEL

Consider the situation where there are n types of jobs, which arrive according
to independent Poisson processes with respective rates 4, (1 =1.2.....n), to a two-level

production system (Fig. 1). The workstation at level one has an unlimited waiting
space and a single machine. The service times are exponentially distributed with
parameter g, for type i jobs.

Level two consists of n workstations working in parallel. Each workstation

has a finite buffer of size M, (i.e. the capacity of each station is M, +1 ) and a single

/

machine,

n

Figure 1.

Upon completion of service at level one workstation, a type ¢ job joins its
dedicated destination workstation ¢ to continue its processing, provided that there is
at least one available space there at that time. At the ith workstation of level two, the
job ot type £ receves exponential service with rate g, and departs from the production

system,

However, if upon completion of service at level one workstation, a type ¢ job
finds its destination workstation in full capacity, then it becomes blocked. During this
time, the level one machine remains idle and it cannot provide service to any other
jobs of any type that might be waiting in the queue.

The machine becomes unblocked if the blocked job's dedicated workstation at
level two gains a free space (a. departure occurs from that finite queue).
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3. APPROXIMATE ANALYSIS

The input process is Poisson with rate A = iﬂq—, which follows since the
=1
superposition of n independent Poisson processes is itself a Poisson process whose
rate 1s the sum of the rates of the component processes.

Let S be the time elapsed from the beginning of service at the level one
workstation urtil the machine becomes again available to serve the next job. This is
called the effective service time at the level one workstation and is important in the
assessment of the delay inflicted by blocking. In this section we shall derive
expressions for the mean and the variance of S in terms of the blocking probabilities.

For : =1.2.....n define:

S,; = service tune of a type 7 job at level one workstation

S; = effective service time of a type 7 job at level one station; and

S; = service time of a type i job at its dedicated destination workstation 7.
Jif = steady-state probability that a type ¢ arrival becomes blocked upon

the completion of its service at level one workstation.

The effective service time of a type ¢ job at the level one workstation can be
expressed as follows (Fig. 2).

Soi +S; with probability /5

1(‘_

S, with probability 1- /,
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Figure 2.



318 (. T'siotras / Analysis of a Two-level Queuing Production Systems

The effective service time at the level one workstation is:

I ol Alma
S=S8" with probability 7’— =12 wn

The mean effective service time at the level one workstation is:

A l e LS i
BISI=7{ ZAEIS]] (2)
T'he probability density function of S (Coxian distribution) is:
bi(t) = chiptie " +eype ™ for £ >0 and u,; # u;
(1= B:)- i
Coi = Hoill = Pi) = 44 and c¢\; =1-c¢,;
Moy — K
The mean of the two-stage Coxian distribution is:
E=[S?|=[th;(t)dt = [t]cy;ppie " +cyjuie " |dL =
0 0
- Cu;}“ﬂ; Itl;r ;fu;‘dt +Ul!}ll' J”e .“ftdt
0 0
= Coi + €1 3 Coi + l_cm'
ﬂm'. My Ko Ay
Finally,
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Combining (1) and (2) we obtain:
1 | i
E|S|=—| > A3 1 + I[f,#
A 1= | Koi M i
i n A .- n /{ )
Also, the var Z-}—'-l'}‘ Z_z_ var|S; | (3)
Lg=] £ 1 14

However, the variance of the two-stage Coxian distribution can be obtained
as follows:

2¢,;  2¢;

i 2 f ; - ‘ -
E((S])*) = [t%(coittoie " +cipje " |dt = S5 b
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Combining (3) and (4) we obtain:
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(4)

The approximate analysis performed in this section decomposes the two-level

queuing network into two individual queuing systems as follows:

Level one system:

¢ The input process is Poisson with rate A, for type i jobs.

e The service time of a type i job will be its effective service time, S°

e T'he service discipline is FCFS

e All the processes are independent.

Level two system:

e Although the arnrvals to the ith destination workstation are not Poisson, we
assume that the arrival process 1s Poisson with revised arrival rate A, defined as

follows:
. /;
] Py

where Py =Prob (ith destination workstation is full), 1 =1.2....n .

with rate y;

e All the processes are independent.

The service discipline for each destination workstation is FCFS

(D)

Service times at the ith destination workstation are exponentially distributed
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Then for the ith destination workstation we have:

However, since Py = f; from (5) and (6) we obtain:

(6)

The above equation can be easily solved numerically for f;, using for

example Newton's method as follows:

Let

with

f(Bi) =P — B

41 = )

A

!

KL= f;)

M,

Start with £ Y = o where asmall, 0 <« <1

v nin-1)
(n--l)_ /(ﬁr )

A = p ,
e AV
o uhidles
f'(Bi)=1- :
| h_ﬂi(l-/}r')“
- “M,
— A‘
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The method will converge.

/J_‘MrM.

M, M, -
A (= ﬂr )

1



2 T4 b R - s ) S : _ . =
(. Tsiotras / Analysis of a Two-level Queuing Production Systems 321

4. STABILITY CONDITION

An open network is stable if long-run distribution exists for the number of

Jobs 1n the input queue. Thus, the system under consideration is stable if jobs arrive at
a rate that i1s smaller than the rate at which they can be served at the level one
workstation. Then, the condition for stability is:

or

1 _H r i
A < 1::>AE|S]f;1:>/!*l+ > A9 : +1ﬁ,-~-<1
E|S] i b=l T
v |

5. CONCLUSION

In this paper we modeled and approximated a multiple class two-level

queulng production system with finite capacity. The approximation procedure
decomposes the production network into two queuing systems with revised arrival
and service processes. These individual queuing systems are then analyzed in
1solation. Results on the mean effective service time and blocking probabilities are
obtained.
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