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1. INTRODUCTION

fuzzv and
•

The variational principle, given first Ekeland 121 , was proved for metric
spaces. After that, this problem received a great deal uf attention. Numerous powerful
applications in various fields of mathematics were given.

Fuzzy metric space was introduced by Kaleva and Seikkala [31 . The
variational principle and its equivalents in this kind of space have been considered in
many recent papers, some uf them are 111 , 171.

The organization of this paper is the following.

Section 2 contains necessary definitions and notions. Section ;j is devoted to
the form of the variational principle and its equivalents. Some theorems of t he fixed
point type for single and multi valued mappings are given.

In Section 4 we give some results fin' probabilistic metric space of the Menger
type, using theorems from previous sections.
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1. d (x .YJ = l :lI l = x = y,

~ . d ( .r, v ) = d( v.x l for all x . Y e X., .
:1. for nil x . Y• .? E X

•

1(/(x· Y)I " = IA,, (x .y ). p ,, (x·Y )1

1." . the in d ica tor fun ctiun uf n ., ,

H(1.1 ) = 1 . We "ha ll denote

d (x .Y)(I: +li) 2 L (d ( x . Z)( I: ). d ( z .y )( ,n )

\\ hcucvcr I: < ). J ( x .Z ). Ii ::; Al (Z. y ) a nd /.' + Ii < AI ( x, Y)

d (x .Y )( I: + 0') ~ R ( d ( x . z )( I: ). d ( z .Y )( li ))

wheneve r ': > ). I (x. z ) .(i >) J(z.y ) andl:+(i ~A I( x.y)

2. PRELIMINARIES

If Ii III " ,II R(0 .(1 ) = () , the n the family

u = :U!I: . a J: I: O. a E (0.1 1:

U ic.« , = :(.r. yl E X " X : I',,(x.y) < I::

•

The not ion of a fuzzy metric space was introduced hy Kaleva and Seikka la in

TIlt' quadruple ( X. d. L. R , is a fu zzy me-t ric space a nd rl a fu zzy m e tr -ic iff

'I'hruughnu t the paper le t R = (_Of:, 'l) ) , H ' = 10, (f; ) • Let F denote the set of all

fu zzy numbers hat is , the set of a ll fu zzy sets II : R ~ 10,11 such t hat for every

(/ ~ IO, ll the set

nou-ncgu tivc fuzzy nu m bers F ' .

It is obvious that, if /I E F ' , then /I " = 1(1" .b
"

" a" .b, E H ' V :::1) : f(JI ' all

a E( O.l l·

I:' l.: IJ 111 IJi1l.: t and l.: IJ Il Vt'X. If fIJI' nil U. E (U. L}, /I " ~ H ' v :'1:: , t hen /I IwlIJllgs to th« set of

I:~ I·

Let X he a nonempty set, d : X x X -> F ' , Land H are symmetr ic mappings

1'1'0111 10.11 , 10.1 1- . ,0.11 nondocrcasing in both arguments such that L(O.O1= 0 ,

a Ill! by
•

form s the basis I()\' a Hausdorff un iformity on X x X .

of se ts
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•

N ... (.·: .u) = :y E X : p ,,(.r.y ) ' I: :

form the basis fur a Hausdorff topology on X and this topology is metrizuhle.

The ~\III .' l' t A c X is fu zzy hounded if there exis ts a 1/ E F ' . 111 11 0 • •, 1/( a ) = 0

such that )"( x . .\' ) _(l ,, and p" (x,y ) ::;b,, for all x .Y EA . u E (O.l l , where It " = la" .b" l .

The diametur el( A ) of fuzzy bounded set A c X is d ( A ) = supX -,\ " 1\ d (.r.y ) .

Itis obvious that

i d( A))" = IsuP.r. .", , \ .i.,, (x .Y I, sup r, y' /\ P" lx.y )! = l d " I A ). d, / ( A )I , u t:: (IU I .

:J. THE VARIATIONAL PRINCIPLE AND ITS EQUIVALENTS IN
FUZZY METRIC SPACES

L et ( X. d .L. R) be a fuzzy metric space such that lim o ,(J R«(I .a ) = O,

lim o > ' d (x.y )(a ) =O for all X. y EX and let IjJ : X x X -) (- Cf) , 'Z> 1be a function which is

lower scmicontinuuus in the second argument,

r/J( x. X , = O for all X EX .

¢J( x .X) ::; rjJ( x . Z)+r/J( Z.yl for all x .y .z t::X ,

there exists x E X such that inf ljJ( x . X) > -Cf) .
.r t- X

TIlt! relatinn ~ i:; introduced by the equivalence

X ::: y = Vu E (O.lI . I'Il (x .y ) +rjJ(x,y ) ::;O .

( ll

(3 )

(4 )

•

Lemma 1. II' the [unci ion r/J : X x X -) ( - Cf) . 'Z> I satisfie« (2 J, /h ell /h e relat i on ~ is

retlcxi ue. ant i symmctric aru] transitiue trelotion ~ i s all order i ll X ).

Proof: Since for all u E( O. l l p ,, (x .x ) =O = - rjJ (x .x ) , we g"et that x ~x for all X E X .

Further, is x ::: y and y ::: x. then for every U E (0.11

p ,, ( x .y) ::; - rjJ( x. y ) and p ,, (y.x) < -1jJ( y .x) .

The equa lity p ,/ ( X,y) = p ,, ( y .x ) implies that for all U E (IH I
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2/}., (x.y ) < - 1jJ (x. )' ) - 1jJ(y .x ) =-1jJ( x. x) =0 ~ x =y .

To prove the t ransitivity we assume that x::: y and J::: z. This means that
e1 (x.y)(n ) = 0 for all a > - ¢ ( x . y ) > 0 and d ( y . z )(b ) = 0 for all b » - ¢ ( y . z ) > O. On the

other hand, for eve ry I: > -1jJ( X . z) ;:: - 1jJ( x.y ) -1jJ( y. Z), there exis t a > -1jJ( x .y ) > 0 and

b » - ,pcy .z ) > 0 such that

e1 IX . ::: )( ,: ) $ R ( e1 ( x . y )( a ). e1(y . z )(b» = R ( O.!» = 0,

that is , for all a E (0.11

P ' l (X.Z) $ - 1jJ (x . z ) = \ ::: r. ,

Fo r every x E X we define the set S( .r ) = :y E X :x ::: y : , where the relation :::

is in troduced by (4 ). Let Xu E X be such that

(a ) a ny nondecroasing Cauchy sequence in S (x,, ) has an upper bound in X, and

(b ) ji ll ' any x e- Stxo ) and I: > 0 , the re exists y E S(x ,, ) such that d" (S( y) < /:.' for

every a E (U.11.

in t he next seven theorems, let ( X .d . L. R ) be a fuzzy metric space (not

necessarily com plete, r/J : X x X -) (-CfJ . CfJ I he such that (2l is satisfied and t ill'

rela t ion ::: defined by ( 4 ) be an order in X sa t isfy ing (a) and (b) .

Theorem 1. I] ("') is satisfied, then there exists x · E S(xo )such. that/or a LL x E X \ :x ·:

p ,,(x· ,x)+¢( x·. X» O For some aE(O.l l. (5)

Proof: Using .issu m pt ion ( h), we sha ll form a Cauchy sequence IX" :". N' Since

x" E S(x,, ), for /: = 1 there exists XI E S (x,, ) su ch that d a (S(Xl » < 1 . if c = }, ' then-
there exists x2 e S( x I ) such that dll (S( X2» < +.Continuing this process, for s = ~

then' exists x" e S( x" I ) such that d" (St x ; » < 1.. for all a e ( 0.1 1.. The sequence
"

I \ . I

"" " ' II j\ ' is noudecreasing (X I ::: x".! ::: ... ::: x; ::: ... ) and it is Cauchy sequence

I d"( x,,. x /ll) < lIlill:1.. ....!...: for all ae«UI.
II tn

means

By (a) we get

that x · E St x; )

that there exists an upper bound x · EX. Since x,, ::: x' . t h is
-

and x· En".N S(x ,, ) . But d ll (S(x,, » - 0 , which implies tha t

.\.- = 11111" ,.,.x" . In order to prove (5) we assume that there exis ts x EX' :x': such that
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tha t is . x · -:: .r . Then x together with x · belongs to 8 (x ,, ) for all n E N and

~51

we chose x from X \ Ix '} , we have that the assumption

-<' d " lS(X,, ) ) < ..L . Putting
"

means that x = x · . Since

Il ~ ex; , we get that for all a E (0.11 which

•.v :: x is not CII r rect and hence ( 5 ) is true.

Theorem 2. Let ( * ) be «a!isficd . 11' A c X has the property thai/or eucry x E 8 (XII ) A

there ex ists y E S(XII ) \ Ix: sucl i that x ::: y, then there exists x · E S (XII )n A .

Proof: From Theorem 1 we know that there exists x · E S( Xo ) such that x :;: x · for

all .r t:: X \ :x' : . It is obvious that x · E A. i.e . x · E S (xll )n A .

Theorem :l . Let (* ) be satisfied. 11' /01' eve/)' X E S (x u ) toitl: illr.,,, X ¢i( x .y) < 0 th ere

ex ists v e X :x: such. tluii x :::y, then lhere ex ists x · ~ S lxu ) such thai ~( x · . y » 0 /01'

ull v ~ ~\ .
•

Proof: It' A = :x E X : ill".\'. X ¢itx .y ) ~ 0: . then the assumptions from the theorem could

he formulated by: for every x E .':;(xu ) \ A there exists y E X Ix: such that x ::: y. Now

we can apply Theorem 2 which means that there exists x · ..... S(XII )n A .

Theorem 4 . 11' th e condi t ions ( *) are satis/fed and i] [: X -. X ;s a [un ction

sutis/.\·;lIg x :: (lx ) /01' all X E X , th en ( has a [ixed point x · E S (XII ) .

•

Proof: By Theorem 1. there exists x · E S(XII J such that

Ifw« S U p p OSl' that ( lX ' ) +cX' , then for some a E( O.l l

,-' < ,-
~" -- .. \ Il l!" cvcrv • •,. - \ ' \ ' \ ' .oA C4'\. , .. I .

I . " <t ra t I"; , x _

a ll .r -: X .

1'1.\.*) . This con tradicts the assumption of till' theorem t ha t x::: [ ! .r) for

Theorem 5 . Let th e condit ions ( *) 'be «otisi ied , 11' F :X ~ 2x \ :0: is a multiualued

niapping sucl: thai lor eve/) ' X E X and every y e Ftxv x ::: y . th en there exists

x · E S IXu ) su ch th at F (x ' ) = :x · : .
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Proof: If [ :S(xo )~ X is a selection of F, we can apply Theorem 4 to I: which means

that there exists x · E S(XIl ) such that ( (x· ) = x· . If F(x ) ~ :x: for all x E S(Xlj) , then

either xe Ft xi 01' x e Ft xi , The selection formed by f"(X l =YEF(x ) :x: has no fixed

point , which is a contradiction . This means that there exists x · E S( XII ) such that

I , · •
' (x )= :x :.

Theorem 6. L. I the com lition» l") be satisfied. If F : X ~ 2x \ :0: is a m ultioalued

lIIuppwg such t hat [or ('ue /: \' X E S lXII ) Fix v there exists 'y E X :x: [or which x : y.

then th ere ex ists x · E S(xlI ) suclt that Fe x·) = :x·: .

Proof: Invoking Theorem 1, x· E S(xo) is an element for which x· ~ x for all

X EX \:X·: . The supposition that x·EF(x·) means that x·ES(xlI) \F(x·). Then

there exists
•

•I ". I,", I such that x· ::: y which contradicts x · ~ X for all X EX
•I ". I

1--' I·

Theorem 7. The statements of Theorem
Theorem .5 cuul Th eorem 6 are eqniuulent .

1, Theorem 2, Theorem .1, Theorem 4.

•

Proof: So far we haw> proved the implications Theorem 1 = 'I'heurern 2. 'l'heureni 2
= 'I'heurem :1. 'l'hcorein 1 =:- Theorem 4, Theorem 4 = Theorem 5 and Theorem 1 =:

Theorem G.

The implications Theorem G= Theorem 4 and Theorem 5 = Theorem 4 are
obvious, since the single-va lued mapping is a special case of multivalued mapping.

It nnly remains to prove that Theorem 3 = Theorem 1 and 'I'heurem 4 =:

'I'heurc ru 1.
•

To prove tha t Theorem :1 = Theorem 1, we shall assume that x · ~ SIXIl )

from Theorem :3 (¢( x + • x ) ~ () for all x E X ) is such that (5 ) does not hold. i.e.

It is ohvious that if ¢l x·. xl '- O for all XEX and p(( (x · .x ) ~O.thelltogt,tlwr

with lGl we ge t p (( (x · .x ) =O for all a E (0.11. But we chose x from " \' . ,
.I\. "X I , that is.

1'(( I x · .X) > 0 for some U E (0.1 1. This is a contradiction .

To com plete tho proof'. nne needs to show that 'I'heurem 4 = 'l'hr-orem 1. If
'l'lu-urc-m 1 does nut hold. the-n for every xE S eXII ) there exists y E X :x: such that

x:, y We sha ll form [: S(XII ) ~ X by ((X l = Y .

If Theorem 4 holds. then there x · E S(XII ) such that fe x· ) = x · which

contradicts the supposit ion that y E X :X: .

•
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Lemma 2. I ]' U'; .d . L . R ) is a [tczzy m etric space and tlie [ti n ct ion </J : X x X -~ (- '/. . -r: I
satisiic« ( 1), (2) and (.']), then For any x E S t x ) and I: > 0 , there exists y E 8 (x ) such

tlia t «, I Sty )) < c lor evel)' a E (0.11.

Proof: Let x E S(.r) . Then

inf Ij.( \. Z ) > in!' I</J (x .z ) -<p( x. x) 1 ~
. ~ ~

Z l- .') I X, z- . :.l ( X )

<: lilt" tjJ( X . Z )-<PI X . X) > - '/. ,
_ L ' • • "_. •:l ' "

t hat is , t here exists u E A' :illt".:; ' SLr l <p(x .z ) =a . We sha ll choose Y E S (X ) such t hat

"~!}( x.y) < a + ~ .
-

Simi la rly as in the previous case . we get
•

I ' .1 . .1. I:
) = 11 11 yll y . Z » 111 1 y,( x .Z ) - r,!Jl x.y » - - .

z S f y ) Z - S I. .r] 2

Finally, to fini sh the proof, it remains to show that d" (S<.v» < t: .

I: I:
/ ) ( V.Z )) $ _.~( v . z ) < ~ .;::;o d ( }·. z ) )( -) < a' / • VJ

J OJ • i)- -
,: ,:

P,t (y.z:!) $ - <P (y .z:! ) < 'J .;::;0 d (y . z:! )( ":)") < a.
- -

Sinc« lilll" . • Ria . u , = l)

H(fl .111 '- U. . Then we get

for eve rv- a E( O.ll there •exists /1'" (0.11 such that

I: I:
d U j ' " 1( 1: ) < Hrd ( \ ' . 2) )(-). d( \' . Z ., )( -») < R (/l. jJ ) < a

- • 0) • - oJ- -
wh ich 111 1' <111 '; that l ( - - ) < •.I ,,-I '''::! .. . f,JI' ( ' \" ( ' 1"\'

•
u <,: t IUI . H c-nc«. cI t S ( v J I =•• •

for a ll u c ( lUI .

Lemma :~. 151 I] ( X. d . L. H) is a com pletv [u. zz,....· m etric space and t h e [un ct ion

1" X . X ~ I - J.' . v: I sa lis/ies ( 1 ) an d (2 1. th en cuery n onclecreasing Co u ch » sequen ce has

UII upper hou ru] in X.

Theorem 8. iF ( X. d. L. H) I::; a com p lete [u zz» metric span' and the [u n ct ion

t/J : X ' X -~ ( - "f). "f I sa t is lic» ( 1) , (2) and (.']), th en th e next six statements are equiuolcnt:
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i. th ere exist» x · E S IX ) such tlia! 1'01' all Y E X \ :x·:

p" (x' .x )+~I X ·. x I > 0 For some a E (0.11.

II . IF A c X has the pru/JI'r ly tha t [or every x · E S l x )n A

thot x '" y , then th ere exists x · E S (x,nA .-.

I here ex isis v E X
•

:x: such

. .
III . itIorcocr , X E Sl x) unth 1111' \. X ~IX.Y I 'O there exists

•
VE)( :x :

•
«u ch that x ~ y ,

•

then th ere cxist s x · E S I X ) sucl: that ~(x· .y ) ~O [orall y EX .

iv. i] F : X -~ X is a [u nctiU II sa lis/.Ying x :::: f'( .r ) [or 01/ x E X , then F has a Fixed

point x · t:: 81.\' 1,

v. iF F : X -~ ~ .\ \ :0: is a multiualucd mapping sucli that [or every x E X and evel)'

Y E F i x ). x ' v. Ll icn thcrc ex is ts x· 1:: Si x ) sucl: that F lx ') = :x · : .. -.

VI. IF F X -. '2.\ \ :0: is a mult iualu ed mapping suclr thut [or eve/:)' X E S Ix ) F Ix )

th ere cxi« !» SU lIIl' v E X
•

• 1' .X E' IX I .

:x : lor trhich x ::' y . th en th ere ex ists x · E SIX I w ith

Proof: l ls iru; 'I'heure rn 7, L l 'lIIlIIa '2 and Leuuna ;{. wo g"t't 'I'heurem 8 .

4. THE VARIATIONAL PRINCIPLE AND ITS EQUIVAL~~NTSIN
PROBABILISTIC METRIC SPACES

•

TIll' fu nct.in n F ' H -~ 1n.l ] (H de-notes the sut of reaIs I which is left

cunt in uuu s, 1I 01 l( lt'c l'l'a sill~ with sup", NFl .r ) = 1 . is a di st.ributiun function . Let lJ he

th« s!'t of a ll di - t rihut.iun fuuct.ions.

Tl H' uipk- t ( X . P. / ) whore X is any sot. F : X , X -~ lJ is such that

F l' fur all X . )' ",X .- ,,, - \ ' I• •

F " I U I = 1 ti JI ' all II> O = X = )' .,
•

F \.1l) I = 0 ti II' all .r. \' ..= ~\ •,
••

F , y IlH II J ~ / I F, = ( v ) . l'~ " lill ) for ull x. )' . Z E X and f J. U E H .
•

nnd I 11J.l1 ·llJ .11 - 'IlJ.l1 is couu u u tut ive. 1I0nd l' CI'l'asin~ . nssocintive lind I leI .l ) = u tiJl'

a ll CI - IlJ .I I . is a i\ 1(' n~;"l' r spuc«,
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in 1:3 1it was proved by Kaleva and Seikkula that every Meng-er span' (-'{ . F .! I

is u fuzzy met.ric spaee (X. d. L. R> where li x . \' = sup :v : F , .\, (u)= O: and
• •

) 0 , 1i < 1lr, \,
d (x .y )(Ii ) = 1 F .

, 1- .I .,l'(l/ ) , 1i ?11 ,. . ,l'

R (a .b ) = 1- 1(1 - 0.1 - b ). a .b E 10.11

L =O

if 1/) : X x X -. ( -:',('.:J:' 1 is a function satisfying (1 ), (2) and ( :3) , then we define

t.lu- relation c hv- .

[0
where H ( Ii) =i

11

1i ::;0
. 1"01' everv

u > 0 .
x EXbyS'(x ) we dennte se t 8 (X ) =:Y E X :X : y:

Lemma 4. Th e rclut ion ::. d e/ III I'd by ( 7) is Oil order i ll X .
•

Theorem 9. Lei I X .F. !1 he a complete Menger space sucl: thot lim n .1 t u i .u v= 1 and

fJi : X , X -. ( -Z' . '1:' 1be o {un ction satisfying (J J, (2 J and (:JJ. Th en th e stalem cn t« ( i i. l - tui)

(/ i"tJII/ Theorem S ) tuul

( i) Ih ere exist» x· E S(x I «ucl: I hat for all x E X \ :x':

Fr. v( /I ) < H (U + ¢JI.\' .Y »
•

1I rc l'q /l i I -a lcu I .

[or samI'
•

/I E H ' ,
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