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1. INTRODUCTION

•

Cuns id« r th e pro h le ui

•

11 1111

su bject to If(' r r r ) <' 0b I . \ I ." ~ . " :1···· · " " - i =1.2.. ...m ;

(1)

( .) ,-,
I . < \. u . J' - 1 .) IIJ - . .I - J - .- .. ' " (3)

whore t he objecti ve fu nct ion Fl.r) and the const ra int left-hand s ides g, are a ssumed to

hl' cu nt in uous and tw ice di ffere nt. ia h le o n t he region defined hy (:1J. Let

L' _ I • - ( \ ' \ . \ . ) I c.: \' )< 0 /' - 1 /1/ ' I < X· < // J' = 1 'J 1/ I~ "l - , . \ - "I .' :! . · · · ··/l ."=" ,, - . - •...•. '/ - "' '/ -'/ ' . - • . . . . I (4 )

Il l' till' feasible
•

r l'b'lon a nd ( . = mi ll ( I x I . Glohally
r , s

• • ••muunuzmg su bject to t he

cu ns t. rnm t.s x t= .., may hl' defined a s finding X E S s uch that

• - ..
I / IXI- / I:. ,';

w here l; is a g iVlm s m a ll pus it ivo number.

Le-t u s ca ll t h is problem P . Sl'Vl'ral ulgoritluns u sing interval aritlun ut.ic have

I'l' l'n dl'siglll'd fi,r t h is gl' lll' ra l p ro h lc m . Fuj ii, lchidu , and ()zasa 111 proposl' to solve it

h~' fi rs t 1:1I 1l\'l' r t illg a ll inequa lity co nstra ints into e q u a lity constru ints and in trodu cing

La gl 'a llgl' m ul t ipl ie rs to re-d uce t ill' problem to an unconstrainod one , then applying

in te rva l «wto n's method to locate the g loha lly optimal sulu t ion . A more soph ist ica ted
a lgorith m is due to Han se-n I~I , J-1l1nR'n lind Sengupta 1:31 and Sengupta 1101 . They

a pp ly line :';I'a rL'hl 's til IIhtai ll a gOlld incumbent so lutio n, linourizution or constraints .

inu- rv ul e wto n's nu- t.hud» to so lve a system of interval linearized inequalities and-
finull v tuu nu tuurc it v t('sts a IIII con ve x ity tests to lind the g lo ba lly optimal so lutio n .

O t. lu -r a lgorit lllll s an ' dl'scri l' l'd in Ch a pter 4 or Rutschek and Hoklll' 19 1,

Wl' p ro poSl' in th is papl' r a new algori t hm which USl'S th« curd- slope [orm o(
'l'uvlur'« I'X/WlIS /() lI , defined lx-low, lind in terval nrithmet ic. T Ill' ba sic idea is to lind

luu-nr fu nct.ious ill 11 111' vruin hk- that hound t ill' function [ t x, a nd !"t XI l'l'spl'c:t i vI' I~' .

" hll"I' lu u-a r fUII L'tI Il IlS cn n 1'1' u Sl 'd tl' « lim inat « par ts o r t lu- hux t h ut L'a ll llot co n ta in

a ll.\' g lltl lll lly II pt illlll l so lu t. iun. S im ilu r houllding linear fuuct.ions lin' Iuund lor t. h«
cunst rn iu t fu nct io ns ~,( .I') und use-d t o olim inuu - parts of the liux that a l'l' no t feasible .

Th is is dO Ill' hy applyi ng vnrious tests which co ns ist in chock ing if a su ffic ie n t co nd it io n

1'01' sum o PI'O po~ i l i OIl nlui u t t ill' prohk-m (0 1' the cu r re n t s u bprohk- m : tu hold is sa t is fie d

1'1' not . und ma k u u; u se or this pl'oposi tion in t he form er case . TI ll' t ests ca n Ill' class ifiod
a s follows ( i la nsl' n . .Juu nuu-d , a nd Lu 1(i [ }, A direct tcs! is su ch t h at the inforuun.ion

provide-d wl n- u th« su fficie-n t co nditio n is sut. isfu-d su ff i ces to sn lv« the cu rrent

su h p roh lvm. T his is th « caSl' when it ca n Ill' show n: (il tha t a known so lutiu n x · is t h e
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•

glo ba lly optimal solution of till' current subproblem id irect soil/lion tesl t; (ii) that the
su bprohlem has no solu tion better than the incumbent ulirect optimality tesl t; (iii) that
the subproblem has no feasible solution id irect [easibility test ), A cond itional test is
su ch that when ; I ll' sufficient condition holds , part of the feasible domain of the current
su bproblem can Ill' eliminated.

TIll' proposed algorithm C,Ul he considered as an extension of till' algorithm for
globa l lll in im iza t ion of u nivariute functions given in 141 .

This paper is organized as follows: Background on interval arithmetic is
recalled in Section 2. Cord-s lope forms and various tests used in till' algorithm are
in troduced in Section 3 . The algorithm itself is presented in Section 4, An extension of

th« algorithm designed to locate all globally optimal solutions is described in Section 5 .
Cruu p u tn t iou n l rcsults are reported in Section G.

2. INTERVAL ARITHMETIC

Interval nritlunetic was introduced by Moore 17/ as a bask tool for control of
nuu u-ri cal e rrors in machin« computa tions. Instead of approximating a real valu e x hy a

rnuch iu« representable number, a s is done in real ari thmetic, a pail' of machine
rv presc nta blc numbers is used representing an interval in which x lies. Arithmetic
oporatinus for intervals are defined as follows :

III .b I -,-Ic. cl I = 11I'- c, b + el l :

Ill .b I - I<:. ell - III - d.. b - r: I :

la.bl·l e.(/I :: Illlin:cll:.wl.be.bd:.Ill:i:x:ae.ad.bc.bd: I;

la.bll l'.dl :: /Ill in:a c.a tl.b c.b d: .Ill:i:X:Cl c,a tl.b c.b cl; I .

-I I I

(H)

(9)

'I'hos« definitions are readily used to compute intervals containing the rangl' of
a rutiunal function r ex ) for x Iwlonging to an interval X . TIll' simplest procedure is

1I 011/ ru / extension of j'( .r) . It consists in replacing- each OCCUITl'nCe of variable x hy t ill'

interval X and then applying- the rules of interval arithmetic. Special operations fill '
houndius; trigonllllll'tric and transcendental functions allow to extend this procedure to

•

uu a lvtica l function».
•

TIll' hounds so obtained are no t always precise , hut often better ones can he
ohtaincd by exploiting Taylor's expansion, see Ratschek and Rokne IH1 1'01' a thorough
:,u rve\, and discu ssion .

•

•

While interval .uitlunetic was not initially designed fill ' gillhal uptim izutiun . it

was :'1 II III unders tood that it cou ld be effectively used to solve such problems . TI1l' muuv

otlo rts made ill that direction are sunuuarizcd in the recent houk of Ratschek and

Holme 191.

•
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8. CORD-SLOPE FORMS OF TAYLOR'S EXPANSION AND
THEIR USE IN GLOBAL OPTIMIZATION

:~.l. Cord-slope Forms of Taylor's Expansion

Le t Xli denote t ho init ia l box. As we proceed wi th t he algorithm , we will
dvn.uuica lly su bdivide this hox into su hhoxes. Le t X = X I x X "2 < • .. ,( X" be the cu rrent

su hhox (in it ia lly X = x" ) a nd c = «(;I.(;:! . .. . . (;,,) t he middle point of th is su bbox. Take

any i E :1.2.. . .. II : ; u sing Taylor 's expansion , we have:

( I X ) = [ix, .. ...x" J - ( c,. x "2 ' " . . X" J

"to ( ( :, .x"2 ..... x " 1- ( ((; , . (;"2 .X:I ..... X ,, )

•
•
•

•

,.. f"( (;1•(;:! . . ' " c; I · X" ) - f"( (;1' (;'.!. •• ' " (;" )

+ ((; , .(;:! c,, )

= r((;,.c "2 (;" I + ri(';1. X:! .... . x; )( X I - (;, )

+ I~ (c; , ' ; "2' ·\':1 " '" x " )( x :! - (;:! l+ ... + I;;((;1•c:! .. . . .;" )( x" - (;" )

(Ior some .;) E X I ' ';"2 E X :! . . . .. .;" E X ,,)

I I= Ii ;(X) "to ( Xi - "t )(It ( x)

(10)

I II )

, .
Ii ; ( X ) = 1(c) +

I..

.. '/"). ; ; .x; . I ·· ·· ·x,,), II/ ;( X) = ;(c:I . . . . . (:; , ' ';i . x i , , .. .. . X" ) .

The seco nd-o rde r Tay lur's expa nsion gives : .

whe-re X -(: = (xl -(;I .x:! -( ·:! ... .. x " - (;,, ) and the e lemen ts of H ( x . (;. I/ ) = ( hij( x.c. l lJ) are

ck- finod as :

, ', .,. I' •- -I ( " " •.\ / ( I . ( "2 .,.,.( I , • 1//.1 • x} . I .. . .. x" ) u. = j (i = 1.. .. .11 ) .

h · ='.I
• •/ ' \" /1\' , ( (' , . (.
01 • I ' I ' '-' ~ ' ' '" ' ./ il' j .:: i (i =1.. ... 1/: j =1.. '" i -I ).

•

() otherwise;

whor« /1' 1 ~ X I ' U\'oupi ng" the terms that conta in the factor ( xi - c;) tOg"(!the l'. we have



{ (.r) = re c ) +

•

where
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1/ 1
L ( XI: - CA·)U~. {t;) +-;; h hl: ( XI: - chI)

I.. U· .. ; -

" I.. I

-t - L L h',i (.\'/: - C/: )( Xj - (;j)
/:.. u.. ; j j . I. j r ;

1 1/

+( X; -(.';)Uj'{t:)+-;; h ;;( Xj -Cj) + L h ii (.r j - Cj » '
- i - v.i >!

. J .J

= I l (x ) + ( Xj - c, )({ i ; ( X)

" l: I

+ L L "',:i (x/: - c/.. )(x) - C)
h J./.. .. ii I. ) ., ;

( 131

.J / ., 1 I
(//" (X ) = j«(.' )+ - 'jj( Xj - Cj ) +, 9 .

- .J

"L h i i (X j - c i )
I. j r j

Both ( 111 and (1:3 ) express the function I'< .r ) ill the torm :

{ (x ) = r (x l + ( X; - Cj )lI ( x) . (14 )

Wp will call tilt' expression (14 ) a cord-slope [ortn of f (.r) , and in particular call ( 11) the

fir...' order cord -slope form of I'< x) and (13 ) the second order cord-slope form of { (X ) .

Similarly we have the first order cord-slope fonn of I"(x ) :

"/., I"~ '" /.. ~j ( X) = j ( c i .C'2' " " C" ) + Z: ii (ci .C2' " .. c) - J ' ';ii , XI ' I . . ... x " )( Xj - CJ )
j - J

= r,L ( X ) + (.\ ·k - c/.. Ill/I.. ( X)
".. • , I.'

and the first and second order cord-slope forms of g ; (x ) for i = 1.2... .. //1 .

:-1.2. Usc of the Cord-slope Forms in Global Optimization

1151

'I'he cord-slope furms can be readily used to eliminate parts of the current
•

suhbox that cannot contain the global minimum, In favorable' cases these parts will in
fact he! the whul ' current suhbox. The basic results are the following:

Thcorem 1. Suppose I'< .r ) can be expressed in a cord-slope [orm as:

{ (X ) = r (x ) + ( x; - C; )(/( x) (1G)
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u W I" th« box X, L ei Il"r ./ ~, I = r (X ) be (11/ inclusion. in terval or I"(X ) over X and 1(!f.(}" I be

UI/ inclurion i ntcroal or (}(x ) ovel" X, th en [or Ul/Y [ixed number 1' , lOt.! Iui oe:

Caee J (I , ~ 0 ,

I )

-
- - II I I v \' I' - I f I '1' oir I' - Ii '> O. (I X) > I' [or a x SU(; I I tal Xi E A i = ~\ i n l (;, + . +f; I (I r > :

q,

-
II I I ( l - I i

-
::.. 0, rt X I ' . I' [ur ull x such 11101

-
v v . ( - 1"1 I

Xi '= ~\ i = ~\ i n I c, + -'---'- . + v: :
(}"

-
, - . ( -I"

lIi lir r -I;, .:: u.(l.n oC I' [orcll veucli tho! Xi EXi =Xi n l - ·f. · c, + " I ,
q"

- -
iu ) ir I' - I;, ::.. O. r lX ) < I' I (JI" all X sucl: that

-

x·, \' I ' I' - I;,
Xi E i = ~\ i n - v>. (;i + )

qr
ir (I r > o,

-
. I' 1-: "J 1-: I' II I I \' \' I I' - I iI I I - 1", ;. I . x J > (I I" U X sue I I 101 x , '= A i = A i n - c , Ci + ) ,

. q"
-

ii i i( I' - Ii .:: 1J . lh ell rI X) ;. T [orall X «uch that Xi t;:: X i = Xi n l - ·f. . c, + I' - r
,
):

q,
-

I' 1-: I ) I' I" II I I v \' I' - r; I11 111 - 1;,-= . I XI " [oru xsuclllOl x i ,= , , = A/ " (C, + .+ r. ,
(}

-
II' I I l ( - ,;, ::. o · r I X )<

-
I' [o r U II

•

X , '= X i = X i n (('i

-
I' - 1""

+ .:...-~:... . + f. I ir q"
q"

<, 0 :

Case :/ (I

I ,
-

I ( ( - ' i

(J , 'I /I'

-
::. O. . X I " I' l UI" all X such 11/(/1

- -
\ ' \ ' ( -I i r -l i

Xi E rv ; = A i n ((:i + - - -. c, + i .

q"•

-
I i J I ( ( - , ; ,

-
" IJ , l h ell [ i xi : (

•

[in: ull X such tho! X i --= X i = X i n l Ci

-
I' - 1""+ - - -"-. C I

CJ"

-
" I' - 1""

->- ) •

Case

'lh i» lh, -tJ rp)1I G Ill \1( ' prc,\'(·d ill a ~traightfi)\'Ward
-

I I v \' ( - I",
, \ \ ' J(' 1l x, '": . , = . , '-'1 (', +-'----. + £1W ( ' hav.- :

( I X I = ,., X I + (X, - c, I(} I X )

wav,
•

FtJr «x.un ple , iu r.r of

'}
q,

= I •

1 ~ ('rtJ )'( - w« s tall' nll t lu- l(-~ls u sing' tlu- curd-s lo pe furm , W l' define firs t wha t W ( '

c; d l , I st ru -t l » l i ·u....ibl«: ....ubbox. W(, ~".v tha t a su bhux X is s t r ict ly fea sible . if W ( ' hav«



•

If

l!l fi

II ,ll I 'll I= I ' \ '
f ' " ( Al.

1/' 1·0 I') I,'J= max: { . { . {- : .

,'J , ' J I ' ;. 1" 1 L/1/ ,- ·1,; = I ( l: )+ 1.. ( 1:(l:I+:) F 1..1.-
I: 1 -

Com pu to ti ll'

and

. - 1 ?/ - . _ .. ... /1 .

1/

+ ') P'(,X,' - " .), , 1 '"'I-
i 1

. - 1 'J 'J - .- .. ... /,

if; to Ill' zer o, X; can be eliminated from X i s ince all .r su ch that
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1/ I..
)( X,.. - 1:1:) of- L: L: H U( X i - l:i)( X./ - t:j) , let

, I j -I

I~ > 1;)1'1-/; . the entire box can be eliminated from further cousiderution .

and t(l

•

Proof: Because of (10) and U2 1, I~ is a lower hound of {(.r) on hox X.

'I' hc rc fore if I; > I;'/J/ -~' , ( IX I > 1;'1'1-t.' for all X in X , ~o the «n t ir« box call hI'

e lim ina ted,

X; E X; are infoasible .

Now we state all the tests u sing the coni-slope form specifica lly as follows :

-
va lue: X i can he e lim ina ted from X i s ince fiJI' all x such tha t Xi ~ X, t ill'

-
i I use tilt' cord-slope forms IIf !'< x) and take ( to IX' th« incumben t optimal

'l'heuro .u 1 can IX' applied to find the glohal optimum of { I.\') in the following

•

- .
and ta ke n, to IX' ZI' I'O, hoth X i and X; can Iw c lim iuated 1'1'0111 X, s inc« the

-
function valu e is largl~r than I' ;

ii ) if ti ll' current su hhux X is s t r ict ly fcusihle . use till' 1'11I'd -::;Jopt' fiJl'lII:; of I",(x )

Proof: ' imila r ly as in 1, (gi If is a lower hound of g; (X ~ on X , 'I'hc refo rc if

( gi) f > ,) , there is no feasible point in the box X , so it can 1)(' e lin iina ted from

fu rther considerution .

ck-riva tivo 1",( .r) ca n not 1)(' Zl~I'O for all .r such that x ; t= X, IJI' x ; .:: X; ;

iii I filially u s« t ill' cord-s lope forms of the left hand s id« constra in t functions g', (X I

1. Direct Optimality Test. Com pu te the valu es 1;'(1' ) , i = 1.2.. ... /1 and t he

1·11, ·l l IS l· (J II l' II tervals F' - 1"( " (' (. ~' \' ) H - II (,' ,' (''" - '- i - i "' I ' ·:! .. · .. ·i l ,o'~ i , .. .. o'~I/' ij - i/ ... I · ... :! .. · .. ·./ I'

2. Direct Feasibility Test. Apply the siuue procedure I with ( replaced by gi ) a s

in 1 to obtain an inclusion interval j(b'i )f.( gi)" I fiJi' each constraint left-hand

s ide gi . If ( gi If > 0 fur some i, the entire box X can hI! eliminuted .

wavs:
•

fuunrl that the upper bounds (,~,)" on the constraint functions gil X ) an' nugutivc for

all i t-:: :1.2..... /1/: and all the boundaries of the current su hhox differ from t he

11I JlIndal'i l':; of t ill' original box XO
,

•
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:1 . Monotonicity Tests (for Strictly Feasible Subboxes). If X is strictly
feasible , for all i E :1.2... ..n: , find the inclusion intervals 1(/'/), '(//)/I I on the

der ivatives 1'/(x1. If (/i'l, > 0 or (//)/I < 0 , the subbox X can be eliminated.

Proof: If (// )/, > 0 or (//)/1 < 0, the function is monotonous on this subbox

with respect to Xi' since the subbox is strictly feasible , it cannot contain any

globa lly optimal solution , so it can be deleted.

4. First Conditional Optimality Test (for AU Subboxes). For all i in

:1.2.. ...n: , compute the inclusion intervals, I(I} ),. (I} 1/1 I, I(q;. 1, . (q;' )/I I,

l(lf ), ·I"/)/l Iand 1«(/ f )/, . ((I f )/I I , and let i = I:,pl -t.' . Then the subinterval Xi

as defined in Theorem 1 C<Ul be eliminated from X i .

- -
Proof: Because of Theorem 1, for all x such Xi E X i' j'(x ) > I> 1~'JlI - e,

-
therefore Xi can be eliminated.

5.. Second Conditional Optimality Test (for Strictly Feasible Subboxes).
If Xi:; str ictly feasible, for all I~ E :1.2.... .n: , we can further compute inclusion

•

interva ls /( r/~ ), . (li~ J/I l and /( q);; ), .( q)~ )/1 1· Let l'k = O. Buth Xi and Xi as

de fined in Theorem 1 with (replaced by l'k can be e liminated from X i .

- .
Proof: Because of T heorem 1, for all x such that Xi E X i 01' Xi E X i ' II (x)

cannot IIt' zero, the refore x cannot be a global optimum and can be elim ina ted.

G. Conditional Feasibility Test. For all

procedure as in 4 with {replaced by g i and
-
Xi from X i .

i E :1.2.. ... n: , apply the S<UlW
-
( replaced by 0, then eliminate

- -
Proof: From Theorem 1, for all x such that Xi in Xi , gi (X ) > I) , therefore Xi

cannot contain any feasible point <Old can be eliminated.

4. ALGORITHM

Rules of the algorithm are as follows . All steps are performed in sequential
order except when branching takes place .

Step 1. Start with the initial box XO
. Let c = (el ' c2 cn ) be the middle point of this

subbox, and compute the values l i'(c ). i = 1.2 n and the inclusion intervals

F' = I ·.'( ci c, e. I X O X o ) H ·· - /.. .(cr,c r « , v I! \.'0 ) J' - I? I'I , • _ •••.• , • , • •• • ~ '" IJ - 1..') \,o 1·"'~ · " ·."'J- I · "'\.J·· · ' · "'\. '" - .- .

and i =1.2..... n . Compute the range I/iu.I;:'I=j'(Xo).I/) ,I;!I =

" U 2 2 " 1
!'(cl ·C'.!. ..... cn ) + "L)'i'(Xi -ci) and Iff '/;,I=j'(c)+ L(fk(C )+-Hkk(X~ - Ck »

i = ] k=1 2



1!.l7

Store the pairI I
, 1·0 I') I ':.! Iet f = mux: r , r ' r I .

the range IIfu./;:JI = ((x' ), Ir} ./;1 I = (( (;1 •(;'2 ' " .. (;/1 )

2 2 11 1
lIt .t; 1= f'(r; )+ L (fk «;)+::;H!dI(Xj~ -(;k»(xf -r;/: )+

. /:=)-
and

Compute

into a list L, initialize X opi =0 and l~pl =00 ;

•
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v O I'( ..-}. . r)

, - 1 .)l - .. _ ...... n .

/I
+ Y F'( Xl - (; .)_ I 1 I

i ~ I

/I /:

Y Y H oo (X ! - c.«x', - r; ' ) let__ IJ I I J J'
i ~ I j =)

otherwise insert the pair (-X I .lf ) into the list L so that the second member of

all elements in L is in a descending order, return to Step 2.

Step 5. Apply the First Condit ional Optimality Test to eliminate part of Xi for all

i = 1.2.... .n .

Step :i. Apply the Direct Optimality Test described in the previous section , If X is
elim inated, return to Step 2.

Step 2. If L is 'empty , stop; otherwise take the last pail' from list L, denote it by
(X. tx ) , and delete it from the list. Let X = X 1 x X ~ x · · · x X /I =

= Il) . III I x Il ~ . /I ~ I x ... X Il/l . /1/1 I , and r: = (C:1 • C::1 .... . C: /I ) be the middle point of X.

If l x > l~pl -I; • stop and report Xopi and 1~,pl ; otherwise compute I'<c: ) , check

if c is feasible; if c is feasible and (( c: ) < f ,pl , update Xopi = c and I~,pl = (( c: ) ,

•

St e p 4. Apply the Direct Feasibility Test. IfX is eliminated, return to Step 2.

Step 6. Apply the Conditional Feasibility Test to eliminate part of Xi for all

'- I ?l - . _ .' .. . n .

Step 7. Check if the subhox X is strictly feasible. If it is, apply the Second Conditional
Opt im ality Test to eliminate part of Xi for all i = 1.2... .. n .

Step 8. If for some i, the entire Xi has been eliminated. return to Step 2; otherwise

partition the subbox X into subboxes XI.X~,.. . , X /~ as described below, For

each subbox X l. l = L2.. ... k , let C:=(C: ) 'C:~ ' ''' 'C:/I) be the middle point and

compute the values tj'(c). i = 1.2..... n and the inclusion intervals

I,'.' - 1'.'(" C' c. X ! X I ) Hi. - h oo (r; C' ,. . x'. Xl ) J' - 1 » I'I - I l ~ :l -"" / --)- f·· ·· · II' I) - "I) l ' 2····· ./-]· .J II ' - . - .

•

The partitioning step in Step 8 is carried out as follows: suppose that after
elimination, the box X has been reduced to X', If no gaps are present in all
components of X' ,let X/~ be the component of X' with largest width ; bipartition XI:

•
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int o IWIJ uud l'I) IISl'qlll' lIL1y hipnrti t.io n tlu- box X ' in t o t wo su hhoxe». II' ga ps an'
prese- nt ill sume CUII !J)lJ IIl' lI ts ill X ' , take the cuuiponcn t s u ch t ha t the total length of

th« t.WII largest ga ps in this component are the liII'gest and partition the box X '
nccrndim; to t he t wo largest gaps in this component. in this way, we will only divide

lllll' cumpnncnt and genera te at most three su bboxes at one iteration, thu s preventing

gl' !wratilln of tllll many sm a ll su hhoxes.

To assu re fini te co nvergence, the following rule is a bo applied on the partition

"; Il'p . WI' define t ill' p th parent of a su bhox X lwhere p is an in teger gl'ea ter t h a n or

('qual til 11 11(.'1 as fiJllllws : a su hhox X ' is called the p th parent of su hbox X if X is

1I IItailll'(( from X ' after applying p iterations of the tests , At ea ch iteration , t he larges t
width /1'1 X ) Ill' Il l' s u hhox X under consideration is compared wi th the width IU( X' ) of

it,.; pI il pare-nt X ' : if w( X ) .: +W( X' ) . we hipurtition X ailing the direction parallel t il
-

which X h as a ll edge IIf II11LXUnUIJI length in to two su bhoxes.

• 5. CONVERGENCE OF THE ALGORITHM

Assu uu- t hat t he func tions r (.t) and gj ( x l , their firs t and second derivatives

a re a ll hounded. Abo a ssume that the problem is feasible and has only finitely many

Illcal uiiuuna . At iteration h. let X/:.1 .XI...'2 . .... XIt, II 1- be the intervals in the list Land

)'/.. I · )'/.. '2 . .. .. } 'I.. ., IH' t ill' correspo n d ing ranges fill' the function values obtained in t he

idg·lI r it lll ll . LC'l x'.. = u'j' J X Ir, i h« t ill' union of all the boxes left and XI...,,;. he the last

hux in t h« list L t hat co n ta ins at least one feasible point. then :

Lemma 1. r E YIUl j, {or all h.
•

Pr-oof': As 11I'I)ve(( in Section ::1 . none of the tests remove the globally optimal so lutio n

.v' 1'1'11 111 cu nsidc rut inn. t here fo re r = min ((Xl where S is the feasibl« set. Let

'

o k , •
.\'1. 4 .:')

} '/: .II , = IYI.. , ' ."/: /I I and .\' E .x/: . II ~ Ill' a feasible poin t . we have 1'+S 1'("' ) < )'1:11' Since

t hen ' is no f -s ih l« poin t in when • •J > II./: ami t he lower en d po in ts of

) '/. .. I = I. .... /1 ,.• • t .

•

III a (Il'Sl:l'IHling order. YI.. ,::" mill {( Xl ={+.
\
., .

.f . • .....

/
' ,

t: IY I.. , . ."1.. /1 I = YI., II ;. •

Lemma 2. lim IU ( X ,. ' l = 0
, • •11 I-.. ),

Pr-oof'; Lot 'J' hl' tho set of a ll su bhoxes obtninod during application of the algorithm .

i.e . 'J' = :X j ./ . i = l.~.... . j =1.2..... /lj: • S u ppose t h is lemma is not t rue. Then for some
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constant d > 0 , we have infinitely many subhoxes in 'I' with wid th larger t han or equal

to d . Lot T' he t he list of all those subboxes ordered according to their order of
appeurance, i.e . the suhhuxes obta ined in earlier iterations lis ted before the su bboxes

I ' I ' I . . 1 't : \ , i v i v i I I I ' f T ' I v io ll~ l mel In a tcr iterauons . ..et = : J \ 1 . A ~ ..... A 1 . .. . : Jl! a su ) 1St 0 so t Hit A 1

is till' ( p + l l t h parent of X ', ·I . t hen we have eI(X ',, ·1) < ~ W( X'I). T his can be proved
'J-

as follows. Let /, ~ /'2 ..: .. . ~ 'll
the first parent " f X '~ . Then

••

he the width of each component of X 'I and let X '~ he

~" i l ' I I r v i ' If' I ~ " i: 1 I v i iJ \ IS t ie pt I parent 0 J\ " . ( ( J\ " ) < ~ ( ( J\ ) , we
'J-

I v ! I I ~" i . I ~ " i:. . 1 I v i i .
( ( J\ " ) S ( (J \ " ) :::, ( ( J\ - ) :::, - « J \ ) s ince

.J-
the width of a subhox cannot be

tl1'('a te r than t ha t of itsn If' / v i: 1 I v i iparents . ( ( .I\. " ) ;:: - ( .( A ),
')-

according to our nile of

•

••
partitioning, X '~ , is bipart.i tioned in the direction parallel to which it has an edge of

maximum length, t herefore X'~ as a su bbox obtained from such a bipnrtition , has the

pl'opt'l't.y tha t eI( X i~ ) :S max:!.L.!.,,. .. .1,, : , Using induction , it. call he proved that
'J --

.
I 1

w ( X ", . I , ) > d .

.
/ t, III /1 w ( X 'I )

elIX '" ,1 ruax : J) ::.. - I - -- - - -• • • • • I •

'J .) 'J .)- - - -
This contradicts t ill' assumption that

Lemmu Sr Iim W( Y"// ' ) = 0
I I. • k
I.' , I

Proof: Since (x ) is continuous, we have

lim w<!'( X Ir, // ;, » = 0 .
J.. , :1

Therefore we have
.

c- ' 11 1 ~, i l/1) ( J \ , ,, . , ) < -t-t-r- w ( J \ ) .

'J .I-

'I'he inclusion interval YI.. .// ! obtained in the algorithm is at least as good as the .

inclusion interval obtained by using the mean value form (Ra tschek and Rokne 19 p
wh ich has CO!l\'(' I'g'l'llce ordorZ: we have

lim 11lJ( Y" n' . ) - w ( ( ( X,. ,, ' ) ) = 0 ,, '.. ( .. ( .
I,' " ,

•

which proves the lemma.

The following theorem follows immediately from Lemma 1 and Lemma :3 :

Theorem 2. Th e
optimu] solution.

algoritli 1// COliverges i ll fin itely 1//(111"", item /ions to
•

•

(J globally ". .
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fl. BOUNDING ALL GLOBALLY OPTIMAL SOLUTIONS

Let r = 111111 j"( X ) he t he m inimum function valu e and X = :y l y s S . j"( y ) =r.
1 .c..,'

hI' t.lu- se-t of a ll gloha lly optima l solu t ions. The algorithm presented in the previous
:,('d ioll uims at fi nd im; o n ly o ne such solu t ion . However, it ca n he eas ily modified to

fi nd a ll of t h c- in ill t. lu- se ns« of solving Ol lt' uf the following two problems (assum ing

t.hat t h« IIUIIlI It' r of glolmlly optima l solu t ions is fini te ).

/. I I ." / 1.. IProblem Q: 1-' IIId d isjuin t su hhoxes I " . l: E K sue 1 t wt .'\. ,- U /: K am

, / ,. ,
'\ li lt . I _ ,': .-,; K

Pr-ob hun Find disjuin t su hintorvals
•

/
/.. 1, _

. I , t-

•

1<' . contuin ing only gluba lly
,,. .,.

"1'I UII; &! pll mt" a nd such that

•
\, . t ,
• <;;; U /.. , K ' I.. ·

To sulv« thos« two pro hloms , we need to set t he parameter c ill the ulguiitlun
til hl' zr- ru, so tlw t 110 globullv optima l solu t io ns wi ll be e lim in utod . Other t ha n tha t , we
on ly 11('l'd to clu .. lgt· the ter m iuat iun crite r ia as follows :

To so lv« Pruhknn 0 , the te rm ination cr ite r ia sha ll Ill' cha nged so tha t the
a lgll r ith lll stol' =' whe- n t ilt' sununa t inn of t ilt' wid ths of t he remaining in tervals is less
i lu u .. '

.... lll p=, whe- n

=' 11 1\,(, l' rohlt'llI (/ . tlu- a lgllrithm works ill two phases. T Ilt' firs t phas«
•

a globa lly !:.- -opt im nl so lu t ion is found , i.e ., when the d ifference of the
' J

mcuur lx-n t optima l snlu t iun a lltl t he lowe r hound ohuuned un the funct ion va lue is less
•

t hu n . III t lu- =,t'ci/Ild phusc-, a t t!ach iternt. iun w« pu t as id« t ilt' su bin te rva ls on which
.)-

,,.
th(' u l' l'l' r III IUI H!:-. of' tho fuuctiun is li t mus t ,. away frum the valu e of the best solu t ion

'J-
fllulld so 1:1 1' . 'I'hus« in tervals euuta in on ly gloha lly I:' -optunul so lu t iou and call be taken

a. pa rt of t lu- solu t inn se-t . W« cont inue eva lua t ing the remaining in tervals until all of
1\(' 11 1 hnv. - IH'I'II inclu ded ill tilt' solu t inn set .

'I'ht· S('coIHI plwst' L:1I 11 hI' modi fi ed to
,,.

wurk in ano ther way : afte-r a gluba lly .::-. .
'J-

0l't im ll l sulu t. iun is fuund , we ca n store tilt' rema ini ng in tervals in a list so tha t the
ul'l' l'r IHlulld of thl' fun ct ion Oil t ilt' intervals a re ill a descending' order, and we always
clllI lI:--I' tlu- rr-uurini ru; intervu l with la rges t function upper hound tu iterate until all t he

•I:
lIl'l'( 'r IH ,ullds of tl w Iu uctiun oil tilt' I'{~ lI la i ll i llg intervals are lit must ­

'J-
IIl'l li lla l :--lI lu t iu lI .

uwav from the
•
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'I'hes« ways to solve Problems Q and (t ' purulleI those proposed by Hansen ,

-Iaumard and Lu 151 for global optimization of univariate Lipschitz functions .

7. COMPUTATIONAL EXPERIENCE

. T he alg'II rithm has been implemented in Fortran 77 and tested un a SPARC
station :2 with a 28.5 mips central processor. The test problems used arc the
constra ined optimization problems from Sengupta 1I 10 [):

Problem COl'l: Three-hump Camel-back Function 1I10p

•

• • •muuuuze

su bject to

/ '( ' J .).:! 1 Dr.) ,..t + 1 \.Ii + X r + x:!.\ = - .\ ,- . " ' ) 6' 1 'I':! . :!

' J oj

1GXi + ~5Xi < 400

13xr - 145x , + 84x:! ::; 25:2

XIX:! <. 4.
- 1 <. -. <. .) . - 1 .)

- . \ 1 - - . I. - . -

11 7J

Problem C01'2: I{o:;cnhruck or Banana Function 1I 10P

• • •

numnuze

suhiect to,
'} .)

\.- + x'- < 4.. I ~ -

r r < .~
"I"~ _ ·.J

- 4 < \' · < 4 ,' - 1 ')- .. , - .. - .-

us :

where a is a parameter set tu he 1.0 during our test .

Problem COl'.'3: Hansen's problem 1I10P

· , .muunuz«

subject to

• .).J

I (r ) =xi - x~

.J oj

- Xi - (r., - 1. 7r + 1 < 0- .,
:30x) - 4( x :! - :2r - 10 s n
oS Xi s 1. i = 1.2

•

l 19J
•

Pro blem C0 1'4: Hansen's Variahlc Dimensional Problem

11/

minimize (( X ) = L(/,'[xI: ...: I ):! -t- ( x I: _ 1)-t)
I: - I

.,
I · tt .) . .~ ~ ·:! <Osu ),we 0 -'\ i -.J - L. .ll: -

1: -1

- 4 :::; x i :::; 4, i = 1.2.... . m.

where 11/ is set to he 2 for our test. ,
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