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Abstract: In a dialogue procedure the decision maker has to determine in each step
the aspiration and reservation level expressing his wishes (goals). This leads to an
optim ization problem which is not easy to solve in the nonconvex case (the known
starting point is not feasible). We propose a modified standard embedding (one
parametric optimization). This problem will be discussed from the point of view of
parametric opt imization (non-degenerate cr it ical points, singular ities, pathfollowing

•

methods to describe numerically a connected component in the set of stationary points
and in the set of generalized cr itical points, respectively, and jumps (descent methods)
to other connected components in these sets). This embedding is much better for
computing a goal realizer or replaying that the goal was not realistic than the
embeddings considered in the literature before, but in the worst case we have to find all
connected components and this is an open problem.

Keywords: Mul t iobject ive optimization, non-degenerate critical points, si ngularities,
path following methods.
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1. INTRODUCTION

We conside r the following mu ltiobjective optimization problem

(M OP ) min: ( { I ( x)•. ··,fI(X» I x E M \

where

M =:.\ R " g j (X ) < O.j E J l
J - f 1 . \ K '- ' I I ' /. 1 { · If (R " R I, K ' J ' 2 3 I,- I ..... ~ . ,- I ..... l - k '~j E v .). I , E . J E . q E I . ,

We assume

( I I A1 ~ 0

•

•
Let I"k ' It E K , be the globa l minimum of h (x ) su bject to M or , in the

nunconvex case , H sufficient ly good lower bound. We assume that Lk' k E K , to be

known. In the fo llowing we describe a well-known dialogue procedure (d. e.g. 19 1. 112 1>

which const itutes the basis uf ou r investiga tion . Let x' be the cu rrently com puted
feus ihle point . Then we consider a te lescreen picture as described in Table 1.1.

'I' he main information consists in est im a t ing the objective values a t t he puin t

x' ill com pa r ison to r = inf { h (x ) x E M l, I~ E K .
- k

•

Table 1. 1
•

(I ( x ') - L •

{ {I (x' ) x 100
I I'- I

- I •
• •
• •
• •

•

r ( , !k (x ' ) - L
k 100k (x ) x

I (k
-~,

• •
• •
• •

•

• li(x' )- L
I{ ( I (Xl) x 100

ILI I- I

' l'h . t h ird colum n co nta ins the percentage of deviations of the curren t values

lA'( x') f... JIll the low ' I' hou nds Lk' lea rly , we have to assign su itable values to these

quu nt it.ies ill cuse of { = 0 a nd ( = - . The decision maker shou ld answer t he- k _ ,

following' ques t. inns by m sans of the t , I 'sere rn pictures :
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(i) Which fk (k E K ) do you wish to improve? Let K I c K be the corresponding

index set.

( ii) Which goals pk do you wish for tk . k E K I ?

(iii) Which upper bound Pk do you accept for Ik ,k E K \ K 1 ?

pI is the goal (the wishes of the decision maker), where Pk ,k E K I , represent the so­

called aspiration level and Pk.k E K \ K 1 , the reservation level.

We consider

and a point xE M(p l ) is called a goal realizer. We will discuss the following guestions:

guestion 1: How useful are pathfollowing methods with the known star t ing point

xU E M for finding a point xE M(pl ) in case M(pl ) "* O?

guestion 2: How to obtain information that M (p I ) = 0 ?

Of course, the two questions depend on each other. They were discu ssed for
instance in 18], [9], lID\, [71 . Here we consider various one-parametric optimization
problems that are motivated by (locally) efficient points, (locally) efficient points with
boundary e, and (locally) weakly efficient points for the problem (MOP) . We denote

these sets by M e(( (M loce(f)' M :(( (M [oce(( ) ' and Mwe((( Mlocwe(() , respectively.

First, we consider the following multiparametric optimization problem

Pj (p ) :min{ L A.~Ik (x) 1 x EM ,Ik (x ) <Pk ,h EK },p ER I
,

h ,K

where AU E :\ := : A E R I Ak > D,h E K } is arbitrarily fixed. By 1I//(lob (P ) (1I/Ioc(P)) we

denote the se t of all global (local) minimizers for PI (;1) . Then the following relation is
•

known

•

,

Me(( = U II/glob(P )
p ERI

lsee e .g. 11 \, 131, [9]) .

( M loce(( = U II/loc(P ))
p ERI

•

Then we obtain a one-parametric optimization problem by choosing a starting

parameter po with

-
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and conside r ing the con nect ing line

Than we obtain

PI (l ) :=PI ( l ,J1 U.J1
I

) : mint L A.~h (x) 1 x EMI (l ) },l E[O,l ],
kEK

where

Of course, using pathfollowing methods star t ing with xU and attaining t = 1 at a point

x pro vides xE M (p i) because of M 1(1 ) = M (1'1) (here we assume that M (p i) :;c 0 ).
•

Unfo rtunately, we obtain such a point only for convex (MOP) with cer tain ty. We have
the same situation for some other parametrizations (see the references above).
Regarding P I ( t) in the non-convex case, MI ( l) could be em pty for alll E(lj .l '2 ) and

(t I . t '2 ) c [0.1 ] (see Example 4. 1 in Sect ion 4 ). Then the decision maker does not know

wheth~r his goa l 1'1 is a realistic one 0;' not. In Example 4 .1, M (J1I ) is no t empty .

From th is point of view we propose a completely different parametrization , which is not
motivated by the so lu t ion sets M ell" etc. , but which has the advantage that the

parameter-depending feasible set is non-empty and compact for all t E [ 0.1] under the

assumption that

where

2
E (p ) := {X E R" Ix 5, p }

p » 0 su ffic ient ly large.

ow we consider the optim ization problem

'2
min ] I x -xli I I X E M (J1 I ) fl E ( p ) }

•

and the following modified standar d embedding

P2(t ) :=P2(t .x
U. J1 1) : min { " X - Xli 21 X EM2 (t ) }.t E[O.l]

M 2 ( l ) :={ X E R /I I 19 j (X) + ( l - l )gJ5, O. j E J ,

t1k (X ) + (l -1)r~ 5, O, kE K ,

2
X - p5, O },l E[0,1]
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where

p sufficient ly large, t~~) > O. k E K and g~ > O. j E J

d u u · · J ' .an g . ~ g . . J I . J 2 E . J ! 't: J 2 .
Jt J z

2. THEORETICAL BACKGROUND AND THE
PROGRAM PACKAGE PAFO

First, we present a very shor t version of 2.5, 2.6 in 1121. We consider the
general one-parametric problem:

P (t ) min { ( (x ,l ) x e Mtt ; }.l ER , (2. 1) ,

where M (t ) ={ x ER" h;(x.t )=O. iE I . g jC x.t) 5, O. j EJ}, and t. n. .«, « Cq (R" x

R.R). i E I. j EJ. q >2.

Furthermore , we introduce the following notations:

" . r R I/ R I- NC := , (X. t) E x x

,- '- f C t ) R " R_ sta! . - IX' E x X

is a generalized critical point! (g.c. point) of Pit ; },

is a stat ionary point of P et ) L
~Ioc :={ ( x . rj s R " xR I x is a local minimizer of P et ) },

T TH :=(h! ,... .h /ll ) . G :=(g! .··· ,gs ) .

The Linear Independence Constraint Qualification (briefly LICQ) is satisfied
at x EM(i ) if the vectors Dxh;(x ,l) , i e l . Dxg j (x.l ),j EJU (x.l L are linearly

independent (Jo (x.t ) := {j EJ g j (x ,l ) =O }) .
•

The Mangasarian-Frornovitz Constraint Qualification (br iefly MFCQ) is
sat isfied at x E M (t ) if:

•
,

(MF lJ

(MF2)

D x hi (x, l ) . i E 1. are linearly independent,

there exists a vector CE R" with
•

Dxh; ex.l )¢ =O ,

Dxg j (x .l) ; < O.

. 1 2l E ,

-
j E J o(x .l ).

I For the definition we refer to 1161, see 112 j, too.
-'

2 We cons ider the gradient Dxhi Cx .t ) as a row vector.
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•

The KKT-system for a given problem p et )

exists a point y E R III
+

s such that X( x. y .t) = 0 ,

defined by

-
is fu lfilled at a point (x. t) if there

h '1( R II + III + s + 1 R II ' III + s I' Sw ere J : ~

Dxf(x,l ) + LyPxhi (X,l ) + L y~l+jDxg;Cx,l )
iEI j EJ

X (x. y . l) = - hi (x.l ) , i E 1

YIll +j - g j (x ,l ) , j E J

(2.2)

(for a E R let a + = max {a, o} and a- = min {a, 0 }). Obviously, the so-called Kojima­

mapping .'J{ in (2.2) is piecewise continuously differentiable. In 1171 the classical

definition of a regular value of a continuously differentiable function is ge neralized for
piecewise continuously differentiable fu nctions. Furthermore, it is shown that if

•

oE R lI
+

III
+

S is a regular value of X , then the set X -I(0 ) is a piecewise one-dimensional

C l -manifold (br iefly PC I -rnanifold).

ext , we cite our short character ization from 2.5 in 1121 of the class ."}

introduced by Jongen , Jonker a nd Twilt ([ 15, 16[). In 116 lthe 10{;(l1 st ruct u re of ~Nr is

com pletely described if ( f , H ,G) belongs to a C: -open a nd dense su bset :} of

C3 (R lI
x R ,R)l +m+s, where C: denotes the strong (or Whitney- ) Cl-topo lob'Y (see 1121,

too ).
•

If ({, H, G) E:; , then can be divided in to 5 types.
•

-
Type 1: A point z = (x ,l) E ::' I?c is of Type 1 if the following conditions are sa t isfied :

T here exist A; ,Jij E R , i E 1. j E J o(z )wit h

(D xf + LAiDx hi + L P jDxg j ) z e z = 0,
iEI j EJo (Z)

LlCQ is satisfied at xE M(t ) ,

(t herefore A; ,Pj , i E 1, j E J o(z ) are uniquely defined )

Pj ;to 0, j E JoCz ),

where D;L is the Hessian of the Lagrangian

L (x.t ) = { (x .t ) + L A;hi (x .t ) + L P jg j (x.t ) ,
iEI j EJ O(Z)

and the uniquely determined numbers A;,Jij are taken from (2.3). Furthermore,

(2.3)

(2.4a)

(2.4b)

(2.4c)
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2 I 'I' 2is the ta ngent space at z. Dx Ltz) T ( z ) represents V Dx LV , where V is a matrix whose

colum ns for m a basis of T tz) .

A point of Type 1 is a nondegenerate cr itical point . The set L/{c is the closure of the se t

of all points of Type 1, the points of the Types 2- 5 constitute a discrete subset of I~c'

The points of the Types 2- 5 represent basic degeneracies:

T ype 2 - violation of (2.4b)
Type 3 - violation of (2.4c)
Type 4 - violation of (2.4a) and 1 + J oCi ) - 1 < n

Type5 - viulationof (2.4a ) and 11+1J o(z ) = n + 1 .

The fu ll cu rve stands fo r the c..urve of stat ionary points z = lx, t ) • and the dotted curve

represents the CU1"Ve of g.e. points which are not sta tionary points .
•

For each of these five types Figure 2.1 illu strates the local structure of ~~c in the

neighbourhood uf stationary points. Let ~~c' I ' e {L .. .5 l be the set of g.c. poin ts of

Type v , Figure 2.2 illustrates the local st ructure of .C; in 2:/0 (, and I stat . The class .'} is

defined by

;} = { «(, H, G) E C3(R " xR.R)I+III +s
5

\ . \
-~c C U-/{c I ·

\ ' = 1

The full CUl"Ve stands for a curve of local minimizers and the dot ted curve ;n
Fig. 2.2(c), (d), (e), (f) represents a curve of sta tionary points not being local
minimizers. The dot ted CUl"Ve in Fig. 2.2(g), (h) stands for a cu rve of sta t ionary points

in case J o(x ,t )=0 .

The following theorem provides a special perturbation of ({, H ,G ) with

additional parameters that can be chosen arbitrarily small such that the perturbed
fu nction vector belongs to the class ,'}.

Theorem 2.1 (cf. 1181). Let U,H, G) EC3(R " x R ,R ' ·III ' s) . Then, [or olonist all

(b.A.u. D. e.F) E R" x R " (II+l ) / 2 X R ill ~ R " II I
X R S

X R S II
• we have

• •

( (( X, t) + bTx + xTAx , Ht . x.L ) + c + Dx , G (X ,t )+ e + Fx i E .'}.

Here "almost all" means: each measurable subset o]
•

'I' 'I'{ (b.A. c.D.e.F)1(f(x. t )+ b x +x Ax .H(x . t) + c +Dx .G(x . t) + e +Fx )e :J }

has the Lebesgue-measure zero.
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Type 1
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•
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Figure 2. 1

•

•
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Type 2
(d)
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(h)

Type 4
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Ty e 2
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"...... ....

Ty e 2
b)

Type 3
(f)

Type 1
(a)

Type 3
(e)

T hi (x, t ) + ci = 0, i E 1.
min { { (x,t) +b x

g j( x ,t)+ d j < 0, j EJ
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-a
JJT-regular - twith respect to K ) if (/'.H ,0) E .<;C(RI/ X K vr, ~~(' c U2:~(' ).

"=I

•

, ... • •x .., ..
Ty e 5 Type 5 Type 5

• i) (j) (k)
t

•
Figure 2.2

(ii) The problem P It) is called regular in the sense of Kojima-Hirabayashi - briefly

Kl-l-regular -twith respect to K) if °E R I/ +ll/+s is a regular value of .'I{

(X R nxRnlRs K ) '

•

Definition 2.3. Let K s R u {+ 00 J .

( i) The problem PIt) is called regular in the sense of J ongen-J onker-Twilt - briefly

Remark 2.2 (cf. [18]). Consider ing I stat 'we note that the condition 1{, H, G> E ,r:;

implies that zero is a regular value of the Kojima-mapping X .

Theorem 2.4 (cf. 117j) . Let ({,H,Ol EC3(Rl/ x R, R )I +III+S. Thenc. Ior almoust all

ib.c.di E R " x R ill X R S, the problem

is K.H-regular.



•tx ,1) .

u - J!( ' •
\ ' 1 I 1 ' J ') r..) I .· 1 . ......) .• I

~S/(l/ that connects txU,0) w ith some point

I x * .ll . Furthermore iF (x ,ll E K (x u.OJ then (x .z) belong s to

On the program package PAFO (th is is a very short version of 4.5 and 5.2 in 112 1>

PAFO (cf. 1191 and 15 ]) is based on a pathfollowing method (ca lled PATH 111 in 4.5 112 j)
and ju mps (ca lled J UMP 1 in 5.21 121 and J UMP 11 in 5.3 112 ]) .
We expla in t he main ideas of PATH III and J UMP 1, but not t hose of ,J UMP 11 as we do
not need them here.

•

F inally we present a consequence of a general topological stability result given in 1131:

PATH UJ

Theorem 2.8 tcf. 113 1> . We assume (C1l and tC4>. Then M U) is homeomorphic uiitli

MU'2 ) [orall t ) .t 2 E IO.1 1.

ow, we present t wo theorems t ha t are essentia l for our a nalysis .

Remark 2.7. Assume tC4>. Now we have a look at Fig. 2.2. Since the MFCQ is
sa t isfied, point s of Type 5 in V)and (h) are excluded.

This algor ithm computes a numerical description of a compact connected compo nen t in

':.:.'£:"(" i.e ., in particular it finds a discretization of an interval It 1\ .t LJ I , t 1\ < 0 < til (not

necessarily It 1\ . t II I =:J I 0.11 ) and cor responding g.c. points star t ing at (x u,0) E ':.:. ,£:"c (cf.

tA2» . The a lgor ithm is based on t he active index set st rategy and is a so-ca lled

Th en there exists a !'C'2 -pat li K (x u,O) in ':.:. ,,/((/ connecting txU,O) uiit li some p oint

(lJ2) P(t ) is JJT-regular wi th respect to I 0.1 1.

Corollary 2.6. We assume .cu (C3), (C41 and

(Cl ) t'vlU ) is non-empt:.. and there ex is ts a com pact set C uiit h. t'vl U )~ C For all

t E IO. l l·

t C2 ) P tt ) is KH -regular uiilh. respect to I0. 1 1.

Applying Remark 2.2 we obtain

I C 31 T here exists at] > 0 and a continuous [unction x : I°. t ] )~ R " such that xU )

is the unique stationary point For P ! t ) [or t El O. t 1 ) •

I. C4 ) MFCQ is satis/led [or a ll x E M U) [or all t E l 0.1 I.

Then there exists a PC 1 -p atli in

Theorem 2.5 td. 14 j). We assu me
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pred ictor-cor reci ur scheme if the active index set is constant. A Newton cor rector is
used.
The main point of the approach consists in the computation of the new index se ts for
t he possible continuations .

Wl' note t ha t we do nut have any numerical difficulties walking around tu r n ing- poin ts
of t ill' Types 3 ur 4.

M . I 1fl ' PC'J I . tJ 0 I . • Iore precise y : t iere exists a - -pat 1 con nectrng Ix , ) anc a point Ix ,1) , t ien

we obtain , in a finite number of predictor and cor rector s teps, a point lying in t he

radiu s of convergence of the Newton method for x' with respect to t he problem PI1) .

Since PATH 111 ;s not successfu l in finding a point I x', 1) E ~ .t.'(' in ge nera l, we propose

tu jump from une connected component in cl ~/or and ~.t.'(" respectively , tu another

one.
•

JUMP I

This algorithm works in the se t cl ~/o(' . St a r t ing at the known local minimizer x tJ a t

to = 0 , a connected component in cl ~ lo(' for increasing I will be numerically described

by u sing PATH Ill. Depending on the appearance of a singu la r ity, a direction of descen t
will be computed. Using a feasible direction method, a local minimizer on another
con nected com ponent in "::./0(' will be calculated and PATH 111 star ts again . We have to

take into account that we have no proposals for jumps in any case. Jumps are possihle if
- -

a tu rn ing point of Type 2 or a point of Type 3 occur. Let I be ncar I , ( < t , and le t XIII (f )

and x ,,(f ) be the local minimizer and a point of 2. "10 1 ~/() l " respectively . Then , as (
-

tends to t , the vector

u ti ) := XSU ) -xlll t l)

I XSU ) -xlllti ) I

tends to a tangential vector, say Ii , which is a direction of Ihigher order ) descent Icf.

Fig. 2.3 for a point of Type 3).

- -
Hence, for I near I , I < t. , the vector X s (t ) - xlI/ (t ) provides an approximately tangential

direction of descent (cf, Fig. 2.3).
•

A g.e. point of Type 4 is a quadratic turning point and, when passing z along cl ~l()(' ,

t he local minimizer swit ches into a local maximizer. We have the following cases for

t t and I close to i :

Case 1: The value of[decreases
Case 11 : The value of [increases

•
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x
(Xm(t) , t)

I

J---""'"(x.(t) , t)

(X, t)

t

x

I
I,-----

Figure 2.3

t

x

I,--_ ...........

•
Jump

t

•

X local minimizer

(X, t)
I

I,
---"'"
local maximizer

t

x f decreases

I
I,--_ ...

case I

Figure 2.4

t

x f increases

I
I,-----

case II t

In Case I it is possible to jump to another branch of local minimizers. In fact , since the
feasible set M it ) is compact, we com pute a point on ~I!c beyond the turning point, say

- -
( x mHx {t ) , t) with t < t . t close to t , The point xmHx(t) is a local maximizer for P it )

and we can start at X mHX(t ) with a descent method in order to find a local minim izer .

In Case 11, there is no proposal for possible jumps (cf. Fig. 2.4 J.

If a point of Type 5 appears, we also do not know a jump in case the MFCQ is violated.
Such a situa t ion is character ized by the fac t that the connected com ponent in the
feasible set sh rinks to one point and becomes empty for increasing i,

3. PROPERTIES OF THE STANDARD EMBEDDING

The first theorem includes basic properties of the standard embedding P2 ( t ) . We have

Theorem 3.1. Assume (AI) and (A2l. Then P2(t) has the following properties
•

til M2 ( t) is nonempty and compact lor all t E [0,1]
(ii) M 2 (1 ) =M(l' l l n E(p )

(iii) xU is a global minimizer, the only stationary point non-degenerated lor P2 (O) .



'.

J. Guddat, F. Guerra, D. Nowac k / Multiobjective Optimization: Embeddings 57

if we assume, moreover, that

tA3) P2 ( t) is JJT-reg ular with respect La (0,1] ,

then all singularities may appear.

Remark 3.2. P2(t l is const ructed in such a way that the star t ing point has nice

properties. We cannot come back to t = ° in 2:stat ' but the following difficulties may

ar ise, where we do not attain t = 1 .

a ) A point of Type 4 (Case II ) appears and we do not have a jump in 2:stat to

another connected component (d. Example 4.2).

b) A point of Type 5 (where the MFCQ is not satisfied) appears and we do not
have ajump.

Under the following additional assumption:

tA4) MFCQ is satisfied for all x E M2 ( t ) for all t E [ 0,1 ]

the difficulties mentioned above are excluded.

Theorem 3.3. Assume (A l ) - (A4). Then there exists a PC2 -pat li in 2:stat connecting

(Xu, O) and (X· ) with x · E M {pl ) and points of the Types 1, 2, .'3, and S tMFCQ is

satisfie d ) may appear.

Proof:
We check the assumptions of Corollary 2.6.

Remark 3.4. In a finite number of predictor and corrector steps PAFO computes a

point lying in the radius of Newton methods with respect to x" , i.e, we have at least a

su perlinear rate of convergence.
If we replace (A3) by the weaker assumption

tA3)' P2 ( t ) is Kl-l-regular with respect to (0, 1 ],

•

then we can use Theorem 2.5 and we obtain

Theorem 3.5. Assume (AU, tA2), (A3), (A3J' and tA4). Then there exists a PC I -patli ill
•

2: stat connecting (Xo, O) and (x·, l) with x · E M {pl ) .
,

The Examples 4.1 and 4.2 illustrate Theorem 3.3.

-

,
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In the following we discuss the assumptions (A3) and (A3), and ask how large

t he classes have to be for (A3l resp, (A :3)' to be sa t isfied. Let F = ( f ) ,·· .fi)T and

(·T' = ' Jl'· I " " ' b~ ... )T 'l'h id I . "' .·C3 ( R " . R )sd l '1. C3 ( R " ~\ 0 " , ' en we l:OnSI e r t ie mapping y' r

defined bv-

I
II 1'2x -x

(3. 1l

•

•
•
•

•
•

•

•

I .
11 (1/ - 1 ) .

A R '!. b! R " . - . l( E ) . E . J - 1.. ... ~ + + 1.

- 0iii (x) + (t - 1) f l

zIx - p

tg ; (x) + (l - 1 )g~

- 0
if] (x) + (l - 1)f l

II I'!.x -x[i x .t l

g,( X.ij . = igJ P: l + (f - l )g~ . j = 1.. .. .s

gs 1..(x. /, '= If , (Xl (I - l)/~ I . }.> = 1.. .. •/

¢ ( II x - x 0 r ,0, F, x II '!. - P )=

Let A he all II " 1/ svuune t.r ic matrix
•

{· t- H" .d, - R j= l.. ..s I I

I 't- I C:l J . C:l R " R ,,· l - :~I/J ( I ) I ll . II I ' S ' s -aense u i , ( . l

Iii) L ei (F .Ol E C '1. (R" . R )s+ I . Theil ¢ 1(.IX IIO. II ) is

hy usi ng the em bedding [>2(t ) for the problem (P ). In addition to the class r5' IK (J J T ·

rc-gu lur with respect to K ). we in troduce t he class S( IK (Kl-l -regu la r with respect to K ).

ie, (x) + (l -1)g l'

For the proo f of Theorem 3.6 we study Theorem 2.1 specified by the
em bedding [>2 (t ) , i.e ., we define

'J . I 'J
dense in C- (R " . R )" - .- .

•

Theorem :1.6. ti l Let (F. Ol E C :I( R" . R)s .l. Then !/J ' m IIO)I) is C.~-open and

•
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J '- (d J )'I' R s +I \u ' - (b l b s -t l t 1 d )( .- 1.... . ( ." ,[ E • ~ .- ..... . . ,

D := (A.C.lli ) E R J'. y:= ..!.. n ( n + l ) + n ( ~ + I + l ) + ~ + 1
2

and we define

. . T 'J'
t (x .t .A. c) :=t (x.t ) + x Ax + c x ,

. . J'

g J ( x . t .bJ •(t.; ) := g j ( x. t) + tb! x + tdJ • j = 1.. . .. s + I.

b
s +I + 1 i I ~ b ", +I +1 7' ig s+I+ I ( X. t. · ( s+I .,. I ) := x - P +( ) x+( s +l tl

We consider the problem

P;n (t ) : min: (( x .t . A. c) X E M(lli, t ) I.t E R ,

where

Proposition 3.7. Let (F. G) E C3 (R" , R )s+l . Then P;n (t ) is JJT-regular lor almost all

D E R Y toith respect to (0.11.

The proof follows the same lines as the proof of the Theorem 2.1 in 1181.

Using the special functions in (3.1) once more, we obtain

Proposition 3.8. Let (F .G ) E C~ (RI/ .Rr l
. Then, far almost all (b.d) E RI/ x R H I

,

the problem. P(b.d )(t ) :min {{(x.t)+b7'x g j (x.t) +ta j < O. j = 1.. . .. ~ +I.gs -tl+l (X .t ) +

as+l+l < 0 } is Kll-regular with respect to (0.11.

For the proof see Theorem 2.4 and the hints for the proof in Chapter 8 in 1171.

Proof of Theorem 3.6:

(i) a ) r 'm l(u.IJ) is C! -dense in · X := C3 (R" .Rrl . ~ . Let H := ( I X -X li f er .F.
x "~ -p )E X . We have to show that for any e-neighbourhood VI?H . of H in the C!

(or strong C:3) topology (cf, e.g. Chapter 2 in 112p there exists an H 'E V,?H "

r Im I(U,I P,in other words,

- ,

(3 .2)
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•

Using the theorem on the partitioning of unity, we denote Bp := { x E R" Ix 1<p }
•

and consider the open covering of R" given by { B3 , R II \ cl B2 ) and a corresponding

partition of unity :sl ,sf },

=; . R " r0 1 }'='1 . ~ \ ' ,

That means

i =1.2 .
•

• supp sl C B3 ,

i = 1.2 .

supp sf C R" \ cl B2 , where supp .;f =cl { X E R" I •

.;jcx) > 0 },

•

Then .;llcl 8
2

=1 and ';~Rn 18
3

=0 . This partition of unity exists independent of H and

V;H . Now, we construct HI :
•

where

•

IzJ Cx )

hl (x)

•
•
•

h; (x )

hLdX)

•
•

• ••

h;+/(x )

h;d_I (x)

•

• •

•

•

hJ (x )

h] (x )

h1+k (X )

h1+/+1 (x)

:= ; l (x ) [ II x -x
O 12

+x1' A 1x+c11' x ]+;12(x)1I x -xO
1
2

:= ; lCx) [ g j (x )+ (b ) ) 11' x + d ] ]+ ;f (X )gj (X ). j = 1.... .s .

' - =l( ) [ i. ( ) (b8 +k ) I 1' d l ] ,, 2 r k l.- C, I x k x + x+ 8+k + c,, 1 (X)/ k( X), = 1.. .. , .

. " I() [ I 12 (bs+/+I )IT d 1 ] 21 2·= c,, 1 x X - p + x+ 8+/+1 +;1 ( x - p).

Now, by Proposition 3.7 we can choose:D E RY sufficiently small to have

•
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5
2. ~gc(l/J(H I))n (c l B 2 x (0, 1]) c U_~c (l/J(HI ) ) .

v=1

Now consider the open covering of R lI given by { B 4 \ cl B I ,B 2 U { R lI
\ clB3 } } and a

corresponding partition of unity {c;l ,c;f} , which exists independent of H , HI and V:'H .

Taking into account the first part and Proposition 3.7, we can choose another 1)2 E RY
sufficiently small to obtain

•
•
•

•
•
•

2
hs+l (x )

h;+I+1 (x)

h5 (x )

hJex )

h;+k (x)

:= c;J (x ) [ h~ (x)+xTA 2x + c2T x ] + C;i ex)h~ (x ) ,

:= ~21 (X ) [ h 1.(x )+ (b J )2T x+d~ ]+ C;i (x )hl.(x ),) =L. .. .s .
- J J J

:= c;i (x ) [ hk (x )+ (b s+k )2T x+d; +k ]+ C;i (x )hk (x ) ,k =l, ... , l+ 1.

•

5
2. Lgc(l/J (H 2 )) n (cl B 3 x( O, l ]) ~ UL~c Cl/JCH2 )) ,

\.= I

3. H 2 1cl B =HI Id B .
1 I

In this way, we obtain a sequence of-functions HP such that

1.

2.

3.

H P E V 3
c.H '

5
~gc Cl/J(HP ))n CclBp+1 xC O, l ]) ~ UI.;c Cl/JCHP )) ,

v=l

n » I - HP-I Icl B = dB'p -l p -l

•

-------------------------'---
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For x E R II we define p (x ) := min { p i x E B p } and H ' ( x) := H p (X ) (x) and we obtain

(3.2).

(i) b) r 1(rr Il u.1I) is C; -open in X.

Since rr 1 [U.I] is C; -open in Yi,o.lI := C3 (R II x [0,1 ] ,R)s+l+2 , 'it is sufficient

that tP : X ~ y 1' 0.11 is continuous. We denote tP := (tPO.tPl ,· .. . tPs+l+I )· It is sufficient to
-

consider tP ·= (tPl , · · ·, tPs+/) ·

For (G' .,F') E X it holds

•

tP j ( G , F ) -tP j (G ' ,F' ) I =1t (g j (x ) -g' j (x » l , j= L. ··, s

I tPs+k ( G , F ) -tPs+k ( G '. F ' ) 1=1t (h (X ) -f'k (x» l · k = L. . . , l .

•

(3.3)

Let (G, F ) E X be fixed and let V 3
.• F be a p -neighbourhood of ¢ (G, F ) in Y 110.1J •

P.¢ (G. )

H er e p (x . t ) = ( PI (x , t) " ' '' Ps+/ (x .t» , where p,. Cx,l ) ECoCR II x [O, I ], R .. ), v= L ... .s « l .
•

We have to prove that there exists an e -neighbourhood

that

:i( V 3 )c V 3
'i' E:.( G.F) - 1'.i(G.F )

-

v3
E: .(G.F )

of (G, F) in X such

(3.4)

Here , C( X) :=(C l(X),,,,,cs+l) , where s ; E Co(R II , R +), v= l,. .. .s-e l .

Put ~· ,.( x) : = min u:...u p,.( x, l). v= L. .. .s v l , Then l'v E Co (R" , R +) and c ,.( x ) <

p ,.( x , t) for all (x, i) E R II x [0,1], v = 1, ... .e + l . Using (3.3), the inclusion (3.4) is fulfilled
-and, therefore tP and also tP are continuous due to continuity arguments of the

fu nctions G and F .

(ii) a) r 1( .R: 11U.1I) is C; -dense in C 2 (R II ,R xRS xRl xR) . We follow the same

concept as in (i) a ) using Proposition 3.8.

(ii) b) t/J I ( ,I{ 1 (u. 1I ) being C; -open in C2 (RII ,R x R S x R / x R ) follows by continuity

argu ments with respect to tP .

We note that such a kind of theorem is proposed e.g. in 161 for another
embedding with respect to justifying (A3).
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Now we ask how we can enter the class rr and j{, respectively. We consider

Pm(t ) :min{ (x - xO)T A(x -xo )1 tg j (x ) +(t -1)(g J +b
jT

x +dj ) <.5,O : j eJ ,

tfk (X )+(t - 1)(f~ +b
kT

x +dk ) <.5,O ,k eK,

I x
2+cTx- p <0 }

Let U C R / I
( II +1) / 2 be the set of all non-singular symmetric (n. n) -matrices.

Then U is open in R Il( Il+ J) / 2 and R " (1l +1 ) / 2 \ U has the Lebesgue measure O.

We have (see the proof of Theorem 3.6)

Corollary 3.9. Let (F ,G)e C 3 (R" , R )s+ / . Then, Pm(t ) is JJT-regular with respect to

(0.1) for almost all (A, xo .B. d. B, d. c, p) e U x R " x R n·s x R S x R n./ x R / x R.

Remark 3.10. For the starting situation (t = 0) we have to choose A to be positive
•
". '. - k - ·T °

defmite and bi ,ai- j e J , b ,d k , k e K , in such a way that b! x + d j < O. j e J . and

bk
T

xO + dk < 0, k e K. Then xO is a global minimizer, the only stationary point, and

non-degenerated,

Now we consider

P~ (t ) :min{ I x -xo 11
21

tg j (x )+(t -1 )(gJ+dj )<0 ,jeJ.

tfk (x )+(t - 1)( fko +dk ) < 0, k e K ,

Ixf - p < 0 },

,. ° -where ~ .= (x ,d, d, p) .
•

Corollary 3.11. Let (F,G) eC 2 (R n,R )s+/ . Then P~(t) is KH-regular with respect to
•

(0.1) for almost all ~ eRllsl+1 with d j > g J . j e J and dk > ft , k e K and p > xO f .
•

Remark 3.12.

(i) xO is a global minimizer, the only stationary point, and non-degenerated.
•

(ii) If we choose p > II xO I sufficiently Iarge, the feasible set of P~ (t ) is non-empty,

and compact for all t E [0.1) .

-
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Finally, we discuss the assumption (A5). This is a condition to the parameter­
depending feasible set M 2 (t) for all t el 0.11 .

First, we ask for a su fficient condition with respect to the set M (I'I )", E( p) ,

which we will call, as in other papers (cf e .g. [41 , 1111, [21) , the Enlarged Mangasarian­
Frornovitz Const ra int Qualification (br iefly EnMFCQ).

Let (F. G)e C l (R " , R )S+ / . The EnMFCQ for M (I'I ) ", E (p ):

For all x e E (p ) it holds : There exists a ~ e Rn with

( i) gj (x ) + Dgj ( x) ~ < O . j e l j eJ I g j (x »O I
liD h (x ) +D!"k (x ).; <O, ll e { i «« h (x»o }

(iii) 2xT ~ < 0 if II x I= p

Theorem 3.13 Let (F, G) ~ C l (R R)s+/ . Assume (A 2) and the EnMFCQ. Then the

MFCQ is satisfied for all x e M '2 ( t) lor all t el 0.11 .

The proof runs a long the lines of the proof of Theorem 10 in [21 .

Remark 3.14. Using Theorem 2.8 we obtain that M 2 (0) is homeomorphic to

M '2 (1 ) = M (I' I ) '" E( p ) and M 2(0) is a convex set . This shows how restrictive the

assum ption EnMFCQ is .

•

Second , we ask for a necessary and sufficient condition, where we follow the idea

described for other em beddings in [Ill . We know that the start ing point xU for P2(0)

(the on ly sta t ionary point, cf. Theorem 3.1 ) lies on a uniquely determined connected

component C(x u,0) in ~stnt. Furthermore , we know that C(x u,0) is the only

connected component in Z:stnl crossing the hyperplane { ( x . t) e R " x R I t =0 }. .

We introduce .the following condition for P2 (t ) :

WI) MFCQ is sat isfied for all x eM2 (t ) with (x . t) e clC(x u.O)ll u. 11

Theorem 3.15. Let (F , G) e C3 ( R " , R)sd . Assume (A 2) and (A 3). Then there exists a

P 2 -patli in ~ slnl connecting (x u,0) with some point (x ·, 1) , where x · is a stationa ry

point of ( p ) if and only if (FI) is satisfied.

Remark concerning the proof: Use the same concept as in the proof of Theorem 2.5.
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x
•

x

t

Figure 3.1

x

t

,c ,, -­
"- .... ....

t

Remark 3.16. (i) If the condition (F' l ) is satisfied and if we do not attain t = 1 , then

M lp' ) is empty, i.e., pI was not a realistic wish of the decision maker. The program

package PAFO provides information whether (F1) is satisfied (a) or not (b), namely

(a) if there are singularities of the Types 2, 3, and 5 (where the MFCQ is satisfied,
that means, there is a continuation in ::'stat with the same orientation (cf. Fig.

3.Ha»).
(b) if there are points of the Types 4 or 5 (where the MFCQ is not fulfilled, that

means, the path ends in Lstat and has a continuation in L gc only with the

opposite orientation (cf. Fig. 3.Hb) and Example 4.2).

If there appears a point (x -l) of Type 4 when approaching (x -l) by local minimizers,

then, in Case I, we can jump to another connected component in -e stat and, in Case II,

there is no jump (cf, Fig. 2.4). We have the same situation if a point of Type 5 appears,
where the MFCQ is not satisfied. Therefore, using pathfollowing and jumps in the set

~stat we are not able to give an answer to the question whether M (p' ) is empty or

not. Then we can try to compute connected components in 'I"c and possible jumps
"

there (cf, JUMP II in 1121 and further jumps in 114]), but in the worst case we have to

find all connected components and we do not know how many of them exist.

Consequently, we only know that M ( I' , ) ~ 0 in case we attain t =1 .
•

(ii) Summarizing, we can say that the proposed embedding for finding" a point
•

xE M (pl ) (if M (pl ) ~ 0) are much better than those used in [71, [8], [91, [101 for

instance.

The only disadvantage in comparison to PI ( t) is the fact that the computed goal

realizer x· E M (p 1 ) is not necessarily a locally efficient point. From this point of view,

we discuss other embeddings (cf e .g. 120» for trying to overcome this problem in the
next article.

-

•
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4. ILLUSTRATING EXAMPLES

Example 4.1:

· f l (XI ·X2) = XI

f 2(xI ,x2) =x2
2 2gl (xI ,x2 ) = -16xI + 4x2 + 64

2 2 6g 2(x I ,x 2) =4xI - 16x 2 + 4

g 3(XI ,X2 ) =xf + x~ - 100

First, we use the embedding PI (t) with the following starting point:

o _ 3 0 - 0 - - 3 7') I - 3 - 5AI-, A2 - 1, P -( ,4.4 ~) , p -(, )

Then we obtain Figures 4.1 and 4.2. We do not attain t = 1. The last point is the point
of Type 5 x = (-2.309.2.309) at t = 0.228 . If we decrease t, the feasible set will become

empty. Therefore, we use the embedding P2 ( t) with the starting point

xU =(-3,4.472), p=(3,- 5) ,f° =(1, 2), gU = (3.4.5) , p = 200. Then we obtain Figures

4.3 and 4.4. From this start ing point we attain t = 1 at x = (- 3.202. - 5) , which is
•

obviously a goai realizer for our example. But, between the point of Type 5 (- 2.096,
2.053) at t = 0.221 and the point of Type 4 (-0.918, 0.000) we have to follow generalized
critical points. At this point of Type 4 it is impossible- to jump. The Figures 4.5 and 4.6
show all possible paths in the interval [-1.11 and we see that we attain t = 1 as a

stat ionary point with the above path only. There are points of Type 4 and Type 5
because the EnMFCQ is not sat isfied.

•

Example 4.2:

f l (x) = 0.007x 6 + 0.153x5 + 1. 138x 4 + 2.999x3 - 0.602x2 -10.76lx - 3.824

f 2(x) - ' 0.958x2 + 7.254x - 16.312

g(x ) = 0.324x2 + 2.812x - 8.936

In Figure 4.7 we see these ~ d lldions . For this example we only use the embedding
P2 ( t) . First, we choose the following starting point:

x O =0, p = (-9,-2 ), fo =(1, 2), go = 3, p =4
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veSb4a.dat "OIL"
G type 2.... • A lype 3

. .•.•. •.•. . a type 4•..'
Iype S• 0.'."• ..0_....

.'
•.,..

•

...
/. /

.,.. /.- •, .
,,,

•
·u ... ,,,,

/
,
,

// ... ••·u ,
/ •,

/ , , , ,
"

"
" , •

·16 , Jumpl:, , - - - - -/
, ,

Ilat. poiota:,
/ , , ,

&.c,· ·poiou:
·fA . .. ...................

, • u_

,

Figure 4.1

veSb4a.dat

G lype 2
.,.0 0 A lype 3

a lype 4
•

S• 0 lype•,
•

16 ••••..'
•.••

\•••••,,.. ••
•••.',,

•- .-•• ,... ..
"•• / •,

• ,.. '.• '... •\• •

'....\••,... •. .
• , , ,

• , • '. ·" '. ' " • \• •• •'.• •• •.. • •. .,
' " •

-
• ,

". ,
,.. 0 •' .' "

--".... .. -.<, , ,
' . - •••• •' .. - Jumpl:... ........ ,.., •... - - - -- -...... ..

-' " ,
1111. poiou:..... .. - '" -.. ... .<b- .. ...........

· &.c,"po iou:... • •••••••••• •••••• ...

- - ,,--"-- .
•

Figure 4.2

- ..
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,. .. . IL,.veb4.dat •

0 type 2

• ,.• b. type 3
IJ type 4

·u
0 type S

•

.

•]A

•••
•
••
•
•,
••• •
•••,

6
•• ~

Jumps:
·u - - - - -• SIll. points :

~

• a·c.--pointa:
...-.....-.-........

....- ....&_.,.-

•

Figure 4.3

veb4.dat "iI: d .,.

Iype 2
Iype 3
type 4
type S

•

•.....,'.'.'•.'

•

"•,,
•

I
I
I

I.,

.,.0

. ]A

....

.... Jumps:- - - - -

....
sIaL poinll :

a ·c.· -poinll:•.•.•.•.•._ .
•

",,,&__"-

Figure 4.4
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,,
•

Ilal. points :

jump.:

"C' -'points:

- - - .. -

. .• .........•.•.••..

1.0

••".

••

"i '
1<1..
',' .·\ -,

• ' .. . ' . ! \~~~:>...... . 1. ..
''''... --A • _.., -,., ~ .. '.' _.~ .,,"'()... ------0

,:::::'~':'_'_" ~'~- '~-~" :":- ~-~'~::::::::'::;:::':'':;;::':''''''~----O.............. ..... .. .. .. .. "•... .. ..

" .•. . ~ - .s .... - i- ' • . . . .. .. . . . . . ....- . ....••. .. " . .... .. ......". .. .. ... .. '. .ow.__
4

... -- • .• . • - • •
, - • • ,. . w. ,. '. ' . " - - _ . ___' 0 - ..... .. ..• •..'•..., ...

••

veb4.dat .":oL..
o Iype 2
II Iype 3
C Iype 4
o Iype S

-_......-.,,-•

Figure 4.5

veb4.dat

•

•

lype 2
lype 3
lype 4
lype S

G
II
C
o

jump.:

I.C.--po ints:

ItlL points:
- .. - ....•

1.0

•

•

•

•

•

.. ..•.-•...
f " ......-

I .. _. '.

! Q'.: - - -.-•.•.•.•.•.•.• •.•- -. - :.:: : :.- ..- .
.. ." .-'- ...... ~.... ,.... ... .... ' ...· ' . . .·.. ... ..... .·'. .t . • •

I ~ ' "'-l. __~.. . .. • •• • .••_• .• • • .••• ' _• .• ' • .•.•• ._ •• ' . _ ." • .• - x.'.':...~~ • .• • .• -• . •· __..
110.0 .• :, -, .' ,..'· .,.
· .1

""••

... .•-•.•........• ..

• , ....__U_

•

Figure 4.6
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•

30

20

10
•

•

-8 -6 -4

Figure 4.7

-2

-30

Without any problems we attain the goal realizer
we choose the starting point

x -: 0.511 at t =1 (see Figure 4.8). If
•

xO = -5 . p = (-9,-2 ) , fo = (1. 2) . go = 3, p =36

we see that the EnMFCQ is not sat isfied. Hence, as we can see in Figure 4.9, we obtain
points of Type 4, where we cannot jump and we have to follow the generalized critical
points and attain t = 1 .

Now we take the first starting point only with the new goal 11 = (- 15. - 10) ,,

which is not realistic, obviously. Figure 4.10 shows that we do not at tain t = 1. For
t =0.199 we have a turning point of Type 4 at x =0.924 where it is not possible to

jump. If we choose t » 0.199, the feasible set is empty.
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