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Abstract: A p-facility location problem on a network N consists of locating p new
facilities on N such that some function of the distances from them to the vertices of N is
minimized. We consider a class of such problems where the objective function is
nondecreasing in distance. Median, center and centdian problems belong to this class.
We prove that the optimal solutions on the network and on the corresponding spanning
trees are equal. Since location problems on a tree network are easier to solve than on a
general one, we propose a descent local search heuristic that optimally solves the
problem on a spanning tree at each iteration.
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1. INTRODUCTION

Facility location analysis deals with the problem of locating one or several new
facilities with respect to existing facilities (clients, users or demand pf)ints) in order to
optimize some economic criteria (for an introduction to location analysis see, for
example, [9]). Examples of facilities are plants, warehouses, schools, hospitals,
administrative buildings, departure stores, waste material dumps, ambulance or fire
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engine depots. The economic criteria is usually obtained by an objective function that
decreases when the distances from the facilities to the clients decrease.

Network location problems occur when new facilities are to be located on a
network (see [5]). The network of interest may be a road network, an air transport
network, a river network, a telecommunication network or a network of computers. For
a given network location problem, the network is represented by a graph and the new
and existing facilities are often idealized as points. The demand points are generally
taken to be at the vertices of the graph.

A special case arises when the underlying network has a tree structure (a
connected graph without a cycle). Most of the problems are easier to solve on trees than
on general graphs. The efficiency of the algorithms is due primarily to the general
convexity properties of tree networks (see [4]). The algorithms for tree networks may
be applied to a general network if the problem can be decomposed into subproblems on
~trees or if the graph has few cycles and the algorithms can be modified for nearly
acyclic networks (many rural networks in a bounded region are nearly acyclic).

In this note we suggest a new heuristic way for solving location problems on a
general network that uses the optimal solutions obtained on its spanning tree
networks.

2. SPANNING TREES FOR NETWORK LOCATION

We denote by N(V.E.l) a network with given set of vertices V = {v,....v, |
and set of edges E = {e,.....e,} , where I(¢;) is the length of edge ¢; e E, i=1...m .
We say that a point x € N if it belongs to V or it lies on some edge. The point at an
edge [v;,v;] 1s given by the length of the subedge between it and one of the extremes;
Le. the vertices v; and v; . Let X = {x, ...X,} be a set of p new location points on the

network N. Then the p-facility location-allocation problem we are considering is as
follows:

min | fn(X)=g(dn(X): XcN,|X|=p | (1)

where dy(X) = (dy(X,v)),....dNy(X.v,) and dn(X.v;) = mi)?dN(x.vj)', forri="1 .
=

T'he distance function dy (x.v ;) for location problems on networks is usually

defined as the length of the shortest path between two points. A path between two
points 1s a connected set of edges or subedges containing them. Thus, d N(%,0;) is the

sum of lengths [ of the edges on the shortest path between x and v ;- Let us now

assume that the globalizing function g used to define the objective function [ is
nondecreasing in distance, i.e.,



D Pérez-Brito, N. Mladenovic, J. Moreno-Pérez / A Note on Spanning Trees 131

g 2'=plz)=g(z")

for all z'=(z'.....2,") and z"=(z;".....z,"). This assumption is natural because, in
most real location problems, costs increase with distance. The special cases of problem
(1) are p-median, p-center and p-centdian:

® For the p-median: fj(X)=g(dyn(X))= %wj'dN(Xan)
j=1

® For the p-center: [ (X) = g(dy(X)) = maxu; -dy(X.v;)
J=1.n °

® For the p-centdian: [y (X)=g(dy(X))= iwj-dN(Xqij max u;-dy(X.v;)
j:l Jf].H

The weights w; and «; (w;.u; =0), of the p-median and p -center problems

respectively are associated with each vertex (user) and are given. It is obvious that all
three objective .unctions increase if the distances dy(X.v;) Increase, le., they are

monotonically nondecreasing and so every user vertex v; is allocated to its nearest
facihty point x, . If there is a tie between two or more facility points, the user vertex v,

1s assigned to the first in the list; 1e. if v; 1s assigned to x; and if
dn(x;.0;)=dN(x,.v;) then i < k. Thus, the set of paths from every facility point to the

user vertices assigned to 1t 1s a tree. These trees are disjoint and the set of shortest

paths from a set of p facility points X to the user vertices is a spanning p-forest; 1.e. a
set of p disjoint trees. Let T(X) be the set of trees containing this forest. They can be

obtained by joining these p trees with any p—1 edges that do not provide a cycle.

Let ST(N) be the set of all spanning trees of N. For every T € ST(N), let
fr() denote the objective function of (1) when the distances are obtained from the
shortest paths with edges only in 7’; 1e., fr(X)=g(dp(X)) denotes with Xir the
optunal solution of problem (1) in 7', and with ﬁ; the corresponding minimum value;
1.e.:

fr = fr(Xp)=min{ fp(X): X cT.|X|=p }.
Theorem. Let Xy = { X7 nn x; ! be an optimal solution of location problem (1) on

network N, where the globalizing function g is nondecreasing in distance. Then there

exists a spanning tree T" of N such that Xy is an optimal solution of (1) on T,
Proof: For every X ¢ N and every T € ST(N), the following holds:

dN(XJ)j) < dfp(X,Uj).. Wik =l ) = fN(X) < fT(X)
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Then fyv(XN)< fr(Xy).Also VX ¢ N.T € T(X) holds:

dy(X.v;)=dp(Xv;),Vj=1...n=[N(X)= fr(X).
Taking X = X v in the last equation, we have

v = Fv(XN) = fr(XN). VT e T(Xy).
Therefore, V1" € T(X ) holds:

fre(XN)< fr(X). VX c N.T e ST(N).

Letany 7" € T(Xy) . Since Xy is an optimal solution of the p-facility location problem

(1) on N then
fre (XN) = [N(XN) = [N < fpe .

Hence /l;.- - fv . Finally X;U 1s an optimal solution of the p-facility location problem on

* > . * "
T as well, since f.(Xy) < foe .

Note that a similar result was derived in [3], but only for a single center
problem. From the last result of the theorem we conclude that problem (1) can be
solved by enumerating all trees from ST(N), but this is computationally a very
expensive option due to the high number of spanning trees. Namely, the following fact
15 well known (see |5]): let I be the incidence matrix of a graph G with one row

removed, (i.e. with n-1 independent rows), and I‘ be the transpose of I, then the

determinant [ I.T: | gives the number of distinct spanning trees of G. If GG 1s a

complete graph of n vertices, the number of distinct spanning tree is n” “ (see [1]). In

: . . m
general, if a network N has m edges, the number of spanning trees is of order O[ J .

3. HEURISTIC

However, our result can be used to get some alternating local search heuristic
method. We call it TreeAll as it alternates the location obtained in the tree, in each
iteration,

In step 1 of TreeAlt algorithm (see Fig. 1), the initial spanning tree 7|, can be
sbtamed by Prim's method [11]. Then F,, can be obtained by deleting p -1 edges with
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the largest lengths from 7}, . Another possibility is to obtain a shortest path tree of any
set of p facility points; i.e. Ty € T(X,) where | X, |=p.

In the second step we can apply any efficient algorithm for the corresponding
p-facility location problem in tree networks. For example, we can apply one of the
following algorithms:

Algorithm TreeAlt

Step 1 (Unitialization):
Let 7, be an initial spanning tree of N, and let F, be a p-forest with

Step 2 (Location on the tree):
Let X; =X ;: . be the optimal p-facility location in tree network 7, , .

Step 3 (Allocation):
Allocate each user vertex to its closest facility with respect to N, to get
spanning forest K, . Compute f;, = f7 (X;).

Step 4 (Termination):
If £, =f;,_;, stop. Otherwise, let 7; , € T(X;) be spanning tree obtained by

adding to F; ; the p-1 edges with the smallest lengths that do not make a

cycle. Set 1 < 1+1 and go to Step 2.

Figure 1: Algorithm TreeAlt

® An O(p n*) algorithm for the p-median on a tree [13].
® An On log2n) algorithm for the p-center on a tree [12].

® An O(p n°) algorithm for the p-centdian on a tree [14] [10].

In the allocation step (Step 3), we use Dikstra method [2] in order to find the
shortest path between each user and its closest facility. If a dummy vertex v, joined to

every point of X with an edge of length 0 then the Dikstra algorithm applied to v,

provides, after eliminating the new edges, the p-forest F. in O(m logn) time.

Finally, note that we repeat Steps 2 and 3 until there i1s no improvement in the
objective function value. Thus, our method converges to a local minimum.

To illustrate the algorithm, consider the 2-center problem in the network
shown in Figure 2 where all the weights are equal to 1. Take as initial tree 7}, the
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minimal spanning tree consisting of the edges: [v;.vg], [vg.U5], [Us.U7], [Ug.U3], [U1.U4]
and [v,.v5]. Thus F, =T}, \[v;.v3]. Then X, is a 2-center in T, ; e.g. vy and the point
on [v5.ug] at distance 1.5 from vy . Now F) consists of the trees { [v5.v5], lvs.v7],
lv=.vy] } and { |ug.vq], lvg.vg] } . Thus Tj = F, U[v;.v9]. Now X, 1is a 2-center 1n 4
e.o. the point on [v5.vy] at distance 1 from vz and the point on [v5.v4] at distance 1

from v- . Finally, F, is again F| and the algorithm stops.
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Figure 2: Example

Heuristic TreeAlt alternates location and allocation solutions. Another method
of this type is suggested in [6], where p single facility location problems are solved
exactly in the location step. We instead solve the p-facility problem exactly on the tree.

Since TreeAlt is a descent local search heuristic, it can be used as part of some
general heuristic method such as Multi Start search [8] or Variable neighborhood
search [7]. In Suvep 1 of the TreeAlt algorithm, the nitial spanning tree can be obtained
at random by a modified version of Prim's method. With this modification, the edge
that does not produce a cycle chosen at random 1s not always added to the current tree.
Another possibility is to choose tree T, € T'(X,,) for a random set X, of p points.
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