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Abstract: A p -facility location problem on a network N consists of locat ing p new
facilities on N such that some function of the distances from them to the vertices of N is
minimized. We consider a class of such problems where the objective fu nction is
nundecreasing in distance. Median , cente r and centdian problems belong to this class.
We prove that the opt imal sulut iuns on the network and on the corresponding spanning .
t rees are equal. Since location problems on a tree network are easier to solve than on a
general one, we propose a descent local sear ch heuristic that optimally solves t he

•

problem on a spanning tree at each iteration.
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•

1. INTRODUCTION
•

Facili ty locat ion analysis deals with the problem of locat ing one or several new
•

facilities wit h respect to exist ing facilities (clients, users or demand points ) in order to
•

optim ize some economic cr iter ia (for an introductio n to locat ion .analysis see, for
exam ple, IglJ. Examples of facilities are plants, warehouses, schoo ls, hospitals,
administrative buildings, departure stores, waste material dumps, ambulance or fire

•

•
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mgine depots . The econom ic cr iter ia is usually obtained by an objective function that
decreases when the distances from the facilities to the clients decrease .

st work loca tion problems occur when new facilities are to be located on a
ne twork (see 15 I). T he ne twork of interest may be a road ne twork, an air t ra ns port,
ne twork , a river ne twork, a te lecom m u nication network or a network of com pute rs . For
a give n ne twork loca tion problem, t he network is represented by a gra ph and the new
und exist ing facili ties are ofte n idealized a s poin ts . T he demand poin ts are genera lly
ta ken to he at the ve rtices of t he graph .

A sp iciul case arises when t he underlying ne twork has a tree st ru ctu re (a
connected graph withou t a cycle). Most of the problems are easier to solve on trees t han
on ge nera l graphs . T he effic iency of the algorithms is due primarily to the ge ne ra l
convexity properti 's of tree networks (see 14 I) . The algorithms for tree networks may
be applied to a ge nera l ne twork if the problem can be decomposed into su bpro blem s on

. t rees or if the graph has few cycles and the algorithms ca n be modified for nearly
acyclic networks (ma ny rural networks in a bounded region are nearly acyclic).

•

In t h is note we suggest a new heuristic way for solving location problems on a
gene ra l ne twork that uses the optimal solut ions obtained on its spa n n ing t ree
ne tworks .

•

2. SPANNING TREES FOR NETWORK LOCATION

We d ' note by N (V . E. !) a ne twork with give n set of vertices V = {v I ' " . .v,, :
a ncl set of edges E = It') ..... eIll J, where l ee, ) is t he length of edge e, E E , i = l.. ...m ,

We say that a point x E N if it belongs to VOl' it lies on some edge. The point at an

edge Iv,.vj I is give n by the length of the su bedge between it and one of the ext remes ;

i.e . the ver t ic es Vi and "i : Let X = (x l , ' .. , Xp l be a se t of p new location points on the
'"n n.work N . Th >n the p -facility location-allocation problem we are cons ider ing is as

follows:

(1 )
•

T he distance fun ctiun d N (x ,vj ) for location problems on networks is usually

d ' III .<1 as the Isngth of the shor tes t path between two points . A path between two
po ints is a con nected set of edges or su bedges conta in ing them. Thus , d N (x ,v

j
) is the

sum of lengths I of the edges on the shor test path between X and v
j

' Let us now

assu me that the globa lizing function g used to define t he obj ict ive function r is
noudecreasing in distance , i.e .,
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z' < ZOO~ g ( z') < g ( ZOO )

for all z' = (z l ' . . ... z,,·) and z" = (z ," ..... z., "} . This assumption is natural because, in

most real location problems, costs increase with distance. The special cases of problem
(1) are p-median ,p-center and p-centdian:

•

•

•

n
For the p-median: fN (X ) = g (dN (X » = L w j' dN (X ,uj )

j =1

For the p-center: f N (X ) = g(dN ( X» = maxll j ·dN (X ,uj )
) = I n

1/

For the p-centdian: f N (X ) = g (dN( X» = L w j' d N (X,uj ) + max Uj ' d N (X ,uj )
j = 1 ) = 1 II

•

The weights W j and Uj (Wj ,Uj ~ 0) , of the p-median and p -center problems

respectively are associated with each vertex (user) and are given. It is obvious that all
three objective .unct ions increase if the distances d N (X,uj ) increase, i.e., they are

monotonically nondecreasing and so every user vertex Uj is allocated to its nearest

facility point Xi . If there is a tie between two or more facility points, the user vertex Uj

is assigned to the first in the list; i.e. if Uj is assigned to Xi and if

d N (Xi ,Uj ) =d N (Xll ,Uj ) then i < le . Thus, the set of paths from every facility point to the

u ser vertices assigned to it is a tree. These trees are disjoint and the set of shor test
paths from a set of p facility points X to the user vertices is a spanning p-forest; i.e . a
set of p disjoint trees. Let T (X ) be the se t of trees containing this forest. They can be

obtained by joining these p trees with any p - 1 edges that do not provide a cycle.

Let STCN ) be the se t of all spanning trees of N. For every T E ST(N ) , let

fr O denote the objective function of (1 ) when the distances are obtained from t he

shortest paths with edges only in T; i.e. , h eX ) = gCdT (X » denotes with X~ the

optimal solu t ion of problem (1) in T , and with f;' the corresponding minimum valu e;

,

•

i.e. ~
•

f;' =h (X; ,) =min { h (X ) : X c 1'. /X 1= p } .

Theorem. Let X~ = { x~ ..... x~ } be an optimal solution of location problem (1) on

network N , where the globalizing [unction. g is nondecreasing in di stance. Then there

exists a spanning tree 1'+ of N such that X~ is an optimal solution of (1) on 1'+,

Cl:r' = h-(X~ » .

Proof: For every X c Nand every T E ST(N ) , the following holds:.
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Then I ~d X~ ) s (/,(X~ ) . Also 'dX ~ N . 'I' E TUn ho lds:

Taking X = X~ in the last equat ion, we have

Therefore, 'd'/" E '/'(X~ ) ho lds:

. Let any'/" E Tt X~ ) . Since X~ is an optimal solut ion of the p-fac ility loca tion problem

( l r on then

I :/" ( X~) = IN (X~ ) = INs r;'· . •

Hence r;.· = t: .Fina lly X~ is an optima l solu t ion of the p-faci lity loca t ion problem on

'7" II ' I' v " I"as we , smce T ' (,~ N ) - T "
•

Note that a sim ila r result was derived in 131, bu t only for a single center
problem . From the las t resu lt of the theorem we conclude that problem 0 ) can be
solved by enume ra t ing a ll trees from 8'['(N ), but th is is computationally a very
expens ive option due to the high number of spanning- t rees. amoly, the fo llowing fact
is we ll known (see 15 [): let 1 be the incidence matrix of a graph G with one row

removed , (i.e. with n - 1 independe nt rows ), and I I be the transpose of I , then the

determinant I 1 . 11 I gives the number of distinct spanning trees of G. If G is a

compl 'te graph of II v ntices, the number of distinct spann ing tree is n" 2 (see 11[). In

I . k " Ige nera , if a notwor N has In edges, the number of spanning t rees is of orde r 0 .
II - 1

3. HEURISTIC

However . our resu lt can be used to get some alternating local search heuristic
method . We ca ll it TrecAlt as it a lternates t he location obta ined in the tree in each,
iteratio n.

In st 'I> ] of TreeAl! algorithm (see Fig. 1), the initial spanning tree To ca n be

ihtainod by Prim's method 1111 . Then Fo can be obtained by deleting p - 1 edges with
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the largest lengt hs from To . Another possibility is to obtain a shortest path tree of any

set of p facility points ; i.e. To E T (X o) where X o =p .

In the second step we can apply any efficient algor ithm fo r the corresponding
p -facility location problem in tree networks. For exam ple, we can apply one of the
following algor ithms:

Algorithm TreeAlt

Step 1 il n itialization) :
Let To be an initial spanning t ree of N , and let Fo be a p -fo rest with

Fo c To . Set fo = co and i ~ 1 .

Step 2 (Location on the tree):

Let Xi = X ,;. be t he optimal p -facility location in tree network T;-l .
, - I

Step 3 (Allocation) :
Allocate each user vertex to its closest facility with respect to N , to get
spanning forest F; . Compute Ii = iT;(X;) . .

Step 4 (Term ination) :
If Ij = Ij-l , stop. Otherwise, let T;+1 E T (Xi ) be spanning tree obtained by

adding to Fi+ 1 the p - 1 edges with the smallest lengths that do not make a

cycle . Set i ~ i + 1 and go to Step 2.
•

Figure 1: Algorit hm TreeAlt

• An O(p n 2
) algorithm for the p-median on a tree 1131.

• An Otn log2n ) algorithm for the p -center on a tree 1121.
•

• An O(p ri
6

) algorithm for the p -centdian on a tree 11411 10I.

In the allocation step (Step 3), we use Dijkstra method 121in order to find the
shor test path between each user and' its closest facility. If a dummy vertex Vo joined to

every point of X with an edge of lengt h 0 then the Dijkstra algor ithm applied to "o

provides, after elim inating the new edges, the p-forest F; in Otm log n ) time.

Finally , note that we repea t Steps 2 and 3 until there is no improvement in the
objective function value. Thus, ou r method converges to a local minimum.

•

To illustrate the algorithm, consider the 2-center problem in the net work
shown in Figure 2 where all the weights are equal to 1. Take as initial tree To , the

,
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minimal spanning t ree consisting of the edges: IVI .vzl , Ivz,vsl , Ivs·v?l , IV6 ·v31, Iv! .v41

and Ivj.v3 1. Thus Fo = To Iv] .v31· Then Xo is a 2-center in To ; e.g. Vz and the point

on IV:1.vl; I at distance 1.5 from v3' Now F] consists of the trees I Ivs·vzl, Ivs·v? l ,

IVii . v41 : and : IV:1 ' V] I , \v3 .vli I : . Thus T] = F! v lv].vz l . Now XI is a 2-center in TI ;

e.g. the point on IV;1 .vII a t distance 1 from V3 and the point on IV" ,v41 at distance 1

from Vii . Finally , Fz is again F ] and the algorithm stops.
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Figure 2: Example

Heuristic Tree/sl! alterna tes location and allocation solut ions. Another method
of this type is suggested in IGI, where p single facility location problems are solved
exactly in the location step. We instead solve the p-facility problem exactly on the tree.

Since TreeAlt is a descent local sea rch heur istic, it can be used as part of some
genera l heu r istic method such as Mul ti Start sea rch 181 0 1' Variable neighborhood
search 171 . In SkP 1 of the Trec/sl! algorithm, the initial spanning tree can be obtained
at random by a modified version of Prim's method. With this modification, the edge
that does not produce a cycle chosen at random is not always added to the current t ree.
Another possibility is to choose tree To E T(Xu) for a random set Xu of p points.
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