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Abstract: In this paper the procedure to determine microstate probabilities in a trunk
group with sequential searching and offered overflow traffic is developed. Generating
function technique is used to evaluate the common form of the solution for the
statistical equilibrium equation system. A multistep iterative procedure to calculate
unknown coefficients in common solution to the system is proposed.
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1. INTRODUCTION

For a serving system consisting of a fully available trunk group with losses and
offered Poisson traffic, the probability of a certain number of trunks being occupied, i.e.
the macrostate probability, can be evalueted from the Erlang distribution. The
microstate probability, i.e. the probability of a specific trunk state, with random
searching, can be calculated by dividing the macrostate probability with the total
number of microstate combinations. Microstate probability recognition is useful for the
valuation of blocking calculation methdds in multistage switching networks, as well as
for more sophisticated traffic parameter analysis in circuit switching telecommuni-
cation networks.

When there is sequential searching it is easy to evaluate the traffic served in
different trunks, but the problem of determining microstate probabilities is rather
complicated and should be numerically solved.

The problem statement of the serving model for correlated overflow traffic
formed from the request of one of the lost Poisson traffic in the primary trunk group is
given. The model generalizes some simpler traffic cases. The solution approach is based
on the technique of unifying the statistical equilibrium equations by generating
functions.

The overflow traffic basic model is analytically solved in several different ways.
The procedure commonly used as basis for more complex problem analysis is given in
detail in [1]. In [2] the problem of two overflow components has been solved but with no
explicit or recursive solution form. The problem of serving correlated overflow
components, generalized with the assumption of changed serving intensity, is solved

explicitly in [3].
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Based on experience from the above references, the procedure to determine
microstate probabilities in a trunk group serving correlated overflow traffic in the case
sequential searching is developed in this paper. The procedure can be applied to
evaluate microstate probabilities in the first two models [1,2] and can also be adapted
for the case of changed serving intensity as in the third model [3].

By evaluating the general solution form for the system of (¢ + 1)2" equations of
stochastic equilibrium, where ¢ is the number of trunks in the primary trunk group and

s in the secondary one, the problem is reduced to the numerical solving of 2° unknown

coefficients, and by implementing type [3] solutions it can be reduced to 2° - 2.
Appreciation of the connection between part of unknown coefficients and the
coefficients in a smaller secondary trunk group is enabled by the step by step

calculating procedure until the final step, when i equations are to be solved.

[t can be noted that in [4] the technique for solving the special forms of the
grading model that can be adapted to our problem is evalueted. But the author outlines
the complexity of state probability determination and gives only the analytical solution
for losses. '

2. THE STATISTICAL EQUILIBRIUM EQUATION SYSTEM

The system analyzed in this paper is shown in Fig. 1. It can be assumed to be
general because it assumes that the overflow traffic originates from part of the Poisson
traffic offered to a primary trunk group.
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Figure 1. The analyzed sequential serving system

The legend 1n Fig. 1. is:

¢ - the number of trunks in a primary group,
s - the number of trunks in a secondary group,
a=a, +a, - the Poisson traffic intensity in the primary trunk group,

b. = B(c,a)- the loss in the primary trunk group (first Erlang formula),
a,b_- the overflow traffic intensity in the secondary trunk group,
a,b_- the lost part of traffic a,.
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For the given model the statistical equlibrium equations system is:

for
O<m<e, n, =01, i=1.....8

J=1
< (1)
+ Z {nj+11p{m,n1..‘..nj+1.,,..u3};
j=l[nJ=ﬂ}
for
m=¢, nyny.n=1 n.,=0 =01..s-1,
s 1+1
{ul+c+an}p[c,nl.....ns}=ap{r:—1,n1...;.n,}+alZp{c..,,.njhl.....nan
=1 J=1
1 (2)
+ Z [nJ+1}p{c ..... nj-t-l....nq}
J=i+1(n ;=0)
and for
m=c. Ty yiivs n,=1,
5
(c+s)p(cl,..l)=ap(c-11...., 1)+a12p{c ..... uj—l....]r (3)

J=1

Any of (c+1)2" equations in the previous system is dependent and the system
should be completed with the normalizing condition

c 1 1
Y, 2 2 plminy....n.)=1. (4)

The meaning of the parameters used in (1-4) is:

m - the number of occupied trunks in group c,
n,;- the state (0 or 1) of the i"" trunk in group s,
plm,n,.....n ) - the probability that m trunks in group c are occupied and
individual trunk states in group s.

3. THE ANALYTICAL SOLUTION TO THE EQUATION SYSTEM

The generating function technique will be used for analytical evaluation of the
state probability of equation system (1-4). For the supplementary equations system of
type (1), with m 20, the generating function is defined as
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0 1 1
P(x,¥y.¥5:..:¥g)=P= b M ST p{m.nl....,nx}:cmy;l'--—y:" (5)

m=0n,=0 n=0

Based on (5), from the supplementary system, the Lagrange linear partial
differential equations of the first order is obtained

aP & oP
(1-x)—+ X (1-y;)—=a(l-x)P. (6)
Etr j=1 C?J

The solution to this equation can be evaluated through characteristic equation
and with development of the Taylor series the form is

o0 1 1
P=2 X X o, (m)C(ny....n)x" (1-y, ) ren(l-y,)™. (7

m=0 n, =0 n=0

where n.. = n+.4+n and

y J
am
e n=0
m!
o,(m)=1 (8)
m n+-1 ﬂm_i
)3 ., n>0
=0\ (m-1)!
Expression (7) can be written in the form
o 1 1 1 1 " .
P=2 2 X (-1)™ X - X oy (m)IClhyrkg)x™ 31", 9)
m=0 n,;=0 n =0 ky=n, k=n

Hence, compared with (5) it can be concluded that

1 1
plm,ny,..n)=(-1)" X - X o) (m)Clky.....ky). (10)

*1=“l k,=n,

The next step is the determination of 2° constants C(ky.....k,), to satisfy Eds.

(2-4). If we let m=c in the supplementary system (1) and the subtract from it (2) and
(3) a simpler system will be obtained

ms=c, ﬂl.ﬂz.....nl~=1. ﬂ”1=0. i=ﬂ,1,....5~1.
1+l
alZp(c ..... n; -1....)+a, p(c.ny,..., n )=(c+1)p(c+Ln,,.., n.) (11)
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and

5
ay pr.....n, -1,...)+ap(c.l.... 1)=(c+1)p(c+1]1,..1), (12)
J=1

where p(c+1.n,....n.) are supplementary probabilities not reflecting the state of the
system.

Multiplying each equation by the corresponding y: ’ _v;‘---y:' and then
summing we get

s 1 1
a2 [ 2 2 pledelng R )Yy Yig e s -

1=1 Hl=u n.=ﬂ'
. 1 n n
-J’j Z ey Z p{f.L....l-nHl....*ﬂs}_}'l,..y:_‘yl:i’-Hyﬁ' ]+ {13)
n,=0 n=0
1 1 2 .
+ap(r.'.L...,1]yl.,,ys=(r:+1}z E p{c+Ln1 _____ "s}yl""yu'

n=0 n=0

Using the expressions for generating functions (9,7), the marginal generating
function, equalities [1,2]

1

y.=1-(1-y)= 21" A-y)" (14)
n=0
and
ac,(c)-(c+ l)o,(c+1)=-no, ,(c) (158)

with further notation o,(¢)=0,, the following condition is evaluated

1 1 "
— 00 Z nlsunlm(',’{nl,..,.ns 1=y }"1 c(l-y) ' = (16)
n=0 n=0
3 i1 % ! 3 Pygi-1) n
=ﬂlz [{_.1) Z e Z Z (-—1} G[f—l'ﬂn“—lctl ..... l,ﬂl' —LHHI,....H‘ }{1*‘_}'11
=1 n=1 = n =0

g 4 1 1 n
(l=y,) " (1) PIRTD WD) l*lin'““;+'lu.n.cu"“'1~“i+1'---*“a NL-yp)" (1=3,)" l
n=0 n=1 n=0 )
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The equation system for unknown variables C(n,.....n_) is of the form
ny,...ng =01,

'-ﬂhﬂn“_i_IC[!l.l..._.ns ]=

5
-1
=a12 [{-lli +nu4-1‘{,{i“1}m“_1{:’[1 ..... Ln, _1*"':+1 ..... n )+ (17)
=]

=1
1] ﬁj -
TRisl)e

¥ =13 5(3 I b PR T | 1

For n, =0, using solution (10) and the normalizing condition, it we can get

C(0...0) " = X oy(m)=0,. (18)

m=0

When n, =s there is also an analytical solution for C(1....1) that can be
obtained through macrostate analysis (formula (38) from [3], for u=1)

ca..l)y=————*2 (19)
$ (@) & o

n=0 [S_H}| i=n+l ﬁl.q.l

The problem is reduced because it is necessary to solve the system of 2° -2
type (17) equations.

4. AN EXAMPLE

Equations system (17) with S equation together with evaluated expressions
(8, 10,18,19) can be solved either by standard programs or by a certain iterative
procedure developed as it was here. The microstate probability P(m.n,.n,.n,). as well

as coefficients C(n,.n,,n4) and macrostate probability P,, in the rather simple case for
a, =3 Erl, a;, =0 and trunk groups ¢=1, s=3. are given in Table 1.
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Table 1.

ny,Ny.Nng P(0,n,.ny,nq) | P(lny.ny.ng) | Clny.ng.ng) || i P:
0,0,0 0.0611 0.0973 0.2500 || O 0.0611
0,0,1 0.0159 0.0296 -0.0840 || 1 0.1832
0,1,0 0.0255 0.0517 -0.1100 || 2 0.2748
0,1,1 0.0153 0.0420 0.0496 || 3 0.2748
1,0,0 0.0446 0.1248 -0.1324 || 4 0.2061
1,0,1 0.0186 0.0584 0.0529 a, =3 Erl
1,10 0.0349 0.1400 0.0692 a, =0
1;1:1 0.0344 0.2061 -0.0344 c=1s8=3

5. THE IMPROVED SOLUTION METHOD

Based on the fact that

1 (20)
ny
= (=1) W Z Z ﬁhu_llcikl‘""krl‘ﬂ}‘

k=n, k;, =n.,

-1

it can be concluded that the equality C(ny....n,_ .D}=C[n1‘...‘njh1] holds. For

j=23.....s the system of Zj Rl equations can be solved. They are of type

*HIJIUH]J*'IC{HI y ey nj__l .1]=

. i=1+ny
=ﬂ,1i [{___1) 1 ”ﬁ{f—l)"”t‘}"‘lc{l'ln‘lﬁni -1.1’1”1.....”;]4— {21)
=1

1y,
0
I+ﬂ“+1 ¥

C(,....L.n

This approach uses the multistep iterative procedure. This procedure requires

solving 9%t Ly equations for unknown coefficients in the last step which, cgmpared to
the former case, makes only half of the equations. Regardess of the necessity to solve
the system in the previous steps of the procedure it is clear that this will reﬂect_ on the
calculating time and convergence which are commonly the problems caused by bigger s.

6. CONCLUSION

The relations derived in this paper, the specially impmt.fgd sfulutinn melthoc'l,
facilitate the complex calculating of overflow microstate probability in a full availabi-
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lity trunk group compared to solving the statistical equilibrium equation system. The
procedure can be used to analyze switching and telecommunication network. It is also
of fundamental interest as a mathematical problem.
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