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Abstract: In this paper the procedure to determine microstate probabilities in a trunk
group with sequent ial searching and offered overflow traffic is developed. Generating
function technique is used to evaluate the common form of the solut ion for the
statistical equilibrium equation system. A multistep iterative procedure to calcu late
unknown coefficients in common solution to th e system is proposed.
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1. INTRODUCTION

For a serving syste m consisting of a fully available trunk group with losses and
offered. Poisson traffic, t he probability of a certain nu mber of trunks being occupied, i.e.
the macrostate probability, can be evalueted from the Erlang distribution. The
microstate probability, i.e. the probability of a specific trunk state, with random
searching, can be calculated by dividing the macrostate probability with the total
number of microstate combinations. Microstate probab ility recognit ion is useful for the
valuation of blocking calculation methods in multistage switching networks, as well as
for more sophisticated traffic parameter analysis in circuit switching tel ecommuni­
cation networks.

When there is sequential searching it is easy to evaluate the traffic served. in
different trunks, but the problem of determining microstate probabiliti es is rather
complicated and should be numerical ly solved.

T he problem state ment of the serving model for correlated overflow traffic
formed from the request of one of the lost Poisson traffic in the primary trunk group is
given. The model general izes some simpler traffic cases. The solution approach is based
on the technique of unifying the statistical equilibrium equat ions by generating
fun ctions .

T he overflow traffic basic model is analytically solved in several different ways.
T he procedure commonly used as bas is for more complex problem analysis is given in
detail in [I J. In [2] the problem of two over flow components has been solved but with no
explicit or recursive solution form. The problem of serving correlated overflow
components, generalized with the assumpt ion of changed serving intensity, is solved
explicitly in (3).
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Based on experience from the above references, the procedure to determine
microstate probabilities in a trunk gro up serving cor related over flow traffic in the case
sequent ial sea rching is developed in this paper. The procedure can be applied to
evaluate microstate probabilities in the fi rst two models (1,2J and can also be adapted
for the case of changed serving intensity as in the third model [3].

By evaluat ing the general solution form for the system of (c ... 1)2' equations of
stochast ic equilibrium, where c is the number of trunks in the primary trunk gro up and

s in the secondary one, the problem is red uced to the numerical solving of 2' unknown

coefficients, and by implementing type {3] solutions it can be reduced to 2' - 2 .
Appreciation of the connection between part of unknown coefficients and the

coefficients in a smal ler secondary trun k group is enabled by the step by step

calculat ing procedure until the final step, when 2, -1 - 1 equat ions are to be solved .
It can be noted that in (4) the technique for solving the specia l forms of the

gmdiug model that can be adapted to our problem is eva lueted. But the aut hor outlines
the complexity of state probability determination and gives only the analytical solution
for losses . .

2. THE STATISTICAL EQUILIBRIUM EQUATION SYSTEM

T he system analyzed in this paper is shown in Fig. 1. It ca n be assumed to be
genera l because it assumes that the overflow traffic or iginates from part of the Poisson
traffic offered to a primary trunk group.
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Plgure 1. T he analyzed sequential serving system

T he legend in Fig. 1. is:

c - the number of trun ks in a primary group,
s - t he number of trunks in a secondary group ,

0 ==°1 ... 0 2 - the Poisson traffic intensity in the primary trunk group,
be "" lJ(c ,o )- the loss in the primary trunk group (firs t Erlang formula ),

0 1be- the overflow traffic intensity in the secondary trunk group,

0 2be- th e lost part of traffic 0 2 '



Any of (c e 1)2' equations in the previous syste m is dependent and the system
should be completed with the normalizing condition
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3. THE ANALYTICAL SOLUTION TO THE EQUATION SYSTEM
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m . the number of occupied trunks in group c,

n j • the state (0 or 1) of the i
1h

trunk in group s,
p{m.nl • ... •n, ) - the probability that m trunks in group c are occupied and

individual trunk states in group s.

The meaning of the parameters used in (l·4) is:

s ,.1
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For t he given model th e statistical equ librium equations system is:
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•
(0 + m + L nJ )pl.m.R1 •... . n s ) = ap(m - l Jl I . . . . . n~ )+ (m + l )p( m + L nt .. . ., o. ) +

J- I

for

for

and for

The generat ing function technique will be used for analyt ical evaluation of the
state probability of equat ion system (1·4 ). For the supplementary equations system of
type (I ), with m z 0, the generating function is defined as

._--~--------
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• I

P( x .yl . y 2. ..· .y . ) · p = L L (5)

Based on (5). fro m the supplementary system, the Lagrange linear partial
differe nti al equa tions of the first orde r is obtained

oP 6 oP
(1 -x )- + L (l - y J )-=a(l - x)P .

ax 1',,1 c,. j

(61

The solution to this equation can be evaluated through characteristic equation
and with deve lopment of the Taylor series the form is

where Ill) '" ", +...+ 11) and

m
a

•
m !

Expression (7) can be written in the form

11 =0

. >0

(8)

Hence, compared with (5) it can be concluded that

(9)

( 10)

T he next step is t he dete rmination of 2' constants C(h l . . . . . h,), to satisfy Eds.

(2·4). If we let m = c in the supplementary system (1 ) and the subt ract from it (2) and
(3) a simpler system will be obtained

m = c• ; =O.1.....s- l,

.. I

QI Lp(c... .. 11) - I.. ·· ) +a 2p( C. II I .. ·· . II. ) = (c + l )p( c + 1. 1I1.··· . II . ) (11)

J - I
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and
m =c.

•
a l L p( c. .... n

J
- 1.... )+ap( c.1 , ... .l )= (c + l )p( c +l.I ... ..1) .

).1

1l2)

where p(c + 1.n l . .. .. n . ) are supplementary probabilities not reflecting the state of the

system.

Multiplying each equation by the corresponding y:ly;J... y;. and then

summing we get
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Using the expressions for generating functions (9,7J. the marginal gene rat ing­
function , equal it ies {1,2}
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with furthe r notation 0 Ie) = 0 • the following condition is evaluated
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where " m = 0 and nf. +I )s = o.
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The equ at ion system for unknown variables C( nt . . . .• n
ll

) is of the fo rm

(1 7 )

For n ls "" 0, using solution (10) and the normalizing condi tion, it we can get

c
- 1 c-

C( O, .. .,O) = ~ O"o(m) = o l '
nt_O

When nit = s there is also an analytical solution for CU. ....I !

obtained through macrostate analysis (formula (38) from [3J , for Il::: I )

•
( -01) rt °1

s !o. j"O 0Hl

± (01 ).-.1 Ii ~
n~ (s-n)! l"'n+1 0H I

(18)

that can be

(19)

The problem is reduced because it is necessary to solve the syste m of 2 ~ - 2
type (17) equations .

4. A..'l EXAMPLE

Equations system (17) with 25
-

2 equation together with evaluated express ions
(8. 10,18,19) can be solved eit her by sta ndard programs or by a certain iterative
procedure developed as it was here. The microstate probability Pim.n l , n2 .n3 ) . as well

as coefficients C(n l , n2 , n3 ) an d macrcsta te probability P" in the rather simple case for

0 1 = 3 Erl , 02 = 0 and trunk groups c = 1. s = 3, are given in Table 1.
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Table 1.

n i - n 2·n J P{0.n t -n 2·n3) P(l. nt ·n 2· n3 ) C{n 1·n2·n J ) , Po
0,0,0 0.0611 0.0973 0.2500 0 0.0611

0,0,1 0.0159 00296 -0.0840 1 0.1832
0, 1,0 0.0255 0.0517 ·0 .1100 2 0.2748

0,1 ,1 0 .0153 0.0420 0.0496 3 0.2748

1,0 ,0 0.0446 0.1248 -0.1324 4 0.2061

1,0,1 00 186 0.0584 0.0529 a. '" 3 Erl

1.1.0 0 .0349 0.1400 0.0692 a2 '"0

1,1,1 0 .0344 0.2061 -0.0344 c - l. s -3

5. THE IMPROVED SOLUTION METHOD

Based on the fact that

29 1

(20 )

it can be concluded that the equality Ct nl · ··.. n j _l ·O )"' C t nl · ···· n j _l )

j '" 2.3..... s the system of 2 j
-
1

- 2 equations can be solved. They are of type

holds. For

(21)

,.J

This approach uses the multistep iterative procedure. This procedure requires

solving 25 - 1 - 1 equa tions for unknown coeffic ients in the last step which. compared to
the former case . makes only hal f of the equations. Regardess of the necessity to solve
the system in the previous steps of the procedure it is clear that this will reflect on the
calculating time and convergence which are commonly the problems cau sed by bigger s.

6. CONCLUSION

The relations derived in this paper, the specially improved solut ion method.
facilitate the complex calculating of overflow microstate probability in a full availabi-
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Iity trunk group compared to solving the stat istical equilibrium equation system. The
procedure can be used to analyze switching and telecommunication network. It is also
of fundamental inte rest as a mathematical problem.
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