
YugoslavJournal of Operations Research
7 (1997), Number 2,23 1·2:19

CAPACITY AND MAXIMAL VALUE
OF TilE NETWOHK FLOW

WITII MULTIPLICATIVE CONSTHAINTS
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Abstract: A class of network flows, called multiplica ti ve or Mflowe is investigated in
this paper. Mflcws arc subject to mu lti plicative capacity const rai nts . These constrai nts
are su ms of products with posi tive coe fficients of flow function values on the arcs of
subsets of the network arcs.
A defin ition is give n to the flow capacity of a cu tt ing set. Maximelity condit ions for
mult iplicat ive flow opt ima lity are obtained . A theo re m, analogous to the mi ncu t­
max flow theorem for the class ical network flow is proved .

Keywor-ds - Net work Ilow, general ized now, side cons t ra ints.

I. INTRODUCTION

Classical network flows defined by L. Ford and D. Fu lkerson [41 hav e been
extended to flows with capacity co nst raints on the arc flow functions. In 11, 2. 3 . 6) a
class of network flows ca lled L-flow is investiga ted. In this model side linear constraints
are added to t he capac ity co nst raints on the arc flow funct ion ,

In (7) another class of net work flows has been defined , for which the capacity
const raints on the arc flow fu nction a re replaced by multip licative capacity constraints
Thus, p r incipally new propert ies are added . This flow will be called in short a
multiplicat ive , or Mflow. The model is a natura l theo ret ica l generalization of the L·
flow model. It appea rs when modell ing some classes of ge neralized decis ion maki ng
Markov processes (MDMP). In IS) a MDMP class wit h a fin ite set of states S is
described . To each state l E S it set of act ions K, = 11.2•.. ,.K (i ) I is associa ted . The

principle oppo rtunity for p resenting MDMP as a llow on a graph is given . In th is case
the t ransi t ion probability from state 1 to anot her sta te j may he prese nted as flow
G(J.j, on the arc (i .j) . subject to the const raints

._------~--
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0 <ou.i,s I. j e S;

L O(i. j ) = I.
je K,

This model becomes complicated when G(i .j ) depends on the flow on another
arc (conditional probabili ty ) or when a constraint is imposed on the probability of
reaching state k from state i. This leads to a mult iplicative constraint to arcs of the
chain connecting the nodes i andj of the respective graph.

2. PROBLEM FORMULATION

Let G(N,U ) be a direct network with a finite number of nodes N, lNI=n and
arcs U.IUI::::: m. The M-flow function (x.y) on the arcs of this network is defined by (1 ).

(2 ) and (3 ):

v. if x= s.

( x .N )- ( N .x) = O. if x ~ s. t ,

-v. if x= t.

I bij n «%.y)s C,. i e I,.
je A, (% .y) <o D..,

(x.y ) ~ O. (x.y) E U .

where 1. is the set of indices of the constraints (2). 1.::::: { 1.2....•k ) ;

Cj , i E 1•. a set of real non-negative numbers;

DIJ • subsets of U;

D, = U D" . U D, = U;
je A, ie'.

s and t . source and sink of the flow;
v and ( - flow value and arc flow function ;
( (%.N) = L{(%.y ); «N.%) = L{(y ,%); % e N ;

y eN ye N

bu - non-negative coefficients for which

(2 )

(3)

(4)
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lB)

(9 )

tif(r .y) = O. (r.y ) e (X .XI

(( X .X) = o.

/'if {x .y) = 0 if i e lk exists, such that (L .y) e Drj for some j e A, and

I b'J Ilr«.» = Ci
j e A, (%.,.)e D'J

Let Nm be the des cr ibed non linear problem :

ri ~O. i e !n'

In (7] it has been proved that if requirements (1).(6) are satisfied, th ere always
exists a non-zero multi plicat ive flow.

Let for every arc of the network at least one subset D,j ~ 0 be found. such that

Dij = { (X.Y I }, (x .y) eU ,

In (7] a theorem is proved on the necessary, but not sufficient condition for
maximality of the multiplicative flow f. The condition reduces to the existence of the
cut ( X .X ) between the sou rce and t he sink, for which

The maximal multiplicative flow can be defined by the following nonlinear
programming problem:

where

subject to the mult iplicative const rains ( 1) - (3) ,

Each optimization nonlinear programming problem with mu ltiplicative
const raints and with a linear objective function can be formu lated as an opt imal M-flow
problem.

Let k variables f( x;. ).. ... f (x j, ) be juxtaposed to each variable xr j e In' The

sequence X ' .X . .. .. x ) makes the j -th path in the graph Gt = (N1.UI ).
;. h ,

IN II = (k - l)n + 2 . IU11= kn , The graph consists of n noni ntersecti ng paths from node s

to node t , corresponding to the variables x1.x2•.•.•%" (Fig. 1).
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s t

Then the Nm problem is reduced to the follow-ing M·flow problem on graph G

max \'

The multiplicative const raints are imposed on disjoint sets of arcs (cuts) .

3. MAXlMALITY CONDITIONS

A definition of a cutting set is necessary for further investigation of the
multiplicative flow. A cutting set is determined by a set of arcs that blocks all paths
from source s to sink t [4]. T he class of cuts is a subclass of the class of cutti ng sets.

The set U(r) denotes the arcs of t he cutti ng set r E IR' where In is the set of the

indices of all cutti ng sets. Consider cutting sets consisting of only the union of a rc
subsets VI ' These arc subsets correspond to difTerent constraints (2) with indices from
Ik ' Hence any cutti ng set VI r) is represented in the following way: for each r E R

Ul r ) = U D,
11Ii 1(r )

(10)
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where
l srvs: I" (I 1)

The capaci ty C( r) of cutting set r is defined by the following nonlinear programming
problem:

max C(r) == v (12)

subject to the relations (1) and (3) and the following multiplicative cons trai nts:

n ( (x ,y) !. C, : i e I ( r )

! %.y)", D I/

(\ 3 )

The next theorem is of great importance for est imating the capacity of th e different
cutt ing sets :

Theorem I : If two cutting sets Ulr) and U ( p ) are given. such that,

then
C( p) 2: C( r)

(\ 4 )

(15 )

Proof: A. The coincidence of the two sets VIr) and V(p) is a trivial case leading to
equality of the correspo nding capacities CIP) and C(r) .

B. Let us study the second possibility:

U (p) c U (r )

Assume
C(p ) < C(r )

It follows from (11), (1 3) and (16) that

l ( p ) c I ( r )

(\6)

(\7 )

(\ 8 )

The optimal solution to nonlinear programming problem (12) is the flow

{r' (x .y) I ( x .y l E V I with value v' ,where C(r) == v' . Considering relation (16) this flow
is a feasible solution to the problem of finding C(p) . According to (17)

•
C( r ) "" \' > C(p)

The last inequality contradicts t he requ irement for C(p ) maximaHty.

1.2. Consider an example network of Fig. ~ .

(191
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a

b

Figure 2. An example network

The M-flow on th is network I II defined by relations (1 J, (3) and the following two
multiplicative cons traints :

(a .t) +( Ib.t)+ (s.al(a .b ) :5 C
l

;

•
{ (s.a )+ (Is .b)+ (lo ,tl{la .b) :5 C,1 ;

where
C, '" kC. '• •

and k is a coefficient . for which

k > 1.

Let t he two cutti ng' sets with indices rand p be defined in the following way

Hence
Vl p l c lI lr ) and l IP )c l l r) .

(20)

( 2 \)

(22)

(2 3)

(24)

(25 )

Consider the two Mcflow problems to determine the capacities C( r l and C(p ) of the two
cutt ing' sets. Obviously, the maximal M·flow values will be reached a t a null value of
{( a .bl . llence

(26)

From 1221. (231 and (26) it follows that in the case discussed
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C(r) < C(p) ( 27)

1.3. Considering the previou s case assume

k = 1,

then it follows from (21), (26) and (28) that

C lr) = C ( p) .

Definition 1: A cutting set rO, for which

•U (r ) ::: U

is called a complete cutting set.

Definition 2: If for two cutting sets r and p

U (p ) <;; U (r )

and
C (P ) = C(r )

(28)

(29)

(30)

(3 1)

(3 2 )

and cutt ing set p is the minimal with respect to the properties (31) and (32), then the
•cutt ing set p is called r-minimal. The r . minimal cutting set is called minimal.

For each cutting U(r) one r· mini mal cutting set at least exist and it is the set
uo-:

Lemma 2: The min imal value v of the multiplicative flow, defined by re lations
(1 ) - (3), is equal to the flow capacity of the complete cutting set , i.e.

•v ::: C(r ) . (33)

Proof: The two nonlinear programming problems for the determination of

C ( r o) and for the maxim al Mcflow v coincide.

Theorem 3: (For maximal multiplicative flow and minimal cutting set): For
each network the maximal value of the Mflow v from source s to sink t is equal to the
capacity of the minimal cutting set .

This result follows directly from Lemma 2 and Definition 2.
Equality (33) is the necessary and sufficient condition for the multiplicative

flow maximality.
.

Lemma 4: If v is a value of multiplicative flow on a network, then the
existence ofa cutting set Ui rv, for which



238 V Sgurev,~! Nikolova / Capacity and Maximal Value of the Network Flow

\, =C( r)

is a sufficient condi t ion for this flow maximality.

(34)

Proof: Let cu tt ing set VIr) be given. for whi ch requirement (34 ) is sat isfied .
•Si nce according- to Defin ition 2 · V( r ) !;;; V Ir) , it follows from Theore m 1 t hat

•
Ctr) > C(r ). (35)

The sufficiency of (34) for mu lti plicat ive flow rnaximaluy follows from Lemma
2 and (351.

4. CONCLUSIONS

The following genera l properties of the mult ipli cative flow invest igated can he
noted :

1. The mul ti plicati ve flow defined by relations (1) • {3l is in fact a nonlinear
netwo rk flow with specific propert ies . It ca n be regarded as a further ge nera lization of
the classical network flow (4) if ID,I = I ; I e I• . bv = I and also of the linear flow (61

if ID"I = I.

2 . The functional C(r l, determin ing the ca pac ity of the cutting: set l!(r ), is of It

more gonerul typc than the cu t capacity. used in t he classical networks flow.
In the most general case multiplicative now ca pacit ies a re not defined by

ca pacity constraints on the arc flow functions tas for class ical network flow s ). O nly
some general mu lti plicat ive nonlinear co ns t raints a re present on su bsets of net work
arcs . This adds principally new combinatorial properties to the multiplicat ive flow .

3 . Theorem 3 pro ves equality between the maximal multiplicative flow a nd
the m inimal cut t ing set capacity . It can he considered as a gcneralizurion of the famous
mi ncut-maxflow theorem of Ford and F u lkerson for multiplicative flow.

4. Cond itions (8 ) and (9) arc only necessary, but they are not su fficient
conditions for mu ltiplicative flow maxi mality . In the case of a classical flow they are
s imu lta neously lll."Cessary and su fficien t condit ions for the flow maximality (4).

5. In the multiplicativc a nd classical flow case seve ral propert ies a re combined
. networ k, linear and nonlinear. For class ical flow t he networ k properties domi na te a nd
th is enables the development of efficient op ti mization ulgonthms . In the cnsc of a
mult iplicative now the nonlinear properties are numero us lind this creates considerable
difficu lties 10 fin ding specific efficient a lgorit hms, considering the network properties
of t he problems. Problems remain open regarding the designing of speci fic algorithms .
different from the general methods of nonlinear programming that a re ab le to so lve
efficiency t he maxflow -problcm and the mincost-maxflow problem for this k ind of flow .
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