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Abstract: For the minimization problem with inaccurately specified objective function
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1. INTRODUCTI ON

Consider the minimization prob lem

J (u ) -+in f. u eU ={u e Uo:gj(u) So. i =I.. ...ml . III

where Uo is a given convex closed set of a certain Hilbert space H and the functions
J (u ). gl (u ).....gm( u) are defined and Frecbet differentiable on H . The scalar product

of two elements u, u e H will be denoted by <u, u>; II u II = < u, u >1/2 is the norm of
an element u e H.

Suppose that

J. = i n fJ (u » -<Xl. U. ={ueU: J(u l =J. l~ 0

" fEU
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A.. we know II), 15). problem (l ) is unstable with respect to perturbations of
the init ial data J (u ), g llu ) and regularization methods must be e mployed to solve it. We

propose and investigate a regularization method established on the cont inuous
lineari zation method of the fou rth order (see 14) for solving problem ( I ) with inaccurate
initial data l. In practica l prob lems t he funct ions gr(11). J '(Il).C; (Il) are known

inexactly, so instead of them we have only their approximatio ns
C

j
( li. t). J'( II. n. g ; l ll. t ). U e tl , L» 1.. ... 111 , depending on the parameter r z u. Let

tt = u (t I. t ?: U he the solut ion to the differe ntial equation

(3)

wit h the init ial values

where

lli O) = /l". 11 ' (0 ) = Il l , II "{O) = 112 . 1i''' (0 ) = Ila ,

::!i j ~ t ) ( l +lIuI12) , 1 =1.. .. . m };

(4 )

(5)

PUIIl U I,Ij ( t I IS the projection of point z on s e t V(ult ).1) : " 0, Il l, "2./4a e H are arbitrary

points ; 1" (lU) =J '(Il .t )+u(I)Il , u e H , t ?: O is the approximation of the gradient

l/lu.I) ; ./ 'III ) +u(l) u of the 'l'Ichonov fun ct ion Q!u.I) =J(II ) +!utl) lIu lr : u (tl. ll/(t),

yl tl.Il( t). a rc parameters of the method. The derivatives II (/ltn. i = 1. ....4 of the

fun cti on Idil. t ~ 0, ta ke the va lues ill l/ , an d are understood in t he sense (2). Ch. 4.

2. TH E CON DITIONS FOil CONVEllGENC E

\\'p will cons ider the behaviour of the solut ion flit) of the different ial eq uat ion
(3) , (41 wln-n t ~ :.c a nd prove that the method 13H51 has regularization prope rties .
lk·fon· t hat we can remark that the met hod (3 1-(5) for m =O in (5) ILe .
U = VI Il( t ).t I=U0 ) red uces to the regul arized con tinuous project ion -gradient method of

t he fou rth order t reated in (10) : for m = O. 1\ .. l t) -11 3(t) - 0 . to the regulari zed

cont inuo us projection-gradient method of the second order presented in 191.

'1'111' following theorem J,.o1WS sufficient condit ions for t he convergence of the
t rajectory II lil t ). I ?: 0 ofthediffercntial oquntion (3). (4 ).
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Theorem 1. Suppose that

1) Uois a convex dosed set in the Hilbert space H , the functions J (u ). gl (Il) .. ... gm1u )

arc convex, Frechot di fferentiable on JI and t hei r gradients sat isfy t he Lipschit z
cond it ion

m ax III .} '(u )-J' (v) lI ; • •max II g ,(u )- g j (v)l l}:S
B ,sm (6 )

:s L II u-vn, u.u e H ,

and furthermore condition (2) and Slater 's cond it ion

(7)

2) t he approxi mations g i lid ).J '(lt.l 1.g ;(It.l) of the g , (/11. ,J'(/l). g ; (U ) are con tinuous

in u for all t ~ 0, measurable in / for a ll /I E If and

(8)
• •max II g ,(u. t1 - g , (u) Ill:::;

l SISln

t ~ 0;:S; l5(t) tl +ll u II). U E H .

max ICj(u. t)- C, (u ll :S O(t) (1 +l! u 11 2), u E 11 ,
1~$1>I

max l ll·J'(Il .t)-·J'(u ) II ;

3 ) the parameters ult ). P4(l). P 3(t).112(t). y( t).o(/ ). of the method (3 )-(5 ) a rc such t ha t

4 311(t). IJ4 ( t). y(t ) E C 10.+00), 113(t) E C 10.+<J;l ).

112(/ ) E C2Io.+<J;l). O( t). fl( t ) E C[ O,+<o).

u(l»0. y{t» O. o(t ) <!: 0. fl( t ) ~ O. t 2:0.

u '(t) :s;O, f\',(t) :sO. ; =2.3.4. y'(t ):s O.

11" (t) ~ 0. P," (t) 2: 0. i = 2.3.4. i ' l t) <!: 0.

u" '(/) :s; O. P/ "j t) s O. i = 3.4. y" ' (t ):s O.

u 1t
' (/ ) ~ O. W;'(t) 2: 0. y l!J ( t ) ~ O. t 2: 0;

(9)
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. [""II) y"( I) r.·"( I~ ly,, · (t~ J
lim + + + "' 0.

I ....u ' u(t) y(t) u( /) y( /)

lim rl,(I) "'P, > 0. i "'23.4. I - P;p, > O.
I .... ,., ,.,

I1L + ~1 4 ~ - 2 11 3><> > O. IlL, - 21~ 11.,., > O.

3
P2", - 2 1\3.£ > O. 112", P~ - 3 [I• .., > 0

Nt)max :3+3I1u" lI : S+ lIu" Il: ::>2O(t). r z O:

Then

lim (t lI u (i )( t l!l +Il Il (t l - 11. 11 ) = O.
t ....'" , .. I

) = O. (10 )

(11)

(12)

where u; E U•. l1u.II'" i n f lIuli is t he normal solu tion to problem [ I}. The convergence
UEU.

in (12) is uniform with respect to the choice of approximations g,(u.t ). J ·(u.t), g ; (U ,t )

in (8l .

Fi rst we will note that such parameters satisfying (9 )·(11) can be chosen, for
example. in t he following way

a(t) "' (l+tl -tl. P,(t) = Pu,+ l l+ (1+ tf1). i = 2,3.4,
-r -e -6

y( t ) = (1 + t) • 0(0 =(1+t) • O(O=u(I+t) . t ~O .

where a.u. 't- 0, 0. Pi.., are positive real numbers. such that 4a + 3y < 9 < O. a + y < f. a is

small enough so that

a max (3 + 3 J1 u" U: 5+lIu" lIl::>2,

a nd 11,,,,. i=2.3,4 satisfy (1 1).
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Let v, E U be t he solution to the minimization problem

(16)

(1 5 )

(17 )

(1 4 )

(1 8 )

(13)

•

,--Ji III llv1 - u. lI=D.

,-I

g (u)+ < g;(v ), w - u > S g( wl, W ,V E ll.

g,(u .t)+ < g;(U ,t). ue - II >S C,( Il)+ < g ;(u). u e - II > +

+i'i(t) (hUu U2 ) +6(1) (1+1111 11>11 Ite - ftllS

S g,( Ue ) +0( I ) ( (1+1111 lr+lIueIf+ ! (1+lIueIn )(
)( 1+1111 Ir )+Ilft 112 ) < ~Nt) I (3 + 311u( III +

+(5+11"<II I II " 112 1s (~ I) (1+11" 112 ) .

s u p lJvr IISllu.lI.
" 0

). 1( t ) 2: 0•. ." Am( t);:: 0.

'"< Q'(Vr, t )+ Z)., (t)C; (vr ). v- vr >2: 0. v e UQ • t 2: 0.

T aking into account (7), (8 ), (11) and inequality (3), we have

Proof. Let us show that U(u.t) ~ 0 for all 12:0. 1/ E }{. A.s we know 18). for every
convex differe ntiable function C( u) on H , it is true thnt

Th is means lt e E U (It , I ) , so 'V I 2: D. 'V II E lf. U i u . t I >t:- (21. Besides that, the set U (u./ ) is

convex and closed. therefore for every 1 2:0 the right hand side of (3 ) is uniqually
defined, and under the established assum ptions. sat isfies the Carotheodory condit ions
[6]. Thus the differential equation (3), (4) has the solution ul t l defined for small values
of 1 and for any choice of the initial points 110 , Ill ' 11 2 , Il 3 E II 15). We will assume the

existence of the solut ion u(ll on the half-line 10.+<lO).

The Tichonov function Q< u. t } is st rongly convex on H . so that for every t 2: 0 . there is
a unique point vr E U , such that (see (7)J:

Besides that . under the given assum pt ions, the Kuhn-Tucker theorem can be applied to
problem (14) for every r <= 0 . Therefore, there exist

such that
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Furthermore. t he Kuhn-Tucker theorem can al so be appl ied to the problem

(I,z.t) = II z -Iu(t) - y(t) T '(Il(t ).11 l it - in{ ,
ze U( u( t). t). t 2::0 ,

which is equivalent to the problem of project ing the point It(tl - y(t) X T '(u(t).tl on the
se t U(ult).t) . Consequently, there exist

such t hat

"'
+ y(t)T '(ll(t) .I)+ L u,(l ) g ;(U(l).tl. w - [f\4(l)Il

Itl(t)+

, . 1

(19)

(20)

w
uj ( l )! gl(u( l). l)+ < C

j'(Il(I).
I).114(t)u (t)+

+ ll3 (t )u ' '' ( t) + 1l2 (1 )1l " (t ) + u'(t) > - (21)

-1~ 1 )( 1 + lI u(OIl2 ) 1=0. i = 1.....111 : "1 12::' 0.

(2 2)
, 2

+ ll2 (t )u " ( t ) + u (t) > - Ott) (1 + Jl II(llll ) > :s; O.

for i =1.. ...m . '</ t2::' O. Sett ing U= 1l4(t)UIL'(t)+113(tlU"'(t)+P2(tlll"(t)+Il '(t ) +U(t) E

U( /I(t). t) r;;. U0 in (17), IV = LIT E U r;;. U0 in (20 ), mu lt iplying the obtained ineq ualit ies,

respetively. by (-y(t)) and (·1), a nd summing them. we have

no

+ LUI < g; (u. l ). l'..u l l
' + Il311 " '+P2" " +U' + II -UT >

,.1

'"
- yLI·i (T ) < g ; (uT ) . 1141l1t1 + 113"" '+11211"+U' + u - lit > s; O.

,. \

(2 3)
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for all t . r zu. Here and fur ther . we will often omit the argument t of the funct ions

n . f\ I • y. o. 0. u, Ii ( I) • in order to shorten the expressions . Let

Then

r =-r(I ) : II.I ' '' (I) 12
• q=- q(o=- I 1i"(O 12

•

p =-p(t) =- II Ii '(t) 12
, x =-x(t ,r ) =- H U(t ) - U, 11

2
.

2 < U' 1l u''' >=- r ' 2 < u''' Il '' >=-q' 2 <u" u' >=-p', , , , , ,

2 c U' Il ,II " >=- q" - 2r, 2 < u ..·. Il · >=- p" -2q,

2 <u rt',u ' >=-p'''_3q' , < u·. /I -u,>=- x' ,

(24)

(25 )

< u " ,u - UT >=- x " - p , -c u '" U - U >=- x '" _1 p:
' t 2'

< u'", U - Ut >=- X lII - 2p" + q,

d'
where Xli I =- - x(t r ) t ~ 0, r ~ O. Using (24) and (25) the first term in (23) can be

dt' "
wr itten as

2111 2 2 n n · 2
=- f\4 Uu 1I + IP3- 2P4P2 I r + p31'4r + H12+ P4- 2P3 Jq +

+ IlJ3lJ2 - 3114 Iq' + 114112q" + [1 - /\2 I P + [112 - ~ 113 Jp ' +

(26)

According to (8], p.175, for any convex differentiable function g (u ) on H , whose gradient
sat isfies the Lipschitz condition (6), the following inequality is true

" L" wI' H< J (u ) - J (u).u - w > :';:-;ruu - . /I .U.WE . (2 7)

Now we will estimate the second term in (23). Using (8), (15), (27) and

I I ' -I'2 ab :5[ 0 +[ b .u c n.we get

J ' J ' n III n " . n " •=-< (u ,t> - (U)d'41.1 + "3U +P2U +U +U -U, > +
(28)
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IV ,
... tu( t ) - U{t)) < 111' P411 +IIJu"·... rIZu" ...U + U -lIt > ~

~ - o[2(1+III1T 11
2

) ... ~ II [14u IV + Pau'''+ 112u '' +lli +

+ : lIu- lit If 1- ~ 11 114u IV ... P3u"'''' 1~2U''+U'If +

"'(1 :r~4 (XiV - 2p"+q l"'l~a(x'''- ~ p')"'llz( x"- p)'"

, 22 1 'II
+X ... 2xJ - lu(t) -u(TI I II l1t ll - 4 11 1~4 u "'Pau" '...

, 2 1 2 2
+112u "+u II -Q( I)lItIU l- u(tl ll II I1TII -

a (1) 2 • 21117. 2
- -r-llu -lit II ~ - (1 ... L + U,na, IIP.. lI ll II +Par +

0 2 II ill 2 II' a ."'I'tl+ p )",u h.,..(x - p .....q) ... l'a( x"-I P)+

+P2( x"-P)+ x' + ~( 1 -3~ )x:- Co I6( t) ...

+ Q(11l Iu(t)_ Il(T)1
2

) . '1 t. t~O.

(28l

where l)ma, '" sup IS( t). Co '" max :2(l "'Uu. lf l; (1 + u ma' ) Ilu.lf : ' II rna, '" sup ott) '" ::u(O) .
j~O t~

Let us show that the third term in (23) is nonegattve for all t ~ to is a large enough

number. From (8), (13). (15), (19) and (21), we have

'" \'i! - g i (u ,t j... < g;( u. t). U - liT> +6 (1+lIUlf )) ~

~ v, l -gj(u)- < g;(u). vT -ll > +0 (1 +lIulh)-

-0 (1 +lIull'l- 0 (1 +llu ll ) lIu - ", II>

~ - vj C,(vt ) + vj (1 + lI ll l1
2

) ¥[2 - ~ ( 5 +

+2 I1u . 1I ))~O, 'V t~ to ' r e L ....m .

(29l

because lim ~a '" O. according to ( 0 ). Finally, we will estimate the last term in. (23),
,~.

Using the inequality (see [8], p.93, Lemma 1)
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Ig(Il) -g(v)- <g'(v).u -v > Isilu-vf u.veH .

and (3), 08J, ( 9), (22), we get

) ' ItI '+u -vt > S "-, IT)gi (P. " +113u"'+1\2u"+u +u)S

S I., ( t) i lIP. ll iv + 1\3u"'+1\2u"+u' 1I2 +Aj ( t) ICi (u) +

' n iv , L iv
+ < gi(u). ..,.u + 1\3u"'+112u"+u >1S )'i ( t ) "2I1P.u +

+P3U"'+P2tt"+ui +),.It ) Igilu .t)+ < g;(u .tl. fl.u
iu

+

+P3u'''+J)2u''+u' > - 0 (1 +lIu I ~ )I+ Ai ( t) (o( 1+ lIu l~ ) +

+011 +Ilu II ) II fl. u iv + (\3u " '+1'2u"+u'11+0 {1 +lIu I ~ )j .

(30)

Since 1+ Iv I' s 1+ 2i v-v, I' + 211 v, i' s 1+ 4%+ 2i u, ~' . (1+ II u H P.v" + P,v"'+

+P2u" +u' IS(l +I v, 1+1 u - v, I) ~ Il.UiV+ + P3u"'+ +J)2u"+u ' Isu+ ~ u, r- ~ IP. u
iv

+

+ P3u"'+ +P2u" +U' 12 + 2x(t) from (30), it follows that

J.il t) < C;(v,). P.u
ltl

+ P3u" '+112u"+u' +u -vt > S

S )" (T) ({ L + 8) ~ IHI. u I V + Il3u" '+P2U "+u' 1I2+(8 + 0) x

x{1 + 2 llu. U
2

+4x) +0(1+lIu. 1I
2

)+ 2x) I S

S Ai l t ) (2 (L + 0mn) lJl; ll u ivl~+Il;r + p~q + P)+

+6Io+0)x+C1(I'i+U)) . 'V t . t~ O. i e L. .. .m.

, ,
C1 =max { 1+ 2 Ilu. lI : (1+ lIu. 11) }.Letus prove that

m
OS LA,(T ) SC2 =const. 'VT~ O.

i ..l

From (17). where v = u
t

I and (13) we have

(311

(32)
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, m
J(V1 ) + ~U( t) 1 [.11 I + L ".,( t)g,lu.) S. J(UC) +,.,

m

+iU(TI ll.l c r+ L J.,( t)g,{Uc ) ·

,.1

Using the last inequality and (7), (13 ), (15), (16), (18), we get

III m

min I g.(Uc ) 1L }'ill) S. - L "I ( tlg. (tic) s J ( uc ) - J {V1 ) +
Isi sm 1,,1 1=1

1 II"" 1 U ti'+zu(t) U e n s.< J (uc )· ltC -VI > +'2(l( TI II Ue Ws

sll ,1'1", ) II1II ", IH «, IIJ+ l"m" II", II',

which proves (32). From (31), (32) follows the necessary estimation for the last term in
123J,

m

- 1(t) 2: }'I ('t) < g;( lJT )· fl4u
U1

+ ~3u '''+fl2u''+u'+,.,
_ 2 11l ;22

+u - u. >~-U( t) C2 :2tL+oma,JlP, llu II +P3r+

+fl~q+ p! +6(o +Olx+C1{O+OI: . 'V /. l <!: O

Pu tting the estimations (26), (28), 129J. (33) in (23), we find

2 IU 2 2
11411-y(t)C3 1+ lIu (0 11 + [ (f\3 (1 -y(t)C3) - 2J I4112) l r +

+1\3114r'+I (1\;( 1- y(t ICa) + 114 (1+uy) - 2r\a Iq +11\al\2 

-3114 Iq '+IJ4112Q"+ I(1- y( t lCa) - JJ2 (1+uy) IP +I132 -

-i P3{1 + uy)J p'+IlIa - 21\4(l + uy11P"+Jl4P" '+u y ( ~ -

- C, lJ~e )X + (1+uyllx'+112x"+JJax'''+IJ4xll' Is Csl ~i ~: lu U) -

-<l(o r+ Y(t) (6(t)+O(t)) I. V't ~O . V' t~ O,

133)

134)

where Ca = L + l + 2b"'iI' +2C2( L+otn~,I . C4 :: 6C2+~ ' c, = ma'\ICo : ~Cl C21. The
inequality (34) has the same st ruc ture as the inequ ality (22) in [10). Therefore the
equality
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lim {II ,,(II -u, HI ,, '(t) HI ,,"(t) HI ,," '(I) HI ,, "(I) II l=o.
, ~ "

wh ich follows from (34), ca n be obtained in the same way as the equalities (34) , (35) in
(10].

3. THE STOPPING CRITERION

In pract ice the error of the initial data is usually greater than a certain fixed
positive number. A more realistic condit ion than (8) , with lim S(t l = O. for considered

problem (1) is as follows: for each fixed U E H . instead of computing the exact values of
g j(U). J '(u ). g ;(U), it is possible to compute their approximations g.b(U ) , J ; (ul . C;b(u)

such that

max I g;.s(U)-g;( U) I }s
Isis ",

max I glo(u ) - g, (u} l s o(1 + l u l\ uE H .
I s i Sm

max {IJ;(,, )-J' I,

<0(1 +11 ,,1 1, u e H,

(35)

where 0> 0 is a known positive num ber. Then , instead of process (3 ) . (5), we have the
process

Pol ( t)w
w (0 + P3( t)w" '( t) + P2{ t }w"( t) + w '( t) + w( t) =

= PU( u-'(1).6) (w(t ) - y(t I (J; (w( 0 ) + a(t lw(t)) I.

z - w > S

11" 1 'SO(l ) (1 + W ). Z = .....m, .

which will be continued up to the moment t(o) defined by the following condition

t(S j = SUp\t :o(s»8. os ss r ).

(36)

(37)

(3 8)

(39)

Since OI t ) _ 0 when t _ +<ro. 0< 01> o. the required moment of time t (O) can be found

with certai nty . The parameters u( t). P..I (t). y t t ). O( t). t ~ 0 , in (36) . (39) satisfy the

condit ions (9) - ( 10 , and do not depend on the number 0 from (35).
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The justification fo r using the criterion (39) to stop the process (36) - (38) is
given by the following theorem.

Theorem 2. Let all the conditions of Theorem 1 be satisfied, apart from (8), and let the
approximations C10(u ), J ;(u ).g;o(u) of g/(u ),J'(u),g;(U) satisfy condition (35).
Suppose that the trajectory w(t). 0 S / S /(0) has been obtained. by the method. (36) 
(38), where the moment t(o ) is determined in accordance with t he stopping criterion
(39). Then

lim I W(/(o)) -u. II- o.
,~ O

This theorem can be proved in the same way as Theorem 2 in [10]. From
Theorem 2, it fo llows that t he operator Ra which sets the point w(t(6» , defined by the
method (36) - (39), in correspondence with (Cio( ll ). J~ ( Il ). C;o(U), a) from (35), is a
regularizing operator in the sense [I), (5].

4. CONCLUSION

The paper shows that the continuous linearization method. of the fourth order
proposed in (4) can be regularized and applied to minimization problems with
inaccurately specified object ive function and set . The proposed regularized method (3) 
(5) for m = 0 in (5) reduces to the regularized continuous projection-gradient method of
the fourth order treated in {1O], while for m = 0, p.. <t) = Ps(t ) = 0 it reduces to the

regularized continuous projection-gradient method of the second order presented in (9).
As pointed out in [3], the advantages and the importance of higher order continuous
methods stem from their higher order of convergence and from the fact that
cont inuous methods give a large choice of numerical integration methods to solve the
cor responding differential equations.
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