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Abstract: This paper considers the continuous linearization method of the fourth
order for solving the convex programming problem Euclidean space. The sufficien t
conditions for con vergence are established.
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L INTRODUCTION

Consider t he following minimization problem

(I )

where V o is a closed. convex subset of real Euclidean space E", functions J (V ). gj (u)

are defined, continuously differentiable and convex on [". The scalar product of two

elements U.U E [ " will be denoted by: <.e. v>: ~ul =< u,u > 1'2 is the norm of an element
U E [ " .

Suppose that

J . == in f J (u » -x, U. ",, {u E U : J(u ) = .J. I~ 0 .
Ild:

In order to solve the problem (U, when Tn = 0 (I.e.

projection-gradient method of the fourth order

(2)

u = U ) the continuous. '
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has ' been proposed and investigated in [2]. When the structure of set U is too
complicated for the projection operation, it is more convenient, instead of projecting
on U , to project on its linear approximation U(u )= {z eUo:gj (u )+

+ < g ;(u ).z -1.1 >SO. i = I,...•m }. This linearization idea is treated in this work.

2. THE METHOD

In order to solve problem (1) we will use the continuous linearization method
described by the following differential equation of the fourth order:

where

P40 (t)u
w + P3 (t )u· + P2(t )u· + 1.1' + 1.1 =

:PUI"(. »[U-a<I).!'(U )]. 1'0.

U (U ) = {z e Uo:gj {u )+ < g ;(u),z - 1.1 >S 0, i = 1. ....m } ;

(3)

(4)

(5)

PU(kl'» (Z) denotes the projection of point e on the set U (u (t» ; u j e E.... i =O, 1,2,3 are

given initial points; a(t), Pj( t). i =2,3,4 are the parameters of the method (3) • (5);,
(i) d u(l )

u eu(I ). u (I) : . , 1'0. i=1.2.3.4.
dl'

We can remark that when m = 0 the method (3)-(5) turns into the projection
gradient method (see [2]) . If Uo is a polyhedral set, and Uo= E'" or

U0 = E: = {u E E"' :u i ~ 0, i = 1... ..n}, projection problem (3) is ~ standard quadratic

programming problem. For P40 (t ) !!I P3(t ) - 0 . the method (3)-(5) becomes the

continuous linearization method investigated in [1].

Suppose that the Slater condition is aati efie. , r.e.

(6)

It is obvious that U(u(t» is a nonempty, dosed. convex set at any fixed
moment t ~ 0, and the projection operation in (3) is correct. From the definition of the
projection (see [3]). equation (3) can be replaced by the following minimization
problem:

t liz -(U(I ) - a(I ).!'(u(l ))111'-+ info % e U(u(I)). (7)

for every t 2: O. Under the given assumptions the Lagrangean functions for problems (1)

and (7) have the saddle points ( 1.1 . , )..). (P40 (t) x 1.1 111(t ) +P3 (t)u · (t) +P2(t )uw(t) +u'(t )+u(t ),



•

(9)

(10)

(12)

(13)

(11)

(14)

(15)

3. THE CONDITIONS FOR CONVERGENCE

m .
+1:Vi (I) g:(u), w - (Jl , (Iju" + P, (lju" + P,(I )U'

1-1

gi (U}><g;(u),P ,(tju" + P, (I )u" + P,(l ju' > S O,

t C!:O, i=l. .... m.

Vi(l) (gi (U}><g:(U),P, (l ju '" + P,(tju" +

+(32(t)u· +u'+u>]=O, t C!:O, i=l, ....m.

m

< J'(u.)+ LA:g;(U. ), v - u. >~. v e Uo•
1-1

,
+u +u» C!:O. weUo• tc!:O.

max I Il J '(u ) - J '(vl ll; max llg: (u )-g:(v) II} SL lI u - v ll,

""""

• •
Al C!:O. ....A'" C!: O. e, e U.. (8)
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Theorem. Suppose that

\{ t»eUox AO' where Ao ""p.eE'":AiC!:O. i e I, ...m}. Then according [3], p. 237,
Lemma 2, they satisfy:

1) U o iB a convex closed set in Euclidean space E" ; the function J (u ). Ki (u )are convex

and differentiable on [" : the gradients J'(u ). g; (u ) satisfy the Lipschitz condition

2) parameters a(t), (3 i(t).i = 2,3,4 are such that

a (l ) eC[O,+<o) O<ao Sa(I)S a" t ~O;

for all u, v e r ": conditions (2) and (6) are satisfied.

Here we will establish the sufficient conditions for the convergence of the
method (3)-(5).
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~2(1)E C'[O.n). ~ 3 (1)E C'[O.+if). ~,tI)E C'[O...").
P;(t)SO. ~;(t) 2: 0 . i ::: 2.3.4. 12: 0:

. "J}i(t) S O. 1=3.4: fl 4 {l ) <?: o. 1 2:0.

l im P, (t) =fl,,,, > 0. 1:::2.3.4:

where Lo = 1 (1 +2 ~ A: ) and L is defined in Oii). Then for every initial points
~ ,_I

["n{±1u")(1) H u{t ) -u. I}=o.
(-00 ,.1
..{, }J III u" )(S) f + {(s)ll u(s ) -u. II' <Is < - .
o 1.1

where {( s) =P; (s) -Pj +ll~(s ). for all s2:0 .

Proo r.As we konw [3], for any convex diffe rentiable function g(u ) on
the following is true

. "g(v)+ < g (v). w-v> :s:g(w). V,WE E •

E" •

(16)

From (5) and (16), it follows U ~U(u(t l) ~Uo ' t : " Setting v=fl
4
(t )u

lV
+ 1l

3
(t )u · +

+P2(t)u· +u· = u in (9). w = u, in ( 2) . and muL.plying the obtained inequalities.
respectively. by - (Cl(t J) and (. 1), and summing them up we have

m

+l:vtU )R; (u ). fl4{ t)U
lV +fl3(t )u· -+ 132(t )u · -+,.,
m

-+ u'-+ u- Il . >$ 11(1)< ~),: g; ( u. ) . P4(t )u
lV+P

3(t )u "-+
j " l

(1 7 )
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Further. we will prove t hat

m

< 2>,(t)~;(u) .,.,
•

+ Ii +u-u . l >. r z O, u, eU•.

(I8)

Fro m (1), (3), (16) and u; £ U. cU. it follows that

;. "' U)[ <g;(U). IJ.. U)ulll
+ 1l3( t) u'" ..L- P2 (t )U~ ..- u · > ..-gz(u } ] 

-",(tl[ <g;III).U. - u > +g,(u} ] ~ -v, ( t) g; { u .l ;

;\",1 tl ! g;lu.) l~o. t ~O. re L....m.

From here. it is obvious that (8) is true. The first term on the right-hand side
of (17) can be est imated in the following way

m

L i.: < g; (Ii .J. Po;, ( t )u
lU

+ Pa(t )u" + P2( t )u' + u ' +
j " I

m .
J '~ .· Ir III •+u - u. > :5 iLo Az.l Po;, (t )u +113 ( t )u +

i - I

• • 11
2 U+13z{t )/l + Il . t l:?: 0, U. E . '

Let us prove it . From (10) and (16) we have

A: <g; (Il .). Pot ( t)u
w

+ 113 {t )u· + Pz(t )u ' +u' + Il - Il . > :5

S" ": [ gz (~ot ( t)UlU + ~3( t )u " + P2 (t)u ' +u' +11)-g,(U. ) ]=

(19 )

(20J

For a convex function g( u ). with gradient g'( Il) satisfying t he Lipschitz
condition (15). it holds that (see [3], p. 93, Lemma 1)

• L II 112 ,
g(W) :5 g (u)+ < g (w ). w -u >+2 Uw-u R _ W . UE [ .

Combining (8). (14) and ( 2 1) we get

(2])
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A.: g
1
<P 4( t )U

ill
+P3(t )u· + P2(t )u· + u' + u= A.: [ gi (P4(t )U

ill
+

P3(t )u" +P2( t )u· + u' +u )-gj(u)- <g; (u ),P4(t )U
I Il

+

+P3( t)u " + P2( t)u · +u'> ] + A.:[ g i (U}+ < g ; (U), P4(t )U
I Il

+

+P3(t )u" + P2( t)u · + u'> ]SA.: I I Pol (t)u
i ll

+ P3(t )u" +

+P2( t )u· + u' 12
• r e L, ... •m. t ~O.

Relation (20) and the last inequality imply (19). Finally, we can estimate the second
tenn on the right-hand side of (17) using the inequality (see [3]. p. 175, Theorem 16)

< J'(u )- J '(v), v -w > S ~ I £l -W 12
• £l .U,W E [Il .

Taking into account estimat ions (18). (19) and (22).from (17) we get

n '"n · 0 • • 0 '"0 •< P4( t)£l + P3(t )£l + P2 (t )u +£l, P4 (t )£l +P3 (t)u +

+~ ,(I)U ' + u' + u - u,> s a(t) t(t + ~.; ) I ~. (t )u i"+

. , .I' [ , ~ '" I'+P3(t)£l + P2 ( t)£l «u Sa(t ) L o P4 (t .lll u +

+~~(I~ u' I' +~:(t~ u' ll' + 1 u' II' ]. 1>0. u, eU,

where Lo '" J1+ 2I:~) . The obtained inequality can be written in the fo rm:1.. i . 1 /

'". } 20 ( 0 ., • • t .+ < u .u > + P3(t) P2(t) c £l ,£l > + < £l .£l > r

20 • • 0 '" 0 •+ P2(t ) < £l .£l > +P4 (t ) < u ,u - u; > +P3(t) < £l , tl - U. > +

+P2(t ) <u·,u-u. >+ <u',u-u. > SO, t ~O. u.eU• .

Inequality (23) has the same fonn as (8) in [2]. Thus. the relations

(22)

(23)

- I 'lim u(I )-u, I s boCo(~. u,) .
'~e

~ E i, u; E U•• (24)
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(25)

(26)

(27)

(28)

. ,
IU Il • 1l "JP,Ct )u + 1'3 (t )u + 1'2(t )u +u > -

sup viCt) s C < eeo,
<>0

Col!;' u,) = ~'(~)~3«>! u·(~ II' +2~,«>{ ~,l<) < u'«>, u,l~ > +

+< u·(~,u'(~ > }+ [ P3«>~'(~ - P, (~ - lP,«>P,@)' ]I u'l~) I' +

+[ 2~3l~) - ~,l<) - 2~~ (~) J< u'l<),u 'l~) > +[ ~, l~)- : ~3l~) +

+P~ (~) - P3(~ +P; l~ ]I u'l~ I' +P, (~) < u·(~,u«>- u, > +

\
+[ ~3@ - ~~ (~ J< u'l~,u(~ - u, > +[ P, (~ - ~3(~ +~; l<) J.
x < u'(;),u(~ - u, > +H 1- P,@ +P;(~ - P;(~ ]I u(~ _ u, 1',

'l ie {I,...,m l

lim ~u( i ) (t ) 1 12 :!>biCo (~ ' u. ). ~ ~t . u. e U•• i =l,2,3,4
,-~

m

P3 Ct )u· + P2 (t )u· +u' + u > ~ L vi (t )< g ;(u ), P, (t)u
I U

+
j.1

Now we will show that

m

= L v,lt )[ gi lu}> <g;( u),
..,

Setting w '" u( in (12), where u( is taken from (6), we get

for ~~i, u. e U. , which are consequences of (23). can be proved in the same way as

(16), (18)-(21), (25) in [2J. Here the moment t is large enough, b1 0:: const.

From Condition 2) of the theorem, and (24), 25), it is obvious that the left
hand side of the last inequality is bounded, Using (6), (11), (13) and (16), it can be
shown that
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'"-2:v
1

(1) [ g,{u}+<g;(u),
,_I

"'
"' ~VI(t ~ glfUc) I ~ O

, I

"'/l~-lt> ] ?: - ~ Vi (t ) g , ( u~ ) ",
I_ I

Thus
.,

as ~\'I I t) S C1 [ m in I !!I(U~) I ] 1.
I ~l 1:;1 !1Il

Th is proves (281. From re lation (26) the following can be derived

.' 0-+ "

I.... t }~ [0... .< ) be a sequence suc h that

• tim { '
,--or.

From f2.J ) and (28) it is obvious that trajectory /1(0 a nd Lcgmngea n
multipliers \(t), i= 1,.... 111 . are bounded . Since ulfJ is also bounded , there exist

Un E L" . a ..., >0. VI ~O. z'" 1.. ..m and the- subsequence ISle} C {s1 I such that

lim ~ /.I ( s.\: ) - u ~ ~ = D
.->
tun
Ie-.'"

," IIU (5.\:) :0. - 1°'14!-._,• . , (29)

luu alsA: l "' u ." >0.
.\: -.,.,

11m \·l(sle)- <~ O.
11. - • ..,

I '" l. .. .. m .

Sett ing t = s. LO (1 2 ) -(1 ·1), when k _ "Xl we have

"'u .. < .1'(/.1.,,) ... ~<g; { u%: I. u' -u." > ~ O. we Vo.
,_I

According to PI. p. 237, Lemma 2, the obtai ned inequalit ies give 1.1"" E V •.

From (27). where II . '" II.,. ';: s.\:. k ~ ko ( ko is such t hat s.\: ?: t ), and (29), we get
c
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lim CO(sk,ua)) = O..-.
The first statement of the theorem follows from here and (24), (25). Putting

U, = u"" in (26) we get the second statement of the theorem.

4. CONCLUSION

N, pein ted out in (2), the importance of higher order projection-gradient
methods ste ms from their higher order of convergen ce in comparison with first order
methods of that type and from the fact that continuous methods give a large choice of
numer ical integration methods to solve the corresponding differential equations. When
the struct ure of the feasible set U is too complicated it is convenient , instead of
projecting the gradient on U to project it on the appropriate linear approximation of U.
This paper shows that under su itable assumptions the method based on the
linearization idea has the same convergence properties as the continuous projection
gradient method of the fourth order proposed in [2J.
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