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Abstract. For unsolvable gene ral ized equa t ions with monoto ne mappings on the left
side the notion of approximative roots is int roduced. The (existence) theorems are
proved and numerical methods for finding approximative solut ions are proposed . The
application areas are the analysis of contradicto ry models of opt imizat ion , game theory,
economic equilibrium , etc.
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1. INTRODUCTION

Monotone mappings play an important role in the optimization theory because
many problems that involve conve xity can be re-formulated in te rms of such mappings,
e .g. convex mathematical programming problems as well as saddle-point problems,
complementarity problems, and problems of the game theory of the theory of economic
equilibrium [1-2]. In th is paper the recent problematics of improper (in other terms iII­
posed or unresolveble) mathematical programming problems {3-4) is t ransferred to
generalized equations with monotone mappi ngs on the left side.

Let E be a fin ite-dimensional Eucl idean space, G . some subset of the direct
product E )t E, {- , -} - scalar product of two vectors. Set G is called monotone, if for any

t .....o points (z', y ' ) e O, (z" , y" l e G the following inequality holds

(z'- z", y'- y"» O,
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and maximal monotone, ifi t is not properly contained in any other monotone set.

Set G genera tes the pair of point- to-se t mappings T:E ..... 2£ and T -1: E --+ 2E.: •

namely

Tz '" lv:(z•.vl E G} 1'- 1y Ie: k (Z,y) E G }

If G is monotone (max ima l monotone). both of these mappings are called monotone
(maxima l monotone ).

The problem we art' interested in is concerned wit h the TOots of T , i.e. suc h
vectors :: E E , that

1'z ) O. (I)

We shall study the case when this general ized equation has no solu ti on and therefore
must be correc ted . OUTanalysis is based on the approach developed in (4] for improper
mathematical programming problems.

T he main framework is as follows. Let

T O.) z } 0 (2)

be a puramctrical imbedding of the original equation (1) into some family of equat ion s
depending on the vector parameter A E E). (of finite dimension ) so that u nd er some

values i 'l '" t,; we have T O.' ) ;E T and the se t

"" = {A e E ) : equat ion l'(iJ z ) 0 has at least one root}

is non-empty.

An,Y choice of the parameter . ,. E W determines the concrete variant of
correction of unsolvable equation (1 ) , Assu me that this choice is restricted by some set

R, RnW ~ 0 . a nd that there is a point-to-set- mapping S ;E";. -. 2£;' evaluating this

choice (e.g. suhd ifTerent ial map ping of some convex scala r funct iun eval ua ti ng the
di fference A- A' 1. Accordi ng to general ideas of [4-6], let us consider the problem of
finding S-opHmal correction parameter value 1..0 in the following form

"fin d the vector 1..0 e W" ",cl(RnW) such that for some So E Si.o

and for any 1_ E WR the following inequality ho lds

{so' ;' 0 - i.}s O. '3'
Note that this problem belongs to the class of so-ca lled varia t ional inequahti­

es , for which the quality theory and numeric techn iques have been developed [1-2, 7
and others) . The solution to equation (21, cor responding to 1..0 (or its c-approx imat ion , if

1..0 e W I, will be called to the S -approximative solution of equation ( 1).
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A closu re operrmun in the definition of the set WB is introduced for some
regularization of the problem.

If S A. = A- j . and the set cl W IS convex then the S-approximation is

equivalent to finding the cleme nt ofcl "' closest to i. .

2. MAIN RESULTS

In the sequel we assume that some monotone mapping F :E )( E.... --+ 2E vE. of
arguments e. j. exists "..ith the property

TO. ) z = {y E E :3/z E E.. such that (y , Iz ) E Fee, U}.

Sin-e F is monotone. the mappings T( A) are monotone too for any 1. .

Theorem 1 Let F be monotone and cond ition (4) holds

Then mnpping { : E,. --+ 2E~ defined by the formula

n. = h E E.. :3 z such that (O,yJ e F(z , jJ ),

is monotone too . Moreover

W ={A E EA : T O.);:J 0 solvable] =dom [,

(4)

( 5 )

wh ere dam { denotes the effective do main of the mapping {. th e set of all points with
non-empty images.

P r o o f . If y' e n.'. y" e { A- are taken arbit rarily then by definition of { the

points e', z" e E ex ist such that h' = (z·,},.') e doni F, h ' '" (z· ,J,-) E dom 10' ,

u" '" (O,y' )e F(h' ,. to" = (O, y " ) e f' lh " ). Consequent ly (due to monotonocity of F) we

have
( , " )' ' '') ( , "" '/ ") (0 0 ' ,,)y -y, . -I. = y- )' , r..-. + - , z- z =

= (w' - IV", h ' -h "} ~ O.

To show thut W = dom { let us take any A E W. For some ~ E E we have

OeTO-lz ={Y:3h e E; (y,h ) e F{z,i-.l} . lienee there exists h e E), such that

(y, M E F(z ) .), i.e. /z E { A, and therefore {i. ~ e. Con versely. if we take any i . e dam (,
then po ints )' E E; and z E r.:exist such that (0,)' ) e F l z, j.). Due to (4) this meanstne

inclus ion T O.) z ) O.
A set M is called almost convex if n (corw M) c M . From the known theorem

Pi a about the st ructure of the effective domain of maximal monotone mappi ngs there
follows.

Co r o ll a ry I . If mapping [ in re lation (al is maximal monotone then set \V in
prob lem (3) of fin ding the S - opt imal correc tion parameter value of eq uat ion (I) I s
almost convex.
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Let us present the conditions that will be used below in different
combinations .

(a) Mappings F : E l( E l.. -. 2E• E
l. andf :E... -. 2E

l. from formulae (4 )-(5) are

maximalmonotone.
(b) Set R is d osed and convex and ri R nri (dam () ~ 0 .

(c) Mapping S : El.. -.2£' is monoto ne, upper semi-continuous and its values

are convex compact sets over \VR = cl (dom f nR ).
(d ) The point 110 e ri \VR and a compact set D surrounding it exist with the

property: for any A E \VRnD there exists S E S ;l. such that ( s, A- 110 ) 2: O.

Set D is said to surround a point ho if for any LE E there exists E = E{l) > 0 such
that 110 +E LED (e.g. the sphe re {A: II A- ~ II= r} with the center at hosurrounds it).

Assu mpt ions (a) - (d ) guarantee that the problem (3) has solut ions and seen
the weakest among the condit ions of such type for monotone variational inequalities 11­
2, 8 -9) .

Define auxiliary mappings HO: E l( E l.. -. 2£' £~ . f O: El.. -+ 2E~ by the rules

H
" ') {UF(z".) +{O} XS RJ• for (z. }.) e dom F nL,

( Z.I. = o othe rwise;

r j UfA + SRA for ), Edom S R n dom ( .«) :
o othe rwise.

Here SR =S +NR , mapping NR :El..-.2E~ is

R by ru leNRA= {L :(L, A- h) 2: 0 foranyh e R}.

z e E, A. e dom S R }' a >O.

generated by normal

dom S R = R n dom S,
cones to set

L : {<" A),

Unde r the above assumpt ions mapping ( 0 will be maximal monotone. The

mapping H o. will be maximal monotone if condition (c) holds for the whole R.

Theorem 2. Generalized. equations r A ) 0, H O(z, A) ) 0 are solvable or not
simultaneously.

This follows from the fact that if (z , J.) is any root ul mapping H o. , then A. is a

root of mapping r ,and conversely. if Ais any root of r .then there exists z E E suc h

that (z. A) is a root of H o. .

Theorem 3. Let F be monotone, the conditions (b ), (c) hold and the sequence

fA" I consists of t he roots of the mappings ro-, where a ll -. +0 . Then all duster points
(if a ny exist) sat isfy variational inequality (3).
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Pro o r, Let " 0 e lVR IX' an arbitrary cluster point of the seq uence P... I, we

may suppose AO = Iimt " . An ' Theorem 2 implies that with seq uence {A" l there may he

as..sociated some sequences {z"l, IS"l , lu"l and li,, } such that s" e S'." , I" Nf{ A" ,
(0, II ,,) e F(z" , An1and

( 6 )

Since sequence p... } is bounded then , due to the declared propernes of mapping S ,
sequence {SlIt associated with it is bounded too . All its cluster points be long to S AO'

Let So be anyone of them tone can think So = lim,,,)s,,), 1.-I.,t u8 show that {R
O

_

AO - A} :S 0 for a ll A E R ru i om {( th('refore for all A e WRl.

Indeed . s ince {is monotone (see Theorem 1) and II " e [ I... , we have

( u. , A- >.• ) $( u, >.- >.• ).

From the defi nit ion of normal cones it follows that

( /. ,>.- >,.) $0.
lienee for a fixed I. e dom {and any n we have

Lett ing n to infi ni ty, we shall get the desired ineq ual ity.

Co r o ll a ry 2 . Let all assu mpt ions of Theorem 3 and condition (a) he va lid , and

let the set W2of t he solutions of inequality (3) be not empty a nd lie in w. If '-0 is any

cluster point of the sequence {)... I and f "0 is bounded then for BOrne 110 e f AO the

inequality
( uo'>'o- >' )$ 0

holds for any A. e W2.
Pro 0 r. Maximal mo notone mappings are upper semi-cont in uous.

T hen under the above assu mpuone there exists a cluster point 110 of the sequence lu" J

(one can think 1.10 = Iim(nl 1.1" e f i .o), Take any I. e \\'2. From the definition of set lV~

as w('11 as the properties of normal cones and the monotcmcity of S there exists s e S i.
suc h that (see (6 )

Letti ng n to in finity , we shall Ret the inequality we wanted .

Theorem 3 shows how to find the S-optimal vector of correct ion j-o and the
approximative root of equation (1) correspondi ng to it : we must choose a small u>O
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and find t he root (za }'n) of the mapping a lia .Tho vector )-0 will be good a aaproxima-,

t ion to ' -0 , as close to it as a is smal l.
We shall now give some conditions which guarantee the solvahility of

equations rJ.) 0, 0 < a < «u . and the bou nded ness ofthei r solut ion sets in coupling.

T heo re m 4. Let take that the assumpt ions (al-Ic) hold and the mapping S
are st rongly monoto ne on WRwith module y> O,

t.' , '." e lVR. s· ES I.' . s" ES J." the following inequality holds

{s ' - s", I: - I: ') >d A' - , " f

r.e . all

Then the mapping fU is strongly monoton e too it has the un ique root l... and
the set '\ 0 = U ;l.a is hounded for any Uo > o.

0«1 <°0

II roo r. Tak e any u ' e{")..·. u" e t ",", We ca n present them as the sums
, ' /' t " .. /" t " h ' S"" S' " / ' N " / " N .., t f " 'U "' S+ +u , u =5 + +0 . w ere se ,., s E ,. , E R '" E R~" e ~. ,

r" E (j:' . Since r and X R are monotone and 5 is strongly monotone, we have

( , "" ''')-(' "" ,,,)It - It , r.. - I\. _ 5 - 5 , I\. - r.. +

+([' - t", ): - , ")+" (,' -1", " -)."» yJ A'- l:' I' ,

i.e. the mapping r also satisfies the condit ion of st rong monotonoci ty . Being maximal
monotone it has t he uniqu e root i 'a 11] .

Next , let us sho..... t he set Ao bounded .

Take an}' 1..0 Eri W R : ri Rnri (dam n. 50 e 5 " 0' 10 EN R 1..0• to e (j..o - Since

t " IS strongly mo notone with the modu le y > 0 and 0 E r Au we have
• 2

r ] ~'a -)'O I .s -( 5o+ /o +u to. '·a - J·O )

r.e .

for all u <: uo .

Note th at the condit ion of s t rong monotonicity of 5 over WR implies that over
condit ion (Jl is true.

Corollary 3 . Suppose that all assumptions of Theorem 4 hold and AO
dom r is the solution to problem (3). T hen

for any zo e (j.o'
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Proof. T he mappmg of S is st rougfy monotone. Therefore for all s" EO SI.u. ' So EO 8 ;'0
the following- inequality holds

( ,~" - SO'
a

).yJ "-"0I·
U~in~ inequaliti es (31, (7) we huve

YI I . " - "0
•
- s( su.' }' II - }·o ) +( So , "0 - I'a ) :s ( s" ,

s - ll( zo, I·u - " 0 ) SIl l ec I I }·u - ',0 I
)s

which proves the Corollary.

The condition of st ro ng monotonocity of S may Ill.' omitted if we use n more

restrictive variant of condition Idr. Let Va denote the set of TOots of mappmg f"

T heor em 5 . Let assumptions taj-tcj be valid as well as the following variant
of condition ldl : t he re exists a poin t ho e n WR c ri {dom () and II compact tlp t IJ

sur rounding it WIth diumctor d such that for any i, E dom f" n D t hen ' exists 1/ E S ;,

for which ( s, i, - lin ) ~ 6, where dam r '" R n dam f , 6 > 0 is fixed . If there I'"ists

0 "" 0 efho then the se ts \ " ' ,O <u < 110 ", fo!l d to I ). arc non -empty and bounded in

couplmg (namely they all iii' in 0). If in addition f ho )0, t he n v" c lJ for all u > 0

Pro u f . T he mappings of f" are maximal monot one . we Will show that for
0 < II < Ilo all of them satisfy the condition of type (dl relative to sot D. Indeed , let

I. e IJn Un dom {, l eNt/i" l e { i. and s e S ;" he Huchthnt ( !',i.· ho ) ~ il. Thi-n I t

is obVIOUS that Su = S -+ / -+ III e f a i, and for all 0 c II c n o WI' have inequality

Sa ' i·- Ito "'( s; i· -Ito ) -+' I , i.-ho -+ll ( t , i.-Ito ~

>li , u ( '0. }.- ho ) . 6- uol '0I d~ O.

T he refere nce to tho theorem on t ilt' existence of the roots (If monot one IIlnppin g-ll I"R'C'
9, p.2281 ends t he proo f.

3. T HE CASt: OF LINEAR PARAMETEIUZATIO:-l

Assume-that
T O.) z =Tz- ;., ic e : »,

We "hall call it the case of linear correction (,,;hift ing') of oquat ion {1 "

Obviously. one ca n include t he linear CUM.' into the framework of Sect ion 2, it is

enough to take F't;z, i.J= (Tz - IJ " { z } as the mapping F This implies that r '" T "1 and

equation
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Let Z a be the set of the roots of the mapping rand W a be the set of the
roots of the mapping S a .

Theorem 7. Assume the mapping T is monotone, condit ions Ib'}, (c') hold and
the sequence { Jon }consists of the roots of the mappings S"·. where a n _ +0 . If this

sequence has cluster points then all of th em are solut ions to the variational inequality
(3 ).

Theorem 7 shows how to find the S.-optimaJ sh ifting vector AO and the
corresponding approximative solution of equation ( 1) : we must choose a small u > 0

and calculate t he root (za , Aa ) of the mapping H r;J. (or the root zr;J. of the mapping T'"

and associated with it the vector A" E W (za I, or the root J'a of the mapping s: and
associated with it the vector Za E Z O'a ))' Th e vector A" will approximate AO we are
interested m, more precisely if a is small. Moreover, T za - A." ) 0, i.e.

T z" - A." ) 0, i.e. ZII is the S - approximative solution of the original equation .

Theorem 8 : Let conditions (a'j-Ic') be valid and the mapping S be st rongly

monotone on WRwith module y > O. Then a ) any mapping S" is st rongly monotone too
and has the unique root ;1_,, ; b ) the set " 0 = U J_" is bounded for all a o > o .

0<" <" 0

Corollary 4. Let al l assumptions of Theo re m 3 be valid and 1.0 e dom r -I be
the solut ion to problem (3). Then

where eo e T -11.0 is taken arbitrarily.
Strong monotonocity condition on S may be weakened if we use some more

restrictive variant of condition td').

Theorem 9 : Let conditions (a'j-Ic') be valid as well as the following variant of

condit ion Id'): a point Ito e ri \VR c ri tdom r- I ) and a compact set D surrounding it

(with diameter d ) exist such that for any A. e dom SU nD and some s e S A. one has

( s, A- !!{j ) 2: 5 , where dom S" = R n dom T -1
, 5> Ois fixed. If there exists

o ~ to E T - I ho then the sets W " , 0 < n < v o = 5 / (d I to 1> , a re non-empty and bounded

in the coupling (they al l lie in VI. More over, if T -1ho ) 0 then w'' are non-empty and

lie in D for all a o > o.
Remark: Theo rem 6 provides the opportu nity to obtain the bcundedneee and

non-emptiness of set W" from some properties of the inverse mapping SOl .

Theorem 10. Let the mapping T be maximal monotone, R=E and the
mapping SOl ., S - Ibe upper semi-continuous, compa ct-valued and st rongly monotone

on E with mod ule y > O. Then for any c o > 0 the sets W" , 0 < a c (1 0 , are not empty

and bounded in the coupling.
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Pr oof: Under the above assumptions the mappings T" are maximal and

st ron gly monotone. Indeed, take any t:e 1"' z', t: e r:«, t: + !l', t;' = t" + s· , where
, • • • • -I • • - I •

t e T z, t e Tz , s e-S (-u z1, S e-S t-c e j. Then ( t~ - t; , z' - z" )=( t' -
_I " . ,, ) {s' " . ,, ) I' "I',z - z +S -S,z-z 2:uy z - z .

It implies that each of them has on e and on ly one root z" and for any Zo

dom T a nd Ao E T zo, s~ E _8 - 1t-u zo) we have successively

uy ~ zlJ -zo 11
2

s - ( ) ' 0 + S~ ' z(J - Zo ) s

s: ~z(J- zo l« ()_o ) + ma:< max IsI ) s:
O<a <ao 8~$ 1( -azO )

where r = flO I eo I. Therefore

provided that 0 < u < n o'

1+ max
Izi s r

max
SES-1( zl

Consequently, the set U llZlJ is bounded for any no . Hence, due to the inc­
O<a <"o

lusion ;\'11 E W(zn ) c S - I (- n Zll J and assumpt ions about properties of Rand S -I , the

se t U U'" is bounded too .
O<a <ao

WE" end this sect ion by describi ng the st ructure of the set of all approximative
roots of maximal monotone mappi ngs.

Theorem II . Let R = E, ;\.0 be the S -optimaJ sh ifting vector for the maximal

... - 1
mon otone mapping Tand Zo=T '-o ~0. Then there exists a vector So eS).o such

that -eo is the recessive heading of the se t Zo (i.e. 20 - So C 20 1.

Proof. The set Zo is closed and convex [1-21. Let eo E Zo a nd So be the

vector in S }-o for wh ich for all ,. E WR {= cldom T - 1) inequality (31 is va lid :

( so. ;'0 -' ) $ 0.

Since T is monotone, the inequality

( 'o- ... - z. "0-;' ) :( Zo-Z. "0-;' )-( ... . )'0 -)' » 0

is valid for any (z,;.) E G . It implies (due to the maximal monotonocity of T ) the

inclusion Zo - So E T" 1 )'0 = Zo0
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4. EXAMPLES

Let \18 conside r Ihe dual pil iI" of linear prugr a mnuug (I.!', jlmhl"mll

max { ( c, x ) : At S b, x :!: O 1,
min t ( b, y) AT)' :!: c. y:!: 0 },

h R" " · b·w e re x E ,C E R ,y E R • E ll, A IIi an ( "I ' n )·mlltnx,

denotes transpoeiuon .
the eu perscnpt

1M)

191

I

T he problems (8).(9) may Iw improper. IA,t A I: [ AIr , Al ]1 [ /10, HI ], (.1

(c6 ,('ll, bT ::::lbJ, bll, xT - lxJ , xl l, yT l:(vJ . yl) be a partnion of rhe ongmnl pmb­

I('01s . Let us define the sets

All these sets are polyhedrons . Let us assu me that W , '2) Our tusk is to find the

elements U' = [ ~J , L·J JE \r which an' mimmal relative to MOll' v'ector monoton e nonn

d (u , u ) '" ell (ul + d 2(u ).

T he "en Sf.' of this problem is 10 obtain consistent systems of const mints III (8) •
191 by means IIf the mi nimal cor recuon of some WOUpl'i of il ll right-hand II 111t'8 bl and ci '

It is (',LS)' to red uce this problem 10 that of Fi nding the S . optimal Ilh l ft lll~

vector for the monotone mapping T. as regarded III Section 3, if .....p denote

Xo I~h - cox,
TOz -

~rY _('1 T, jrUz+.""z. for .r a 0, y z 0;, -
.Yo bo - "',x 0, ot hr-rwiso.

.YI ~ - Alx

II . , ,,, ,\ ." , R" ' ''' - . 2R• •.. . th ted h I I th.. .. IS e mappulg w:-nl 'ra l-"\.I y norma cones 0 I' non-

f R""· ,negauve ortant 0

p p 0

u
R = {; - " o},

i'l d ,( /I)
I. ,., : p,., O, q S i. ::::

q 'I 0

v v ('d2(vJ
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.Using the well-known inversability of subdifTe re nt iai mappings of conjugate
convex functons (8] we can refo rmu late the auxiliary problem of finding the root of the

mapping T" as the following dual pair of LP problems

maxI ( " r ) - Ni2«Alr - ~ rJ ' Aor $ bo ,

rT-I rJ ,r[ ).0 l,
min{ ( b, y ) + Nil «'I - ~TY)·Ul';y . ,o ,

yT -I y~,y[ ).0 l,

(10 )

(11)

where f: max(O, I.) for the number I., p+ = [p~ •. .. ,p; for the vector

p:{ Pt , ...• P/ ]; r 1 / a. > O, d ianddi are conjugate norms to d landd2 •

respectively. Note that problems (0)-(11) was consi dered in (4] where the dual
relat ions for improper LP problems were established .

Let M r be the optimal set for the problem (0) and M ; be the optimal set

for problem (11). In [41 th ere it W 8.i established that if

{Aox S bo.d;(xl ) < r,x z 0 "- 0, Mr ~ 0, or { B:y ~ co' d;(Yt) < r, y2= 0 }~ 0 , M; ~ 0,

then problems (10H 11) are solvable and their opti mal values are equal to eac h
•other. Moreover, if Xr E Mr, Yr E Mr, then xr 'Yr are opt imal vectors of the LP

problems.

Lo (Ur , l1r) = max { ( co,xo )+( Ct- Ur , XI ):~ S" bo , A1X :S: ~ + l1r '

x T =[ xJ.xi ] ~O).

LO(ur , l1r ) = min { ( bo,Yo )+( ~- l1r'Yl ) : 8J"y ::!: co, b[Y ::!:CI-Ur>

yT=[ yJ,y[ ).O),

Note that for the maximal monotonocity of T" in this case it is sufficien t to
de mand (instead of conditions (bl, (b'll the relation W ", 0 . Then due to the results of
Sect ions 2-3 we have

Theorem 12 . If W = WI x W2 "- 0 then

lim max mm
r -+ ", r f'M. ~.,w:

lim max mm
r-+ Z> Yff t.t; .. ., ,,,,.0

I ( A l r - ~ )' - vl = O ,

1«,-1\y)' - u 1= 0,

where WtO" W~ is the set of saddle points for the equivalent class of convex-concave

closed functions l...o {u, v), LO(u, v l relative to the region Arg min d 1(u )x Arg min dz(v ).
" """ 1 II£W1

Let us now consider the convex programming tCP) problem in the form
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sup { fo(x ) ;f/x ) sO. j "'I . .. .• m . x ER"}. (1 2)

and the dual one
inf sup L{x.y ).
1!OO ~

(13 )

where the functions - fo(r ). f1 (x )•.. ..{'" (x ) are assumed to be convex and differenriable

everywhere. L(r . y ) '" (o(x) +{ Y. «x) }. Y '" (Yt •. . .•y,,/ . ( (r) '" «(,(x )•.. ..{'" (x»T•

If the CI' problem is improper we are interested in finding

(Uo , L/o ) '" arg min ~u . IJ~.
(Il.v lf,cl W '

where W' '" { (u.lJ ) E R". R'" : functions L{r. y )- < u .x > -(IJ.Y) has a saddle point In

the region R" • R':' }. R':' = { y E R'" : y S O }.

In the general scheme of Section 3 set z .. ( x T. y T)T , A _( uT . vT )T. T z _
R~ · '"Toz + Ne, R = R"· '" , S A= (u ,v). whereN : R"· '" --t 2 is t he mapping generated

by normal cones to the product R" • R~ .

ify SO.

otherwise.

Then the problem of optimal correct ion of the CP problems (12 ).(13) may be
reduced to that of finding the S -optimal shifting vector for the monotone mapping T.
The auxiliary problem of finding the root of the mapping T" may be reformulated as
follows: find

, m ,
max { (. lx)- la I21 I - 1112a1 l:[ Ux )' J " oR' I,

Jol

min ( (.Ix) + (y ,(lx») _ to 12)(~x~' - lly!' ),ax •

= V(. lx), (y,"(Ix)), y oW' }.

(14 )

(16)

By Mg and M; let us denote the optimal set of problem {141and the projection

of the optimal set of problem (15 ) on the subspace of the variables y, respectively. From
the general results of sections 2-3 it follows

Theorem 13 . Under the above assumptions the optimal values of problems

(14 ). (15 ) are the same and the sets M a • M; are non-empty. If r g E Mg , y g EM;.

then (ur!, t" <r a )T)1 E W', xg is the optimal vector of the problem
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Yo is the opt imal vector of the dual problem

inf 'f;up fIAx.y l- { uXa'x }-{ f +(x ,) , y }),
ySO JC

Problem ( 4), as the one replacing (2). was regarded in 110·111 where it Willi

regular (therefore proper). Dual relations between problems 041. (15) were considered
in (12). Relations be twee n problems (12), (3) and (14 1, (15 ', in the case when they are
improper LP problems of the first kind (i.e. only the primal syste m of cons t raints is
inconsistent , not th e dual ), have also been establ ished earlier.
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