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Abstract : In th is paper we define a discrete quasi-Newton algorithm which uses only
function values for finding a n optimal so lution to the problem min { ~;r ) I;r e X },

where X is a co nvex polyto pe. It is shown that using t his algorithm one can reduce the
in itial problem to a fini te number of subproblems of the type min { lfl(x) l;r e C },

where C is a linear manifold . It is also shown that euch cluster point of the seque nce
gene rated by the a lgorit hm is a n optimal point of the considered optimization
problem.

Keywords_Linpar inequality-constr-ained minimization, DiscrH(' quasi-:\pwton method , Projtot-t..d
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I. INTIWO UCTION

We consider the following minim iza t ion problem:

min{ <p{xl lx e X ). X ={x e R" IAx , b }.

where A is an m"n ma trix, b an »i -vector .

We use in the sequel the following notation . We define the index set
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/(x ) : { j e { l •. ... , m l l aJqx: bJ }, the matrix A : (aJ ), j e [(x la.ssociatedwiththe

corresponding working set; q de notes the nu mber of constraints in the working.S('t . By

q Z we denote a matrix whose columns for m a basis for the null space of A, g tx )

de notes the gradient V lptx) and g p(x ) = ZTg (x ) denotes the projected gradient. The

vector e denotes the i-t h unit vector of the appropriate dimension .,

Throughout the paper we make the following assu mptions:

AI- f/'- H n ~ R is a convex twice continuously different iable function ;

A2 _ X ~ 0 and t here exists a point E e X such tha t the I{'vli'l set

L = { x e X I!p(x) :S lp(.r) } is bounded ;
•

A3 _ the matrixAo associated with the initial working set has full row rank.

If (1 ) is solved by qua si-Newton method , the step s from the cu r re nt iterate x
ca n be defined as s = Z sp ' where -

(2)

Here Bp denotes the cu rre nt quasi -Newton appro ximation to the projected Hessian.
The next iterate is obtained as x + as , where a > 0 is the steplength parameter.

The BFGS (Broyden -t' letcher ·Goldfarb-ShannoJ quasi-Newton formu la for

the u pdated projected matrix Bp is (see [7]):

(3 )

where sp = ZT s, yp =ZT y, y :::g(x+as) -g(x).

The ear lies t quasi-Newton method for linear inequality constraints was due
to Goldfarb, [8] , and was based on an extension of Devtdon's method.

When a quasi-Newton method is implemented using updates to the Cholesky
factors, it is possible to avoid losing positive-definiteness. The Cholesky factorizat ion
of the appropriate projected Hessian can be updated after each rank-one modification .
T his procedure ensu res that the matrix Bp is always positive definite and hence t hat
the computed search direction is always a descent direction . T he use of the ChoJesky
factorization as an aid to the implementation of a numerically s table quasi-Newton
method was suggested by Gill and Murray, [3], Fletcher and Powell. [2].

In the algorithm presented in this paper we use the fini te difference
approximation gp tog/x l. Namely , s ince only the projected gradie nt is required to

pe rform the u pdate (3), the vector gp(x ) can be appro ximated directly by taking Finite-
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-differences of If' along the n - q columns of Z rather than with respect to each
var iable . T hen , using- (2 ) and (3) we obtain the search direction. The stcplcngt h
parameter a along this di rection is compu ted by t he Armijo rule.

Since the direction s is defined by {21 this method falls into the category Hf
null-space methods, wh ich tend to be more efficient as the number of constraints III

the working set increases. The larger the number of co nst raints ecnve at x, tbc
smaller the dimension of the system of equations (2) to be so lved for s.

In such a kind of algorithms a g:nod choice of Z plays II very impor-tant role. A
fu Ddiscuss jon (If rl i lTf'n ' n t formu lations fur Z is mven in 111, 151 .110],111j, (8].

Now we sha ll present the algorithm. For s implicity. we drop the subscri pt k
associated with the cu rrent iteration . It is assu med that an initial feasible point Xo IS

known. A technique fur computing su ch a point is discu ssed, for example , in [4).
Because of a ssu mptmns A I and 112 it follows that the level se t
L : { xeX Ilplx ) :S!p (xo l } is compact .

2. A DISCRETE PROJECTION QUASI-N~;WTON METHOD

F irstly we sha ll pre sent the complete algorithm . After that its constituent
parts will be presented. The complete algorithm is as follow s.

The Main Algorithm

Given a feasible point xo, a full -rank working set Av and SCAla rs £) '£2 '

Os £2 < £) < I, ., e (0. 1to and a positive definite matrix B~ ;

Determine Zo lind a fini te - di fference in terv al- vector ,~) ;

repea t
repeat

near stationary point _ I g~ Is yP £ ) ;

if not near stationary poi nt then
Apply Procedure s

end if
until near stationary point ;
Compute the Lagrange multip liers estimates A
if A ~O then

co nverged _ t" £1 S £2;

if not converged then
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Apply Procedure s
end if

. 1",
v _ the most negative La~..r ange multiplier es t ima te A., ;

if v s: -yP£j then
Delete constraint with mult iplier estimate A.,
q (- q -lj

Z(- Zd ; Bp (-R; ;

Determine a new interval - vector h ;
. 1",

if t P £ ) s &2 then

Apply & . procedure

else
Apply Procedure s

end if
end if

end if
until converged

Procedure 8

From Main Algorithm available : a feasible point Xl , a full- rank working set A l , II

matrix Zl ' an updnteB~. an approximat ion to the projected gradient c; and an

interval-vector hit :

sp e-, a solution s of the system of equations Bps = - g p;

s (- Z Sp;

a (- an Armijo feasible step along s;

a (" (- the step to the nearest constraint:

x +--x+ a s; k (-k + l ;

gp e-, all approximation t il the projected gradien t at x ;

if a < at the n

Yp (-gp -gp ;

I
Bp (- Bp + T

s; sp

x (-x ; p (-p + l;

.be
Add const raint to the working set

q(-q + l ;

B (- Bo, x +--x ',
p p '
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Detormuwa IIPW in terval- voct..r h'•
end If

I: • procedure

From Main Alg'lIrtthm available: It fl'a:olh!l' p ouu .r... II Iull .runk worklll~ !'>d A. a

LaJ.,'l"ang'l· rnulnphers esn m e te ).t. II scala r £2' 0 c £2':' I. It ;;oet nf mdicv I ,

£ 2 < [ At ] S O}. a ll update H;; IIIl mterval-vectur 11 .. ; .4:. t hr- pl-pud" III Vl'r., ' III
•

A :

l v- A· .rs(£:z · - £ 2 _ I ) ('m;

m <1.

X( £2 )·-X+ ~i E2);

Compute the l.aJ.,'l"ltllg'C muluphers l'sl imal(' •1. 2 rorrv ...fltlndmg' to thl' point x E

(Al: 2 - A), . -mil1 { ( ).':! - A.,). le i, };

converged . _ ( ).l:2 _ Al, > 0:

If not converged then

Delete constrnmt WIth muluplier estunato A,

q-q -I;

Z ,-Zd ; Hp.-B~ ;

Determine a new interval- vec tor h ;

end if

T he A I20 r it h m (or Co m p ut i n 2
t he Apprmdmatio n t o the Proje c t ed (;radicnt

j ( - I ;

Given a feasrbh- point xi' a full- rank wurkJllg' M'l Ai .

Determme Z .. lind a flnue diffcrcno- interval- vecto r h,

while i .:5 n - q do

e,_Z('I :
Z J '- lhe) - rh element (If thp vector ('I ;

n

h) . - LI h) z) I.
) .,

X , . -x +hll', :



[ K"j. ·

'4 I. I ;

"n,1 d ..

1 [ 'rLx, ) 'pi x) I;
I..

IHy I g" I. WO' ,1"l1oh' th.· fllTwurd ·dIJT"TPnct· UIJPfllXlIIllIllon tll an r-th element uf thl"

prlljPch·d wwl1l'nt g" Ix . 1l

Notp I . Whl'lI wr mid fiT d.· I"t.· II co nat rut nt Wf-' mu st mmhfy the- T(·pn·b(·nwtillll f,f Z
11ll"IIr r . . .. 'lflllrl til ttl<' IlI'W Wflrklll~ " •• t. lf wl' udd II Cfl ll8trlU nt , thl' n·ll1tilln!\hiJl l~'lW('f'1l

till' old Z 1I11fl "'·W Zn umy 1M ' I'xpn'lI/wd UH:.
zq IZn Z), wh"I"" Z ilj th" 'I • til co lu m n o f(}C! lIl1d (/ d "1I0!1' !> II KW("(' P fl f plll'lt'

rutlllillll ~ III"" I~]I . TI ll' cllrrl·Hpon cl llll.: Tl 'l lI ti "n1~h i l' II('\wI '{'n t.lu- o ld U,l a nd the ne w

U" 1111'. ' [H)l ill:,.
Jj"

" I

Lhnt lfl , WI' 11,·1,,\.· th. ·111 t11 row lind column from till' marnx QT 1J,IQ til g'l't the mutrix

IJ" I till' dllll"II1111l1l IIf II" II' ~ lIl ll ll " r hy "111' ) ., ,
It' WI' d.·I.-I.· II cuuet rumt , till' n· llItlHlls~lIP IJ,(·tWI'f·1I t lw HId Z and IWW Z" may

b,· "xpn' ,·01 t1 ~ Z" (Z zl. whoro z 18 till' i '1 ~ II · th colu m n IIH/Q (8(·c 18». The l'ur­

r" I'",ullll lo: n·llIti 'ln"hip t..-t wor-n thp uld lJ,. lind thl' now n~ t "C 18)} IS:

zJ' JI,.Z" IJ", fl,
1 •

t hut III,

NfJtr 2. WI' U"'! t il!' Iunt.. l for wlln l) ·d ill,' re lll;" Upp ru xi lllilti llll til thl ' p rojPcl,,1!
Io:ru d wnl. W" Wi Kh tll uhtntu II "11t ' 1I" 11I1.." Illh ' r Vll!-v('('tu r" t.luu will produ ct' reuscuuhly
HlTlIn,tl' nppn lXllJliltl lllH1 10 t lw pnIJ"ct"oI h'l' lId"'nt t h rllu!o:llOut t ill' CIlUrlW of t ilt'
1II11111l1iZIl I IOII i " " " -1 1i .1.:1 1II1l1 R.fI ,~5 , ill 1711 , 1\ voctur 11 Ithut i ll . /I M('t ufintervnls I" , .
I I .....,tllhh llll id hI' "' IM'c lfi,'1! lit t ill' in itinl puint .1" " . Un for tu nate ly, eiuce Z Chllll!o:('S
l:O lllplr'l"ly whe n lh, · workllllo: h.·t Chlllllo:t'K, t lw n' Iii nu ":u llrll llh',, that th.. Il('t " I'
llplll lllli m t" rvlIls CHIllPli t t'd nt 0I1l' I'lII lIt hil s lilly Kt rlll !o:h l fo r wllrd rl'l llti llll Kh ip til tnl'
,\('t II I" uplllllll llllt"rvll lllilt unotlu-r Ilo m l. D Ill' Mt r llt l' l{y thllt oft"" h'1\'l'S J:lIud resu lts for
Illwruly run: tru llll'd prohJ, '1II 11lUu'l l III tll" pn'II"nt..d IIw l hod iii IilhCIISM·d in 171.

Nulr :1 A ", W•• know, lit till' 111 1111 110 11 J' to tl t rt hnM s that

•Rl :r I 14 1
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for some vector of LHgrallge mu lt iplie rs . Although there a re no l..lIJ.,"ru nJ.:"(· mult ipliers
at a non-stationary point . it is important to have somo means (If esumatmg l.l1~anJ{p

multipliers at points for wich {4) does not hold Any such esnmate shou ld be

consistent. i.e . ,l.. shou Id have the pruprty that .l". -10 X 0 im phcs Lk _ ,l.0

In addition, II method fur (>stimating l.lll-,"rungl' multipliers shou ld use thl' same
factorization involved in reprosennng Z. Possiblo forms for a LllgranJ:1' multiplier
estimate are mven III [61. (l 2J.

Note 4. T he k nown property of II convex cont inuously differentiable function 1fI: Un_.

- . R Ls that [ gt x + as) ]Ts is it IlCJlIlll'1:fe8!'>ing funct ion of Ol

Consequently, fur any a ~ 0 we have [ gtx + as) f s z [ glx ) f s. For SO Ule'

a > a It follows that. [ glx + ClS) ]Ts ~ [ glx + c s r ] T S G: [ g{x) ]Ts, that is. for such a

we have I g lx +u s) ] Ts~ [ gl x ) f s . Hence. the condition ).Ts ={ gl x+as) ( s

-[ g(x) f S > 0 is satis fied. (Sinl,"(> we' know tsee [7)) that the' BFGS u pdate us(>d in the'

Projection Quasi ·Newtu n Algn rith m hits thl' property of hereditary pOSltIV..
definiteness if and only if yTs > OJ.

T he following lemma shows that lmeur independence of the workiun sets is
maintained .

Lemma I . If the matrix Ao ussoeiated with the initial wllrkillg set has fu ll rnw rank .

and if Sit satisfies A. sk = 0 for everyk ~ 0, thenAk will haw full row rank for allll >O.

P roo f . See IS}.

In the follnwinJ{ lem ma we sh al l show thnt we may delete any const raint
co r responding to a negat ive )., .

Lemma 2. Let x belong tel the manifold defined by the index set I .. l ix ) lind suppose
C

p
.. O. If we delete from the working set the const ra int corresponding to a negative

).8 then the vector s = _Z B; 1Cp in the su bs pace cor responding to the IW W index set

i = 1\ It.l is a feasible descent direction because the conditions

T( +as) > b a > 0 and g(x )T. < 0Q 8 X S '

are satisfied. where Cp denotes t he project ion of g onto t he new subspace.
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Pro o f. \'Ile sha ll assume gp =: O. By g we denote the fin ite-difference approximation
to g (x ).

It follows that g = L AJ OJ' Consequently,
, 01 .

(5 )

s ince A, < 0 and the vecto rs a j' j e I are, by assumption A 3, linearly independent .

By Z we denote a basis mat rix for the null space of the new working set. -
A =: (a), j e / . We have

(5a)

since B p is positive defi nite and g p .. 0 by (S).

Since Ig- g( x 4 = (){h) {see (7)), by the continu ity of t he product ,_,T 5 it

follows from (Sa) that g{x JT s < 0, too. Final ly ,

(6 )

because B -! is posit ive de finite, A, < 0 and Z T a , .. 0 by linear independence of vectors

a J' j e J (follows from assu mpt ion A 3 and Lemma 1). Since aJx= b" we obtain, using

(8) oJ(.r +0 5) :: oJ.r +a oJ5 > b" a > 0, and that is what we had to prove.

Note. However, when a constraint is deleted from the working set based on a
negative multiplier est imate, it is not t rue t hat every definition of the search direction
with the new working set will be feasible with respect to the deleted constraint. See [6]
for a more detailed discu ssion of techniques for test ing t he accuracy uf Lagrange
mult iplier est im ates and of the condit ions that must apply in order to guarantee a
feasible descent direction for quasi-Newton methods.

In the following lemmu near -zero Lagrange multipliers estimates are
considered. By I , we denote t he se t of indices of contraints with near-zero multipliers

and the corresponding point by x , If each const raint oJ.r :: bJ' j e I . is pertu rbed by a

small positive scalar E and the Lagrange multipliers estimates are recompu ted it is
possible to determine the natu re of the cu rvatu re in the neighborhood of x.
l..emma 3. Let .r(E) be such that

j E I ,

jil l ,'
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thenxh:) : x + s{ £). when> s(£) :: e L C..\ +lT"j ' and..i + = (ATA)-I;iT IS the pse udo­
,d ,

•
inverse of .4 .

Proof. See (5].

This lemma implies that the decision to drop or retain a constraint wit h a
near-zero multiplier will depend upon whether till' s ign of the ccrrespondmg element

of ).t - ). is negative or positive ( ).t denotes the Lagrange multiplier est unate a t. the
point x l £»).

In t he following theorem we sha ll mve the proof of con verge nce.

Theorem. Let a ssumptions .41·.43 he sat isfied . Theil each cluster puint uf the
sequence generated by the algorithm presents a n optimal point to the problem ( I).
This alg-orithm reduces the initial problem 11 ) to a finite number of su bp roblems of
the type min { <p( x ) Ix e C }. where C is a linear manifold .

Proof. By the Mean value Theorem Wt' have

tp(x"+as,, ) =tp (Xk )+ag( ~ ,, )T S,, . ~" ", x"+a"as,,, a" E( 0,11. a > O.

Since grs,, : grZ(B~ )-l g; : -(ZTg,, )T(8~ )-l g; = _( g; )T (H~ )-l g~ <: O If g;"$ O by

assumed positive definiteness of B; . and since Ig (x,, )- g ...1 = ()( h... ). it follows by the

continu ity of the product t _)T Solo that gt.x )T sAo < 0 fnr x in some interval (:!. x l about x ... .

Hence. by the continu ity of g lx ) we have that Cl~",rs... < 0 for su fficien t ly sma ll

U. 0 < a S U, Hence, lfl(xk +~ sAo ) < tp{x,, ), that is , { x" } c L '" { X E X I \f' (xl :S <p(xo ) }.

where L is by assumptions A 1 and A2 a co mpact set . Consequently there ex ists /I

subsequ ence { x -" } su ch that x" -+ x" E L as j - . 7;; . By cont inu ity of 1fI we have, ,
If! ( x ...r } -+ If! {x" ) as j -+ r . Frnm the Algorithm it follows tha t C; -+ 0 as k_ T . By

continuity of gplx ) i t fnllows that~(x.j )_ gp{x " J =O asj _ r.,. Since from t.he

Algorith m we have ).{x" j '" O. it fulluws that .r" is an optimal point to the problem (0 .

Let us prove the seco nd part of the theorem. At II k·th iteration nne of the
two following cases can he realized. For s implicity. we drop t he su bscr ipt k a ssociated
with the current iteration.

Case 1. x is a near optimal point of If! on the subspace corresponding W the index set
1 = I (x ); that is , we obtain

Il g" II",!' ,, ·
After some fin ite number of steps we sha ll ge
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ramt if a = a , . In both cases the last obtained point is used 8 S 11 start m g point and

the mmimization proceeds.

\. b T 0Smce J - oJ x< ,ars <O. j<l1

In both cases W E" abo obtain decreesma values of If' smce .....E' make a posmvc

step a > 0 along a descent feasible direcnon s = - Z Bpi g p tby posmve definiteness of

- bJ -aJx
B p ). ( lf a =a" we have a,= mini T

J a J S

j l1' I , it follows t ha t a .. > 0 I.

F rom the a bove co nside ratiori o f Case I and Case :2 It follnw!' thai eithe r- wo

find a n op t imal point on a su bspace or W E:' add 11 new constraint to the set of acti ve
const raints. Since. by assumpt ion A 3 lind Lemma 1 the vectors a. , J E /lx) I1n'

linearly Independent. such an extens ion of the set (If »cnve const raints mus t ill'
fin ished lifter 11 finite number of iterations, which can not ht>larger than II. when ' n IS

the dimension of the problem t lt. Since the seque nce {If'l x,, l} is monotonically

decreasing, all t he sets I lx ,, ' are different . Since all index SP I S I (x,, )c {i.. ., Tn } il

follows that their number is fini te tthe number of su bsets nl II spt consisting of In

elemen ts). T herefore the number of problems min {If'txJI x e C }. where C is a rna rufuld

corresponding to the index set I IX. ' must be fini te .

4. CONCLUSION

We can conclude that the presented method has the follo\\,ng advantages:

1. This algorithm requ ires only evaluatio ns of fu nction values: namely a fin ite­
difference quasi-Newt on algorith m will d iffer in other respects fro m a method for
exact gradients because of tho n - q function evaluano ns required to ohtaUl 11

projected gradient a ppro ximation .

2. with the values of intervals Iii" I - l ,......,n, determined according 10 Gill lind
Murray t 1972, 1981 ) the chea per forward -difference formula is used until x-" is III

11 neighbourhood whore II RI' II is small. in whic h ('\'PIlI II switch 10 ccntrul
d ifferences is m ade . At present . qu est-Newton methods Il Slll~ these tech n iques
lire generally more effect ive than lilly other methods which utilize on ly funct ion
values .

3. The use of the Cholesky factorization allows us tH avuid t he loss tth rough
rounding er rors} of posit ive definiteness in the Hessian til l' inverse Hessum t
approximation .

4 . wh en properly implemented . fini te-difference quasi -Newton met hod s 1Ir('
ext rem ely e fficient and have the sa me rapid convergonco liS their cou nterparts
WIth exact gradients.
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