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Abstract.: The paper ",OWt' S a view uf interior pornt method s for linear pnJ","Tallunm~

inspired by the work of Karmarkur. Two l)os!'lhle classificat ions of the exist in~

method s are presented through the dcotaikod discussnm of typ ica l represemanvos. The
paper a lso discusses so me implementation details a nd provides a selec ted blhhub'l"aphy.

Ke yword.. l.mea r pl"O~"'i1mnllng. l nte r mr nU·lhocis. Co mput ntiona l m mpl..", u y

I. INTRODUCTION

The int roduction of polynomial-time inter-ior rnt·thud s is one of the must
important developments In mathematical pWJ.,'l"lImmlng- in the las t docado The first
s tep In that direction was made in 1984 when Karmarkar in h is seminal pa per (35)
proposed a new polynomial alguruhm fur linear proJ..'l"ammll1g. The method had not
only 11 bettor complexity bound than the earher method of Khachian (37) hu t it a lso
enioyed computat ional efficiency nil practical problems. Karmarkur 's papt'r s t imulated
an enormous rosoerch interest wh ich has resulted in the developme nt Ill' numerus
interior point me thods hoth for lmonr and rmnlinenr prog....munnur problems and for
certain dISCl'P U ' op timization problems. 'l'he ten years Ill' resea rch resu lted in ahou t
:WOO papers dealing with interior p-unt met hod s Isee Kranich's 11IhIi0"'''Ta phy (4 1)l.
Recently, Nesterov and Nemirovskii (55) have developed a general [rumework fur
polynomial-time m u-riClr point methods. based nil self-concordant functions , Interior
point methodology has alscl been used til dl'v£'lop II new approach to the th('ury uf
linear pruJ,"Tammmg, including duality and se nsitivity analysis (Sl'P [34]1.

This papt-'r reviews the most important aspe cts HI' int t-rror p omt methods for
linear pruJ..'l"lUmning inspired by work of Karmurker . Section 2 describes the mum idon

. 1 Th is re search was sllflportP<l by Sci l'ncO' Fund o r Serbia, w ant numl...r fl401F, th rough
M.1.t hO'nJatlcal In s tit ut e
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of in ter ior point methods a nd gives two possible class ifica t ions. Section 3 is devoted to
projecti ve' methods with the em phasis 0 11 the or iginal method of Ka rmar kar. Affine
met hods, including the or iginal and modified version of Hikin 's met hod [1 8. 19] a nd
Gon zaga's po lyno mia l modifica t ion [27] a rc analyzed in Section 4 . Sect ion 5 describes
t he main idea of puth-following methods on the example of Gonzaga 's method [25] .
Section 6 gives a su rvey of sea rch direct ions in interior poin t methods with the
emphasis on nu merical stability problems. Finally. Section 7 discu sses some details
related to pract ical irnple men tnt .icn of in ter ior point methods.

2. THE BASIC PRINCIPLES OF INTERIOR POI NT METHODS

COllside r the linear prugr um min g problem in standard form

mm cTr
[1)

x 2: 0

where A =- [aij]m'n ' CER n, x ER". bER"', m -en . ranhA =- m and assu me t hat A. b a nd C
have integer ent ries (which is equiva lent to the assu mption that the entr ies are
ra tional }. Let X be t he feasible se t of ( I I a nd, for the sake of sim plicity. assume tha t X
is bounded and ri X =- lx ER" IAx =b, x >OI",0 . It is well known that the problem dual to
t l ) can be writ ten in either of t he two forms:

(2)

T he idea of interior point methods for solving ( 1) is quite opposite to that of
the s implex method : instead of visiting di fferent ext reme points of X . a typical in terior
poin t method ge ne ra tes a sequ ence (x"') c r i X. with the pro per ty that for h la rge
enough the approximate solution x'" ca n 1)(' transformed in to an opt imal solu t ion XOfJ1 •

The most impor tant issue in this approach is to estimate polynomially the number of
elementary operations (addit ions , mu lt iplications , compa risons , etc. I need ed to get a n
optimal solu t ion. In addition. it has to be sh own that generated points have
polynom ial de scr iptions. T h is is usually do ne by showin g that it is su fficien t to do all
the calcu la t ions in cer tain fixed preci sio n which depends on the data of problem (1)
(see e.g. (54)), We shall here shor t ly discu ss a t heore t ical background for the
transformat ion of x '" into Xapt •

We shall de note by < 11 > the nu mber of bi ts needed for bina ry representat ion
of an integer 11 . T hen <11> =- 1 + r log2 { I II I + 1)1. Let r be the bit lengt h of till' input
data in problem ( 0 . i.e .

r =< 0 11> +... + < a "", > + < ('I > +... +< c" > + <~ > +... < b", >

and let L =- r + <n > . The next Lem ma , ba sically due to Khachian [37] . shows that t he
quant ity 2' 1. ca n ht, u sed for ti ll' identifica tmn of tho op tima l solut ion.
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Lem ma I , Su ppose that t he feasihle set X of problem I I I is nonernpry and bouuded
and le t r.~ = c T x"pl be t he opt ima l »bjecrrvo function value. If x is an arbitrary

extreme point ufX then either cT ; '" ("pi or cT ; > ("pl ... T 1, ._

Intenor point methods for linear program mi ng u se the results of 1".. lIIlIIa 1 in
the followlllK wily; Suppose that till' optima l value /;'1'1 is known a nd that we seek a
p-unt whe re It i.... Ilchi<,vt'd Let lx-"l lw a sequence Kl' lwrnt('d hy IIIl interior met hod and
....upposc that for SOlil t ' 11 wp have

Furthermore. suppose that the po int xl' IS t ran.... fur- mod into nil ext reme pomt. x of X
with the property ('T; :s c T x l: Then m:cllrd ing: to Lemma l eT; = f "J'I ' U' . x is an

opt ima l solut ion tequa l tOX"!,1 in the O IS(' uf the u nique solu uo n i. An obvious ditficulty
with this approach lit'S ill thl' fnct that in J.:Pll('rll l caM'/~pl is no t kno wn and thoro are
sevorul way!' to rrct around it. Ka rmakar in [3 .51 p r llpOSt' S f('placin g: problem I I I with a
new pl"Ob l~' lIl III which the dua lity g"ap, known tu have 0 a!' tho optuna l va lue . is
nnnimizod Several authors propo!'(' g:(,)ll'rating: II sequence \.\.k , z'l of dual fea sihlo

solu t ions. Since cTX"I>l - b T.\·ol>l = 0 lind bT /
i

-: bTY"J.>l we have Iz' l x' = ("T x" _ b T :v""

- l'T x l: _ CTx ,>pI .. bT -"<>pi _ b Ty ' z c T x " _ c TXOJIl and t he test (3, can hi, replaced by

('Tx!' _ b T y " s 2 - 1• 01" ( :' ITX· S 2- 1, There a re "h,(J more efficn-nt approaches which

avoid explunt eva lua t ion of dua l vana bles Isee e.g. [63]l.

It rr-mnms to hI' see n how 1I point x k sllt isfyin g" (3f C<1Il 111' rransfonnod in to an

extreme pU llit x with tilt' property c T l :S (.T x-" . Such t ra nsformations an' often cu lled

rou ndmK procedu res . 'I'h r- idt'a nf the rou nding- procedure below i!' W s tar t [rum x'
.lIld at each s tt·p gonorato 11 teusibh- puut wh ich hal' at leas t one mure zero t·IHlrdmatt·
t han the previou s point and a t the sa lll(> time du('!' not mcrea se t he ohjt'Ctiv(' Iuuction
value. The Algo r ithm is taken frum (20). sec also [40] _

Let x· > 0 he 11 feas ible point a nd le t the vectors zl , . e'"?" COII!'tltUt(· a

basis uf tilt' vecto r s pace ,vtA )= tx € R il lAt = 0 [. Let u s note that z I, ... , z ll - m om bo
obtained with 0(m 3 ) operations by pivo ti ng Oil the ma t r ix A. Namely. if matrix A is

t ransfor nu-d m to till' uuur ix [1", MI then t he rows of t ho ma t rix I AI T
- 1n _m ) are a

hasis of NIA ), where 1m and 1" m a re the unit matr -ices of order m a nd n ·m,
respect ive ly.

AIJ{orithm l.

Step 0 : Set S = II -m. y =rl.

Step 1: Sl'l z= 4" . If cT z ~ < 0 spt z = .4", Com pute

,i = IJ IlIl : .YJ I zJ Iz} '> 0 1'" y~ / z~ ,

Stt'P 2: Cmllpu te y '" y - ).z, Ifs= 1 se t -; =.vSTO P . O ther....i St· compute
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"iJ : zJ -{ z; I Zr lz , ) : I .... , s - 1.

Step 3: Set y :y, zJ "" i J, ) "' 1. ., s- l , replaCt' shy s-l and gntn Stepl . •

It can be shown that the point x gcnoruted by Algorithm I is an extre me

poi nt of X with the property t.Ti s cTx" . Since each cycle Hf the a lgorithm uses Oin :l)
olomentarv operations a nd the nu mber of cycles is O(n ), the total co mplexity is 01n ;I ).

All known in terior POint met hods usc the outhned ideas for the
mmsformanon into lin exact solution . T he difference OCL"'U rs in the rule fur gt' lwrat ing
till' sequence IxAr ) and the number of stops needed t.o get n so lut ion satisfying I:}) or a
re lated s topping criterum . A possible classificat ion uf interior methods, based un t he
gt..umet ric interpretation, is t ill' following:

I. Proje ctive m ethods (Knr tnuka r [35], Anstrcichor (3]. De Ghellinck a nd Vial (11] ,
Todd and Ye [64 1, Ye [73] , Yamashita (72], Gon zaga [261, etc.I.

2. Affi ne m ethods t Uikin [18, 19]. Ba rnes [9J, Go nzaga 127), vanderbe i e t a l. [68] ,
Munma and Morton (51) , Monteiru et al. [5a ). Ye (71 1, etc.I .

:1. P a rh -rollowing m ethods tHent·ga r [57J. Gonzagll (25 . 30, 3 1J , Hoos and Via l (59,
60), lJt>n Her tog et a l. (16). Monteiro and Adler (52), Kojima et a1. {3B], etc. ).

In Sect ions 2, 3. a nd 4 we will shor t ly Hut line typical representatives (If tho
three classes. In terior methods can also be classified according to the type of problem
bei ng solved as:

I. P r-i mal m ethods , working on t 1), tKarma rka r (35), Anstreicher (3], De Ghellinek
and Vial (14]. Ye (73, 741, Gonza ga [30, 3 1], HOlls and Via l (59 , 60 J, Den Hertog et e l.
(16], Dikin [18, 19], Barnes {9 ), venderbei et aI . (6B]. etc.I.

2.l>ual m ethods , wnrkmg on {2 1, (Yamashjta [72]. Gunzaga (25], Monma a nd Murton
(5 1J. Renegar [57]. etc.).

:1. Peimal-dual m ethods (Todd lind Ye [64]. Montoiru et ul. (53]. Mo nteiro lind Adler
[52), Kojima et a l. [3BJ, e tc.I .

3. PROJ ECTIVE METHODS

The original ve rsion of Karmarkar's method (351 is the most important
representative of the class of projective methods. Kannarker's method is formula ted
for the problems m the following spec ial form:

min r Tx

(4 '
Ax '" O. eTx '" I, x 2: 0
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where A - [aIJJm~n , ranh.A e m , x .c ER " . e-( I , . , l leR" and a ll the oetficwms
in A and c lire intege r . Let X he t he feasihlo set (If problem (41 . r.e. X == jV l A )r""IS.

wht'rl'S is the (n· ll - dimensional s implex, S-lx ER" I l,Tx== l , x z U}. It is

assumed that Ae -O , i.e. the L',' IIU' r ' If S defined fly a ==( l in 1,· is f"aslh!{" a nd that th{·
optimal objec tive function value (opl=O.

Karmarkar's alJ:llrithm can lx· desc:ril)('d a li the s U·{·pc.'st descent method with
the projecti ve t ransformation at each iteration . At the Iteration k the t ru nsfur mat um
is defined by

V -I X

Y == T
D

I
, x

where V == diagi X~ , .. , x; I and x"'" > 0 is a point g'('n('rah-d at the' nerat jon k· I . It IS

easy to see thnt the transformatio n mapsS in to itself, that t he' ext reme points remain

fixl'd and that xk I ~ ma pped in to a. 1."1 X hI' the IllUI g"{' of X . Then

X = N \A l r""IS, A == AD. The inverse rransformauon is hoiv"n by

T he next su-c.;alled potent ial functi on play s a n im pnrtant roll' II) the analys is
uf Karmarka r 's algorithm :

r •
(I x ) == n In\{,Tx r-. v- In x,-,.,

-
Let ( he the t ra nsfo rmed potential functio n dcfim-d lry { (y) == ( Ix l. Then

• •
== n In ;:T\' - "'~11l \' _ Yln xk

. - ,I _ ,

,-I ,.1

-
whore C == De. i.e. functions { a nd {art' lit" the SlI lIW form

The k-th iterat ion uf Karmarker's algo rithm ca n now 1M' shor t!... uu thned as

. wuh the projective t ra nsformat ion .v == V - I x ('T/) - I x map tho f{'m.lhl,. set X unto .\ ;

thp lmagcufx"'IS a = (l /n )(' .

- Tuko one step of t he projPcu'd J.,'l'mlwlit met hod for decreas ing r nn X . I.{·, compu te- -y == a - )1'V{ fa l/lll'V{ fa JII,

- Gpt x"'" + I as the inverse imllg:{' nf y .

Tho precise formulation of the method IS :
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Atgort t b m 2 1Kar l1111rkllr l:

St<'pO:LRtL>OandO < o. < l l>l'}.'1Vl' n.Sd ). :=(l 1 fi lII -II. xU :=a . k =O.

[AIB =
L"T ,,, . 1 . ..

ll( ' the matr-ix defuunu X

Stt·p;\: Set .v := a - sh,

, . , / - "1" / -Stl'p4:Computex := J.v / c· ).'1.

Le-t us r uuo that

:"I ' that the mam computational effort in Ollt' iternt mn of AIg-IIflthm 2 i!' the i n\'l' r ~ i"n

II' f A A T := AJYA T. W(' sha ll M'l' that this I~ the l:8:"l.' with all inu-r'iur I",i nt method s

'l'he next th eurem show!' that Algorith m 2 is polyno mial :

Theorem 1 \(351 ). Lct r- II(' t ill' leturt.h elf the 11 1]ll1 t du tu III (·11 . le t L = r + < n > HIll I

u~l!3 . Then Alguri th m:J. III O(,,},) iteration s limb 11 pnin t x~· sa t is(ving" f:rX ~' '" :r '·. •

Sinct' the nu mber of ck-nu-nturv arith mr-t ic uper-at.ions per iteration «f
Aig-ori thm :2 is 01,, :1 ), it follow :- that the overall com plexity II'r t\ l/-{orithm 2 is 0\".Jl.l .
Karmarkar also shows that AI~orithm 2 ca n II(' lIloditil'd u sing" pa rtia l u pdanrur !'oil' that
t lu- complexity hound IS fI',h lcPI! tH OI,, ·; ,' L I. 'Ihe ra to fl f cOllvprg-t' )lct' IIf Kannurkar' s
ulg-ur ith m is a nalysed hy Asic. KUVil<:X' vic· \'uj<::ic a nd l{Hdo !'oil \'IJ('\"I C-~ikuhc in (7). li nd!'!"
till' assumption that i '" l.tl . . . . . x"' ,O. . . 01. Xl .,. O. • X'" > 0 t-, thl ' unique :--u lu t lllll lit"

14 1 it is shuwn that

Jw- 11111 - m - l )lm ... 11 - (11 m ... 1J
=--F~~~~-'"=-,--",-:-

,/ 111 I ll n - m - l l\m + lI . tl1 11 - m - lI



Furt homore. Asic et al . show in (RJ that the llo n nalizpd SI'q UPIlC(' of sea rch directiuns
in Karmarkur's m ethod COl n \'t' rg-es, i.e.

x'

".r "

.~,

where the components of lj an' uniquely detcrrni ned hy the n ..iuced co ... t vector at. t.hl'
«ptunal vertex . In t u it ively SIll,' lIklllg', the, nwalls dwt. the "un'p"SI\"(' uerates t('nd to
lull' up alo llg- a dtrec tuiu whn-h pOlllts towanb till' -olut u.n. III I t2 J Km'ac('vic.\'u.lClc
u ses th is prupl.' rty III unit 'r to uu pruve t he rat l' IIf cnn\'t' r g:t'rKl' of l( lI r llllu'kar 's nwthod

by lltkin~ long sh'p.s III prulIl l"ing- direcuons. NlIlnt.'ly , "'';\'(' 11 It s-eque-nce (x l: l, x' _ . x ,

gl' np ra t('(1 hy Karmar kar '.s metho d, let x·. I.' S , Ill' ddh"'d , I S a pomt at which the

ray x · - I + t(x k _ x "'- l) i n tersec t s the' htlU ntlar~! I . f X Then

J -, -I.r .r
Inn , O.
•-., IX x I

i.e . tilt' auxiliary
fa skr t han (Xkl ,

-,
>'('qllPIlCl' Ix I, II low l·' .... t In !,, ) 1'('1' s t t' )ll, C' III\'( ' I"g-t·"

i n [24J (:ill, Murray, Sau nders . Tumlin and Wrlg-h t shnw that Karm arkm 's
algo ri th m can I", viewed as the Newton's method IIppli('d to tilt' log-a l"l thllllc harrn-r
function , Todd lind Hurrell [6:i] were the fir st til .sbuw that tilt' a - c-umptn.n " f known
«primal value in Karrnarka r's method C,II\ II(' n'mOln>t 1 u - uur II 1" .....( ,1" I" '\lnti technique

A variant of Karlll llrkill" 'S nn-thod .....hich wurks wit h hncu r pnlj.,rr'UHlll lllg- prllhll' lllS III
s tandu rd fo rm WIlS dl'\,plop"d by r: onzll ~a r2fil 1ll1l1 -evoru l ot lu-r 1II11 1l0r". FUlllH' 1'
a nalysis of Karmurkar's met hod a nd dpscriptlrlns of StJ lIIl' «thor 1"(,1a tl.·d lII (' t hod~

1X'lull j.,"ing tll thl' :-.< tlll l' cbs" C,tIl 1'1<' found III [3, 12 . 11 z u. 2:1 , 28 . 64 , i2 , i :t i61, I'tt ·

4. AH' Il':E ~IETH()J)S

St" .n alte-r Karmarka r ' s method was !,uhlblw.l ,,('\'('ral authors han' l·tllIl(' up
.....It h the Idpa 1<1 s. lml'hl~' It usmg- affnu- rH t lw r tha n proJt'cl lvc tnm ",liumatmu""
t b a rncs [91, Va nd(' I'hl ' l et al . 168]. " [l' .} . It hilS t'lIll1 t' " lit later that till' Itll' a With till'
I-Iffil\l' truu- furmu tion was US('t1 a s parly a s 1967 in a papvr by lJikiu [181. \\'l' sha ll
..utline h.'n' Uikm 's m et hod lind It s po lyno m ia l m nlhli!.'<ltl"n

Ccmsitl(' r t hr- fOl lluwing-li llt'al' p n.j.,'1"<lII\ IIIIOg- pruhlom

Ay - b, .1" 2:0

.....hr-re "\=Ia"lm.,, ' X,(' e H" , b e H'" a m] r (IIlJu\ =m . \\'p "hall a ",sUIll<' thut
that ..\xQ= b, xrl > 0 IS known . At the- h·th Itt'ratlon WI' ha\'1' it ft' ; I ~ lhll' 1"'lIIt

an xO such

xk , .1" ' >0



",,,

which is u sed ttl dd in(' a hneur t n illsfll r m a l lUli Y = V- Ix , where. a,. In Ka rmarka rs

,I I I) - ,I,o~ " X i I 'l'h e 11I111"( ' 0 1 x lt I ~ (· ::0; \ 1 ,•. . •1 1, and the 1Il\"('r~
Il1 t ' l O( , - """ I , " o n " ...

t rllllsfllf ll\i\t i' llI is x = Dy , III tl u- t rn nsfcrmvd SPIlC{' the problem IS tIlt' fnllowing:

- Tmm c y
, 61

y 2: 0

where c= De. A = AD. The aleoruhm takes uno step of the projected h"rildlPnt

nu-t hod fur- dpcrea sin g: the ubject ive Iu nct.iu n of proble m (61sta rting' f W IlI the point e.
i.c. Cllm pu tt's y = r - ).1'" IIpz. II, ami then ma ps it hy th..• mvorso rransfunnunon t'l g'pt

x*· ' ,The <It'la lls .11"<' ~'1\,('fl m :

AI I-:"o rithm:l , lJ lkm )

SU'P 0: Let A and xl' t.;a t b fv in g: O< A< 1 anet xO >O, ...UO""b hI.' m pu t pllrll llll'tt·rs .

Sl,t ~' =O.

Su-p 1: s..·t [) = d lORlx t , ,xZI. CUlUpUU.' A = AV, c= IJc .

- T --1" 1 -
SU'P 2: 1..<'1 P = 11 - A lA A 1- A 1 he th(' projection matrix ont u S (A ). Com pute

II '" pz. I II l'c II,

Step 3: Compu te y == e - )}l.

StcpS: HC'pLICI' k hy 1.' ''' 1 a nd J.:'O til Step I •

It ca n hi, shown that fo r a su itabh- va lue Ill" A II.'_ J.:', A~ I /RI the sequr-nee
gl'lll'rat('d by AI~"nthm a clI llw'rg-e!i to lUI «pt unal ~lI IU II"" X 1N..'l' P .J.:' - (9 , I K, 65)1. A~

in the' c ase of Karmarkar's algnrnh m It can lx- shown that thl' rat(' of L'unVl' rg:pIlCl' i,..
linear a nd that the sequence of nurmahzed search direct iuns con\'l' r g:l'~ [8, ;'61 . TIll'
main resu lt III (56) 1~ that under t ill' aPPl"lIpriatl' nondcgom-rucy ussumpuous we- have

T .1: · 1 T -
_ t' x - (' x

hm T.I: T
,1- ... ", ( ' X - f' x

== 1- I.

./ II - m

Recently. IJikin [191 hus prol)lISt'd II Il m t l' f('slmg" modtficut.um of t tw afli l\!'
method . It is Pltsy tu Sl'P thut AIJ.:'on thlll :l ca n Ill' rpf'lI'lnuIJl t t'd a s fll!l IlWS:

.1:0 1 /r) I ~ kx == x- ./r J"z .
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when' now J)j, "" diaglxt •. . . x~ l, z~ = t: - AT/ ' . / , == (A1J; A T )-1 Alite. The 1ll0dllil'd

me thod d iffers fr om t ht' origin al on ly In tilt' choice of the l'II'p-!'IZ(' :

and It has 11 1111:(' property tha t without any nondcueneracy a ssu mptions It c a ll h..•
s hown that hot h S( ' q U I' IlCPS (rk ) and IJ.k ) ('O IlVI' rg'l.' to optiuul1 solu t iuns III tilt' in t l ' r ill l'

of the optimal fan 's of pri mal lind dual problem. rvspe et ivvly .

Up to no..... I t hJIS remained unkn......-n whether Algorithm 3 is polynom ial or
not. a lthough the results obtained by l\1 ('~..-idd« lind Shu h {4B] indicate that CI rWg'lIt ln '
answer IS to he expected. However, It is nut hard til ohwin diffe rent modrficatnms t hat
an' polyno m ial . ( h I(' of such modi fica tinus is proposp<! by (Jonzllg-ll [2 7). r;OIlZll~i1

<' !'>Sumt's t ha t thp uptima l objec t ive fu nctio n val ue is 0 fi nd u ses the fo lluwlIIJ.(" pu tt'llUlll
functio n :

"( : H~ --J H. (lxl ", q ln ( cTx l - ~ lnx"
,.,

where q> O. The hneer transfurmation J '" V - IX, J) '" dlOglxt , , X;I , t runsfu rm -, the

putent ial function into

- " .
( I .vl '" q l ll it/ J~v l - L In x , y,

,.,
and It is t'a :-y til :'0('(' that

" "" q In j":Ty _ ' -In V - v' ln x ....... . , ..... ,
, ,.1 , . 1

•

Vi le ) '" _~ c- e.
c e

AIJ:"orithm '" IGonzaga )

Step 0 : Let Land T' &llt isfy in J.(" L > 0. X O> 0 . ..\:co-b ht' m pu t paruuwters

Set 1,0 =0

Stl'P 1: Set lJ '" (l!aKtxt " . , x~ ). e m u putt' A '" A J), (' Jh: ,

StPp 2: Let P '" II - A T ,A AT )- 1A I he t he projectnm ma trix "lito .\'I"I.

C ompute II '" PV(le )1I11"'V{ (eJII.

Step :1: Com pute y '" o - O. :lh .

The next tht"ll rPIlI s h o ws that Alguri t hm -1 is polynom ia l:
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T heorem 2 l127]1. Supp ose tha t prohlem (5) has inh 'g"('T coeffic ients a nd le t r he the
lengt h of the in pu t data and L - r+ <n > .

\ il I f q - n t hen Aigunt lu ll 4 st llPS after 0 \,, 2L l lu'ratl,ms ,

(iiI If q ?: n .... j; t he n AlguTithm 4 s tops afte r Oln L l lt(,Tatiuns . •

The number of elementary arithmet ic operations JX' r st ep cf Alg"Orit h m 4 IS

Otn·1), Sl l that the IIVI'Ti!ll complexuy ' If fin din g: x by Algurit h m 4 IS Oln .')L I to r q = fl , I .P

O\n-lL I fur q z n + j; . As In t he ease Karmakar's method . U SlnJ.: I..u-nal u pdat rr ur . till'
la ter hound can he reduced to Oln·J 5Ll , It shou ld he noted that III K.armarkar's met hod- -
we have Pc I IIPc ll= l ><:7[ Ca l I I1 I ><:7{f a HI, which dot's nu t hold in the casu of a m nt·
methods . Namely, ljikm's method u ses the dir ection Pt-, wlulo Gonzag-a 's polvnormal

mndiflcat.iuu u ses P 'V{ II' I. USing- a di fferent potenual function Yt' [74] prllpllsPS an
uffinc a lgorithm which fin ds a sa t is fa ctory upproxi nuuo solution in O(no,lil. ) iterations .
The nvorul l complex ity of Ye's a lg..,rit h m is O\ fl" I '~Ll , r.e. O(IJ"'/L) if the par t.ial upda t iru;
is included . The hound OU/ ."J!. l is t helu-st com plexity hound ohtnim-d hy now a nd it a lso
ho lds for most of the pa th-following: methods, which a rc the su bject of t ill' next
secuuu.

Affi ne method s have lxx-n stu died hy many uther authors . e .~ . An st n-n-hor
(4], Freund [2 1], Anst re iclu-r a nd Bosch is), Montt'lrll ot 1I1. 15:l}, Kojuna et a!' (;)9J, etc

5. PATH-FOLLOWlt'G ~IF:THO[)S

The idea nf the pa th full llwm g' method s w-ill be illu st ra ted nil the exa mple of il

snuple dual method pruposed hy r.unza~.a 12.'iJ. L et u s cnn~ id" T t h.. du al proble-m :

m ax b1" v

A 1" \ ' $ ('

a nd dl' lIo t l' by }' It s fl'a,"lhlt' se t . \ \ 'p sha ll a SSUIIl<' that

int r == : v ER"' IA T v '" 1: :¥ 0. .

and for tilt' sa ke lI f sim plicity t ba t r \i nstl'ad 01".\' ) is compact. Let

"r 1\·, Il =b1"" .. t ' - lnk - A vl. . - , ' .,.,
1)(' a harr l('r funeuon a SSl lt' l; lt l'd .....uh 17 1. W!1l'H' / > O I ~ tho pl'IlCllty pa rameter lind A ,.
, - I , ...11 lire tho r..ws uf " T For 11 fixed t t ho fu nction { i ~ s t r rctlv concave a nd t ilt'
probk-m

max Ib', t I

'",
TA \' "-- ("



•

111-1" till' u n ique sulutnm ."\/1 . Tho t rujectory yl/ l, 1> 0 is C1Il1r'd t he cent rul path
ltssnClat"d wi t h t7 l. T Ill' t rnj{'ctory has till' im portant pruporty t ha I It ('O ll\'l' rg'l' l<> t o au
«puma! -olutum of 17) whe n I -~ O.

The dasl<lcal lm rri('r met ho d g'pner lltt's a m n l\l ,tl llll' d ,,(:n'aslIlg' :-('q\lP llt~ ' 11,,1.

Ik - } 0 a nd t he cn r n'sp' lIld mg- St'fl\!p nCI' ~v l t i.ll. In that WII)' thl' ('1 I I1 __t rauwd
op timizatio n problem IS rep laced hy lUI in finit e s (>(I\I(' I)('P of uncostnuncd problem -,
Althoug'h t ilt' c.unput uuon o f Y1/k i is u sually !"I 'p lae('d hy t ill ' ('n lll l' u t alloll nl ll s llIt llh ll'
upprox imation .,ok, s ill('" t he number " r sU'Jls m-edr-d to compu t« -,"~' IS n ot known 111
advalll.'(· we call rou ghly say that c lass rcal Illl't nnds J.:"1'lwrat<· m fimu -lv many m tuuu­
1<<'<IU('llC(·S. Path-fulluwuur methods fllr lmcur pr" j..'TIlllllllin J,:" lin ' chanu-n-rrz..d not onlv
hy rlu- fuct t h a t fll r Pilch I.' II fixed t ind{'IWnd (' n t of h I nu mbe r uf :-.h 'p s I ~ takr-n 11\ ordl'r
to obtain y k, hut it is llls ll poss lhll' to {'st im utl' pulymmuully tlu- ovprall ,'ollllll,'Xlty
noodod tn produ ce a solution 01 (7 1, T he Silllpipst al j!fln thlll of tb» tYl"' IS r. llIl Z !l :":-i1 · ~

method 125J. whe re p - 1. i.e . tlw po naltv parameter I"'; cha nl!(·d at each iteration

Stpp 0: Le t / ' E } ' and I .. :> n il<' in pu t pa ra meters . S,·t 1,'_0 .

Le t u s n U l(' that ('onZal!a·s IIw t hfld 1I~1' ''' ;\('wton st.'ps Iffl lI(lproX IIIHltl'

maxiunxation . w hich I " th" C'b" w it h IIlU,.t o f tiH ' It<tth -lo llo wlIIJ,:" method ... It b en-v to

~I'l' that

V{v1V. fl b IAN I" V:;"'r1v ,l t

•

Wlll'fl' lJ = d lO!:I ( '1 ' \ 1.'" ,I'" A".' ·" :-" that till' mam cfllllplIlal\o n ,11 "'I"rt I" 'r

ueratron IIf AI~" fl th lll;) b thr- iIW(' rHIIIl nl" tiH' pn.... lI lv"I;.· dr-fuutr- ma t r rx AlJ ~ A 7 Ti ll '

prollruf I" .IYIIOIII La lnv ' If AIg-liri t h 1lI .') ca II IH' fl lua uu-d direct lv [:!:;I " I' a~ a ,'" nSt'qu t' I\{'I'

nf Kant ul"flvich ',. tlwnn' lll [.')1'11 . Nauu-lv. 11 / :,,'1 I ... t ill' optim a l Vi i lur- of tht' o llj, ,\·tl vl'

Iunc rion in ( 71 t lu- fnl flwing n-su lt h fllds;

Tht'n r t,", :1 I ...·t all t ill' d ' lt.1 III 1/ 1 IN' uur-is-r With tht' lilt l"II j..'1. h r <lIIl IIPl L -r --- <II >
Ifyll is such th at
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where 1) =dlOm cl -A ly IJ. -c- - A ll y " I, t hen Aig-orithm fJ in 01n (}51... ) itt'ratlons

gon crates a po int ) Jt such that

It ca n bo s ho wn thut a ~t<l rt i n J{ po int)" !-iltlsfy lll J{ 191 ca n lx· ob tained eit h e-r
d irec tly 1I1t('r a su ua hk- reformu la t jun uf prublem nlle.l{. (47, 25 ]1 IIr tlsmg" S<I CM II"d
L'f'n t rahz'lt io n proced ures . It al~. shuuh l h..' uoted t ha t .' .Jf _tlsfym g- 1101 ca n l)f '
t ra ll~rll rllHod. mro a n ex act solu t ion y wrt h 0\n31 0J.M·ratlolis USin g- alg-ori t hms related

to Alg-url t hm I 1S('(' (' .g:. [57 )1. II Alg-ont hm 5 is modified t n mdudp a Stu pplll l{ rule and
IfyO su t b fit's t he condiuun s uf Theorem 3, it is pa s)' tI, sov t hat tilt' overall c om plexuy
IS Oln ·"J5U . The algurithm CM Il 1)(, modified us ing the idvu uf pa rtial u pda t ing- S II t h llt
t he complexrry bound is n-duo-d t il Oln ·1L I (Sl' l' (25 , SSp.

The cent ra l path cU lI nlsn hI' defined for the primul problem:

. l'
IIUll (' X

( II I

Ay = b x -,. n

Co nsitll'r t he log-arithrnit' harri('r fun cuon aSSllcilltpd wit h (11 J:

"
gt'(,Il =I.Tx -' ~ ln x,. X ErI X

,. \
The functi/'Il !:IX. I J is smcrly convex and It is (' 1I1"y u st'f' tha t

where /), = d lOg(XI' ,x,,1. Under the a ssum ption mt }' ~0 It foll ows t ha t tlU'

problem
IIII1l ~lx , Jl

Ay = b. n O

has till' unique s" lu t i, m x ( l l . T he' cent ra l path aSS'\Cilltl'l! with (11) is defined as t ill'
t rnJ{'d " ry x(/ I , 1> 0 . There I.... UII mh 'l'l'stmg: l"(' lat i" nsh ip hetwr-eu cent ral Jlllth ....
as,",tlciatl'd WIth pr imal und dU1I 1 pl"tlhlplIIS which CII Il h,· obta llll'd h om tlu- opt illla lity
C' l lld lt i " I1~ fur 1121. TIH' III'l"'ssary ,11l,1 e- uf fi ru-nt «ptimuhtv l" \Il,ln i' lIls have till' form

(. 10 . I" TA v A'C =n, x -,. O \ L \ I

II z =C' - AT.v is t ilt' s lack \'a r mhll' and O . = d lUJ:I ZI ' ,z"l lt lo llows t hat 0 .1' = :
a nti I I;H rpd un 's til

0 ,0.,' = 1,'
Ax = n . X -,. O I 1·11



Vf>r a \' Ko va i'P v,t'. \' u}l'.t' "V•••..· "f I IlI.'••or 1'01111 l\.1 f> I I " od ~ I" ,' til lt ,.r I'f~llnl"l1111:' IMo.')

A pomt x U ) IS all optulial :-u lu tl" lI to I I:.:!l II and unl.... II t lw rp I'X I-ol \'11 1 and ;:U. :-1It'b
t h a t xU ), yl /l, z(ll 1:- II :-;,, 111 11" 11 to tl -l L It IS PII S~' t il shuw that V!/I I" , 1I·.,t'I"I'I.\' tt l\'

nptnua l so lu t ion tn CRI {S(,I' 1'17 11. Il e llcl' , WI' ("11 11 S11\' thaI t tl\' s.Vl- t I'Jll l I 41 l" h ll l" a l" t " r11I':­

ceut rul paths " rl H,t h prnuul nnd dual prnhlem -, 1I11t\ " 'I" lhl.l n ',b "11 t ill' \.:I' litra ll 'ilt il 1:­

OUI'II d..fUlI'tl a s t ilt' t rlpI(' XU., y lll, ;:U l 1'oi It l:- I\'1II1: I ) ·11 I!'.." P ,I: [7 1Jl ~Ia ll \' IMtll ­

li.llowllIg- IIw t h"d :- " IIt' r " t t' dl rt 'l:t1...· o n t ill' "\',,,t" 1II I ) ·1) or un "" Il l'" III It:- l" I1 I1\';\I,'nt
I'.rmulat llll"". \ \ '1' "h llll illu :- t rah' It 011 thl' I'x,ulI l' l" " I 11 1'1'11I1<1 1-<1 11 <11 lIU't h ol l whwh II",..
;\1PWt'lll 'S method fur fmdln g- i1 Pl'rt'Xllllatp sulut mn- "t' 114.

Let l x II, y4'. ::kl I" , lI11ll!'proxlIIIlI l l' snlut run "I tln- s~'", I" lIl { \, Il to r I _I~, alld 1" 1
Ix lr • I . ,\.k • I, ;:4' - '1 1M' 1111 upprox 1lIH1u - "" lutmu " I t Ill' sv-, tl ' Ill '

,
0,0 , I, • I "

11I x , y . ;: 1 Ax h u

LA 1,\";: ,
~

obtained Irmn Ixk, v.... . :kl 11 ,,11I 1-:" " Ill' s h'p Ill' Nt'wt " " ' ,, lI lf' t h " t! Lt ' l p_lp" f' ,.. fl 1,

p, _xk . I_)..k, p y_yk - I -.\ J. , P. _zt' - l_ zA' 'H ' tlu- :-.;:" wtu n ..... th ... 't:! III Il A" It I" \n 'II k nown . P I­

tht' ,."c ' )u t l" 11 " ftlll' " y",1\'1II

Irk/; /;"l
./1.l . .I'.Z 11, "' -11>1.1' \' , z I

w!wn' .} IS the -Iaculuun " I q" 1 1' . P" p y a ll o! p; !'>il t l" I ~' ttw ...\' "tt 'lI\

J .4- j, Ir
.l x ,:v ,zl

"
"

'/
;\

[) .
•

"
I

, r-

1' .
b .-\.It !

ll' ,,'\,.4- zlr j

d • •
Wh ('H' }) ,, '" ID j:!f.XI " . ,x" l,

•
,

,z" l.

There "n' oll\'lllu~l)-' thn't-' !-(, t~ o h 'q u ilt l" ns lIldu \.:t 'tl by til" hl' ock!'> " I .1 From till' t lu rd
set WI' nh tmn

and till' Iir s t t ....." i'-t.'b " f ('q \l a t l" n~ C<l1I , ... ' ('q lll \'a lt' nt l ~' t r ll ll"lo r n ...d IIIto

[ lJ~t IJ Ir
;\

;\ 7' ] [ 1'. ]
I) fJ ..

( • Al \.,, ]

;Ix'



Jl lld I', '.:1111 ' 1< ' ,· !lIIIlIl/tl . " l l rfllll tlu- ~ " I·" l ll lll.. I.'1Yl\ t ' ·III. y,,·ld lng-
I I 1 " .A II A' II /,A ' flw AII . II , II /j· . III . , ' A" I.h

, "

( " '1111'"111 11"11111"11 ,,11 1'111 1" ' III I" ,l ll ll-:" Il v ' " 01 11 ,11, ..... 1111, · fl . 1111,1 " cnn h,· . ,b l;lIl I,·,1 hy II

, 1,1,·,·I /l ll ln..utu uou

I'lIlh · I'"II" ..... III g" IIwt h", I,-, u ...• i'l 1J " -" ,(· t Ill' Ill \" ',,l.ig-utio n nf IIIHny lIulhon•• " .J.:'
I{"/ll " ~!ll If,7J. K" jllllll .. l III PMJ. M"IlI"lr" 1II111 Adl"r (f/:l j. H""" ulld Via l [fl!J, liOI, /)"11

11 , 'r lll g" 1'l1l1 [ I li l, 1\ 1l 11l11l 't1 l1 pp n llll"h t Il palh ·I"II"wlli J: m "tb,,,j., ... J.,'1\1PII P J:, m lrlH.
7 11, will i. · tlu - .. ·...·111 I,," ,k It." 11< '11 11 , ' r l uJ: 1171l-:I\I" l'o U l'oy Sl l' lIIl111I' H1lllly s \l'o 1,1 :-o h u r t -.
Iw "lllIltI , If lll i 11l 1Il-:- t,·p Jlulh , fll ll"Wllll-: III l' t h ' HI ... f"r !IIII'llI'. Il ll, lIl ral ll· a lld I'" ,W"X
1' ''' Ig- n lll ll ll lll ,: A lIlIl"I II 'I,1 pll1l "'rll" I' "I t ill' 1:" lIt r ll l l'lIth a s ....." lI u... till' t1, 'filll tl"11 IIl1d
1'101"' 11 1" " "I I I'H)"I '!III I" " IIM;II< 'III!1'11 ..... ll h p"'ljl'l'll\'(' 11111 1 lIlI lIl< ' 1111'1111 " 1,, Wl'rl'

llI \1""'I I ~ . t " 'I IIIY IIl1yl' !' lIlid Lagllrlll " [ 111 ,111. WIITI-:"Jl II <'1 111 (7U), .'\11'h'l dd o HlIlI Sim I. 11K]
lIlIIl ", lll' I' ''

( ",11 .. .. 1"1 Il l<' pnlllul-dllu l pHil' "I' pl'ohl"II1" ( I I alll i l :ll 11111 1 "" 111"1,,4' tlwt
,., .\" " " IlI I r " '\ Ii W" 1111 \1 ,. llllheall'd , 1111 1'1"\"1 IIl1' t hlHI.. 1', 1Il IH ' d ,b :-O lf,, 'c1 lil t" 1' IIII1 a l.

d Uli l ' 111.1 PllIIlIII dUIIIIII l' tllUtI " , T YI'Il'IIlly , /I I'rllll,IIIIlI' t ill HI /-:1'11" 1'11 11'" Ix J- j nX, wit h

Ih" I' I" I"' I! \' .I i '1 " / ,/ ,11 dllHllIIl' t huci J.:1' IIl'fj th'" (y J- l\ IIItr wit h till' pnIIH 'l"t~' yM • \ '''1' '

wl ub- ]'1' 1II1' 11" h lll l 1II.. II .. u l" J.:" IIPI"I I\l' 1'1II1 U It Il Il I'I1 u " lv U·.\' I, ~\.J-I IIIltI \,:1.- 1_ 1("·,\ 1"'/;' 1. All

,I l<'s, ' 11Il ' lho,b r-un 110 ' \' I, 'w"d a li 1"' rnIIVt' prol,,,,ltln'" ..... llld l u l ,,;teh ih'1"1I11011 IIm kl '

I'''Hl IV" lilt' l '" 111 {' I ' I'l Jl III i'>I'I IIT h ,lin 'd lllll " , 'l'lllII lI Slll lu P :t) .....u" 111I' III's l who \lll tll'l'd
t hil l t,! 'l ll d l .1 11 '''1'' illll l> III dllll'n 'n l III ' " h,,, I:- li n ' hll l'lIl' {' lIlIli ,ill lll l" rl... "I" t ht· SHIIII' IW"

\'1'1 '1 11 11' , th .. "II I'u ll. ,tla ll llll' sca h ill-: d IH"' III111 ll lld 1''' IIII'ri llg" d lrt 'd lllll , TI \(' in vI' .'; lIl-:"lItl tl ll

11 111111 ' 1111'< '1 '11" 11 wus l·" nl lll w'd h.\' .. tln-r nutlun'.... !( ;I'"lUg-li I:!K I. 11" 11 111'1'I " ': <l m l Ho" ,.
11.'"1] , , '11',1 WI' " h llll " hn n l\' »ut luu- ! I\I' n 'slllb 11'0111 I l fl]

I ..,t 1', ,/1 al ul , /" ." , n 's l" ·I·I I\'I·h ' 11"lllll , ' tilt' /l l lIn,' and till'

lI "SOI" ,II..d wu h t h.. prohl"1II I II . F" I a ,,'1\'1'11 1 ' iIl ll n. dW,l!I.,:' ,

'1' 111 ' I' II I11H I , '" II I.. "' I l~ d lI'I'l'l IOI\ lsd,' fU II',1 11 '1

"

1>, 11 IJ.A ' IAn ~,' JA " 1 ' A/), I>',,''''

l'I' lIlt' n ng d ln 'l'tlon

,x:I WI' Iktin, '

It , '" n I" , 1'11I\'I,d Ihu l II,.,,,, I" III bid NI'wt o ll '" dll"l' l'llon 101" l h. · pl'lIhll'lII " I' lindll1 J.: t ilt'
,lIIlIh' lI l"I l' 1,.. n l"1" 0 1 .\ H, " ,,,, II l1d 1)"1\ 111'1"111 1-: s how tha t t ht, sva rvh lli n ' l·tl lln " fur 1I

\ 'II U.. tv 0 1 1'1"1I11ulIIwt h",I ... 1I1ll1 l' n lllu i \" ' 1"" ,0 11" 1'1' Iluulllll'lh"d", It , unzag-u 12!i , 27 , 2S,
.m. :11 1. II . , 4i11l'III1I1·k lind \ 'i ,,1 11 ·1 ], (;uy 12 ;1\, Yc lint! 1\lIjlll\l1 1761. y" [n, 7·1], Banll' :-O

I!ll. lu k rn [ IHI VU IHI, 'd H'1 P' Ill , ltiKI, (: 111 , '1 Ill. [:!.I] , 1\1111 '1 Hlill Vlu l [f,!l, HO). HI 'IlI ' ~lII"

ffI7 ]. 11" 11 111'1 '111 /-: 1'1 /,1 I Hi[ , Fn'lllll l [:.!II , An "I I',' il'1 h '" 11\1\1 1111 ,,1'1 1 [fll , lnund 1111111 p al
" ,.,. ,:1\"1'11 hI'



where jl varies wit h t .lu- method

' I'h e a m n(' a nd the C(' Iltl,.' r1 uJ,: d in '(.·tlon H"."oclatt>d with till' dual problem 121 at
{v. zl an' d pllrll'd hy

w l1(' I'P D: = dia~ cl - A Iy , , C" -.-1" yf = d/(/~t zl ' ,z" l. It I" show n III II ,';] tluu . ,,!'a rch

d ireeuons in many dual IIl l' t hod!' " " w"11 ;1" 111 ,llIa l \,p r "lnn" " I primal IIwthod, Hrp "I
th" form

'I'ho vulues IiII' )/ uro ohunm-d in ti ll' I'lI ll" WIIlg' Cfl l'( 'S: ( ; " II ZlI g'H [2!l. 27, 2~1 . ao. ;J1 l,
Yama"llIW (72). Harrll's 19], lJikm 11 K), Va nd('f Il4'1 pI a l. [HRJ , Gil l ot al [24], H"os a nd
\,..11 (59,60), H('Il(' I,:'l'r [57], Dr-n lIertn~ r-t al . I)(' ], Fre-und [2 1). YP [7'IJ. I\ n' t rl' ld w r
and Hu :--ch [;,J, In HlIII Iuuu [:J;JI·

In pri m al-dual ca"I' k-t lJ t ;; = rH.-IlJ,}1 z - d/(l~ \'x, zl, . x" Z" I and let.

the chrecuuns lit ,\" and ~\" z l lll' t1 l' lim'd l,y

•
P, ~" I = D,:II

1" 'T - I -1
D •. A 1..\0:.,,\ I ..\H•. JI }•. H , ,'.

•«.:
It is shown tha t prunal -duul met.hod... 1ll0 \ 'P from X lii tho dirvct nm

•
fl , = PoO • jlp... ,,/

and Ir.uu y in tho direc tnm
• •

P y = do" .. )/d ..,,,, •

{which u niquely d('!illl's t ill' din'et illn at ZI. 'l'Ius result IS llhtmnl'd for tln- llI"t!lolll':
1\tontt'lw (' t lll·lfl;Jj. KOJIma ct aI.IJ1'l . a91, ~Iollu'lro a nti AdIN 15:l1. Todd awl Y(, [(l·I].

rterauon

LJ t., LJ ·I.~, ,

From tilt' results in (15J It lol111w~ that uueru.r pomt IIwt h"d,., .u rlw I,,·th
, ,. 1

Ul'P 11 drrecuon d('fllll'd hy t ilt' matrix l ,,\lJf A f • wlu-n- l h e, ('q ua l III

IIr Ilr~l l ) t. )1 :t a nd lJ k • lJ k an' th(' d lal--:lIllill tlIall"lC\'s Wit h .l..k lind zk at tln-. , , ;

t1 ia g'lInal . Anotln-r lII{(lrt'~ tin l--: prop('rt." nf interurr pom t Ilwtl lOds il' that tln- majority
of t hem g"pn(' r lltt> a solu tum l'('q IlP IlC(' in which {' \'('ry lnun p U1f}1 l'a tl ,., lI , 'l' tlu- st rrct
(:UIIlpk-menLa Tit y condit 10 I} . i (' Ill'I, IIIJ-.~ t<l t lit' n- Iii t in' III{('n , ,r II f till' uptulla I f ; !l"l' (N. '( '

•
[3211. It is (·a,.,y til ~{~, !lOW t hat If the »pt nna l f<l<.·.. .Y =: J I A /IX/J h. J./I 0 , .Ts 0 :



~ T I IIS dege nerate tr(ln A· A ,,<m f then condl A IJ/t A ) -4 "'_, II --I> 7. auc all t m-e da:-M'~ .,f
m terior p.nu t llH'l h od:- an' [aced Wit h numerical sta I Jl ht~, prllh ll'lll S, 11" matu-r which
compu ta tio na l tech nique IS u sed to fin d 1111' di rection. Stahiliza tio n procodu ros a rt'
analyzed b.... A~i': PI III (7J and Km'at'I'\'l t:-VUjl' lt: (4:l1·

7. 1~IPLI';~IEKTATIOK OF IKTERIOH POIKT ~IETHOOS

I' ractica l nu plomen tntion of unermr p om t methods IInpm«'s ma nv prohh-ms
1"1I1lJ,'l1lg: from IIl·cCl llIh ti ol lllJg" to pffit:il' llt dat a s trucrurus for ha lllllm g' larg't' pro h lt' lll s
undit is II su hj(·cl .If ma ny Ilal ){ 'I"S. e. g' . II. 2 . 1:'1 . :lfi. 441·

I h I(' of t he most rm portant ISSU(' S III tilt' uupk-rm-ntatnm uf m teruu point

llw t hod s IS t he "'t rah'J~Y IIn- CCl m put l1lg' the dm-cuon In sh ' illl 0 1 \ISing' tlu- prujeet mn
fllrmulilllldll:cltf'd \'_~ . III ' \ J.:"T1thlll,,;l a nd 3 , a su nabk- hnear system IS solved As It IS

well k nown. the p r"JPdio li 0 1 H vector " Oll t " t he suhs pacp rk-fined hy A1lx :: 0 IS the

solut io n tll t .l u- prubkm

llI llI l!h - xl~

.4D.1 ..:. lJ

III this ca~' the Lak'Tilll g-t' uptnuahty t·lI l1 thtlons are h'l \"(' 11 wit h

AJ)x - 0

O T. equiva lent ly. with

A V '.! A 1" r ;. A1111

rx = h - lJA r

1'11(' fi rs t MOt nf cqua no ns I;; u sually s olved hy a s tahk- Chl ,ll'sky factorizat ltlll . a lthuuch
somo au thors recommend precnnd u umed 1·"nJu ~a lt;· l.,'TmI Wllb method . and x I,.. then
IIhtHillt..1 hy a dm-ct su h" t lt u t l" I1_ lin the l,tlw l" ha nd. SOIll!' author-, IH'I' P 1-:- [li]l

1'1'llllIISP IIs inl-: tho mutrrx s t r uct u n- 111'1 1S l:

a nd c!WOSI' t he pIVots s" that the s pa rsity or t ill' 1~ II,nklPlit mat rix is Pfl,~,,,,,·('d . which
i;; an unportant issue for lar l-:<' probk-ms. Minunum liII III st Tall'h';t'S wvre ana lyzed lIy
Vandcr bei [fl6 ]. Vatu h-rbviund Caqll'n t t' r 1(17 ) and others .

Anuther unportant IS:-Uf' 1:- t ilt' sn·ea llpd PHrly round11l 1-:. The IIlpa IS to a pply
Ah:::untlull I o r II s umlar procedu re at t'a rly s tng:l'S of a n IIItl'T1or plllnt a lg"onthm , when
II cumh tlo ll llf t he tYIlI' tal I" no t yl' t "a t is lil'd Vl' ry " ft" 11 till' uhliurwd pui nt. t u r ns out
to be optimal, wlnch can ~1\'P a lot " I' l"o m pu lllt ," na l l' lfl lr t \SI:'t ' p_~ (49 , Hi lI.



•

•

An mtl'rl'~( m~ pomt ,... al ...o the lo( lm p.artSl In wit h thl' - unplox un-thod \\ t' ...hall
qnou- here a l/.ilrt nf the ro...ults reported by LU~lI:.:'. :\lan,tell und Shunn.. 145] whll
compared the O~L prngTitm for tho ...unpk-x method developed II\' I H~l ami the OBI
prngralll for thl ' pruna l-dual me-thod rievelope-d bv t h .. .mthor ... T Ill' l'o mpa rt"'''" W,I '"
perfor med nn ttw IH:\l H I~C S).' ~tI'llt 1(,00.0101.1..1 .'):W " "'I 'rlP '" oj ... t.;iIId.lr,! problem ...
lT a h ll' I I WII~ t ..-n-d a n d tho n-sult ... an' pn'''''' Iltl'd 111 T;lhl(' "1. It I'" ovutont tha t wi t h
h'Towm~ dlll ll' Ihloli till' m h 'rtll r mothods beronu- mo n ' r-lficu-nt t han ti ll' sirnpk-x
rm.t hnd. hil t that tho s un pk- x llll'thlll! stnv-, ,'O lll'IIITI'n! TIll' :.:'( ' I\<,ral omclu... n.n I ~ Ihal
bo t h IIPJlrllach (' ~ t " lllll'a r pr"h'l'a lllt ll JllJ,: w ill reuuuu III 1I ~" , with tl\t' n-connnondntmn
to 1I S1 ' lIIl1 'l"Ior IIwt bott ,.. at rsulv ,.. t ' Ig"I'''' o r the It"I'a llulI pr"cl'~~ a m! t.lu-n ",w ltdl (0 t.hr­
<un plcx met hod

Tubh- I : Test prohlc-uu -

NAME #I{( n ...·s # CO l. lJ M :-.l S #NO:-.l ZE){()S

:\1AHKAL .'d ';l l 7 flioilj fl~ 4:lfl. .

I'IU rnrj z.oao I.xx:l -'l 15'),. . .-
~lF~lI 'T El h h.Slli I :U i10 100}"i:!.1
:-.; ("~1 '1 r " Ifd !l '" }./ 0" -, .' !l _ _I'<• •J I

!"H II' h.a:I!"1 :!r.zou !HI .lfill
Fll!W 4:1 .;\1\ 7 \llf i .91IX \1\9 .... f, ·1

O Il.CO II\.XOU :1;-,'s·1lI :!1!I.XHO

( lSI. O HI

NAME #ITBH T IMEI ~l'c ) #ITE H I T IMJo:l Si'c ) IlSLOHI

~lAHKAL 16 ,0-11 {ill·I 'l.:! II 13:!.O:3 5 .0:3....... . . . ...-.... .
P ILOTA7 1 1.57A I A!",~H:! ·12 .~2 1.1:~ 2.35...... ..... . ., .

~IF~tPT r~lfj '27.257 2 ,0 17 .97
I ·

:30 133.76 15 .0U......... _... .. ....... .. . .... .... ..... .. .... ..
NCM H.!Hi'l :1119. tJ{, H fi9.14 4.4 7I :. .. .. .. ........... . ....
THI1' 104 .687 1'2,417.2:! 41 4 11'l. 9 7 :!9 .64

. . . . . . .
FOHU 19.9 3S 7,4 :JO.95 5(, 6 :32 :!O II. 7~I · ...... · ........... ..
OILeo 9,'j .H57 19 .Hi'lH.51 6·1 :l,6RH 71i 5.39

A hrrl'. lt ~l· l ..nufic acuvuv mdicate-, t hat Iu r t hvr pruJ..'T('s~ III t he area 01
in termr p-unt IIll' t hods IS to lx, expected One lJ1 tho "Ilt'n quest ions lo(l llll'~ tr.un the
fact that mteruir nu-t hods. ~ lJIl1lar1y < l~ the -unpk-x method . huvv much hfottl'r
p ract ica l per form a nce than the theoretica l bound- indicate 1'20 -60 Ih 'ra tl. m ,.. , a lmo-t
mdcpcndent III' the problem dmu-nsrun... I. So me ath'llIpt~ to c xphu n th r-, phN10IIll' 1I0n
an' h';\'l'Il in 16 2. 7:'",1. etc. 'l'hc IH'XI uuportnnt l ~~\H' I,.. how t-o uso thl' mtormanou on
t ill' so lu tio n of 11 1.'1 \'('1) prllh'l'a lll in urder to sol ve II du~ ( 'l.\ · n.latr-d proh'l' l\1II mnn- offici-



eutlv. Namelv. 11iTgl' I JI'Uh'l'H lII ~ an' «t u-n 11I '(' lll g Tt ·~"h·l'c1 u ftr-r- ...lurht lIlo. lilin l tl llll II I
t ill' ' illpu t d.I"w . wluch CHII I ll ' dill\( ' ,' lf ll' ll' ntly wi t h ,. flow HpI"HUfllI" 01 1)]( ' HlnP l.'x
m uthod. It ! ~ snllun " p" 11 qIH,,,tl< 11l h flw t il IllHk l' muu-uu p.unt Il u ·th"d" uum- p llil" I " lL t

II a pOMil"l:-- infeu-rbk- "w.u-ru " W I" l" I." h'1\·(' II . A t n-mpt .. II I t hat dl n ·l·t l"n wr-re- lIl ,tll,' (' ,J.!

hy F r t>uIIII 1221 . All lHtpl"l' " UlIg "" ,,11f' I" ,11"" tilt' <l p p h CHtl" ll llf m t ,·nor " o lllt lllt' t h " tl .. 10

huenr p r0l--'TiUlllll mg- prohl"IIl" II I the " IM'CMl " t n il'l u I"I ' a n d dr-cn-u- "~t1 ll lll, ltI"ll

pruhlcms- (!'l'('I'.I! (46 .50. fi!Ip Fmnllv we make iI hru-f n·I"fl' IlI·I· til mh'a."lhll ' IIl t l 'rlor·

p-unt a l ~I , r l l h lll " tor lnwar 1lf1 1J..'l·;11ll11I1llg" ,\ II.I IIII. ·<l r <:"lll l, I"I III,'llt; lnty l.n ,I,I'·I!\''' wll ll,:l l

work w ith s t rr c tlv P""'IUV(' hUII1l I" " "'lhl.. IMll 11 1" t (·.g. [77 . 7"1 )·

II) ,\til ,·,' I " K.lI llla l'ka r :'\ H'· ....udr- ~I f; ( ' .mo V"' I!" I . ,\ 11 II1"lt'n"' III"'II'" " 11"' ,,'n,,..-L,,' _
,Ill:' 'I' I I h m I " I" II ' I f''' I' I'r" l:1'a m III I III! • ,t T"11",,,,,,I,n,/ I',./I..:m '" /III"": ,1,1 , I ' IX! . " :/! I-;· .\:1:";

{2) ,\ <1 1.·1'. r. K u-mur k.n'. :'\ . H"_"II,1<_ :-'1 ( ; {' ' ''H I V" II!;I . ( ; . ]Jalil , I flll'l lIn'" a ,,, i 1 "'''I!I', ' IlI I1l Ill I~

11'(' hll"I\I" ~ t", Ih.. lnJ l'l" oWOlaIU'tl oj l\.;l r m " ,.l.. ,u" " a 'I-...-.rIl 'Il11 , O{{."i.,\ .!o/lr" ,,1 ""
/ ''''''1''' / ''''': 1 ( I ~ IS! li !'I 1. 1111;

(:II .\ n_l n' ]j"h.. ,'. K ~1 . .\ n,nnnl"ll H" 1" .. ,.....1''''· .lh.... 'l1 h n, 10' 1'1".,,'1.,,",, 1 lin.·.ll" 1'''fll!l'.ln ln llll C'
A I": /lrlfl" "'m 1 1 1 ! 1~i)' 1."'.!· ,I!I:"i

(-I] .\ n~ ' I'..,dlt'r. K :-'1 ..\ I·"mhll"..-I Jlh,I ~" I - ph",,'" " ,d.·'; pOI "IlII ,,1 ,,1I:"l"Il hn. I' ll 11 11" ,01
11rOI-.'1·a m n ll lll:", ;\1(Ilh, 'lIwl" 'Il l 1'n 'J!m IJJ In": S ~ ( 1!1!11 ) ,I ~'I . 1,I 1I

(." 1 AII ~ II 'I'l dll' '' . K. ~l.. and 1l"~l'h. H .\. L"l1~ SI " I''' 'II all Ol n ' ,i1t-:"lIl hnl 1,,1' 11 1,, ';11'
Ilro j..'1·a m lll lll l:'· .\fIJII",,,,n/,,.u/ I'r/JJ,!rtlJlJlI/1! iH 11'1l1:.!1 2."i1 ·~ 1;7

[1;1 ,\ rlOII. ~l . {lIIIL I S . alUl n.· H1J l.. . 1'1':'-! . Il n Ill.. ,Iu j:nw nl...-i W"I" 1lI "1'1"'o,,,,h In -1>'11" "
!"'hl ·" l lIa .... , I,n ,hl .. m _ ,\'/1 ",,·r/.S, ,1,,· .\1" '1" '''' /11 ' k ;):) I ' I!'\" hi ;, ·1"" 1

iii .\;1('. ~I D.. K'>\";ll' ,·,"l' ·\·.qtu". \' \ ' . .nut R"t,,_.,,'I.I"' ·I('_XIl.. nll(' . \ 1 11 . ;\'.I'm l' l"Iu· ....,h ,,,·1I1u r
nf Ku-mar knr ~ m..th ,,,1 1'" .. 1m".,,· 1'1'....1::-.-.. "'"'II1I! . ,",,/h""'"/I ,~, I l 'r /l..:rllmm, ,,J,! It; ' I ! ~ lf l,

1,:'1.1 !In

[HI '\~ I(", 1\1 n.. 1\' ",m' '' \" II'-V Il.ll' Il' . v v., un-t H . ,,!,,~ al'l l' · I · 1r · :\" l "nh <" . :-., ! Il , .\ 1\,,(, ' 011 hn1111lO1!
1",I,a \" 1m, r "I III+' lll"fl)" <'1IV!' nnd I til' a Irill .. I'l' .... j] 111 W al t:nnl h m-, . ( "!II "''''1'' ,n o '" ,\111/1"'''11I11<",<
114 I W!IO, J."il ·15-;

[ ~ Il Bil l' no · ~ . F: H . .\ \ar l<t l"llI nil K.' r nlar l..a r _ .l lg"nt hol 1" ,- -ohlnt-: 1""',11' 1"·"I..'1 '''nlnllll/:
Il r" h1t' nl ~ · ,\ ll1l1l1''''u/'' " I /' ,.,,;!rum /llIIl/! :Jf; I I ! ' .'II; , I -;.. . I X~

IIUI B.fI ..I '. D..\ . ,lIin L,,'1g,'l"1a ~ . .J ( ' . ~rt... n"nll1,..,I1· ~t''',"w' r\" ,,' 11111,' 1' 1""!-.'1',LnLnllng . T.., Ifllw
.iIl,1 I'l'n)f'<" 1\ '" "l·. ,h Ill! 11'.'.1' ...·",,·,.._ . Tru" .~ .A " ,..r .\ 1011, ,....'H i 14 , l ' '1'1' I ·1' J' 'OS1(,

11 11 Oa \·" I'. D ,.\, . a lln I"II!,"-""..I C . "l'Iu- nonlnwar CI'''IIlt'I'T fI t 111 "'''1' I'rut-:r ,lrllllll"l! II
1.'·l!a lld l't' trnnsfurm {""" I'fh ' \ill p~ "lid •·..11 1r ,11 Il'a!"I'I"I' II'_ TUIII •• , .'\ ",..r .\1/,,1, .....,,, 11 ·1
11!IX!l1fin·fix i

(1 21 Bloo m. L. '~rn "" ,lI' <I ~ an a~.\· o'I'I"l if analysr- ..r l\a "l1I a ,- l..a r · ~ .111!.... l" lI hl1l . J"/;,rm"' ,,,,,
I'n ..·.·"""'g 1,,·II,·rs :n ( l !l"'(i, I X!I·I ~ I ·1

( 1:11 (·h..... Ie.. M"n m'l. C 1.., ano .-;1,a "lI<1. or , FIlI'I Il",' 1I .., ,·I"l'n"'111 nl" I'nnloll.flthll m l" r " "
1101111 1lIf"1 h ..n . ()1l....A .1" " nUl l 1) 11 ( ''' '''IJIlI /II i-: l ' I! ~ KII , IO ~ ..ill

(1 41 IJ.. ffht' IJ II \f'l... n , ' 1Il0 V' a l. .J Ph . ..\ 1",I"·",,nu.11 :'\""" <110 " ,.., h ..,1 I". h".·ar 1" '''j..'1·;l nIn 1l1 ' 1! .
A f": /J I"l11I11ll l'll I (1!1"'f)1 · l:.!;,· lil:~

/1 ·')1 n " II 11" I"I "g.ll . Rns~ . ( :.. Il., ( ;'wll" l\"k . ( ; "'IfI Vial .•' 1'1, . "A su n" '.\" " r~ '-·; l l 'r-h dl rpr l l""" In
mll' n or fl"1II1 me-t t",f!, li,r 11Ilf'" I' I'I'f'gral1lnl iIII! ', .\ f"I h, ',,/111,, ·,,/ 1'r" J,!r" ", 111/ "": :"j:l . ( p ''I I I
~X l · il i n

(Hil fl. ·n Jl f' l' lOg . n . R,lS ~ . t ' .1Il'; T ..rla l.. .\·, T ...\ 1"'1t'nl h11 ",.li,clon " .,n ,uII "I' H..1...·g,... ' , I"", ·
..1' ·1 ' f'o ,l h·lolI<lwltll! owl l",,1 I'nl' 111I",11' pn'I-.'Tanllll lllg I..",'(,r A fo:"/ ,r" ..",d ,1._ Apl ,/ Il -uIW"
1:'2 I 1!t!11 ) H· fl'"
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11;1 n" 11 11"1"1 " 1-:". n . /",''' ,,,,,, /'""" A/ / ,r,,,,,.!, I" f./II'v"" I; " m"'''''' ' " ,,01 ( ''' '' ' '' '.' l 'r"~ I"< "' '''l l '' .J: ,
KllI"" " - .\ (·,,,t.·ml,· I· ,, I,I,, lw r ~. II, 'nh-...·h ,. IH" ·1

I l l'I] f)' '''IIl . II h ..n il l\ '· ." hll'"'' " I p .."lllt·1!l " I I" ,,·•.,· .•",t '1"."t,." ,1(' 1""p .ln ,n" " 1-:" /1"1,1,,, / ,
.-\1. ",1"",, 11/ S,,,,I. .... ......... U 1,1 I' '' " ' Ii.i l i'<

11!11 11t"'", . II 'I'll.· ('on \",'r,.:.. n.·" ,,) ,111 ,,1 \, .,·" ,/,1 ,,, U" , _, ,,,,, ,1""r",,1 "I fl, ~ ·r.. ',,,,, U, >lroll
l ' I~I' I I '

[lUI F ,.,lIl"'IIIl,.1 ( ''' '' \ ' '1" 1:"' '11 '''' III Kum.u ... .,,· • .oI l"'nl hl1l I,,, lllll"" I" -"l:',""m", l' .... /.-\.\/
.1 S " m ,'r.A ,,,,1 l~ , 1' 11' ; , ~ I~ I' .! I-l-I ,

j :.! Jj F" ·lInd . R 1\.1 P"h·""IIl",I·'m... " II:"' "· ' l h ,,,. I, ,, I" ,... ,,· 1"" l:ralll m' " 1:" l~h. ·, 1 ,.,,1\ ,." 1,," Ill., 1
~.·,,11Il1:' ann I't·,,}<.. ·.. ..-i 1:",-..<1"'''1 ..) " /."",11 ,.,1 lu n,'l ''' ' \ .\tullI""""" ,,1 '·r,,~r/l >l ' '' '' '' /-.: .'11
' 1'~11 :.!u:l·lll

F ...·11 mi. n \ 1 . .\ ,. '1" 111" ,1· ' , IlIt'l ll 'n , ...to "" j, ,n . ,I~" t II h m 1"r " .1 \ ' "/:" II lIt';1I I" n/:"r" '" ,I" •.(', 1\
Irnm atl 1Il 1o ·.,.llll.· "".,rm .1,'1'1 . .\''' ' '' ' · ''''If ,, -, I I '', ,,~r'' ''''I/ '''/.! ;;:!'I ! I' I]' 111./1,,,
( i.J.I· . I I ~1 . ,\ \',,1'1.1111 "I K Il-",,,r "',,, ' ~ 11lh'.I' 1 ' 1''' /:" r a r1l m l11 l~ ,1I /:"",.,lhr1l ,,, ' 1',-"t.I" tll ' !11
".IlI.I(b",j h"m \1" l h' /II" II , ,, / I 'r " :': '-/i /lI/" " ' 1.: 17, l'ls i .... I··K'
( ; ,11 , PF: MIl't'aI , \\ .-;,11" ,,1,· ,-,. 1'01. \ r '''lI h n,. 1 \ " 'ul W'wl'l \1 11 II" 1"''' ·,'·,1
:\' .., " I..u 1'1"" nWIll,.I . I", h " .·,.r 1',·.. .:,. IIl11llltW .",,1 .m '~ I ,,, \ , , I" I1" " t .. K." n•.' r ..
/"'", tev •• ",.., h, .l J ,nr11,·,,,,,,,, ,,/ l·r,,};. , """,,",/-.: .jl , I" ";; I i'< ~.~ , 1"

( ,,''' r.•ca. ( '( ' .\ n .,I...'<.,-uhm 1,,, ~"h'l l1 /:" 1,"",,1' 1" " l" " m rn' lIl," 1 " "h l " I1 I ~ 'II "n I.
"1,,·r"II"lI~. '" ;\ \ 1" ,:1<1<1" " 'd / ·r".: n · , >I ,\ 1",1"'/1",1/,,,1 l'r" ":r" ", ,,,, ,, I.' fl//"" r 1'" ""
",,,I U,",,,,,,,, \1"'1" 1/ t c .....1'1' 11 W" 1' , ~ ,.", y,,, ... . I ~ ls.-. . 1· 21>

! :.! 'il (' ''' lr il /:". . . I ' ( . \ ·" I1 11'.d 1'1'''.1,'.-1 H ,n ., h'",.,1 h Ill. It" 11Ilt' ." P'- "I~' .1Il1lll lOl l: \I," h, "''''I, .,f
, 'r".: r"", III II. ': ~ .I ' I ~ ,"' '1 1;j ]. 1,.1

[17] ( " ,,, r••c.l. t '( ' l'"h""I11",1 ,,If ,, 1t' "Ic" n t h m. I" , h ,...." 1,,'../:",. lIl1mlll/:" \f" I/" ",,,,,, ,I
l'r,,~r(l "' III': I '" UI'NI ; ·:!I

12s1 ( ;""1"'1:'." ( . , ' . s..,"Th ,t"....., '''II~ 10 .. " .. ..,.",,- 111....11 1"'''I:'' ,II,,nll'' l: ",..t h,.1- A..","·lIh"'" " ..
' 1 ~ ~ l1l 1f).I·IXI

1:'!!1) ( ;"llral!iI, ( ' ( ' . [nl .·,.,,,r I" " nl .. 1,!",-lI hm" 111 1' I" ...a r 1'''"l!l'dlllllUli /:" .....11/' "''' 1".,111\
.·" u l , ,uII I.. ,\,,,11,, ,"',,,'ntl /" '''':1'''''''''" 'J-: ,; 2 ' 1'I" I 2t" " ~l:,

I,llll ( ;''''1'''0:.'' j' ( ', I ~"I!" " " 'P 1 ~.,Il·" , II"""'l1Il: m..,/""j. I", lit · 1" " I-",. II l1nJllL ': I'.II t [ 1' " 1" "
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