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is well nown tha meaningf I comp ete c aracterizations 0 0 timalityexist
o fo conv x p og ams and their convex-like generalizatio s, e.g., 2, 6]. is

a e e eo sider neral (possibly nonconvex) p og ams

(~) i fO(z)
s .t .

,

/' (z) ~ 0, i E P - {I, . . I ,m}

e all nctions f O, r :RN --4 R, · E P are assumed eo tin 0 s. We tudy those
rog ams (P) ith the p operty that, fo some arbit ary splitt ing of t e variab e z

o z = z, 8), the u ctio s fO( " e .rs, 8) : R" -+ R, i E 'P are convex fo every
6 E RP e e N - n + p. any highly nonconvex ograms sh e this p operty,
o examp the 01 owing two:
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Max Zl

.r. Z3

Zl + Z2 < 1

Z + Z2Z3 > 1

z ~ 0) Z2 ~ 0 z > .
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ate tha for a fi cl 0, (P, B) is a conve pro ra . T e paper p ov a e a 0

t e folIo · g pro : G Ov n a feasible oin z" = ( () of (P)} w ee
° a optima solution of t e convex p ogram (P,8*)) nd a eo di io t

ecessa y and sufficie for z" 0 e globally opti nal fo (P.
by de ct ion f om some ecent s udies 'n parametric optimiza ion

appi s, e.g., [10 ,2 .

2. A CH RACTE IZATIC) 0 OPT ALl

We consider a arbit a y convexifiab e-by-a-sp it ing p og a P
the for (P,tJ)., 0 every () we denote by

F(8) = {x : fi (X , f)) < 0, i P}

e eo spondi g easible s tit e varia and y

:F = f) : F (}) # 0}
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o 1 y E K 1 a cl y2 EcK2 (clo e 0 K 2). Clea ly, a I corn 0 0-

gativ 0 erwis uT y2 --+ +00 by n app opriate C oice 0 y2 E K .
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peel a 10

fC(x,8) 0

o so e E F;(8) t e inequalitie (2.2) yield

uofO(z*) < uofO(z) + I: uifi(z) . 2.
i 1'«8-)

Tee c cial c aim is that uQ i po itive for every above ed 8. f 0

ito - 0 a cl (2.3) yields
:L udi(z) > O.

iEP«ge)

Reca 1 that z - (x, 9) with x E F-(() nd take () E F cIo to 8

x E F(O) C F.-(8)

cl
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f(x,8) <0, i E P«8) .
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fl (i: ,0) < 0)
hen t i particu ar,

e ep fo 0 f 0 t e fact t a F· e
P (J) C P«8) fo eve y (} E F su ci ntly lose
c r i t (2.4). So we ens uQ - , nd (2.3) 0 .&__

fO( z ) ~ fO(z)
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. 0 )/' ) - 0 (2 .7

i of (2.6), we find t atle t-t· t

e

(2.8)£«z - (0 ») < £«z, -(0»)

~~~ ..in. iz .c« ) for om = u(O) 2: 0 on t e set {F=(O),:F}.
o ditio for 0 timality is pave I

u cie cy.) oi in r ve se, we as me that (2.8) holds on t e set {F.= ,F} .
_1La' .......~'-' of (2.7) w ich fa ows after setting u = 0 in (2. ), we have (2.6) holding

o ev feasib z. ( ate t at F(8) C F.=(O) for eve y () E :F.) For s eh z's we
a fi() < 0, . E P, so, de nitely, jQ(z*) ~ jO(z), establis ing global optimality

. .•

o

om t e p oof 0 Theo em 2.2 we see that if z is optimal, ten' Z·

o imiz £«z, -(8» on z E {F.=(O),F} for some u(O) ~ O. he left-h nd side
ineq ·ty .n (2.1) is used on in the proof of sufficiency to guarantee t e comple-

en a i y (2.7).

Condit ions der whic the set

e eces ary part of heorem 2.2 can be replaced by the simple condition

(2.9)

a e ea e ° p t eo strai t q a ifications" (abb eviated: ICQ)" Conditions under
ich that set can e replaced by

are ea ed ' odifi cl inpu eo straint qualification )) (abbreviated: M CQ). or a
s dy of ese condi ions in inp t optimization s e [9]. T e results given in tha

ape are easily adop ed to convexifiable-by-a sp itting programs. A sample result
o ows.

2.3. 0 . Consider a convezifiable-bu-a splitting program (P) and it feasible
po n z x () )J 0* , where x(fJ ) is an optimal solution of he convex program
P, () . Assum hat the poin - 0- et mapping F is lower emicontinuous at (J

lati ta F, Also asume that an input onstr int qualification holds at 8 . If z·
i a globally op imal olu ion of P), then z minimize th Lagrangian {,~ on the

2. for om non-n 9 tiv function Ui = -i(O) ~ 0, i E P«(J ).
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fi ( ()) s c, i E P < (J. ).

ov condi 'on 0 h const ai a the - eve . On h r
con i ·ODS e i iar , s eh as Slater s con it 0 :

.
/1 (i:.) (J ) < 0, i E P for sorn x E R" ,

T i condi ion is bot an ICQ and a M CQ. Mor over, n er
•
1 on o

fo every () E N(8 ) n F, where N(lJ ) is some neigh 0 rhood of (J .

Let us i lustrate the above resu ts on the exam les from Sec '0 , 1.

2. . E AM LE, We want to know whe her z = (1 ,0 l)T i a loball 0

oIu io of t e p 0 ram (1.1) from Exampl 1.1.

fe specifyin Zl = Xl, Z2 = X2, Z3 = 9, the pro am is con exifi
pli tin :

Mi t" = -Xl/9
'" . t .

/1 _ 1 + X2 - 1 ~ 0

/2 =-Xl X2 0 + 1 s 0

/3 _ - 1 < 0

/4 = X2 ~ 0

f = -f) + < O.
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XAM LE. Consid the program bo rowed f 0 [8, 10] :

Z2 < 0-
(z; - Z2)Z~ ~ 0

ma {z~ z~ -I,O} < O.

hi program is convexifiable by a splitting. amely, choosi g Zl = 1 , Z2

za = (), the pro ram becomes

Min j'" = Xl()
,.t . 1

/1 = X2 < 0

/2 (x~ - X2)02 < 0

f3 =max{xI + z~ - ,O} < O.

(3. )

e feasible se at the (Xl, x2)-level, as () varies, is

() {
O,O']T, O<Q~-l)

F () = T
[0, 0], for 0 :F o.

for () = 0

C ea y, Z = 0 is an optimal solution of (3. ), i.e., xi - 0, 2- 0, 8 0 ·
optima so utio of (3.2). 0 e t at F' no ow r s ico tinuou ()-
Xl = 0, X2 = 0, ()* - 0 minimize

av

[,;(X,u;(J) Xt9+U2

et {F.=(O),:F ,for om U2 =u2(8) ;::: O?
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F=:- {z : ji(z) :5 0, · E P=}
.

= {z: /'(z) = 0)' E P=}
= F=

..
1

r
p = ={i E P : z E F => fi (z) =O}

a .
F = {z : I' (z) ::; 0, i E P}

re ib set. Since, i his ituation, F does not depend on (J, the mappi g is
rivi I y lower semicontinuo s. oreover , one can remove the nonactive constraints
om e agrangian. We recal that the active constraints at z correspond to the

i dex set
P(z*) = {i E P : fi(z*) = D}

hi e e cons rai ts fi l . E P \ P(z ) are nonactive. From (2 .7) it follows that

iEP\P(z )1

oreove , i e fixed () situation, the corres onding La range multipliers in the
. ht ha side of (2.6) a e also equal to ze 0:

i E P \ P(z )oo

u we have the following special case:

.1. COROLLARY. Consider a convex program (P). A feasible poin z" is optimal
1, and only if, z" minimizes the Lagrangian

£~(z, u) - jO(z) + L ud\z)
iE'P(z*)\P-

on the set F= for some non-negative numbers tli = U· ~ 0, i E P(z*) \ p=.

"nee [,~ I,U). R? R' a convex function for u - U - (Ui) ~ 0 cl F=
i a convex , statement of Corol ary 4.1 IS ·vent to sa ing that there
x" a gradie t

su at

lly h

h z - z ) ~ 0 0 v y z E F=

folowin ala

h ---z -{z z:z ( I
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.2. LA. Co ider he eo vex prog am (P . Then, a a f a ibl

Proof. om (4.2) we eo cl cl ,usin the properties 0 po a

so 0 y the everse i c usion has to be pro d. To t i nd
SI C

E D-

. .

f'(z· + ad) = f1(Z ) = 0, . E p=

. fo ow at

z + ad E F=

for a I fficiently s I a > 0 ne

z + d) - * E F= -

+g { =.
r 1fai oi , ing ( .3) we ob v

9 d > 9 d 0 in > .
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f ) + u. I' (z E {D= z )}+

.e'P z· ~ \ p=

Ui~'O, ·EP{z·)\p=

c ion wo Id b inco p e e wi hout me tioning later's eo diti n:
.

i E P for some i E H",
\

o di ion 0 convex programs, i eq ivale t to p= = 0, in W ich cas

e a n of Co ollory 4. is f rther simplifie :

OL Y. Con ider the con ex program (P), where all tu et ·on ar a
iiff t 'able. Also, as ume that Slater's condit 'on is satisfied. Th a

po t z" is op imal J, and only 'f, the system

\11° )+ L: Ui \1li Z ) = 0
iEP(z· )

Ui ~ 0 i E P z )
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