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Abstract. We present another elementary proof of the theorem of Alfred Bauer
from 1952 on eigenvalue perturbation.
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In [2] (see also [3]), the authors presented an elementary proof of the theorem
of Alfred Bauer (see [1, Theorem 27]) on eigenvalue perturbation.

Here we propose a more direct and elementary proof of this result, which does
not depend on the fact that we deal with complex numbers — it works for every
field and we feel that it might also be interesting to the readership of this journal.
Basically, everything follows from the fact that (2y*)w is a multiple of 2 for any w
(z,y,w are column vectors from K™).

Namely, we are going to prove the following theorem.

THEOREM 1. Let K be a field, A € M,,(K), = an eigenvector corresponding
to the eigenvalue A € K and y € K™. Then

o(A+ay’) ={A+y'z}U(a(4)\ {A}).

Proof. Of course, if x = 0 we have nothing to do. So, let x # 0 and Az = \z.
Since (A + zy")(z) = Az + z(y'z) = (A + y'z)z, we see that A + y'z € o(A + zyt),
and z is a corresponding eigenvector. Let us deal with other elements of spectra in
question.

C: Suppose that p € (A + zy) \ {\ + y'z, A} and let w be a corresponding
eigenvector:

(1) (A+ay")(w) = .
We want to find « such that

(2) A(w + ax) = p(w + ax).
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This will show that u € o(A) \ {\}. Equation (2) is equivalent to

(3) Aw + a\x = pw + pax.

From (1) we have Aw = pw — (y'w)z, and if we substitute this into (3) we get
(4) pw — (yhw)r + adz = pw + paz.

Since z is not a zero vector, this is equivalent to a(A — p) = y*w and, since p # A,
we can find « as required. Note that if y'w = 0, from (1) we would already get
that u € o(A). Also, w4+ azx # 0, since w does not correspond to the eigenvalue
A + y'z which it would were it a multiple of x.

The other inclusion is dealt with in much the same way. m
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